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It is s ho\\·n t hat t he formu la, given by Cra ry [1 964] for the con verge nce coe ffi cient fo r 
wh istle r signa ls p ropagated by multiple re fl ect ion bet ween a co nvex car t h and a concave 
ionosphere, can be co ns ide rably simpl ifi ed. The simplifi ed formu la shows t hat t he con­
vergen ce cocfficien t fo r a g iven n um ber of r efl ections is in dep C' nden t of t he heigh t of t he 
ionosp lw re, a nd t hat a n t ipodal focu sin g wou ld be ex pected . The convergence lakes p lace 
en t irely in a h o ri ~on ta l direction tra nsverse to t he plan e o f p ropagat ion. 

A very s imp le firs L-o rder approx imatioll to t he form ula is found to be f,deq uate fo r mos t 
p ract ical ca lculation s. A secon d-order approx imation s hows that t he con ve rgence coefi cien t 
for a given pro pagation d istan ce is almost inde pendent of t he num ber of re f1ec t ions. 

1. Introduction 

Crary [1964] has recently derived an expression 
for the convergence coeffi cien t in the r ay theory 
equations for the fi eld strength near the surface of 
a sharply bounded ionosphere due to a r adio tnms­
mittel' on the ground. His p aper has served a 
useful purpose in showing that the convergence 
coefficien t is indeed close Lo uni ty. This, as Crary 
points out, would int uitively be expected, since 
there are an equal number of r eflections from the 
concave ionosphere and the convex ground. H ow­
ever , equ ation (1 7) of Crary's paper , wh ich he has 
used for his ill ustrative calcula tions, is by no means 
in its simplest form, which we here derive. 

I n figure 1 we have redrawn t he first half-hop 
portion of Crary's figure 2, labeling the ground -b ased 
transmit ter position G, the point of incidence of the 
ray on the ionosphere I , and the cen ter of the earth 
O. We now construct OZ perpendicular to IG, 
Zy perpendicular to OG, and IX perpend icular 
to OG. Then 
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OX = (a+ h) cos (2n~ 1)- (1) FIGU R E 1. Geometry f or simplification oj convergence coe.!ficient 
f onnula. 

Also, since / OZY = JZGv = 4> , 

0 1' = OZ sin 4>= a sin2 4> . 

Com binin g (1 ) and (2 ) , 

(a+ h) cos (2n~ 1)-a sin2 c/> = OX-OY= XY 

= IZ cos 4> 

(2) 

= (a+ h) cos 8n cos 4> . (3) 

Also, 
a sin 4> = OZ= (a+ h) sin 8,. . (4) 

We can now substit ute (3) and (4) in Crary's 
equation (17) , which reads 
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,,= G, . tr (2n+ l)SincJ>tancJ>Sin(2n~1) [(a+h)COS(2n~1)-aSin2cJ>JI I I2 
(a+ h) sIn en ( + 1) . e I a ~ SIll l' cos n .J 

= _._I _ J (2n+ 1) sinz cJ> sin 2n:t1 (a + h) cos en cos cJ> r ( l' ) } 1/2 
sll1cJ> l . 

which reduces to 

r . ( l' )1 1/2 

Oi w,,= i (2n + 1) S.!l1 2n:t1 r· 
~ SIn l' .J 

(5) 

This formula can also be derived analytically, though 
more laboriously, from Crary's equation (17), by 
applying the sine and cosine rules to the triangle 
IGO, and thence expressing the functions of cJ> and 

en in terms of functions of (2n~ I) 
2. Approximate Formulas for Distances Less 

Than 6000 km 

We can fmther simplify (5) for use at short dis­
tances. Upon reference to figure 1, it can be seen 
that, for the case of VLF propagation where h is 90 

km or less, cos (2n~ 1) will always be greater than 

(a~h), except when propagation is tangential to the 

earth's smface. Therefore (2n~ 1) will always be 

less than 0.168 radian (9.6°), and thus the 
approximation 

.(1') l' 
S111 2n+ 1 "" (2n+ 1) 

will always be correct to within 0.5 percent. 
can also write 

(6) 

We 

(7) 

to 1 percent accmacy for l' less than 1 radian, i.e. , 
for great-circle distances D less than 6370 km. 
Using approximations (6) and (7), (5) becomes 

"" 1+~ (D)2. 
12 a 

(8) 

The natme of the approximations is such that (8) 
will be correct to within about 1 percent for distances 
less than 6000 km. 

~ cos cJ>(a+ h) S!l1 l' cos en .J 

It is seen from (8) that, to a first approximation, 
the convergence coefficient is independent of n , the 
num ber of reflections. A close estim ate of the varia­
tion of Oiwh with n is obtained by taking a second 
approximation 

instead of (6), and proceeding as before. This time 
we get 

",, 1+ n(n+ 1) o(!!.)2 
3(2n+ 1)- a 

(10) 

which is equivalent to (8) for n = 00. The error in 
using this appro:-;imation is less than 0.1 percen t for 
distances up to 4000 km , and less than 0.5 percent 
at 6000 krn . The dependence of Oiwh on n is ex-

n(n+ l) 
pressed by the term 3(2n + 1)2 ' which is almost in-

variant, having the value 0.07407 for n = l , and 
increasing slowly to 0.08333 for n = OJ. The sole 
exception is the case where n = O, i.e., the transmitter 
and receiver are in direct line-of-sight. Here, as 
would be expected from elementary considerations, 
n(n+ l ) 
3(2n + l)Z = 0, and Oiwh= l e:-;actly. 

The results of calculations of (X wh for distances 
up to 6000 km are shown in figme 2. This shows 
graphically the virtual independence of Oiwh on n. 

3. Discussion 

One featme which is shown by (5), but which was 
not evident in Crary's equation (17), is that the 
convergence coefficient in the whistler case is inde­
pendent of the height of the ionosphere, except 
insofar as the minimum value of n is determined 
by the tangency condition cJ> = 90 . For a daytime 
ionospheric height of 70 km , the maximum values of 
D for n = O, 1, and 2 are marked by vertical stops 
in figme 2. 

Equation (5) can also be derived ab initio by 
considering the geometry of a spreading bundle of 
rays with rectangular cross section, as used by 
Rawer [1952]. This approach shows that the net 
convergence in the whistler case takes place entirely 
in a horizontal direction transverse to the plane of 
propagation. By contrast, for the case of ground-
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F I GUH I, 2. Convergence coe.Uicient as a Jllnction of ]J1'opagalion distance. 

to-ground transrnission, it is seen t hat a term similar 
to (5) appears in the formub. for the convergence 
coefficient. [Crary's equation (l ). J The r emainder 
of the terms in t he ground-to-ground formula , VI? , 

I 1 + - -cos (D j2nn) [ ( h) ]1/2 
1 +~ a , ( n) (1 + hjn) cos (Dj2an) - 1 

state the amoun t of convergence taking place within 
the plane of propagation , in a direction perpendicular 
to the ray path. 

An examinfttion of (5) E>hows t hft t (Xwh beco mes 
infinite when sin 1' = 0, provided that sin 

(2n~ 1) r! 0 , i.e., infinities occur for I' = hr (k = l , 

2, 3 ... ). The principal value 1' = 71" represents 
the case of antipodal focusing, already well known 
for ground-to-ground propagation. 

Finally, it should be emphasized that tbe above 
discussion has been confin ed to geo metricl11 opLics. 
No accoun t has been taken 01' difJ'racLion Ileal' grazing 
incidence, 1101' of other factors which enter inLo the 
calculation of field s trength , such as t be reflection 
coefficien ts of the ionos phere and the earth's surface, 
Iwd the polar diagnun of the transmitting auLenl1:t. 
Tbis aspect of the problem has been discllssed 
thorollghly by Wait [1961]. 
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