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The basic equations in the theory of ionospheric cross modulation are reviewed. The
suggestion by Rumi that the variations in the electron density, caused by perturbations of
the attachment coefficient, can contribute to the total cross modulation is considered. It is
found that the cross modulation resulting from these variations is negligible compared to
the eross modulation resulting from the variations in the electron collision frequency in the
region above about 40 km. 1In the 30 km region, however, the two components are approx-
imately equal. The fractional change in electron energy as predicted by the original theory
of cross modulation, introduced by Bailey and Martyn in 1934, is compared with the same
quantity as predicted by the alternate theory of cross modulation proposed by Huxley in
1953.

Cross-modulation profiles are presented for these two theories, corresponding to various
model ionospheres, and discussed in light of previously published cross-modulation observa-
tions from College, Alaska. It is concluded that neither of the theories hold over the entire
D region and that a new theory of ionospheric cross modulation is necessary.

The requirements of such a theory, in order to be consistent with observations, are the
following: for given ionospheric conditions the cross modulation should change sign in
approximately the same height region as is predicted by the original theory of cross modula-
tion but the absolute magnitude of the cross modulation, at least in the lower D region,
should be equal to or greater than the value predicted by the alternate theory of cross modu-
lation (which, in turn, is greater than the value predicted by the original theory). A recent
theoretical investigation by Altshuler, which indicates an energy dependence for the frac-
tional change in electron energy similar to the predictions of the original theory, seems to

satisfy the first requirement.
1. Introduction

The phenomenon of ionospheric cross modulation
is commonly associated with Tellegen’s [1933] ob-
servation that the reception of a Beromiinster,
Switzerland radio program (on 650 ke/s) was, at
times, marred by the presence of a lLuxembourg
radio program (on 252 ke/s) in the background.
After eliminating all possible local causes, Tellegen
suggested that the interference effect was due to the
interaction of the two radio waves in the ionosphere.

This phenomenon has been known under various
titles: “Luxembourg effect,” “radio wave inter-
action,” and “ionospheric cross modulation.”
Huxley and Ratcliffe [1949], in their review article
on ionospheric cross modulation, suggested that the
latter name be adopted and that the interacting
radio waves be identified as the “wanted” and ‘“‘dis-
turbing” waves.

Bailey and Martyn [1934] explained the cross-
modulation effect in terms of the absorption of the
radio waves in the ionosphere. The absorption of
a radio wave as it travels in an ionized medium is
dependent on the electron density and on the elec-
tron collision frequency. The radio wave from a
high powered disturbing transmitter (200 kW in
the case of the Luxembourg transmitter) literally
heats up the free electrons in the ionosphere, which

1 Present address: NASA-—Goddard Space Flight Center, Greenbelt, Md,

The second requirement remains to be investigated.

results in an increased electron velocity and electron
collision frequency. The increase in the electron
collision frequency alters the absorption of the
wanted wave as it passes through the disturbed
region. If the disturbing wave is amplitude modu-
lated, the energy transferred to the electrons, and
hence the absorption of the wanted wave, will vary
in accordance with the degree of amplitude modula-
tion on the disturbing wave. Thus, a fraction of
the amplitude modulation present on the disturbing
wave is transferred to the wanted wave giving rise
to ionospheric cross modulation.

The original theory of Bailey and Martyn [1934]
was revised by Bailey [1937] and was later put into
a form more familiar to the ionospheric physicist
[Shaw 1951, and references therein]. Huxley [1953]
proposed an alternate development of the theory of
1onospheric cross modulation in an attempt to rec-
oncile inconsistencies between the apparent behavior
of electrons in the laboratory and in the ionosphere.
His alternate theory was rejected [Huxley, 1955;
Fejer, 1955] on the basis that it was inconsistent
with the magneto-ionic theory. Also, the cross-
modulation observations conducted in Norway
[Landmark and Lied, 1961; Holt, Landmark, and
Lied, 1961; Barrington and Thrane, 1962] and in
Alaska [Rumi, 1961 ; Flock and Benson, 1961; Rumi,
1962a, 1962b] seem to be in agreement with the
original theory.

Some of the recent observations in Alaska, how-
ever, do not agree with the predictions of the original
theory of cross modulation [Benson, 1963]. Pre-
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liminary calculations indicated that the cross modu-
lation observed below about 50 km were in better
agreement with the alternate theory proposed by
Huxley [1953] than with the original theory of Bailey
and Martyn [1934]. The above work [Benson, 1963]
considered only the original theory of cross modula-
tion in detail, and it is the purpose of this paper to
critically analyze and compare the above two theories
of ionospheric cross modulation. The validity of
the suggestion given by Rumi [1962a], indicating
that the contribution to the total cross modulation
caused by variations in the electron density can be
comparable to the contribution caused by varia-
tions in the electron collision frequency, will also be
examined.

2. Basic Equations

Consider the situation where the wanted wave is
traveling vertically downward and the disturbing
wave 1s Ll'avehno vertically upward. Theabsorption
of the wanted wave as it passes through an in-
finitesimal homogeneous layer of thickness dh is

eiven by ,
E=FEjeHu (1)

where, referring to the wanted wave,

E=amplitude of the electric field of the emergent

wave
Fy=amplitude ot the electric field of the incident
wave

K,=absorption coefficient.

The absorption coe K is given by

N = N\
K=(5.31X10"%) \{§ Cyala) ¥ (2)

Vm \_# J

when the absorption is of the nondeviative type,
Le., the real component of the refractive index is
umtv and the radio wave propagation is parallel
to the direction of the earth’s magnetic field [Sen and

Wiyller, 1960, combining their equations 39, 41,
and 43]. In (2), the symbols have the following
meaning:

N=electron density (m )

»=the mean electron collision frequency asso-
ciated with the most probable electron
speed (sec”)

- L (" ePe e
6, (@)=
4
P Jo €+
w-ts . w—§
a=—— for the ordinary wave and —— for the
V”L VIII,

extraordinary wave (radians).
=angular radiofrequency (radians/sec), and
s=angular gyrofrequency of the electrons due
to the earth’s total magnetic field in the
region of interest (radians/sec).

The seript C integrals € ,(a) have been tabulated,

for a ranging from zero to 20, by Dingle, Arnt, and
Roy [1957]. Rationalized mks units were used in

(2).

Assume that the downward traveling wanted
wave passes through this infinitesimal layer after
the passage of the upward traveling disturbing wave.
The energy absorbed from the disturbing wave in-
creases the electron collision frequency v, which
auses the amplitude of the wanted wave to change
by an amount

O
an>h , (AVW) h'

oK, |
70”/71 >hr<AV”1>h’dh

AE=

—F

(3)

where 4’ is the height of the disturbed layer of thick-
ness dh’.

Rumi [1962a] also considered the contribution to
the cross modulatmn caused by variations in the
electron density N. These variations in N are at-
tributed to perturbations of the attachment proc-
esses rather than to direct ionization. His analysis
is based on recent laboratory measurements of the
attachment of slow electrons in oxygen which indi-
cate that the electron attachment 1s a three-body
process with an attachment coefficient that increases
with increasing electron energy in the energy range
appropriate to the ionospheric ) region [Chanin,
Phelps, and Biondi, 1959]. Thus, an increase in
the electron energy, caused by the absorption of
energy from the disturbing wave, should produce a
decrease in the electron density.

When the above effect is considered, (3) becomes

. aKu: aKw AN /
AE F{ o, Av,,+ SN AN }h,(/h .

(4)

If the wanted and disturbing waves are both pulse
modulated, and if the pulse repetition rate of the
disturbing transmitter is one half that of the wanted
transmitter, then only every other wanted pulse will
be altered in amplitude (provided that the repetition
period of the wanted pulses is chosen to be much
longer than the decay time of the excess electron
temperature caused by the disturbing pulse). In
this case the cross modulation is defined as the frac-
tional change in echo amplitude, i.e., AE/E where F
is the amplitude of one received echo pulse and
— AFis the amplitude of the adjacent pulse. Thus
the cross modulation resulting from one infinitesimal
disturbed layer at the height A" is given by

AE_ fOK., 0K,

o E \ Ov oON

S
2 Ao+ 22 AN ¥ db. (5)
n’

If the wanted wave is a continuous wave (such as a
satellite signal or cosmic noise) the same comments
apply provided that the wanted wave is sampled at
a repetition rate that is twice that of the disturbing
pulse-modulated transmitter,
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Equation (5) gives the cross modulation resulting |
from only one 111{1111‘(951111(11 disturbed layer The
d()wlwomo wanted wave will encounter a \11(((‘\si()n
of such dlsturbed layers below the height A, where
it first encounters the upgoing disturbing pulse.
The total cross modulation observed on the received
wanted wave is given by

0 r oK,
Ovm

1072¢ w

N
T=> AT — f AV,”-F AN} dh’.  (6)
g W

The evaluation of the partial derivatives that
enter in (6) is straight forward when the longitudinal
expression for K, as given in (2), is used. This
compact expression can be retained, rather than
using the more involved expression for arbitrary di-
rection of propagation, even when the direction of
propagation deviates from the direction of the
earth’s magnetic field if s is replaced by w;, 41 cos ¢l,
where ¢ is the angle between the propagation vector
and the earth’s lines of magnetic force. Just as in
the classical magneto-ionic theory, the above “quasi-
longitudinal” approximation in the generalized
magneto-ionic theory must satisfy cer tain conditions
before it can be used [Benson, 1964a]. In the 1-4
Me/s frequency range, common to many experiments
in ionospheric cross modu]atmn ereater accuracy 1s
obtained by using the unmodified l(mglt,u(lim\l equa-
tion (2), even when ¢>0, rather than by introducing
wr. In the cross modulation experiment in Al: \sl\a
the lowest frequency used is 4.865 Mec/s and ¢=13
under these ((m(htmns the quasi-longitudinal ex-
pression for K, i.e., using o, in place of s in (2), can
be used with an aceur acy of better than 1 percent
(with respect to the more general expression for
arbitrary value of ¢). The derivatives of K,,
required in (6), are then given by

> R
aalj —(5.31X107%) V{;)'(a)} (7

OAM e A4
3= (5.31X10 ﬂ)-;(;u-,/»(w} ()

m \, <

where
7 .
—5 Qv/z(“)o

¥ (@)=2 Gsn(a)

In deriving (7), the dummy variable e (the normal-
ized electron energy) in the script C integral was
written in its complete form as e =Q/k6, where @ is
the energy of any given electron (which is the true
dummy variable) and 46 is the thermal energy
associated with the electron having the most probable
speed of all the electrons at the temperature 6(°K).
The dssumptmn 0 =bv,, where b is a constant, was
then used in order to carry out the differentiation.
This assumption, that the electron collision frequency
is directly proportional to the electron energy, was
also used by Sen and Wyller [1960] to obtain their
generalized magneto-ionic equations, and it is based
on recent laboratory studies with N, by Phelps and

Pack [1959]. Using the above assumption, the
Av,, term can be expressed as
AVm, - V//L(Ae/g) (9)

where (A0/0) is the fractional increase in the electron
temperature caused by the energy absorbed from the
disturbing wave. The derivation of a similar ex-
pression for the AN term, and an evaluation of the
importance of the AN contribution, will be considered
next.

3. Variations in the Electron Density

In order to obtain an expression relating the term
AN to Af the following equations, which describe
the rate of change of charge density in the ionosphere,
will be considered:

(f[? g+v,N-+y.nN-—a.NN+
—B[n(0s)IN—k[n(O) EN  (10)
(’;'/\; — g, N-— 5 nN-— a,N-N*
FB[n(0) N+ n(O)EN (1)
N+t=N+N- (12)
where

N=-clectron density
N~=negative ion density
N*t=positive ion density
[7(0y)]=number density of molecular oxygen
n=number density of neutral particles
q=-electron production rate
ay,= electron-ion dissociative recombination co-
efficient (effective value)
«a;=1on-ion recombination coefficient
B=2 body attachment coeflicient
k=3 body attachment coefficient
v.=collisional detachment coefficient
v,= photodetachment coefficient.

Rumi [1962a] considered two cases of the equilib-

rium equation ( which follows from (10), (11), and
dN _dN~
(12) when —— T di 0>
q= 1+ (ag+Ner;) N* (13)

namely,

] (1 1/2
Z\T:X <f when A>>1 and e, >>a, (14)
and
(g \" <
N= =y when A\>>1 and Ao, <<a, (15)
!
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where A=N-/N. From (14), which applies to the
lower D region, he derives the following expression

for AN:

and presents a curve of

b 111 K)

o(In «)

o0
based on the data of Chanin, Phelps, and Biondi
[1959].

In the above analysis, however, it is inherently
assumed that the time constant for the variations in
the electron density is the same as the time constant
for the variations in the electron collision frequency.
A recent report by Molmud, Altshuler, and Gardner
[1962] indicates that this is not the case in the iono-
spheric D region. The above authors discuss the
time constant for electron density changes resulting
from electron energy changes in their study of a
method to reduce the electron density in the iono-
spheric D region by means of high-powered ground-
based transmitters. Their study 1s based on the
fact that the time constant for electron density
variations is long compared to the time constant for
average electron energy variations.

Molmud, Altshuler, and Gardner [1962] combined
(10), (11), and (12) by eliminating N~ while retaining
the time parameter £. They then consider the solu-
tion of the resulting differential equation under the
following initial conditions: for <0, § =6, and steady
state conditions prevail; for ¢>0, 6 =6,. The rise in
electron temperature, however, is generally not
instantaneous, even if a pulse modulated disturbing
wave 1s used. (This subject is discussed in detail in
the next section.) Thus the solution of the differ-
ential equation for N, under the above initial con-
ditions, will be useful only in determing an upper
limit for the variationsin N due to the true variations
in 0 caused by the disturbing pulse. Combining
(10), (11), and (12), using the method of Molmud,
Altshuler, and Gardner [1962], gives

2 @X—A 9OBN

versus 6 which 1s

(16)

where

A=q+20r,+7em) N e, (N4)?

B:w+m+(“"—§“—d) N++n(0) .

In deriving (16) it has been assumed that the changes
in Nt are slow compared to the changes in N.
Molmud, Altshuler, and Gardner [1962] show that
this is a reasonable assumpmon

The rate coefficients, that appear in (16),
assigned the following Values [Crain 1961]:

will be

a;=1.0 <1077 em?/sec
a;=6[p (atm)]6~°2+107° em?/sec

v,=0 during the night
—0.4 sec™! dUIIIlO the day
Y0 <100 p (atm) sec™!
¢= (ag+ M) )NNT (the value for equilibrium con-
ditions).

The positive ion density is given by Nt=(14+\N,
and A=N~/N can be approximated by

N=[n(0,)]%/(y,+v.n) [Rumi, eq (13), 1962a].

The following approzimate expression for the three
body attachment coefficient « can be derived by ex-
trapolating the 0, curve in figure 3 of the paper by
Chanin, Phelps, and Biondi [1959]

k (cm®/sec) ~—2.20 X 1073+ (1.63 X 107%2)4.

Sample calculations using the above expressions
indicate that the parameter A, in (16), is dominated
by the term 2(y,+vyn)NT, which is independent of
the electron energy. Thus, to first approximation,
A(0)=A(0)=A. The palametel B, on the other
hand, is dominated by the energy dependent term

[n(Oz)]2 The initial conditions appropriate to (16)
are then given by
=0, 0—=0, 0=0]
B=B, pt<0 B=DB, pt=0 B=DB; pt>0
N=N,J N=N, N=N

where Nj is the equilibrium value of Nin the absence
of the disturbing pulse (£<0) which is found from

(16), with dN/dt=0, to be
The integration of (16) then proceeds as follows:
N
2N _ (" dt
Jyvg A—2BIN |}
A—2B,N \
n {A BN, J i
N= (o214 Npomm (18)
2B; 0 ’
Combining (17) and (18) gives
- _Ac1 1 -y
A]\r;]\f-]\fo——2 <-B1 B0> (1—6 1>
A
— 55 (Be—By) (1—¢™™)  (19)

where the distinction between B, and B; is made
only in the difference term (By,— B)), since the differ-
ence between the two quantities is slight (the maxi-
mum value of A6/f is of the order of a few percent
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or less). Consider the term (B,—B;). From (16),

and the values for the rate coefficients given below

B)) can be written as

(16)) (BO"‘

By— B1=1/2[(a;)o— (@), INT+ (ko— k1) [2(02) ]

0 /’—0’/’
=3[ p(atm)] | — :I N+t

+(1.63X10732) (8,— 0,) [n(05) |2

Let 6, =6, + A6, then,

o\3/2 o
<1+A ~ 052 <1+5/2 %

and
Af
5/2__ 05/2~L AYV\ n5/2
032 — 3 _5/2(0>05 :
Thus
VIN+
By— B~ {,) Uf&;‘;}} VT (1.63%10-%2)0[ (02)]2} %
and (19) becomes
Al
AN~H(h' ) (20)
where
. 5 [p(atm) |N*
HW)=5ps {7 B

—(1.63><10’32)0['n(02)]2} (1—e %) em™°

and A and B are given in (16). Note: cgs units were
used exclusively in the above equations because the
rate coefficients are most commonly expressed in
these units. In the following discussion, H(m™?)
=10° A (em~*) will be used.

Combining (6), (7), (8), (9), and (20) gives the
following expression for the total cross modulation
observed on the received wanted wave:

T:—g (5.31X10-%) fo ® (N(m-9Y ()

1A0

(m )C5/2 a)} T (Zh, (21)

In (21), the term NY («) determines the component
of cross modulation due to variations in v, (CMy),
and the term HG;5(a) determines the component
of cross modulation due to variations in N (CMN).
From this equation, the importance of CMN, as
compared with C'Mp, can be estimated. Sample
caleulations, using the model atmosphere given by
Miller [1957] together with a model profile for the
electron density [see Benson, 1963, profile V], in-
dicate that CMN is negligible compared with CMy
except in the region below about 40 km. The results
of these calculations are listed in the following table.

& CMN/|CMv*
ho(km) \
fu=17.5 Mec/s ’ fw=4.865 Mec/s

30 1. 0 ‘ 0.9

40 L1 .07

50 .07 ‘ . 009

‘ — S—
*CMN=—H(M-3)§s5/2(a); CMy=N(m=3) Y (a).

The above figures are maximum figures appropriate
to a disturbing pulse of 50 wsec duration; i.e., in
(20), t was set equal to 50> 107° sec. It must be
kept in mind that the true contribution of CMN is
less than is indicated by the above figures, especially
in the region above about 40 km, because the in-
crease in electron temperature is not instantaneous.
(In the region below about 40 km, the increase is
nearly instantaneous when the original theory of
cross modulation is used and the above figures ap-
proximate the true situation; the increase is not
mstantaneous, however, when the alternate theory
of cross modulation is used, and in this case the true
figures are less than is indicated above.) The above
results are in agreement with the results of Rumi
[1962a] in the lower ionosphere (30 km region) when
the original theory of cross modulation is used,
namely, that CMN is comparable to CMy, but
differ greatly from his results above this region.
This situation exists because the time constant
(1/B), associated with AN in (20), increases with
increasing altitude, which prevents significant
changes in N from occurring during the duration
of the disturbing pulse. Rumi’s treatment did not
include the time constant effect since the time
parameter was eliminated from (10) and (11).

4. The Term ag/s

The terms Ar and AN, that enter in the cross
modulation equation (6), have each been expressed
in terms of the fr actional increase in the electron
temperature A6/6 due to the disturbing pulse [see (9)
and (20)]. This term, A9/6, is equlvalent to AQ/Q,
where @, the thermal energy of the electron, is given
by Q=ak6 (k is Boltzmann’s constant and @ is a
constant which takes the value 1, 4/, or 3/2 depend-
ing on whether the electron thermal ener gy is con-
sidered to be associated with the most pmbublo
electron velocity v, the mean electron velocity 7, or
the root-mean-square electron velocity ms). The
value a=1 will be used throughout thl% paper so as

to be consistent with the use of », in (2). The
variation of @ is determined by the equation
dQ W—v,00) (22)

dt

where w is the power supplied to each electron and
5@ is the mean energy lost by an electron per collision

1113



In the original theory of

with a heavy particle.
Balle\ and Martyn

ionospheric cross modulation,
[1934] assumed that

8Q=G(Q— Q) (23)

where G is a dimensionless constant generally
referred to as the energy loss coeflicient, ¢ is the
thermal energy of an average electron after the
passage of the disturbing wave, and ), is its thermal
energy in the absence of the disturbing wave.
Equation (22) then becomes

dQ

= (

dt =W— GVm( l) (JO)

Since @, is considered to be constant, this equation
can be written as

d(AQ)_

7t =w— G, (AQ) (24)

where AQ=Q— ,.

Consider the solution of (24) appropriate to a
pulse modulated disturbing wave traveling vertically
upward with a velocity ¢ (assumed to be equal to
the velocity of light in vacuum). Since the wanted
wave 1s tr avehno vertically downward at the same
velocity, any por rtion of the wanted wave is only in
contact with the disturbing pulse for a time 7/2
where 7 is the duration of the disturbing pulse in
seconds. Thus, if a portion of the wanted wave
first encounters the leading edge of the disturbing
pulse at the height hy, it will encounter the trailing
edge of the disturbing pulse at the height hy—c7/2;
accordingly, its position at any later time ¢ is given
b)’v ho_‘ct/z.

The value of AQ at a height &’ when hy>h'> h,—
¢r/2 (ie., inside the pulse) can be obtained by
mtewratmo (24). In this integration, », will be
apprlm(Lted by an average value », appropriate
to the region between hj and ho—e7/2.  The integra-
tion pI'oceeds as follows:

1=2(ng—n") /e

e=00n  JAQ)
LQ=0 w_GVa(AQ)M 1=0

1 | [w——Gua(AQ)hf:th(bo‘h’)
— =
GV,, w c
(25
(AQw— w [1_ ) ]
when hig >k’ >ho—
The value of AQ at a height A’ when h’<hy—ec7/2,

i.e., outside the pulse, can be obtained by integrating
(24) with w=0. The equation then becomes

fuo)h, d(AQ)
AQmax AQ

where (AQ)m.x 18 the value of AQ at A'=ho—c7/2

t'=2(hg—cr/2—h’) [c

=—Gv, dt’
Jo

and ¢ is the time measured with reference to the
passage of the trailing edge of the disturbing pulse.
Since the decay of AQ at a given height is under
consideration, »,, is a C‘()TlStdIlt and hdb been taken
outside of the integral sign. Integrating the above
equation gives ’

—2(hu—er2—tr) D (26)

(AQ)w = (AQ)maxe

when h/<h;—ec7/2.

Huxley [1953] proposed an alternate expression
for the mean energy lost by an electron per collision
when laboratory studies did not seem to confirm
the assumption in (23). The development of his
alternate expression was also encouraged by the
discrepancy existing between the laboratory measure-
ments of G and the ionospheric cross modulation

measurements of the quantity Gv. Following
Huxley [1953], the following expression can be
derived:

] AQ))?

Q=n ( QQL (27)

where B=3.18X107%j. The details leading to this
expression are given in the appendix. An important
point to notice is that (27) is based on a steady
electric field, and thus only applies to the region
where v, >">f, where f, is the frequency of the
disturbing transmitter. Substituting (27) into (22)
and proceeding in the same manner as was used to
derive (25) and (26) gives

A Bl/}( > (tnh[: B, %>1/2 v );—] (28)

C

when hy>h’ zho—?zl
and
AQmax
O =
(82 [2Bralio=cr2=t)
cQ®

(29)

14+AQmax

when b/ <hy—c7/2

where AQ... 1s the value of AQ from (28) when
h, ho_c7/()

Sample calculations were performed in order to
compare the values of AQ/Q obtained from the
original theory (25) and (26) with the values of
AQ/Q obtained from the alternate theory (28) and
(29). The results are presented in figure 1. In
performing these calculations, the following value
was used for w:

"
PuoK, - f 2
g 75 € Jo vatts

W=5 N ") (30)

where

P,;=peak pulse power radiated by the disturbing
transmitter (watts)
=disturbing antenna gain factor
Kd—absm puon coefficient for the disturbing wave
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Ficure 1.

50 w sec duration, as predicted by the original theory of cross modulation [ Bailey and Martyn,

of cross modulation proposed by Huxley [ 1953].

The fractional increase in the electron energy Q, caused by a rectangular shaped wpward traveling disturbing pulse of

193] and the alternate theory

Each curve corresponds to a particular value of ho, the height where the leading edge of the upward traveling disturbing pulse first encounters the downward traveling

wanted wave.

(see appendix). Model electron density and collision
frequency profiles of a previous public: ation were
used in the calculations (N, and », of Benson [1963]).
The parameters were chosen so as to agree with the
recent cross-modulation experiment in Alaska which
uses cosmic noise at a frequency of 17.5 Me/s as the
wanted wave [Benson, 1962]; ie., P,—10 kW,
g~5, and f,—4.865 Mc/s. The e alc ulations corre-
spond to the extraordinary component of the dis-
turbing wave. Each curve in figure 1 indicates the
fractional variations in electron ener oy AQ/Q that
are encountered by a portion of the downward
traveling wanted wave as it passes the upward
tr(wehno disturbing pulse when the leading edge
of the dlsturblno pulse is at a given height ho The
curves are drawn for the case r=50 psec; i.e., the
trailing edge of the disturbing pulse is located at the
heloht h0~0r/2 ho—7.5 km.

houre 1 indicates that the expected value for
AQ/Q is larger and that it decays much slower in
the region outside (below) the disturbing pulse, for
any given value of Ay, when the alternate theory is
used rather than the original theory. The maximum
value for AQ/Q increases with increasing hy up until
ho=>50 km; the maximum value for /f, >50 km
decreases with increasing h, due to the absorption
of energy from the disturbing wave in the lower
regions and to the slower rise of AQ/Q in the upper

The curves correspond to the following parameters:

Pa=10kW, g5, fa=4.865 Mc/s (E), fw=17.5 Mc/s.

regions.  The discontinuity in the curves labeled
ho=60 km and h="70 km at the height A'=h,—7.5
km, in both theories, results from the approximation
v,=v, 1nside the pulse (», was evaluated at the
height A’=h,—3 km). (The larger values of AQ/@Q
outside the pulse are due to larger values of (AQ/Q) .
in the lower regions.) The curves for h;=60 km
and =70 km do not satisfy the condition v, > ">/,
which must be satisfied in the alternate theory; this
point will be considered further in the next section
where the original and alternate theories are com-
pared by calculating the cross modulation expected
for each theory for various model ionospheres.

5. Model Cross-Modulation Profiles

When the term AN is neglected and the term
Av,, 18 written as »,,(A6/6) fr_om (9), then the equation
for the total cross modulation (6) becomes

hy Ok, Al ,
- an) () <7>dh.

The partial derivative in this equation is given by
(7); the A8/6 term is given by (25) and (26) when the
()11011\(11 theory of cross modulation is used, and by
(28) and (29) when Huxley’s alternate theory of
cross modulation is used.

(31)
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The cross modulation was calculated from (31),
with the aid of the IBM 1620 computer at the Uni-
versity of Alaska, for several model ionospheres.
In these calculatlons the script C integrals were
evaluated using the tabulated values, for the ar ou-
ment ranging from 0 to 20, as given by Dlnole Alndt
and Roy [19 57].  These mteomls were upprommated
as 1/a? for values of the argument a greater than 20.
The electron temperature 6 was assumed to be com-
parable to the gas temperature, and the Fort Churchill,
Canada, winter average rocket measurements of the
D region gas tempel ature by Stroud, Nordberg,
Bandeen Bm tman, and Titus [1960, see ﬁo 13] wer
used in the calculations. The electron collision
frequency »,, was evaluated from the equation »,,=
8.40 %107 p (mmHg) using the atmospheric pressure

values for November 1956 above Fort Churchill as
given by Lagow, Horowitz, and Ainsworth [1960,
see fig. 5]. This equdtlon is based on the laboratory
studies in N, by Pack and Phelps [1961] and is dis-
cussed in the following paper [Benson, 1964b].

Several model profiles for the electron density N
were used in the calculations; these profiles are
shown in figure 2. The curve labeled N; (the curve
without the bumps) represents a possible electron
density profile in the arctic regions during relatively
quiet ionospheric conditions. Each of the curves
labeled N,, N;, N;, and N; represent particular
perturbations of the main curve N;. These per-
turbed curves should be thought of as short period
electron density profiles resulting from transient
irregularities in the D region electron density rather
than as stable electron density profiles. The non-
deviative absorption of a radio wave at a frequency
of 27.6 Mec/s (a standard riometer frequency at
College, Alaska) for each of the above electron
density profiles is given in table 1.

HEIGHT, km

0° 2 > 0’ 10° 10° 10 10"

Ficure 2. These curves are not the result of an experimental
program; they are merely model electron density profiles used
wn calculating the model cross-modulation profiles.

The curves N3, N3, Ny, and N5, which represent particular pertrrbations of

the main cvrve Nj, are introduced for the sake of discussing the equations
of cross modulation.

TaBrLe 1. Radio wave absorption figures for the model electron

density profiles

Electron density profile

Absorption in decibels at 27.6 Me/s..___._.__. | 1.1

In the original theory of cross modulation, it is
necessary to assign a value to the energy loss coeffi-
cient @, which appears in (25) and (26), before
model cross-modulation profiles can be computed.
The value G=1Xx1073, which is consistent with
laboratory measurements in air [Crompton, Huxley,
and Sutton, 1953], was used in the present c: alcula’
tions.

In the calculations, the parameters of frequency
and power were chosen so as to be consistent with
the cross-modulation experiment at College, Alaska.
Three separate conditions were considered: the first
condition corresponds to the recent cross-modulation
experiment which used cosmic noise as the wanted
wave [Benson, 1962], the second condition corre-
sponds to the original cross-modulation experiment
which used a reflected pulse modulated radio wave
for the wanted wave [Rumi, 1961]; and the third
condition corresponds to the cross-modulation ex-
periment that will be under way when the present
construction of a new cosmic noise receiving antenna
is completed. These parameters are presented in
table 2

Tasre 2. Frequency and power parameters employed in the
calculation of model cross-modulation profiles

Disturbing transmitter
- . | Frequency
| of wanted
Fre- | Antenna wave &
quency Power gain
factor
Me/s 1374 Mc/s
Condition 1._____ 4.865(E) b20 5 17.5
Condition 2__ 17.5 100 150 4.865(0)
Condition 3 17.5 100 150 18.0

a (E) designates extraordinary component; (O) designates ordinary component.
b In the early phases of the experiment a value of 10 kW was used; the curves
in figures 3 and 4 correspond to the value of 20 kW,

The radiofrequencies listed in the above table are
considerably higher than the frequencies used in other
cross-modulation experiments (usually in the 1 to 3
Me/s range). One advantage of the higher frequen-
cies is that the cross-modulation experiment is most
efficient during periods of ionospheric disturbance
which are common at College, Alaska; one disad-
vantage of the higher frequencies is that the sensi-
tivity of the experiment is decreased in the upper D
region. The latter point is illustrated in figure 3
where a large electron densltV perturbation in the
upper D region (see fig. 2, profile N,) is seen to pro-
duce only an 1nslomﬁcant perturbation in the cross-
modulation proﬁle The cross-modulation profiles
presented in figure 3 are based on a wanted frequency
of 17.5 Mc/s (COIIdlthIl 1 of table 2). The sensitivity
of the experiment to electron density perturbations
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Ficure 3. A comparison of the expected cross modulation for
Ny and N, of figure 2 when the original theory of cross modula-
tion is employed, using the parameters of condition 1.

0.4X107°

in the upper D region increases considerably for lower
frequencies. It 1simportant to notice, however, that
the lack of sensitivity indicated in figure 3 is partly
due to the slow rise of AQ/Q in the upper D region
(see fig. 1).

In figures 4, 5, and 6, the ionosphierc cross-
modulation profiles, corresponding to the model
electron density profiles N;, Nj, N, and N;, are
presented for conditions 1, 2, and 3 (see table 2),
respectively. Note: Because the absolute value of
win (30) was used, the curves indicate a sign reversal
of T was respect to the curves presented in an earlier
publication [Benson, 1963]. 1In each figure the cross
modulation predicted by the original theory is
compared with the cross modulation predicted by
the alternate theory up to an elevation of 55 km.
The dashed curves, corresponding to the alternate
theory, are terminated at 55 km because above this
height (approximately) the radiofrequency of the

disturbing transmitter fails to satisfy the condition

0.4x10*

-0.4

_08 =
2.4X107* 2.4X107° -
N ORIGINAL THEORY
2 [ I/ \\ 2 [ === ALTERNATE THEORY
/ \
/ \
II \\
16 / \ 16 |-
!
]
/
!
12 / 12+
(}
! N
[} 7 \
| e \
T 08} i 08} V4 \
=
/ / \
(i /
! /
0.4 j 0.4 /
/
/ //
74 /’
0 7 1 ) 1 1 ] 0 L N\ 1 1 |
-04 Na 04+ Ns
-08t 08l
L 1 1 1 1 1 J BT I 1 1 1 1 J
20 30 40 50 60 70 80 20 30 40 50 60 70 80
HEIGHT, km

Frcure 4. Cross-modulation profiles based on condition 1 of table 2.
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Ficure 5. Cross-modulation profiles based on condition 2 of table 2.

fa<<vm, which is implied in the derivation of the
alternate theory [see discussion following (27)]. Also,
calculations based on the alternate themy predict
that a significant portion of the excess electron
energy AQ, caused by a given disturbing pulse,
persists until the next Snmple of the wanted wave is
taken when A, is greater than about 55 km.

At first glance it appears that the choice of {requency
and power parameters as given in condition 2 is
preferable to the choice of these parameters as given
in conditions 1 and 3. All of the curves, however,
correspond to the case when a usable wanted signal
is avallable at the receiving antenna, and in condition
2 the wanted signal, which is a radio wave at a
frequency of 4. bGo \Ic/s that has been reflected from
the K or F region of the ionosphere, is often com-

pletely absorbed before reaching this antenna. For
example, the total nondeviative absorption of the
ordinary component of a reflected radio wave (two
way path through the D region) at a frequency of
4.865 Mec/s is of the order of 30 dB when the electron
density profiles N,, N, Ny, or N; are used. The
absorption of the cosmic noise signal, which is the
wanted wave in conditions 1 and 3, is much less than
the absorption of the reflected radio wave in condi-
tion 2 because the received cosmic noise is at a
relatively high frequency and it travels through the
D region only once. For example, the total non-
deviative absorption for the cosmic noise at 17.5
Me/s (condition 1) and at 18.0 Me/s (condition 3) is
of the order of 3 dB or less when the electron density
profiles N, Ny, N,, or N; are used. It is to be empha-
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Fraure 6. Cross-modulation profiles based on condition 3 of table 2.

sized that the above electron density profiles are
merely model profiles used for the sake of comparing
the two theories of cross modulation under discussion.
During typical periods of ionospheric absorption at
College, Alaska the absorption of radio waves is more
severe than the absorption indicated by the above
electron density profiles; under such conditions the
echo technique (condition 2) becomes ineffective due
to the excessive absorption of the wanted wave, and
the cosmic noise cross-modulation technique is more
advantageous [Benson, 1962].

The main points to observe in figures 4, 5, and 6
are the following:

(1) In all cases, Ty > Tore where T refers to
the cross modulation predicted from the alternate
theory and T, refers to the cross modulation pre-
dicted from the original theory.

(2) The ratio T,/ Torse 1s greatest when excessive
ionization is present in the lower regions, i.e., for the
electron density profiles Ny, Ny, and N, This is to
be expected since the decay of AQ) is slower, and thus
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the cross-modulation contribution of the lower regions
persists longer, when the alternate theory is used.

(3) The ratio Toie) Topie is ereater for condition 1
than it is for conditions 2 and 3. This is to be ex-
pected since the power term w for the disturbing
wave, as given by (30), is different in condition 1
than it is in conditions 2 and 3 and this term enters
as the first power in the original theory [see (25)]
but enters as the square root in both the coefficient
and the argument of the hyperbolic tangent term of
the alternate theory [see (28)].

(4) Significant cross modulation in the lower re-
gions is predlcted only by the alternate theory when
the disturbing power is small (condition 1).

(5) For a given value of the wanted frequency,
the point where the cross modulation 7 changes
from positive to negative depends only sligchtly on
the form of the electron density profile when the
original theory of cross modulation is used. For
example, this “crossover” point is always between
51 and 53 km for all of the model N profiles in con-
ditions 1 and 3 where f,=17.5 Mc/s, and 18Mc/s re-
spectively, and it is always between 60 and 61 km in
condition 2, where f,=4.865 Mec/s (ordinary com-
ponent).

6. Discussion

Figures 4, 5, and 6 indicate that the cross modula-
tion predicted by the alternate theory [Huxley,
1953] does not differ greatly from the cross modula-
tion predicted by the original theory [Bailey and
Martyn, 1934] when the D region electron density
corresponds to the fairly moderate profile (for the
arctic regions) given by N; of ficure 2. This is
especially true when a disturbing transmitter of
high power is used (see the cross-modulation curves
corresponding to N; in figs. 5 and 6). This is in
marked contrast with the criticism of the alternate
theory given by Huxley [1955] and Fejer [1955].
The criticism of Huxley [1955] was based on the cross-
modulation measurements with obliquely traveling
radio waves where the region of interaction was
approximately 90 km. In these experiments f;~v,,,
whereas in the present discussion, concerned with the
lower D region, f;<<v,. Also, the classical
magneto-ionic theory was used in the earlier ex-

periments; the generalized magneto-ionic theory
Sen and Wyller, 1960] was used in the present

. J ) P
calculations.

The criticism of Fejer [1955] was based on cross-
modulation observations which were confined to the
upper D) region where the condition f; <<v,, as
required by the alternate theory, was not satisfied.
Also, the classical magneto-ionic themy was used in
the cross-modulation equation.

From the above comments it appears that the
objections to the alternate theory are not sufficient
to completely neglect this theory in the lower D
region.

The obser vations of considerable cross modulation
in the lower D region above College, Alaska are in
better agreement w vith the alternate theory than with
the 0110111(11 theory. For example, in the cosmic
noise cross-modulation experiment at College, with

the system parameters corresponding to condition 1,
cross modulation was frequently observed in the
40 to 45 km region [Benson, 1962 and 1963]; in the
echo-type cross-modulation experiment at (ollewe
with the system parameters corresponding to con-
dition 2, short duration periods of cross modulation
were observed as low as 30 km [Rumi, 1961 and
1962b; Flock and Benson, 1961]. The model elec-
tron den51ty profiles N, and N, were constructed to
approximately simulate the former case and the
profile Ny was constructed to approximately simulate
the latter case. The corresponding cross-modula-
tion profiles are shown in figures 4 and 5, respectively.
In every case the alternate theoly pr edicts more cross
modulation than the original theory. [When /,=
45 km and N, is used in condition 1 (see fig. 4), then
Tt/ Torig=10; when h,=30 km and N; is used in
condition 2 (see fig. 5), then Tm/’l(,“g_5 5.] This
indicates that less 10111z(1t10n is required in the lower
regions to produce a given amount of cross modula-
tion when the alternate theory is used in place of the
original theory.

The “crossover” point, mentioned in point 5 of
the last section provides, at present, the most re-
liable information that can be obtained from an
experiment in ionospheric cross modulation. This
information concerns the electron collision frequency,
and the next paper is completely devoted to this
subject [Benson, 1964b]. The total cross modula-
tion 7, as given by the integral in (31), reverses
sign because the term (0k,/0v,) in the integrand
reverses sign. This term, which is given by (7),

7rfui wr, —918.
Vm

Since f, and w,=|s cos ¢| are known, the electron
collision frequency v, can be determined at the
height where (0ky/dv,)=0. The location of this
height can be estimated by observing the value of

changes sign at the point where o=

ho that causes the complete integral in (31), i.e., the
observed cross modulation, to change sign. As

mentioned in the last section, this ‘“‘crossover”
point is only slightly dependent on the form of the
electron density profile when the original theory of
cross modulation is used. Unfortunately, the alter-
nate theory of cross modulation is valid Only when
f,<<v, and thus cannot be used in the vicinity
of, or above, the crossover region. The crossover
p()mt should not be altered by more than a few km,
however, even if a more general expression for
Ad/6, which holds for the entire D) region, is used
since this point is determined mainly by the term
(Oky/Ovy) In (31). In support of this last state-
ment are the observations of this cross-modulation
“crossover”” point that yield values for the electron
collision frequency that are in agreement with
other independent observations [Benson, 1964b].

In summary, it appears that the general shape of
the cross-modulation curve can be predicted from
the original theory of cross modulation [Bailey and
Martyn, 1934], but that the absolute magnitude of
the cross modulation is larger than is predicted by
this theory, and that it is in better agreement with
the alternate theory proposed by Huxley [1953] in
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the lower D region. It is apparent that a different
expression, that will hold for the entire 1) region, is
required for the term Af/6 that enters in (31). This
implies that a different expression is required for
the term »,6Q in (22). A recent theoretical in-
vestigation by Altshuler [1963] shows that the
electron cooling law 1s determined by inelastic
electron collisions and that the term »,0Q is pro-
portional to AQ/Q'* rather than to AQ as predicted
by the original theory of ecross modulation or to
v (AQ)*/Q* as predicted by the alternate theory of
cross modulation. The energy dependence of this
term in Altshuler’s analysis is very similar to the
energy dependence of this term 1in the original
theory; thus, a cross-modulation profile based on
Altshuler’s results should have approximately the
same general shape as a profile based on the original
theory of cross modulation. The absolute magni-
tude of the cross modulation, however, will depend
on the constant terms (which were not evaluated in
Altshuler’s analysis) in the expression for v,6Q.
This problem will be considered further in future
publications concerning the cross-modulation ex-
periment at College, Alaska.
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7. Appendix

Huxley’s [1953, section 3] alternate theory of cross
modulation is based on laboratory measurements
[Crompton, Huxley, and Sutton, 1953] of the temper-
atures, energy losses, and (()“l\l()lldl frequencies of
electrons drifting lhl()u(’ll air due to a uniform and
constant electric field.  After conver ting from cgs to
mks units and from » to », (»=1.128 »,,), to be con-
sistent with the present paper, his basic equations

become
vp=ak,p(mmHg) (1)
where k,=0/@, and a=8.30 X107,
. bZ(v/m) oy
AT'1+1;(111111HO) (2)
where 7 1is the steady applied electric field and
b=0.33, and
Wi (1.49¢101) 28 1 oo 3)
Vm

where W, is the most probable drift velocity.

The average power w supplied to an electron by the
constant electrie field Z is

w=Z([m)e(coulomb) W,,(m/sec) j/sec. (4)

In equilibrium conditions, w=1»,46Q, from (22), and the
above equations can be combined to give

Vma(l) — lf o 7‘}2 22 Vm
‘V]lcl'e

B (1.49>10") [e (coulomb)]
a’b?

=318 <1077

as stated in (27).

Next, w (the power supplied to each electron) must
be expressed in terms of P, (the peak power radiated
by the antenna of the disturbing transmitter). If
the antenna has a gain ¢, then the disturbing power
per unit area at the height 4’ is given by

PGl (/1 )
47r(/l
where

W_
)= U—-fo 2K adh

takes into account the absorption of power up to the
height . The power per unit area absorbed in an
infinitesimal layer of thickness dh’ is given by

>\ o l)l/.’f a[,v(]'/) ’

(AI (I)h"‘—47r(:l[,)2 O/{,/ (”Ir
P.g e f Y9 K adh
—__ T a —9 > 0 / /'
471_(‘/[/)2{ ([xrl,)h € (/1
m & ( [ 41 /l
'hus, the power supplied to each electron N
] (,1/1{(, —fuh,ZKa(lh‘

T N2

In (30) the absolute value of w is given since the
quantity (w)"? enters in the equations for A@ in the
alternate theory of cross modulation.
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