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A Generalization of Rennie’s Inequality’

A. ]. Goldman

(February 25, 1964)

A generalization is given of Rennie’s recent extension of the Kantorovich inequality. The result
is used in an alternate proof of the sharp upper bounds for ratios of weighted means obtained by Cargo
and Shisha.

1. Introduction

For n>1, consider a sequence of 2n positive numbers
Xiye o oy Xny Wiy o o, Wn

not necessarily distinet, and such that

O<ms<uxisM;w+...+tw,=1

where M and m are constants. A well-known and useful inequality due to Kantorovich [3]* asserts
that under these circumstances

(2 w,-x,-) : (E w,-xi“) < (M+m)*/4Mm. 1)

Recently Rennie [4] gave a simple proof of an inequality which in turn yields an especially elegant
derivation of (1). Also recently, Cargo and Shisha [1] obtained a general inequality which gives
sharp upper bounds for the ratios of weighted means,

Is =1/r
(E“"x"s)l (zw’x"r) < (g D) s g DI {(s — 1) g — g, 2)

where g = M/m, valid for real s and r satisfying?
s>r,sr#0. (3)

The inequality (1) is obtained by settings=1 and r=(—1).

Our purpose here is to see how Rennie’s proof of (1) might be adapted to a proof of (2).  Although
the generalization is not quite as elegant as the original special case (the sources of the extra com-
plexity are noted at appropriate points in the text), the resulting alternate proof of (2) and generali-
zation of Rennie’s inequality seem worth recording.

The notation employed will be appropriate to the continuous version of the results (which
specializes to the discrete version); the “weights” w; of (1) and (2) are replaced by a fixed measure
space of unit total measure, the numbers x; are replaced by a real-valued measurable function x
satisfying 0 < m < x < M almost everywhere, and sums like 2 w;x; or 2 wix* are replaced by integrals

1 The author is indebted to K. Goldberg (NBS Numerical Analysis Section) for helpful discussions.
2 Figures in brackets indicate the literature references at the end of this paper.
3The limiting cases with sr =0 are also treated in [1], but will be omitted here.
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I(x) or I(x*) taken over the entire space. It will be convenient to normalize by replacing x with the
measurable function y = x/m, which satisfies

lsy<qgq=M/m

almost everywhere. Our generalization of Rennie’s inequality (which after “denormalization” is
the special case s=1, r=(— 1)) asserts under hypotheses (3) that

¢—q <(@—DIy)—(¢"=DIy)  ifsr>0, (4a)
¢—q =(@—DIH)— (g — DIy  ifsr<O. (4b)
For real r # 0, the rth order mean of x (with weights given by the measure) is defined as
M (x) = {I(x")}"".
In ierms of these means we can define the quotients
Qr(x) = M(x) M ().

Since the quotients are unchanged by normalization, the continuous version of the Cargo-Shisha
result (2) can be written

Qurly) < {r ' g" =D} "*{s7g* = D}"{(s —r)~*(g* — g")} -/, (5)

This and (4) will be proved in section 3, after disposing of some preliminaries in the following
section 2.

Two natural directions for possible further investigations suggest themselves. The first is to
seek a generalized inequality involving more than two powers of y. The second is to consider
integrals I{f(y)} for functions f other than power functions.

2. Preliminaries

The basis of the analysis turns out to be the famous inequality between the arithmetic and
geometric means?, which asserts for a > 0 and b > 0 that

aabl—asaa+(1—a)b if0<a<l, (63.)
acbl-a= aa+(1—a)b if a< 0, (6b)

with equality if and only if a=54. The form (6b) is obtained from the more familiar form (6a)
by applying the latter to

a=a"-"40=b"*a'=—a/(l—a)

and then multiplying the result through by (1 —a)a® and rearranging terms. Rennie [4] required
only the special case a«=1/2 which is particularly easy to prove®, but it is known [2] that the general
case of (6a) can be deduced from this special case by elementary algebraic methods plus a simple
limiting process to handle irrational a.

As a first application of (6), we introduce the function®

pW=e@t,=w*"=D/(w—=1)  ((r>0)
and prove it to be strictly increasing for u >0 if ¢ > 0 and 7 > 0, but strictly decreasing for u > 0

4Cargo and Shisha [1] show how their inequality yields another proof of this classical one.
5Expand the left-hand side of (a2 —5'/2)2 = 0 and rearrange terms.
6We give ¢(u) its limiting value (7 +¢)/t at u=1.
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if t<0and 7<0. For this purpose, calculate for u # 1
o' (W)= -2 r+t){rr+ ) wtt+t(z+ )1 —u}-

To prove that the last factor is positive, so that (as desired) the derlvatlve has the same sign as
7+t, we need only apply (6a) with

=utLb=1,a=1(T+0t)""
Rennie [4] required only the obvious special case that
ow; 1, )=u+1

is increasing.
Assuming (3) as always, we now show for 1 <Y < ¢ that

(@—1DY —(¢"—1)Ys=¢"—q" if sr>0, (7a)
(= === ef—a} if sr<0, (7b)

with equality if and only if Y=1 or Y=g¢q. Clearly equality holds in the indicated cases, so we
assume 1 <Y < g and prove strict inequality. For sr > 0, assertion (7a) is equivalent if s > r > 0 to

(@—=Dlg =D =elgr,s—n>eY:r,s—n=Y"—=D/(Y —1),
andif r<s <0to

(@ —Dlg¢—D=e¢lg: s, r—s) < @Y;s,r—s)=¥"— DY —1).
For sr <0, assertion (7b) is equivalent to

Ys—=D/XYr—1) <(¢¢—D/(g"— 1)
and thus to

Y=Y Y r=D=eY;—r,s)—1<¢lg:—r,s)—1=(@"—q¢lg"—1.

So (7) follows from the properties of ¢(u) proved in the last paragraph.

3. Proofs of Results

The values Y of the normalized function y obey 1 <Y < q almost everywhere, so that our
generalized Rennie inequality (4) is obtained from (7) simply by integrating over the measure space.
From the discussion of (7) it follows that equality occurs in (4) if and only if y differs from 1 and ¢
only on a set of measure zero. * Denote the measure by u, the inverse transformation of y by y~! (to
be distinguished from the function 1/y obtained from y” for r=(— 1)), and define

0=pn{y (9} (8)
then the condition for equality in (4) can be written
1=60=p{y'D}. 9
For sr > 0 rewrite (4a) as

i—=rig==ry b {rigr— 1A} +{sls ==t} {53t = DiGY)) = G~ i =y, (10a)
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and for sr < 0 rewrite (4b) as
{=rs—=n 1} {r-{q"— DI} + {s(s— '} {s7g* = DIO"} < (s =)~ "g* —¢q')- (10b)
We shall apply the arithmetic-mean geometric-mean inequality (6), with?
a=r(q¢"= DI(y), b=s"' g — DIy, a=—r(s—r)", (11

to the left-hand side of (10). Ifs > r> 0 we apply (6b) to (10a) and obtain

{r=g"— DIy} {s7Hg* — DI} = (s = 1) Hg* — q'), (12)
which when raised to the negative power (s —r)/(— sr) yields
{r—Yg"— DIy} {s (g —DI(y")} =1 < {(s — r)~(g* — ")} 1/s) - /") (13)

If sr < 0 we apply (6a) to (10b) to obtain the reverse of (12), which when raised to the positive power
(s—r)/(—sr) yields (13) again. Finally, if r <s <0 we shift from (11) to

a=s"Yg* = DI(y"),b=r""q"— DI(y*),a=s(s —r)~* (14)
and apply (6b) to (10a) to obtain (12), which when raised to the negative power (s —r)/(— sr) yields
- (13). So in all cases we have (13), a rearrangement of the Cargo-Shisha inequality (5).

Equality can occur in (5) if and only if it occurs in (4), so that (9) holds, and also a=5 in (11)
and (14). Substitution of (9) into this last condition leads to
r i g"=D{0¢*+ (1 —0)1}=s""(¢g*—1{6g"+(1—6)-1}
or equivalently

0=0(q;s,=(—n"Yr(q"—1)"'—s(g*— 1)}, (15)

the same condition for equality obtained in [1]. To show that the bounds in (5) are sharp, it
suffices to prove that

0< 6(g:s,n<1. (16)

The left-hand inequality is equivalent for s >r> 0 to

(@F—=D/(g—D=¢(gr,s—r>¢(l;r,s—r)=s/r,
for r<s<0to

(@—=D/I@—D=el(gs, r—s)< (35, r—s)=rls,
and for sr < 0 to

(@ "¢ g "=D=9¢lg:—r,s)=1>p(;—r,s) = 1=s/(—r).
The right-hand inequality in (16) can be rewritten
r/l@"—1)>s/(g==—1).
This is equivalent for s >r > 0 to
(g*=Dlg"—D=elg:—r,r—s) <e(l;—r,r—s)=s/r,

7From now on we exclude the trivial case ¢=1 and assume ¢ > 1.
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forr<s<0to

("= Dllg*—D=elg:—s,s—n>¢l;—=s,s—r)=1/s,
and for sr < 0to

(= Dig"=D=1=elg:r,=s) > 1=¢(l;r,—s)=s/r.

Thus (16) is verified.

Added in proof: Rennie’s inequality turns out to be equivalent to an apparently stronger one
given by Diaz and Metcalf [5] in the same year, and our generalization is in turn equivalent to one
announced previously by Diaz and Metcalf [6]. The proofs of these (non-trivial) equivalences will
be presented in a forthcoming paper by Diaz, Metcalf, and the writer.
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