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The idea that long radio waves propagating between the earth and ionosphere via
diserete hops can be extended far into the shadow region by evaluating a series of complex
integrals is exploited in this paper. Illustrative calculations of LF and VLF hops and total
fields are shown as a function of distance. The second and higher hops show a pseudo-
Brewster angle just before the caustic and attenuate like groundwaves in the shadow region.

The form of the series of integrals for an anisotropic ionosphere is given, and a model
anisotropic ionosphere varying with height is used in a sample calculation.

Only a small error is caused by writing each hop as the product of an effective ionospheric
reflection coeflicient and an integral which is a function only of the other characteristics of
the path.

1. Introduction

In low-frequency radio propagation theory, it seems natural to consider the field at a
point as the sum of rays or hops: the direct, or groundwave, plus the ray that has been reflected
once from the ionosphere, plus the ray that has been reflected twice from the ionosphere (and
once from the ground), ete. [see, for example, Johler, 1962]. This point of view is especially
convenient for the propagation of pulses, since the different rays arrive at the receiver at
different times because of the different length paths they have traveled. The hops are some-
times called time-modes to indicate this separation in time.

More precisely, for a vertical electric dipole source, the vertical electric field is written
(with time factor exp 7ot suppressed) [Wait and Murphy, 1957; Johler, 1962]:

7 o By kS exp (—ikD;)D'e FiC,, 1)
j=1

where £ is the groundwave, D; is the length of the ray path of the jth hop, «; is a convergence-
divergence coefficient which corrects for focusing at the ionosphere and defocusing at the earth,
F; accounts for the presence of the earth at the receiver and transmitter, and () is the effective
reflection coefficient. For homogeneous isotropic plane earth and ionosphere [Wait and
Murphy, 1957],

C;=RT7, (2
where R, and T, are Fresnel reflection coeflicients at the ground and ionosphere, respectively,

and

F,=(01+R,)>. (3)

The form of (7 is more complicated if the ionosphere is anisotropic [Johler, 1962], and #; must
be modified near grazing incidence on the earth for a spherical model [Wait and Murphy, 1957;
Johler, 1962]. Johler [1964] indicates that (1) is adequate within about 2500 km of the source
if /, is modified near the caustic and in the shadow region.

1 This work was begun as part of Advanced Research Projects Agency (ARPA) Project No. 85411 and completed on NBS Project No. 85111,
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Bremmer [1949] showed that the geometric-optic series, (1), could be obtained from the
full-wave solution by using the saddle point approximation for certain integrals. A complete
and very clear derivation of this connection was given by Wait [1961], who suggested that the
field can be found at great distances with a series analogous to (1) if the integrals are evaluated
numerically. In section 4, this series of integrals is derived for an inhomogeneous, anisotropic
ionosphere. The derivation of the solution for the homogeneous isotropic case is outlined first
to give the reader insight into the problem. Some sample calculations presented in section 5

illustrate the behavior of the hops.
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Ficure 1.  Geomelry used.

2. Homogeneous Isotropic Ionosphere

The geometry is shown in figure 1 [Johler, 1962]. The center of the earth is the origin of
a spherical (7, 8, ¢) coordinate system. The surface of the earth is 7=a, and the bottom of the
ionosphere is r=g=a-+h. An elementary vertical dipole source is located at S(b, 0, ¢), a<_b<_g,
and the field is to be found at O(r, 0, ¢), a<<r<g. The paths taken by the first two hops are
shown. The angle of incidence of the jth hop on the earth is 7;, and ¢; ; is its angle of incidence

- . . ™ . . 5 . ™ . . .
on the ionosphere. The region r]-<§ is the lit region for the jth hop, =45 (erazing incidence

on the earth) is the caustic, and beyond the caustic is the shadow region.
The media are characterized by their wave numbers. In the air,

b="m, (4)

where w=2xf is the angular frequency, ¢ is the speed of light, and #n, is the index of refraction
of air. In the earth,

S
k2=9\/ AL (5)

where e; and o, are permittivity and conductivity of the earth. In the ionosphere,

w . W
ky=—+/1—1 — 6
= . (6)
e
2 . . .
Tia Ovis the angular electron plasma frequency, and » is the collision frequency.
14 w

The vertical electric field is (assuming r=a=b) [Johler and Berry, 1964]

where w,—

—1L i 1-FpT5,
B=Tcr | conen Pe-s(—008 ORSPU+RY) B do @)
— y Js 1 +pT§e 5
= [ soa+By ZoE b, ®)
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where
L;%‘);E I, (9)

1yl is the dipole current moment, ('is a contour in the fourth quadrant enclosing the poles of

the integrand, P°,(z) is the Legendre function, ¢°=¢%, (ka), &, ()= 7r—2901175’0(93), and

][b( 9 (11') is a Hankel function.
, k I
1(11) 1 R < > g—( ) §<2)

Ri(v)=— ] 0
( ) (2)/ ‘('1 R( >§<)) o ( )
where
@_—> \/<Azm> ks (11)
@ k825 (ksg) o
: S YT = Y R
fulr . J ’ 12
(1) a0 ! ;(/{"(/) g'“) (—() ( )
o )15 (Reag)
where

(B = ® (Fq).

RS and 7%, are called the spherical reflection coefficients since they reduce to the planar
Fresnel reflection coeflicients when the Debye approximations [Wait, 1960]

Siﬁlﬁﬁﬁ“l( )"“\/ () (13)

are used and LS identified as the sine of the angle of incidence:

sin ¢‘~E’ (14)
and
. v _
sin e (15)
Finally,
(21) é?) .
e Y
If
|pTs.R3| <1 (17)

on the contour C) then 1/(1—pR{T%,) can be expanded in a geometric series. Bremmer
[1949] and Wait [1961] assumed that (17) held on some suitable contour, and this has been
verified numerically for all cases shown in this paper. Figure 2 shows contours of |pl7T%,
in the complex »-plane for a frequency of 100 ke/s and a particular model of the ionosphere.
|p T5T¢,|=1 on the line of 1’s and is less than one above it. So, write

1+7)Tw N (P Vg ,
GRS ) (1)
— 11+ 3 (R (T3 (19)

2

Substitute (19) into (8) and integrate term by term:
E,gf fl)( +R’e)dv—}—§ F@) (14 R2)*(R:) = (pTs,) do. (20)
c =Je
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The symbols, in order of decreasing magnitude, are +, ., X, =, 2, 3, 4,1, 5, with |p7T’;,Ri=1 for symbo! 1.
The first integral in (20) is exactly the groundwave [Bremmer, 1949]. If the asymptotic
form,

Ppy(—cosg) | 2 iV,
cosor Va3 sino“p[ Z(“’JF 4)] 1)

for »>>>>1, and 6 not near 0 or =, and the Debye approximations, (13), are used, the integrals
in the series in (20) can be evaluated with the saddle point approximation. For more details
of the evaluation and a discussion of the physical interpretation of the result, see Wait [1961].
The conclusion is that the jth term of the series in (20) is identified with the jth hop; (1-+4+/£2)>
corresponds to I in (1); (R$)7~'(1%,)’ corresponds to €, (2); and the other factors in (20)
supply the rest of each term in (1). The integrals in the series will be called wave hops since
they are full wave solutions that reduce to the ray hops in the limit.

The restrictions on the use of the Debye approximations and the location of the saddle

point indicate that the saddle point approximation is inadequate near the caustics (qw%)-

Since this paper is primarily concerned with propagation to great distances into the shadow
region, the series will be left in the integral form, (20).

The variable of integration » has been related to the angle of incidence ¢; in (14), so the
integration is essentially over the angle of incidence. Most of the contribution to the jth
integral comes from a small part of the contour corresponding to the geometric angle of inci-
dence. Over this part of the contour, 7%,(») is a slowly varying function, and the Debye
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approximations for ¢, (kyg) are adequate. So, to a good approximation, 7% (») can be
replaced with the constant Fresnel 7', which is then written outside the integral [Wait, 1961];

E, ;=~T, ff(l‘) (1+R)*(R) ' p'do=TLI,. (22)

Each wave hop is the product of two factors: the ionospheric reflection coefficient, which is
the most variable factor of a propagation path; and the path integral, 7,, which is a function
of the relatively constant path parameters: ground conductivity, distance, earth curvature,
and reflection height. Presumably, reflection coefficients for more SOl)lllSllc(ll(‘(l (e.g., con-
tinuously varying) ionospheric models could be used in (22); indeed it is shown in the next
section that the solution for the anisotropic case has the same path integral. Tables of the
path integrals, if available, could be used with the published tables and graphs of reflection
coefficients [Johler, Walters, and Harper, 1960; Wait, 1662; Wait and Walters, 1963a, b, and ¢;
Walters and Wait, 1963] to calculate fields with relatively little effort. A few such results
were given by Wait and Conda [1961].

For simplicity, it has been assumed that r=b=a, above. If the receiver and/or trans-
mitter are elevated, the integrand of 7, is multiplied by G,_.; (k;r)G,_.; (k,b), where

) | (@) } .
G(@)=0+E {s““(m) o (23)

is a height gain function. The integrand of the ground wave is multiplied by

& Gt it 1<, (24)
and

(2)
5(* J(ab), if 7>, (25)

3. Homogeneous Anisotropic Ionosphere
Now, the effect of the earth’s magnetic field is considered. Assuming that &:0, and
the 1onosphere is locally planar,

7l o s { ( ]),Immll m)(] +1)]le') t/lzi' lIllT"II‘I""l }(]1‘ 290
B [ SO0 (b G b L e 20

17 __ 2 1)
a <L_"‘> f (0)

k‘-_) §‘(”
(27 R(v—= (2)
¢ fey ‘ <L 2> L

The planar anisotropic ionospheric reflection coefficients 7, 1., Tp., and T,,, [Johler
and Walters, 1960] correspond to R, Ry, 1R, and | R, respectively, in the notation of
Wait [1962] and others. Explicit expressions for the 7”s are given by Johler and Berry [1964].

Equation (26) was derived by Wait [1963], using impedance boundary conditions, and
by Johler and Berry [1964], using other approximate boundary conditions.

To write (26) more concisely, define the matrices

I 0 T, T, 1 0
Re= = yand p=p (28)
0 =l '1'1110 T mm 0 ] Ui

, ‘ [+ pTdv
mgf/wa+1>“ P%[

where

R=—

(27)

Then

(29)
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which looks much like (8). (7 is the identity matrix.) If some norm, || ||, of p/R.T can be
found such that

lpRT|<1 (30)
on the contour, then |[7— p(R,T|~! can be expanded [Finkbeiner, 1960],
T—pRII= 1T+ (PRIVI=I+3] RUPTY, (31)
so that
"I—I;‘pzl:lf— RT|N+ T|~|1+(I+f]€)ifRH( )| (32)
I[__ (ReTI PNe PIL= e - e P 5
Let
) | Y L
(pTY—p [ J (33)
Y 2
Then, since
1+R: 0
(I—l‘me):': ]) (34)
0 0
IHUIHRI 3 REHpTY =1+ (R 3 P s (35)

Substitute (35) into (29) and integrate term by term (assuming integration and summation
can be interchanged):

B e f JOU+R I+ f J@) A+ R2)2(Re)='py do. (36)

The first integral in (36) is again the groundwave, and the second integral is the same as
in (20) except that 77, has been replaced by v;, the effective reflection coefficient. Indeed, if
the magnetic field is zero, 7,,=T,.=0, and v;=7%,. Using (33),

Y1—= Tee;

Ri'Y?: sz T:e_ R:Rriz Temee;
and
(Be)vs= (B)*T3.—2(R5)’ B3, Toe Tom Trme+ (B2)*(B2)* T o Tone T (37)

These are the effective reflection coefficients C; used by Johler [1961] in the geometric
series for anisotropic ionosphere. KEquation (33) gives a numerically more satisfactory method
of computing ; than the usual formula [Johler, 1961]:

0_: 1 _(_ii [ 1 —Rmemx 1 . (rgg)
2 _7‘1{2 d{[j ].—(l{eTee‘I‘I‘emem)I+R3R1n(TeeTranL_Temee)xz =0 >

If the saddle point approximation is used for the integrals in (36), the geometric-optics
series is obtained with the same limitations at great ranges as before. As in the isotropic
case, v; can be regarded as a constant (with respect to ») so the wave hops are written v,/
and height gain factors (23, 24, and 25) can be included in the integrand.

4. Inhomogeneous Anisotropic Ionosphere

In the geometric-optic series, it is sometimes assumed that the ionosphere varies along
the path and the reflection coefficients are calculated for the local values of the electromagnetic
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parameters. This can be done formally in (36) by writing (compare with Johler [1961])
j—1 Jj
o [ FOO4 RO+ T R o 11 Tido, (39)

where I, is computed for the ground parameters at the observer, IS ; for the parameters
at the source, and %, and 7', are computed for the values at the place where the jth hop is
incident on the boundary for the kth time. This is an approximate formula which should be
useful when the variation in the path is slow and smooth. Calculations using (39) will be
made and reported in the future.

5. Calculations and Discussion

The integrals in (20) and (36) can be evaluated numerically using existing subroutines for
the Hankel functions [Berry, 1964]. Figures 3, 4, and 5 show the amplitudes of the total field,
the groundwave, and the first three wave hops as a function of distance, d=a#, for 100 ke/s,
30 ke/s, and 10 ke/s.  Propagation is over land and for the given model of the sharply bounded
ionosphere. The curves are normalized to /y//=1, (9). The caustic (grazing incidence on
earth) 1s marked on each hop. One interesting feature of the second hop in figure 3 is the
relative minimum at 3100 km-——just before the caustic at 3700 km. This minimum 1is the
pseudo-Brewster angle [Bremmer, 1949] of the spherical ground reflection coeflicient, 15, (10).
In the third wave hop, ¥ is squared, so the minimum in it is sharper. The minima occur at
different distances in figures 4 and 5, and they are not as deep, because the pseudo-Brewster
angle is frequency dependent. Figure 6 shows propagation of 100 ke/s waves over sea water,
and the good conductivity nearly eliminates the pseudo-Brewster angle.

At 10 ke/s, figure 5, the minimum at 2200 km in the second hop is reflected in the third hop.
This is hard to explain with ray theory and shows that the identification of wave hops with
ays 1s not complete.

The first hop does not show the pseudo-Brewster angle because it is not reflected at the
ground, but propagates into the shadow region very much like a groundwave. This has been
observed experimentally (for example, see Belrose [1964]), and was demonstrated theoretically
by Wait [1961]. Wait and Conda [1958] showed how to calculate the effect for the first hop
by modifying £, (1) and (3), with a “cutback’ factor. All the wave hops include this effect
implicitly.

107 : 107 =
‘E'.Il' VOLTS/METER |E,‘l| ,VOLTS/METER
\ 100 kc/s N 30 ke/s
. i SO Enil °
0=0005, €,=15 0=0005, €:15
-8 h=67.5 km, N=56 ELECTRONS / cm3 8 h=675 km, N=56 ELECTRONS /cm3
10 =16 (107) 10 =16 (107)
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s i
1010 010
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0 oo 2000 3000 4000 5000 6000 1000 000 2000 3000 4000 5000 6000 7000
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Ficure 3. Amplitude of the vertical electric field, Ficure 4. Amplitude of the vertical electric field,
and of the individual wave hops, isolropic iono- and of the individual wave hops, isotropic iono-
sphere, =100 kc/s, land. sphere, £=30 kc/s, land.
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Ficure 5. Amplitude of the vertical electric field, Ficure 6. Amplitude of the vertical electiic field,
and of the individual wave hops, isotropic iono- and of the individual wave hops, isotropic iono-
sphere, £=10 kc[s, land. sphere, £=100 kc/s, sea.

The total field at 30 ke/s, ficure 4, shows an interference pattern. In mode theory, this
is interpreted as interference between the first two modes [Johler and Berry, 1964]. Here, the
minimum at 3500 km is seen to be interference between the first and second hops, and the
minimum at 5600 km is interference between the second and third hops.

For the model chosen, the wave hops are dominant for a considerable distance into their
shadow regions. TIn contrast, geometric-optics cuts off the hop in the shadow region.

Equations (20) and (36) were derived for a sharply bounded, homogeneous model iono-
sphere. No mathematical justification has been given for replacing the ionospheric reflection
coefficients in them with ones for a model that varies with height. There are obvious un-
certainties; e.g., what is the effective reflection height (if there is one)? Even so, such replace-
ment seems reasonable; especially for long radio waves.

As an illustration, reflection coefficients for a stratified, planar, anisotropic ionosphere were
calculated [Johler, 1962] for the daytime noon electron density profile shown in figure 7 [Pierce,
1963]. These reflection coefficients, 7., T,n, Tpe, and T, were then used in (36) to calculate
the propagation of the wave hops into the west over land. The earth’s magnetic field vector
was assumed to dip 60° with magnitude 0.5 G. Figure 8 shows the total field and the first
three wave hops. The amplitude of the hops in the lit region shows that this model ionosphere
reflects about as well as the model used in figures 3, 4, and 5. The greater attenuation of the
total field is probably due to the lower assumed ionosphere height.

The wave hop theory will be especially useful in the form

B, 12215, (40)
where «; is the effective ionospheric reflection coefficient (33) and 7, is the path integral (22).

To investigate the accuracy of (40), reflection coefficients were calculated for the sharply
bounded, isotropic model ionosphere used in figures 3, 4, and 5 using the Fresnel formula

[Bremmer, 1949],
cos ¢;, \/ ( sin ¢;, j)
7 ke ks (41)

ee k
COS ¢1 ]+k3 \/ IC;I; %111 ¢1 j)
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Frcure 7. Electron density profile used for calcula- Ficure 9. Comparison of field strength at 10 ke/s
tzons shown in figure 8. and 100 kels with calculations using (40).

The angle of incidence, ¢;,;, was calculated geometrically [Johler, 1961]:

a sin i
29

LAWET
\/Qag <1 —cos »2].>—i-h

. . a . . .
up to the caustic, where sin ¢;,,~- and was held constant at this value in the shadow region.
7 ,

(42)

sin ¢, ;=

Figure 9 compares the field at 10 ke/s and 100 ke/s with the answers given by (40) using
v;="T7,, (41). The erroris negligible for most applications, so the path integrals will be calcu-
lated for a range of path parameters to complement the recent extensive reflection coeflicient
calculations [Johler, Walters, and Harper, 1960; Wait, 1962; Wait and Walters, 1963 a, b, c;
Walters and Wait, 1963].

6. Conclusions

The wave hop theory of propagation extends the useful notion of geometric-optics to great
distances—deep into the shadow region. The theory lends itself readily to physical interpreta-
tion, especially in the propagation of low-frequency pulses.
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The sample calculations show the characteristics of the hops as a function of distance.
The second and higher hops have a relative minimum just before their caustics caused by the
pseudo-Brewster angle of the spherical ground reflection coefficient. 1In the shadow region the
hops propagate much like a groundwave.

Each wave hop can be written as the product of an ionospheric reflection coefficient and a
path integral. The path integrals are the natural complements of the ionospheric reflection
coeflicients since they have the same form for each model of the ionosphere. They will be
calculated for a range of parameters in the frequency range 10 ke/s to 100 ke/s and will be
made available in the near future.

The author is greatly indebted to J. R. Johler for initiating the research reported here and
for guidance in its development.
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