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The groundwave pu lse has bee n co nsidered i n detail by Johler [1962, 1963b]. A t heory 
was presented as a d irect numer ical an d analyt ic evaluation ot the Fourier transform in­
tegral. S uch a t heory can be extended to treat pulsed ionospheric waves. 

The r efl ect ion process for various model a nistoropic ionospheres has been studied in 
detail in p revious papers by Johle r [1962] . The a nalys is of the reflec tion coefficient t hus 
demonstrated is employed to co nst ruct tran sfer fun ctions for the ionospheric wave. These 
t ra nsfer fun ctions a re t hen introduced into the Fo ur ier transform of the pulse, and the 
behav ior of LF pulses propagated by a refl ection process at t he ionosphere is determined for 
t hree mod els for the lower ionosphere. The co mposite ground a nd io nospheri c pulse is 
for med , a nd a method of tagging a po int-in. time on the pulse is detai led. 

1. Introduction 

The low frequency radio signal [Johler , 1962] propagated from a transmitter at the surrace 
of the terrestrial sphere can overcome the curvature of the earth and reach a receiver some 
distance away on the surface of the earth by diffraction as a groundwave pulse or by a single 
reflection or multiple r eflections at the lower ionosphere. Numerous investigators have treated 
the groundwave pulse or sign al theoretically [Novikov, 1960 ; Johler and Wal ters, 1959 ; Keilson 
and Row, 1959 ; P ekeris and Al terman , 1957 ; Wait, 1955 and 1959]. Thus, for example, 
Wait and Froese [1955]; Wait and Conda l1959] luwe developed closed form solutions for 
certain pulses for relatively simple si tuations. On the other h and, very little has been accom­
plished on the pulse signal r eflected at the ionosphere at LF. A procedure was outlined by 
Johler [1962] for treating theoretically both the groundwave and the ionospheric wave pulses 
by a direct numerical integration of the Fourier transform-integral. Thus, regarding the 

. fa --> . .--> a --> • --> 
continuous time-harmonic-wave solution of Yfaxwell's equatlOns, at E=~wE; at H=~wH, as 

the transform or trans fer function of the propagation medium, it is no longer necessary for th e 
case of linear arnplitude transforms to resolve Maxwell 's equations Jor each pulse . It is only 
necessary to form the product of the pulse transform. and the complex transfer JuncLion of 
the medium and integrate Lo Lhe time domain. 

The reflection process for various model anisotropic ionospheres has been studied in con­
siderable detail by Johler [1962, 1963a; Johler and Harper, 1962a and 1962 b]. Resul ts obtained 
with the aid of this analysis are employed in this p aper to construct three t ran srer functions 
for three models of the prop,lgaLion medium. These transforms are then inLroduced in to th e 
in tegrand of the Fourier integral of specified pulses, and the behavior of such pulses propagated 
by reflection at the lower ionosphere is demo nstrated . The co mposite ground and ionospheric 
pulse is formed, and the methods for tagging a poin t-in- time [Johler, 1963b] on the pulse are 
detailed. 

I ' I' his work ,,"as spon sored by th e Adva nced Research Projects Agency u nder ARPA Order No. 183- 62, Am endm ent 4, or N TI S Project 85411-
ini tiaLrd undol' this contract. rl.1his work forms the tileoretical basis for th e experimental program purs uant tm der the same contract on NBS 
Project 8546l. 
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2 . Theory of Transient Propagation 
--? --? 

A radio signal, E(t , el), vim or H (t, el) amp-turns/m, at a time, t, and a di stf1nce, el, along 
the surface of the terrestrial spher e relati ve to f1 transmitter is related to the continuous time 

--? --? 

harmonic solution of M axwell's equations, E (w, el) or H (w, el) at a frequency j = w/27r cis by the 
Fourier transform-in tegral for linear amplitude res trictions, 

1 f ro { OO 
E(t', el)= 27r -00 exp (i wt' )E (w,el)j r(W) Jo exp (-iwt )Fs(t )eltelw (1) 

wherejr(w) is the transfer function of t he receiver or measuring device and Fs(t ) is the transient 
dipole source CUlTen t moment, and the local time, t' , is defined, 

(2) 

where 1)1 is the index of refraction of air ( 1)1 ~ 1.000338 a t the surface of the earth), and c is the 
speed of ligh t (c "-'2 .997925 (108) m/sec). The propagation medium tr f1nsfer function, E (w, el), 
can be split geometrically-optically [Johler , 1962] into the sum of a multiplicity of ordered 
rays, j = O, 1, 2, 3 . .. , 

p 

E(w, el)= L, E j(w,d), 
j =O 

(3) 

where.i = O corresponds to the ground wave, j = l corresponds to the first ionospheric reflect ion, 
etc. As a consequence of these rays, the pulse fields exhibit a correspondi ng series, 

p 

E(t ' ,el) = ~ E j(t ' ,d), 
}=o 

(4) 

separated in t ime by ever la ter t imes, t', as the order, j, is increased. T he groundwave, j = O, 
and the first ionospheric reflection will be considered in this paper . Obviously the latter 
(j = 1) will arrive a t the receiver later , since the r ay length between the tr ansmi tter , the iono­
sphere, and the receiver is longer thf1n the distance, el , along the surface of the ear th , to the 
receiver approprif1te to the groundwave, j = O. T hese facts h ave b een verified experimentally 
[Johler, 1962], and the ray theory for propagation between two points, s (source) , and a (ob­
server) on the surface of the ear th can be summarized as shown diagramm atically, figure 1. 

FIGU RE 1. Propagation media and boundaries, illustrating various geometric-optical rays in the vicinity of the 
terrestrial sphere. 
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The electrical properties of th e three principal rnecli a of propagation are described by th e Wfwe 
numbers, le I, le2 , lea, 

(5) 

(6) 

le -~ i ,r 
3- C 7] O,e (7) 

1 
where E2 is th e dielectri c constant relative to a vacuum , E2EO= E the permitt iviLy, EO = - . - ' and 

C-JJ.o 

JJ.o= 47r (10- 7) him, tb e perm eabili l,\- of sp ace; (1, mhos/meLers is th e conelucli\Ti ty of the 
ground. The index of refraction for the ionosphere, 7]6:;, is quite compli cated, and Lhere 
are four such indices for a homogeneous layer, ordinary (0) and extraordinary (e), upgoing (i) 
and ordinary (0) and extraordinary (e), downgoing (I') indexes. Fur thermore, lh e elecLri cal 
properties of le3 v ary with al t itude, h, le3= lc3 (h) which faeL is taken in to account in Lh e r efleeLion 
coefFICi ent, T, of the ionosphere. The lowest electron density considered is Lrtken as lh e lower 
boundm',)' a t t he al ti tuele, h, for purposes of geometric-op ti cal r ftys, fi.gure l. 

The groundwav e (j = 0) sign al, Eo(t ', d) is co nsidered to be th e pulse which travels from 
s to 0, flgure 1, along t he surface of t he earth taking in to account the elecLri cal properti es of 
the eclr t h, lC2, iwd the medium , leI, assumed Lo be of inflniLe exLent. This is th e earli est signal 
to lll'J'ive aL 0, a nd Lhe eetrliest time su ch a signal can arrive a t ° is t ' = O 01' t = 7] l d/c. Somewhat 
later (about 20 Lo 40 }lsec) Lh e s ignal propagaLed ovm th e r ay, j = l , Hnd r eflec ted from th e 
lowel' ionosphere a t nh eigh L, h, and angle of in ciden ce, </>;, 1, will aniy e aL a local t im e, t;=t;>O, 
or will tak e on appreciable am pli tude at a tim e, t;>O. Obviously , high er order rays (j=2, 
3, 4 ... ) are possible and indeed have b een observed [Johler, 1962]. However , for purposes 
of illllsLra ting technique t he distances, d= t)OO Lo 2000 sLeLLuLe mile or [1 200 to 3000 km will 
be considered in whi ch fo r Lhe assum ed models, j = O and j = l , arc of prime consider ation. 
Indeed, a model will be consider ed ill whiclt Lh e .7 = 1 rHY, fi.gul'e 1, is diffracted beyon d the 
geo met rical-opLicnl hori~on , or beyo nd Lil e point it t which Lh e r elY is grazing incidence on Lhe 

ear th, 'T j= 'TI = i The rays r eflec ting to ,wd fro between t lte earLh and th e ionosphere are 

inflilenced by Lho local r eflecLion coefficient iLt Lhe ground surface, r= a, and at lh e ionosphere 
surface, 1'= a+ h. Dis Uw ce, d= a8, incr eases in t he posiLive 8-cli1'ec tion 01' th e sign als ar e as­
sumed to b e progressing towa rd t he r eceiver 01' obser ver , 0, in th e positive 8-dil'ec tion , figure 1. 

The transform for the propagation m ediu lll , considering Lh e groundwa,\'c, Eo(w, d), and the 
first io nospheric wave, E I (w, d) can be wri LLen [JollIer, 1962] for verLi cal dipolcs at s 
an d ° [JollIer , 1961] . 

(8) 

~r _ { . [ (lc )1 /3 2/3 d+ad+7rJ} [ lJ1i. ex p -~ la 'Tsa - 2 4 
E(w d) = 2iwC 27raz/3(lc a)I /3 ~ - a a 

, 1 a L [2 'T 8 -1/0;J 

+ iwdD, 'C ,oxp [iW(t:-")IG~"'F1T"} (9) 

where 

" and 
G"'s in 'TJ, 

t' = t- 7]1Dl/c, 

D I = 2[(a+ h) cos <pi-a cos 'Ttl, 
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(11) 

(12) 



(13) 

Q!~0.85, the earth radius factor, a is the radius of the earth, T s are the special roots of Riccati's 
differential equation [Johler, Walters, and Lilley, 1959], 

where for vertical polarization 0= 0. 

do -202T+ l = 0 
clT 

[ k2 Jl/2' 
(kla) 1/3 k~-1 

where kl and k2 are defined in (5) and (6) , 

sin ¢i 

. 0 
a sm "2 

Q!1= ( l+~) [ 2 sin Vsin oJ 1/2 {[a (I-COS ;)+h J / [ (a+h) cos ;-a J} 1/2Al 

Al ",(~ z)I /2FIl~)3( zl) exp {-i[57r/12- z1J} 

F '" - 1/ 2 • [-·k O']f OO exp [-i(k1a/2)1 /30' p] 
1 = 7r exp ~la W'() We) 

'" exp [- i2 .. /3] I P - q 1 P 

where 0' = (d-dH) /a, clH is the distance to geometric-op tical horizon, figure I, TI =~; 

_ . (k 1a)I /3 kl ~-1 k7 q -~ - - - - . 
- 2 k2 k~ 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

[Wait and Conda, 1958; Johler, 1962J. WI(z) and W~(z) are airy integrals related to the 
Hankel functions, FIm(z) , FI~7Hz) , 

where 

WI (p) = exp [-27ri/3J.J;f3 ( - p )1/2FIimH - p)3/ 2], 

W~ (p )= exp [-47ri/3h;.;;:j3 pFI~7H1( - p )3/2], 

1[" 51[" 

-"3 ~arg P<T' 

(22) 

(23) 

and arg (- p) = arg P- 7r, arg pm/n= m arg p where m and n are integers. FI can also be calcu­
n 

lated in the geometric-optical diffraction zone (TI=~' fig. 1) with the aid of [Wait and Conda, 

1958], an alternate formula, 

FI~-2i,;; exp [-iklaO']~ (~:~ [ =-i~~~)~;~;3TS\ 
8= 0 Ts q I Ts 

(24) 

This formula clearly shows the groundwave nature of the diffracted wave, since it is the classical 
residue series by analogy to first term of (8) and (9 ) , which is the groundwave. FIi7§(z) was 
computed with the aid of a computer technique [Berry, 1962] using the relations, 

FIi71(z ) = { -exp (;i ).Jl /3 (Z)+ J - 1/3 (Z)} I i sin (-i) 

FI~7HZ )= { -exp (2;i) J 2/ 3 (Z)+ J - 2/3(Z)} I i sin ( _ 2;) 
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where 
"" ( - 1)"'( z/2)"+2111 

Jv ( z ) =~o m!T'(v+ m + l) 

(z/2)V [ (Z/2)1/2 (Z/2)4 
= T'(v+ l) 1-l!(v+ 1)+2!(V+ 1) (v + 2) 

(Z/2)6 ] ( 1 2) 
3!(v + 1) (v + 2) (v+ 3) + . .. v= "3'"3 · (27 ) 

J v(z) is made single valued by specifying al'g (z/2)"= v arg (z/2) for Ll - 2T< arg (z/2) ~ Ll. Ordi­
narily, Ll = 7r bu t ma? have differ ent values, depending upon applications. 

As Izl gets large, (27) converges slowly and loses precision. Also, tb e precision los t in 
(25) and (26) is serious, sin ce in balf of the z-plane th e terms on the righ t are nearly negatives 
of each other wh en 1m (z) is large. It is therefore necessary to use the asympLo tic eries, 

exp [- i z+ i(v+ t )7r/2] T (2· ) ( 2 < > < ) 
v ~z , - 7r ar g z 7r 

,,/7r z/2 
where, 

(28) 

Tv(z) is asymptoti c excep t for v= n + t and integral n, and hence should be terminated a t the 
smalles t t erm, the next tenn being greater than the error of such a termina tion. 

The reflection coefficient, Tee, of the ionosphere comprises a quite complicated computa­
tion which has b een detailed by Johler [1962] and Johler and H arper [1962a and 1962b] . The 
ionosphere is considered locally, figure 1, at the reflection point of th e ray; that is, a poin t below 
which the electron density < ,,--,5- 10 electrons/cm3• This point in the ionosphere can be tes ted 
for con tribution to the reflection coeffi cient by varying the lower boundary . At LF and VLF 
the reflection coeffICient will be found to be determin ed by greater values of electron density . 
A plane wave, E I , is assumed to be transmitted into the plasma, 

(29 ) 

where 
(30) 

in which s is in general a complex number related to the index of refrac tion , 7] , 

(3 1) 

and a right-handed x, y, z Oar tesian coordinate system is assumed locally at the lowermost 
ionosphere boun dary , so that the y-z plane is oriented toward magnetic nor th and, bence, 

-) 

contains the ear th's magn etic field vector, fJ( . The angle 4>a, is measured clockwise toward 
the x-z plane from magnetic north as the orienta tion of the plane of incidence of the inciden t 
wave, and the dip or inclination angle, I , is measured downward from the horizontal x-y plane. 
The angle of incidence, 4>1, is measured from the ver tical. 

The quantity, S, is determined by a simultaneous solution of the continuous t irne-hal'monic 
form of }'1axwell's equation, 

-) -) 0 -) . -) 0 -) . -) 

ot E= ~wE, ot H= ~wH, V X E + f.LoiwH = O, 

and the equa tion of mo tion of an electron, 

-) -) -) -) -) 

-) -) -) 

V X H - J - foiwE= O, 

i wm 11 + m g11 + f.Loc(T1 X fJ( )+ eE = 0, 
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.~ 

--? --? --? 

and J = - NeV for N electrons/cubic meter of charge, e, and mass, m . V is the electron velocity 
vector. 

Equations (32) and (33) imply that Maxwell's equations can be \vritten in terms of the 
dielectric tensor, II €\ I, 

--? --? 

V' X E + iJ.oiwH= 0 
--? --? 

V' XH - II €II ·E = O 

where in Cartesian x, y , z coordinates, Johler and Harper [1962b] 

where 

1 
(h~-82) 

S(82- h2) 

W
2 

[ v] 8=2 1-i - , h= WHW, 
2 

WN w N W 

--? 

(34) 

(35) 

h£= - h sin I, hT= h cos I , WH = iJ.Oef}{ /m, fj{ =I f}{ I, and wR,=Ne2/€om, and JfI= WH/27r, and 
.tv = wN/27r ar e the gyro and plasma frequencies, r espectively. fj{ =Hm~ 0 .5 gauss or 40 ttmp­
turns/m. 

The complex, frequency-dependent parallleter, g, in the equation of motion (33) is found 
by an integration over a 11axwellian energy distribution expressed in terms of energy, eu= tmV2, 
or f o= [e /7rk TJ3 /2 exp [-C'u/kT], in which there exists momen tum transfer collisions wi th gas 
molecules proportional to the energy, u , v= v(u). H ere kTis Boltzmann's constan t-temperature 
product. Such an integration can be readily accomplished for a continuo us electromagnetic 
wave of angular frequency, w= 27rj. Thus, 

[ 47r roo U 3/2 a r( e )3'2 }J-J . 
g= -3 Jo [v(u )+inJ au i.. 7rIeT exp (-e u/kT )du -~n (36) 

where n is an angular frequency yet to be iden tified [Johler, 1962; Johler and H arper, 1962a 
and 1962b] . 

The dielectric tensor ca.n therefore be generalized to take account of collisions, v = v (~~), 
proportional to energy [Johler and H arper , 1962b, 

1-

.2 2" cos I 2" cos I ~ i i J 
~" --+-­g(O, )+iO, g(O, )+iO, 

'f ~ sin J -i- sin 1 1 
WN +---

g (o ,l+ iO, g( (],) +iO, , 

10'0 + WN ---+ --+--. '[COS'I i sin'J t Sin'l ] 
. g(O, )+iO, g(O,)+iO, ) g(O, )+io, 

[
-SinICOSI ~ sinlcosI t SinICOs~ 

w' + + ,I ' g (O, ) + iO, g(O, ) + io,. g(O, ) + i j 

Ii' ] 21 T cos I ~ cos I 
w, ---+-__ 

19(Ol)+ 0 , g(O, )+ iO, 

(37) 

where three characteristic frequencies, n, have been identified, no= w, nJ = w+ WH, and £22= W- WfI. 
--? --? 

The vectors, V and H, can be eliminated, whereupon it can be concluded a quartic equation 
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-; 

in s is satisfied if the field , E, exists, 

(38) 

Equation (38) is ,1,nalogous to the Booker [1939] qum'tic in classical magneto-ionic Lheory 
and can be readily solved by various numerical techniques [Johler and Harper, 1962a and 
1962b]. Since the quartic has four roots, the four indexes of refraction of the ionosphere, 
716: ;, can be identified with the aid of (31). 
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''I'he ordinary and extraordinary upgoing and downgoing propaga· 
tian components arc coupled at each boundary. 

The detftiled stru cture of two model ionospheres is illustmted, figure 2, as the electron 
density-altitude, N(h), profile. The collision frequency-altitude, )I(h) profile has been previously 
described as th e Nicolet/3 profile, Johler [1962]. These structures were represented by a 
flexible plasma stack of slabs illustrated, figure 3 of arbitrary thickn ess (except for the top­
most slab of thickness, Zp = ro). Both the number of such slabs, p, and the thickness were 
quite flexible, sin ce the idea of this analysis is that the measured electron density-altitude and 
collision frequency-ftltitude (N(z) and )I(z), respectively) profiles can be approximated to any 
desired accuracy by decreasing z" and increasing p simultaneously until a stable reflection 
process is obtained. 

A constant electron density, collision frequency and static magnetic field with respect to 
altitude, z, is of course assumed for each slab, z,,' and associftted with each such slab a set of four 
roots, S, is found to exist. Two of the roots will exhibit a negative imaginary part (Im s nega­
tive), cOl'1'esponding to an upgoing propagfttion componen t (+z direction , fig. 2). Also, Lwo 
of these roots will exhibi t a positive imaginary part (Im s positive), corresponding to a down­
going propagation component (-z-dil'ection, fig . 3). Except for the topmost slab , it is neces­
sftr,)' to consider both upgoing and downgoing components in this analysis. 

-; -; 

It is necessary [Johler, 1962] to equate the tangential E and II fields at each boundary, 
figUL'e 2 (top and bottom of each slab), whereupon it can be concluded that a p X p + 2 matrix 
equaLi on de fines the propagation : 
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a!, 1 a}, 2. al, 3 a!, 4 3 1. 5 al, 6 

b l , I b 1, Z b 1, 3 b 1,4 b 1, 5 b 1, 6 

C l, 1 c 1, 2. c l, 3 c 1,4 c 1 , 5 c 1 , 6 

d 1, I d 1, z d 1, 3 d 1,4 d 1, 5 d 1 , 6 

a 2, 3 a Z, 4 3 2 ,5 a 2 , b a 2 , 7 3 2,8 a 2 , 9 a 2, 10 

b Z, 3 b Z, 4 b Z, 5 b Z, 6 b Z; 7 b Z, 8 b Z, 9 b Z, 10 

c 2, 3 c 2 , 4 c 2 , 5 c 2, 6 c 2, 7 c z, 8 c 2 , 9 c 2, 10 

d Z, 3 d Z, 4 d Z, 5 d Z, 6 d Z, 7 d Z, 8 d Z, 9 d Z, 10 

a 3,7 3 3,8 3 3,9 a 3, 10 a 3. 11 a 3, 12 3 3• J3 a 3, 14 

b 3,7 b 3, 8 b 3, 9 b 3, 10 b 3, 11 b 3, l Z b 3, 13 b 3, 14 

c 3,7 c 3, 8 c 3. 9 c 3, 10 c 3, 11 c 3. 1 2 c 3, 13 c 3. 14 

d 3,7 d 3, 8 d 3, 9 d 3, 10 d 3, 11 d 3, lZ d 3, 13 d 3, 14 

. a p , p + 9 

b p , P + 4 .. . ..... •. . . . " ... b p , p + 9 

Cp , P + 4 ••. 

dp, P + 4 

. .. c p , p + 9 

. dp, P + 9 

Tern' Tmm 

U,(p -~ IU( p- 11 
elO mlO 

U( p- ~IU( p- 11 
Cl e ml e 

U(p - I,IU(p - 11 
ere mro 

U~~~I.)U~~~) 

U~~~ , u~io 
u~~! , U~:e 

c , C 
o e om 

=0, 

(391 

where the elements all ... can be deduced as a consequence of these boundary conditions, 
provided the reflection coefficients, T, and the transmission coefficients, U, T' are defined, 

T ee 
E~'r 

T ~e 
EY'e 

E (n) E (n) 

E Y't =EY' i 
u(n)=~ u(n)=~ 

eto E Y'i ero Eyl i 

T = Ex' r T' = Ex't 
E (n) E (n) 

u(n)=~ u(n)=~ 
em E yfi em E Y'i m,o EX' i 7nr 0 EXIt 

T = E y', T' = E y' , 
E (n) E (n) 

u(n)=~ u(n)=~ 
me E XIt me E X'i fte E Y'i ere E yfi 

T = E x" T' ,1 = E x'e 
E (n) (n) _E~~)e u(n)=~ Umre - E I , (40) 

mm EX'i mm E xIt 1n'te E Xli x , 

where, figure 3, n=l, 2,3 ... , p- 1, p, and the four T' are defined as a transmission coeffi­
cient into a topmost slfLb of infinite extent, z. 

Obviously, the matrix (39) can become quite large, and the success in handling such an 
equation (3 9) is dependent upon the memory capacity of a large-scale computer (such as the 
IBM- 7090). For example, a 104 X 106 complex matrix equation (39) corresponds to the 
upper limit of 26 slabs used on the IBM- 7090 and the CDC- 1604 computers [Johler and 
Harper, 1962a and 1962b]. The size of such slabs were approximately 0.5 km. This was 
much finer detail than can ordinarily be resolved from N(h) curves of the lower ionosphere. 
Ordinarily, only 8 to 10 slabs exhibited quite remarkable convergence of the reflection coeffi­
cients at frequencies of 10 to 100 kc/s for graphical significance in the computation. 

The distinction between the four propagation components, upgoing (i) and downgoing (1'), 
ordinary (0) and extraordinary (e), figure 3, becomes obscure when the ionosphere is con­
sidered to be nonuniform in the vertical z-direction. This is a consequence of the coupling at 
each boundary. Thus, the boundaries of each slab are introduced as an expression for the 

~ ~ ~ 

continuity of the tangential E and H fields and possibly the normal H at each boundary, 
figure 3, of the model plasmas. This is accomplished by equating the field immediately above 
and immediately below each boundary which, after considerable ado, results, for example, in 
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l1 104 X I06 complex ma,tl'ix equation, or 26 slabs [Jobler and Harper, 1962a l1nd 1962b]. In 
addition to the transmission coefflcients, U, four reflection coefficients referenced to tbe bottom 
of the lowest slab used (N= 10 , h = 65 in Houston composite model , figure 1, N = 8, 11, = 45 in 
Blackout model), Tee, Tern, Tme, Tmm can be defined. These coefficients describe the refiec tion 
into the region below t he model plasma. Thus, Tee, used in this an al~Ts i s, refers to vertical 
electric polarization of the incident wave and a correspon ding verti cal electri c poll1 ri zi\,t ion of 
tbe reflected wave. T ern refers to the gen er ation of the abnormal co mponent (horizontal 
electric polarization) by the incident vertical electri c Wfl.ve. Si milarly, Tlftm refers to verticfl.] 
magnetic incident wave and vcrtical magnetic reflected wave, and Tme refers to tbe correspond­
ing abnormal component (horizontal magnetic). Employing th is rmalysis procedure , and using 
the vertical electri c reflec tion coefficient, Tee, three models were consLrucLed as illusLraLed in 
figure 4. Model No.1 employed the Houston Composite profile flgure 2, ,\nd a distan ce of 
1609 km between tmnsmitter and receiver with typical values of the other parameLers. Model 
N o.2 is a local ionosonde blackout model appropriate to h igh latitude condition ill the auroral 
zone. Model No. 3 is the same model as No.1 , but employs fl. greater distance beyond the 
geometri c-optical horizon . These models then define the propagation medium for the pulses 
to be described. 

3. Pulse Synthesis 

The p heno lllena of t im e sepam,Lion of pulses in to ground, flrst ionospheric reflection, etc., 
has been shown experimentally by Johler [1962] employing t he ntdio-navigl\ tion-syste ill. pulse 
(Loran-C rndio-nfl.vigatio n/ timing system). Each such pulse can be synthesized as a super­
position of three damped sinusoids as separfl. te source-current momen Ls. 

(41 ) 

wh ere V= Cl +iwc, Vl = c1+ i(wc+ 2wp), V2 = Cl +i(Wc-2wp) fl.lld .fc= wc/27r frequency, elmrac LerisLic. 
By choice o[ various values [or Cl fl.nd W p , fl. variety o[ rad io-navigation type pulses can be 
investigated. :Methods of inse rting such pulses (damped sinusoids) in the Fouri er trans[Ol'm­
integmls and evaluating such integrals numerically and a nalytically luwe been described by 
Johler [1962] and Johler and Walters l1959]. Thus, both the damped si ne wave and Lhe damped 
cosine wave source curren t fi.elds can be found by evaluating the integral: 

1 r'" E (t ;d) = 2; J o IE (w,d) 1 

{[cos [ wt' -cp~+ Lan - l -(:c
j
+ w)] cos [ -wt+cp~+ tan - 1 - (WCC

1
-W) ]] 

I... "lei + (wc+ W)2 + ~ci+(wc-w)2 

where cp~ = - CPc-7r/2= arg [E(w,cl) ] and E(w,cl) = Eo(w,cl) or E 1 (w,cl) [or the groundwftve or for 
the ionospheric wave respectively, where the field of the damped cosine source, R e Fs (t) j s R e 
E(t',cl) and the field of the damped sine source, - 1m Fs(t ) is - 1m E(t' , cl) or R e [iE (t' ,!d)]. 

The source-curren t moment exp (- vt) is complex, since V= Cl +in. This is n,nalogous to 
the use of complex time fun ction exp (iwt) in continuous time-harmonic wave analysis. The 
real part is implied, 
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Re exp (-vt) = exp (-Cit) COS (Qt) 

wh ich is a damped sinusoid. The correspo nding field , Re E(t', cl) , is t herefore implied in integral 
(42) as the oscillogram of the propagated pulse. The imaginary part of the integral, hence, 
corresponds to a source-dipole current moment, exp ( - Cit) s in (Qt). Thus, in effect, two pulses 
are propagated simulta neously by the complex form of the source. Th is defines a source 
envelope, IFs(t) I, which for the case of sinusoids has a clear physical interpretation , (boLll for 
t be field, IE (t', cl) I, and the source, IFs (t) I) as the detected pulse envelope, correspondi ng to the 
results of fW ideal detection process in a pulse receiver. Thus, the propagation of a third-type 
pulse wave or envelope wave is described by the integral (42). The form or shape of the en­
velope wave is a precise description of the d ispersion of the pulse, and methods of tagging a 
poi nt-in-time on the pulse to be described below employ t iJ e quantity, IE(t' , d) I. It is of interest 
to note that the quantity, IE(t',cl) I, and Re E(t',d) would be d istinct even if the source, F s(t ), 
were real. In other words, an envelope would be synthesized for the pulse by t he integral 
(42) automatically. 

4. Tagging a Point-in-Time on the Pulse 

The measurement of the propagation time of a pulse or signal r equires a method for tagging 
a point-in-time on the leading edge of the pulse. Sommerfeld [1914] and Brillouin [1914] 
established the consistency of signal velocity with relativity by defining such a point as the 
"time at which the signal takes on appreciable ampli tude." Such a point-in-time while suffi­
cient to prove the consistency of electromagnetic theory with the relativity principle, i.e., to 
prove that the signal always arrived at such times that the velocity of propagation is less than 
the speed of light, is inadequate for modern radio navigation and timing systems. Con e­
quently, numerous precise experimental methods for defining and, indeed, tagging a point-in­
time on a radio pulse have been devised by Johler [1963a], Doherty et al. [1961]' and Frantz, 
Dean , and Frank [1957]. . Although one method for tagging a point-in- time on the leading 
edge of a pulse can be more efficient experimentally than another, the method used mathe­
matically is inconsequential as long as the mathematics does not 10 e computation precision 
in the tagging process. A point later than t' = 0 is usually tagged since the signal ampli tude is 
usually nil at zero time locally . The point tagged is inconsequential once it is tagged. .Fur­
thermore, the behavior of such a point-in-time on a pulse as distance, conductivity oJ the 
ionosphere or ground change can be studied. Such an analysis can lead to a criterion of pulse 
dispersion. 

The ampli tude envelope minus the time derivative of the amplitude envelope method 
[Johler 1963a] was employed in this analys is: 

F(t', cl) = OI IE(t', d) 1-02 (I;, IE(t', d) 1= 0. (43) 

Thus, for given values of the constan t , O2/01 the root of the differential equation (43) was 
found, t' = Te, or the zero crossings of the function, F(t' , d). The dispersion of the pulse can 
be studied in detail by examining several such poin ts, O2/ (\, as a function of tbe distance and 
<conductivity parameters. 

5 . Propagation Analysis of the Pulse 

The earliest pulse is illustrated , figure 5, at 1609 km (1000 statute miles); 1416 km (880 
statute miles); and 2125 km (1329 statute miles). These distances, especially the latter, were 
selected for checking the theory of propagation experimentally. Although the transmitters and 
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receivers for propagation over the distance, 2125 km, were located on land the intervening 
surface was primarily sea water; hence, a conductivity, u= 5, and a dielectric constant, Ez= 80, 
were employed for the groundwave, and a conductivity, u= 0.005, and dielectric constant, €2 = 15, 
were selected for the factor, Fl' 

The groundwave pulses, Re E(t', d) reach a crest in approximately 5 cycles or 52 J,Lsec, 
at which point the field amplitude envelope, [E (t',d)[, is ",,1.9(10- 10) vim, d= 2125 km, for the 
assumed dipole current moment, 10l = 1. This corresponds to a radiated power, P T , [Johler, 
1961] 

which at Jc= 100 kc/s, zo",, 12071', 

P T = 1.7(10 - 4) w peak radiated power. 

Obviously the field will increase linearly with dipole moments greater than unity or increase 
as to the square root of the power radiated, PT' The groundwave pulse used with the blackout 
model ionospheric wave was, of course, not affected by the condition of the ionosphere by 
definition of the groundwave pulse. The differences between the pulses are due only to the 
effect of distance and, hence, a greater or less effect of conductivity and earth curvature on the 
pulse. The vertical lapse factor, lX, and the dielectric constant would only exhibit secondary 
effects; hence known approximate values for these parameters were assumed. 

The next pulse to arrive at the receiver, figure 6, after considerable ionospheric wave delay 
(20 to 40 J,Lsec) is the ionospheric wave pulse. The local time scale is now transformed to t' = tl" 
i.e., the earliest time the ionospheric pulse can arrive at the receiver over the ray, j = 1, figure 1, 
is tl' = 0. The pulse corresponding to the 2125 km distance reaches the crest of the envelope 
in approximately 5 cycles or 58 J,Lsec as compared with 52 }.!sec for the corresponding ground­
wave pulse, figures 5 and 6. 

The composite pulse can be formed since the pulse observed at a distant receiver is never 
a pure groundwave pulse or a pure ionospheric-wave pulse. There are areas of overlap [Johler, 
1962]. Writing the groundwave plus the ionospheric-wave pulse, 

Re E(t', d) = Re [Eo(t', d) +El (t', d)], 

or using the same time scale, t', the pulse appears as illustrated in figure 7. The amplitude 
envelope [E(t', d) [ is also shown. The ionospheric-wave delay is shown. Note the short iono­
spheric-wave 'delay (23.73 J,Lsec) for the blackout model. This is a consequence of the lowering 
of the ionosphere, figure 2. 

The amplitude envelope minus the time derivative of the amplitude envelope function, 
F(t', d), (34) is illustrated for the three pulses for the groundwave pulse, figure 8, for the iono­
spheric-wave pulse, figure 9, and for the composite pulse, figure 10. The zero crossings were 
determined numerically for these pulses and the various points, O2/01, tagged with precision 
are tabulated, tables 1, 2, 3, for the three models. The physical reality of the groundwave is 
obvious from a comparison of the pure groundwave tagged points-in-time 10.06 to 39.07 J,Lsec, 
table 1 for example, with the first tagged point on the composite pulse. Since these columns 
are identical there is no ionospheric wave contamination. However, when the pure ionospheric­
wave pulse column is compared with the second tagged point-in-time on the composite wave, 
the contamination of the ionospheric-wave pulse by the ground-wave pulse can be noticed. 
The amount of signal delay for each tagged point-in-time on the ground and ionospheric-wave 
pulses is shown as a variable in the difference column as result of a change in the pulse dispersion. 

Table 2 corresponds to a high-geographic-latitude model which is characterized by the 
local ionosonde blackout during which ionization extends to lower levels. The first tagged 
point-in-time becomes cont.aminated quite early on the leading edge of the composite pulse 
with the ionospheric-wave pulse. Thus, the point, 24.57 J,Lsec includes some of the ionospheric 
wave pulse. It is necessary to back up to 16.19 }.!sec to obtain a pure ground wave . It should 
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TABLE 1. Modell: low-latitude, daytime-noon ionospheTe 

d=1609 km (1000 s tatute miles) 

<1=5mhos/m f,=100 kc/s C1=3 (10 )' 
.,=80 1= 600 f.=2 .5 kc/s 

<1>,=2700 

h=65km 

Conlposite ground-ionospheric wave 
Ionospheric Ionospheric tagged point-in-time 

Groundwave wave wave 41.16' 1----,-----,-----
First Second Difference 

5(10-') _______ __________________________________________ _ t,ll-sec j.l.sec 
10.06 52.13 10.97 10.06 10-' ____________________________________________________ _ 16.35 59.02 17.86 16.35 60.67 44.32 

2(10-') ______________________ _______ _____________ _______ _ 25. 11 67.88 26.72 25. 11 69.48 44.37 
3(10-') ____________________________________________ _____ _ 30.69 73.41 32. 25 30.69 74.87 44.18 4(10-') _____ __ _________ ____________________________ __ ___ _ 

34.34 77.15 35.99 34.34 78.54 44.20 5(10-') ________ ______ _________ _______ __________________ _ _ 
37.04 79.84 38.G8 37.04 81. 16 44. 12 6(10-') __ ___ ______ ______________________________________ _ 39.07 81. 86 40.70 39.07 83. 15 44.08 

• Ionospberic wave delay relative to tbe groundwave-41.16 I'sec; continuons wave: 

Amplitude Phase 
Ground ___ ______ __ ____ 6.6213(10-') vim -2. 1255 radians 
Ionospberic ___________ 6.1096(1O- S) vim 1.7517 radians 

ABLE 2. Nlodel 2: high-latitude distuTbed ionosphere 

d= 1416 km (880 statute miles) 

<1 = 5 mhos/m f= 100 kc/s c1 = 3(1O') <1>,=2700 

<2 = 80 r =600 fp = 2.5 kc/s h = 45 kill 

Ionospheric Ionospheric 
Composite ground-ionospberic wave 

tagged point-in-time 
Cd C, Groundwave wave wave-23.73 a 1 ____ --,-_ ___ ,-___ _ 

10-' __________________________________ __________________ _ 
2(10-') _________________________________________________ _ 
3(10-') ___ ______________________________________________ _ 

4(10- 5) - - ----- ----- -- - -- - --- ---- - - ------ - --------- - - - -- --5(10-') _____ ______________ __________ ____________________ _ 
6(10-') ________ ___ ___ _____ __________ __ __________________ _ 

16.19 
24.98 
30.52 
34.2l 
36.89 
38.92 

t, fJ.sec 
46.00 
54.84 
60.36 
64.09 
66.77 
68.79 

- Ionospberic wave delay relative to tbe groundwavc- 23.73I'sec.; continuous wave: 

Amplitude P hase 
Ground ____ __ _____________ 1.1060(1O-B) vim - 1.8410 radians 
Ionosphere ________________ 3.7966(1O-S) vim -2.8235 radians 

jJ.sec 
22.27 
31.11 
36.63 
40. 36 
43.04 
45.06 

First 

16. 19 
24.57 
29.28 
30.6l 
31.04 
31.40 

Second Difference 

58.97 34.40 
64.45 35.17 
68.09 37.48 
70.7l 39.67 
72.67 41. 27 

be noted that the composite wave after the arrival of the ionospheric wave contains some ground 
wave. This contamination with ground wave has been observed mq>erimentally by Doherty 
[1963] in the Aleutian Islands and in the North Atlantic at distances between 600 and 900 
statute miles employing the Loran-C radio navigation/timing system. Since the ionospheric­
wave delay is, in general, less in the arctic regions or northern latitudes, a reflection process 
at a lower altitude is indicated. The consequence of a low-level ionosphere reflection as far 
as the automatic equipment is concerned is illustrated by figure 10. Note the tagged point 
for the Blackout Model (10- 5), for example. The null-seeking devices which search for the 
zero crossing of the amplitude envelope minus the time derivative of the amplitude envelope 
function would never find such a point on the ionospheric pulse unless the operator reset 
O2/01 to 2(10- 5). Indeed, the equipment would, if an automatic search were permitted, lock 
onto the ground-wave near t' = 16 tlsec during such a blackout. 

Table 3 illustrates the low-geographic latitude quiescent ionosphere at great distance of 
2125 kID which is beyond the geometric-optical horizon, figure 1. Here the amount of ground­
wave contamination of the second point tagged on the composite pulse becomes smaller as a 
result of the high attenuation of the groundwave: pulse, if a point is selected quite high on 
the pulse, O2/0 1= 6(10- 5) or t' = 80.82 tlsec. 
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TABLE 3. j\1odel 3; low-lat-itude, dayt-ime-noon ionosphere 

cl ~ 2125 km (1321 statute miles) 

f.~ 100 kc/s 
Ground wa ve 
Ionospheric wave 

c,~ 3(1O') 
u= 5mhos/m , 
<T ~ 0 . 005 mhos/m , 

fp~2. 5 kc/s 
,, ~80 

£2= 15 

1~ 67° 

¢ a ~ 66° 
h ~ 65km 

c,/C, 
I Composite ground-ionospheri c wave 

Ionospheric Ionospheric tagged point-in-tim e 
Groundwave wave wave-41.13 a ____ , ____ ,--__ _ 

5(10- 6) - - - - ---- - -- - ----- - - -- --- - - - - - -- - -- - -- - -- --- -- - - ---10-' _________ ___ ______ ___ ____ __ _________________ ___ _____ _ 
2(10- ' ) _____ __________ ____ ___ ___ _______ ________________ _ _ 
3(10-') ____ ________________________ _________________ ____ _ 
4(10- ') ____ ____ _____ _____ _____ ____________ __ ___ _____ ____ . 
5( 10-') _____ _______ __ _________ __ _________ __ ________ __ __ _ _ 
6(10- ') ____ ________ ___ _________ _____ _____ __ ________ _____ _ 

10. 58 
16. 73 
25. 55 
3 1.12 
34. 79 
37. 41 
39. 45 

t , p'sec 
56.00 
62.22 
71. 17 
76. 67 
80.46 
83. 11 
85.12 

a Ionospheri c wave delay relati ve to the groundwave- 41.13; )1sec continuous wave: 

Amplitude P hase 
Ground ___ ___ ___ __ ___ _ 1.73ll ( IO- ' )v/ m -2.SS71 radian s 
Ionospheric ___ __ __ ___ _ 7.5309 (1 0- ') v im - 1.1389 radians 

j.Lsec 
14.87 
21. 09 
~O . 04 
35.54 
39. 33 
41. 98 
43. 99 

First 

10. 58 
16. 73 
25.55 
31.12 
34. 79 
37.40 
39. 70 

Second Difference 

64. 60 39. 05 
71. 39 40. 27 
75.64 40. 85 
78.62 41. 22 
80. 82 41. 12 

The corresponding time-harmonic wave solution for the ground and ionospheric wave is 
shown at the bottom of each table (1, 2, and 3). The phase lag of the groundwave on table 
1 in microseconds is [[ -2.1255 1/6.28318]10 = 3.382 JLsec for the groundwave to which 10 JLsec 
or 27r radians can be added, getting 13.382; 23.382 ... JLsec. This phase is ambiguous by 
± 27r without the pulse detection procedure outlined in this paper, i.e. , without a precise method 
for tagging a pulse in the time domain. The phase of the continuous time-harmonic wave 
becomes even more obscure when applied to the composite ground and ionospheric wave. 
Finally the zero crossings of the individual cycles under the envelope of the pulse are illustrated, 
figure 11. The curves are approximately straight lines with a 45° slope. Indeed, this would 
be the case without cycle distortion. However, the composite wave exhibits some cycle 
distortion in the vicinity of overlap of the two pulses. Also, at early times on the pulse, the 
fu:st cycle is distorted appreciably as shown in the 2125 km example, for both the ground and 
the ionospheric ·wave pulses. 

6. Conclusions 

The methods which employ the direct analytic or numerical procedures for the evaluation 
of the Fourier transform-integral for the groundwave pulse can be applied to ionospheric 
wave pulses. The form or shape of the composite pulse compares very well with those ob­
served in practice. The phenomenon of time separation of pulses observed experimentally 
has been demonstrated mathematically. The complete detailed analysis of pulse dispersion, 
signal velocity, and ionospheric wave pulse or groundwave pulse timing requires precise methods 
for tagging a point-in-time on the pulse- both mathematical and experimental. One such 
mathematical method has been successfully applied in this analysis. 
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