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Kane and Karp [1964] have given an approximate treatment of the reflection of elec-

tromagnetic waves at the plane interface between two homogeneous dielectries.

They in-

troduced an approximate linear boundary condition which is a more accurate version of

the well-known Leontovich boundary condition.

It was noted that use of the new boundary

condition is equivalent to writing the reflection coefficients of the interface in a certain ap-

proximate form.

In the present paper some reflection coefficients for a continuously strati-

fied semi-infinite medium are obtained in this approximate form by using known solutions

for the field distributions.

Linear and exponential profiles of the refractive index are

considered, for both horizontally and vertically polarized waves.

1. Introduction

Kane and Karp [1964] have given an approximate
treatment of the reflection of electromagnetic waves
at the plane interface between two homogeneous
dielectrics. In that work they introduced an approxi-
mate linear boundary condition, which is a more
accurate version of the well-known Leontovich
boundary condition [e.g., Brekhovskikh, 1960]. It
was noted that use of the new boundary condition is
equivalent to writing the reflection coefficients of the
interface in the approximate form

R(6)= (—(A=BS?) (1)
C+(A—BS?)

where C'=cos 6 and S=sin 6, 6 being the angle of

incidence.

Kane and Karp [1964] then obtained the Fresnel
reflection coefficients of the interface between two
homogeneous media in the approximate form (1) by
making suitable choices of A and B.

It was mentioned by Kane and Karp [1964] that
their approximate procedure need not be restricted
to the case of two homogeneous dielectrics, but may
be extended to other cases in which the reflection
coefficient of some medium is known.

The purpose of the present paper is to consider the
reflection of waves from a continuously stratified
semi-infinite medium. Linear and exponential pro-
files of the refractive index are considered, for both
horizontally and vertically polarized waves. Ix-
pressions for the surface admittance and surface
impedance of the half-space are obtained from the

known solutions for the field distributions. The
asymptotic expansions of these results are used to
obtain expressions for the coefficients < and B in
(1). Thus the approximate procedure of Kane and
Karp [1964] is extended to the case of reflection from
a continuously stratified semi-infinite medium.

2. Basic Theory

In a horizontally stratified medium, horizontally
and vertically polarized electromagnetic fields can
be represented by a magnetic Hertz vector, II", and
an electric Hertz vector, II¢, respectively, these two
vectors having vertical or z components only
[Bremmer, 1958].

It is found after separation of variables that the
z variations of the magnetic and electric Hertz
vectors are given by functions f™(z) and f°(z), re-
spectively, where these satisfy [Bremmer, 1958]

{z,m . o

k() —1f=0 )
and

P ) - :

f;[§+[ elﬁ_,yZl.—/C:() (';)
where

k2=k*(2)—k(z) ((/]J{/t%} X

In these equations k(z)=kon(z), where n(z) is the
refractive index and k,=w/e, w being the angular
frequency of the fields and ¢ the speed of light in
free space. Also, y=k,S 1s a propagation constant
of the waves.
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In the case of horizontal polarization, the electric
and magnetic fields E and H are obtained from

E=1twu,v X II" (5)
and
H=vXvXxIo". (6)

A time factor e~ ¢’ is assumed and the permeability,
wo, of the medium is taken to have the free space
value everywhere. For plane waves propagating in
the z-direction with 0/dy=0, the wave admittance
Y is defined by

H,

_1rae w

For vertically polarized fields, E and H are given by

E—gas VX7 ()T ®)
and
H=—og {(k(z)I¢}. (10)
Wio
Then, the wave impedance Z is defined by
E,
Z:E (11)
iew 1 d(k).
TR R d (12)

The waves are considered to be incident from free
space onto a stratified half space which stretches
from z2=0 to z= ». The surface admittance Y, and
surface impedance Z; of the interface are defined to
be Y and Z evaluated at z=0.

The reflection coefficients R, and R, for hori-
zontally and vertically polarized waves, respectively,
can be written [Wait, 1962]

n_ 770’7
dh___ s .
B=try, (13)
and
>0 @C_ Zs
n —ﬂocj‘FZs (14)

where 7= (uo/€)"*= wuo/ko, € being the permittivity
of free space.

3. Linear Profile

In this section the continuously stratified semi-
infinite medium is taken to have a refractive index
profile given by

k(z2)=a(1-+bz), 2 >0 (15)

where @ and b are independent of z. Then [Gould
and Burman, 1964; Forsterling and Wiister, 1952]

f™(2)=0+bz)"12W_, ylE£ia(l1+b2)%/b] (16)
and
J(2)=1+4b2) " Wap szl Lia(1+b62)%/b]  (17)
where
p=1iv*/4ab. (18)

The W’s are Whittaker functions, the notation hav-
ing its usual meaning [Magnus and Oberhettinger,
1949; Slater, 1960].

The requirement that the fields must not become
infinite as z—o must be satisfied. The Whittaker
functions have the asymptotic expansion [Magnus
and Oberhettinger, 1949; Slater, 1960]

W, m(@)=qPe" [1+@2—‘—(5_—%)2+ g ] (19)

which is applicable for large values of |¢|, provided
larg ¢|<3w/2. For large z the arguments of the
Whittaker functions in (16) and (17) are approxi-
mately +72abz%. Thus it is seen from (19) that if the
imaginary part of ab is positive, the lower signs in
(16) and (17) must be taken. If the imaginary part
of ab is negative the upper signs must be taken.
From (16) and (17) it is seen that

)'fLI: —b
 dwue L2(1+02)

o Wil ia(14b2)b }]
+2ia(+b2) g syl G0

and [Burman and Gould, 1964]

; . b
= [27(11?)
2’; . W;’j’:pﬂg/.‘{ iiar(1+b2)2/b }]
EaT+b2) Wayoul £ia(i+0276} ] Y

where a dash denotes differentiation with respect to
the argument. From these

. a [ib WL, 1/4(ﬂ:f(l/b):|
—_—— _— QILL emvdo e ol el 2
Y Who [QG‘:E W ip,1/a(F2a/b) (22)
and
7 oo [ =ib | o Wiy u(2ia/b)] o
AS* a |: 2a :}:2”;,;,3/4(2121.(1/6) (23)
The asymptotic approximation (19) gives
Woml@_ 1, p m’—(p—3%)*
». ——dule MU Vel 0, 24
W, m(@) 2+(l q U @)

Thus, if the medium does not vary too rapidly so
that |a/b| is large, the expansion (24) can be used to
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give
- Lk iby" -
Y wm I: i +2(L ‘)(l Sa? \(Ll—I_ S :' (_,‘))

and
iy U B e Ty ) e
Zs* a ? i )u/ 2(1’ j: 8(1/ 8(L4+ 2(L + b oo (2())

4. Exponential Profile

The situation is the same as that considered in the
last section except that the continuously stratified
semi-infinite medium has a refractive index profile
given by

k(z)=ae", z>0 (27)
where @ and b are independent of z, and b is real and
positive. From the work of Brekhovskikh [1960],
Galejs [1961], Wait [1962], and others, it follows that

Fr(z)=H{» <% (,/hZ> (28)
where |
Olz:'yz/bzy (29)
and
file=H (% (4”“’) (30)
where
B2=(y2+b?)/b2. (31)

The H’s are Hankel functions, the notation having
its usual meaning [Magnus and Oberhettinger, 1949].

The requirement that the fields must not become
infinite as z—>« must be satisfied. The Hankel
functions have the asymptotic expansions [Magnus
and Oberhettinger, 1949]

aee=(2)" oxp{ (p—ﬂr—’i}

I:H-W‘”,i_l)qt .. ] (32)

Sp

and
L I e ”)}
l:l %(41} + :I (33)

valid for [p|>">>1 and |p|>>|r|. Thus, since b >0 it
is seen that when Re (ia)< 0 the Hankel function of
the first kind must be chosen in (28) and (30). When
Re (ia) >0, the Hankel functions of the second kind
must be chosen.

From (28) and (30) it is seen that

ae’ He < >
y—

Zwﬂo [1<1 2) < >

(34)

and [Burman and Gould, 1964]

H§-»' (% e”z>
ras (@ .\ |
JEES B¢ e’ >

where a dash denotes differentiation with respect to
the argument. From these

. T . .
L—— (;0 be *+ae" (35)

H " (afb)

> @

 foome LY (afb) (36)

and
L [b, H9 (ab)7], :
2l Pl : freny) (@7

The asymptotic approximations (32) and (33) give

(2)7
HO (o) . 1 i(4—1
D) g Ll (38)
H 1 (p) 2p Sp
where the upper and lower signs apply when the

Hankel functions of the second and first kinds,
respectively, are taken.

Hence, if the medium does not vary too rapidly
so that [b/a|<<<1 and |a/b|>>>|a|, the expansion

(38) can be used to give

- b* :

V=| 71 + S ] (39)
Similarly if [b/a|< <1 and |a/b|>">>|8|, then

) 2 b 302

Zi= a |:$1i2(r Zui\a E ] (40)

The expressions (39) and (40) are seen to be very
similar to the corresponding expressions (25) and
(26) for a linear profile of refractive index.

5. The Resulting Expansions

From (13) and (14) in section 2, it is seen that
writing R and R’ in the form given by (1) is equiva-
lent to writing

V=% 4 per) (a1)
WHo
and

Z=2% 4 BS. (42)
0

In the case of a linear profile of refractive index,
(25) shows that
Sa2+ :l

b

—2[ 11+ (43)
k3 7bk0

B[ By ]

and

(44)
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where the subscript & denotes horizontal polariza-
tion. In obtaining (43) and (44) the term in
v*/(8a*) in (25) has been neglected. This term
would contribute to terms in S*in (1), corresponding
to the use of a higher order boundary condi-
tion [Kane and Karp, 1964].

Equation (26) shows that

_k ib b
Au—E[%‘:l-—za e ] (45)
and
K ikb
B=" [? = ] (46)

where the subscript » denotes vertical polarization.
In these equations the term in v*/(8a!) in (26) has
been neglected.

In the case of an exponential variation of re-

fractive index, (39) shows that for horizontal
polarization

I:JF1+2(L 8a2+ :| (47)
and

N (48)

Bi= ko[q:Zaz

For vertical polarization:

ko b 3b
A= [il—%igaJr ] (49)
and
k"[? ] (50)

When 6=0, the half—space z>0 is homogeneous

with refractive index 7 =a/k,. Putting b—0 in
(43) to (50) gives:
A,=Fn, (51)
B,=F1/27, (52)
A—TF1/7, (53)
and
B,=F1/2n®. (54)

These may be compared with the results obtained
by Kane and Karp [1964] for reflection from an
interface separating two homogeneous media.

6. Conclusion

Some approximate formulas relating to the
reflection of waves from a continuously stratified
semi-infinite medium have been obtained. These
correspond to the use of an approximate linear
boundary condition [Kane and Karp, 1964] which
is a more accurate version of the well-known Leonto-
vich boundary condition. Linear and exponential
profiles of the refractive index of the semi-infinite
medium have been considered, for both horizontally
and vertically polarized waves.

Thus, the approximate procedure of Kane and
Karp [1964] has been extended to the case of reflec-
tion from a continuously stratified semi-infinite
medium. The results obtained reduce to those
given by Kane and Karp [1964] when appropriate
special cases are taken.
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