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A small loop antenna which is wound on a spherical dielectric core is compared with a

cylindrical dielectrie filled capacitor.
and reactance for equal antenna volumes.
the vicinity of the capacitor.
presence of a lossy dielectric core.

Both antennas provide comparable radiation resistance
The electric field near the loop is weaker than in
This makes the efficiency of the loop less affected by the
For equal efficiencies and volumes of both antennas, the

loss tangent of the dielectric in the loop antenna may be higher than that of the comparable

capacitor type by a factor of at least [N/(2ra)]? where a is the antenna radius.

Practical

design problems are discussed and an approximate method for estimating the losses in loop

cores of arbitrary shape is presented.

1. Introduction

Small electric and magnetic antennas have been
discussed by Wheeler [1947, 1958]. He indicates
that for a given antenna volume both antenna types
exhibit comparable radiation power factors p (or
products of bandwidth and efficiency). In the
absence of dielectric losses the efficiencies are de-
termined by antenna and tuner losses. However,
significant di[l'vl'('n('vs between the two antennas
oceur in case lossy dielectric cores. Dielectric
cores may be l(‘(lllll(‘({ by mechanical considerations
under conditions where core materials of negligible
losses can be precluded because of the costs involved.

This note will compare a loop antenna wound on a
spherical core with a top loaded cylindrical dipole.
The above geometries have been selected to facilitate
the analysis. Although the discussion is limited to
antennas in free space, its conclusions are applicable
also to antennas above a conducting ground plane.

The loop antenna is discussed in section 2 using
the EMF method. The top loaded dipole is con-
sidered in section 3, and the comparison of the two
dipole types is shown in section 4. For a given
antenna efficiency it will be seen that dielectric
materials of much higher losses can be tolerated in
the loop antenna.

2. Loop Antenna
2.1. Spherical Core

The coil of the loop antenna is wound with N
turns on a spherical dielectric core of radius a,
permittivity ¢, conductivity oy, and permeability
w. Free space permittivity e and permeability uo
is assumed for the outside space. The sphere is

excited by a surface current density ./, the principal
component of which is in the ¢ direction. After
neglecting the 6 component of ./, the vector potential
:an be shown to have a single scalar component

Ay Ay is expressible as a summation of Legendre
functions, where the coefficients of the individual

terms depond on the ./ distribution, or on the spread
and density of the coil winding. The voltage along
the coil is proportional to the line integral of A,,
and the core impedance Z=1V"//, where [ is the coil
current. The calculations, which have been sum-
marized in section 5 show that the coil reactance is
given by

e U o N2 laa) £, (8. )

The radiation resistance is

1:,=\/ KT N¥ () 12060, )

and the loss resistance due to dielectric losses is

/,, N2 2(kow)® tan 68, f5(6,) (3)

/ € €

[l’L:

where tand,=a/(we).

In the above expressions lk.=cwywme, and (6
depends on the distribution of the surface current
density J,(0).

For a coil of a constant pitch with respect to the
coll axis (dz/(adgp)=tan a=constant, where ¢ is
measured .11()110 the coil) the surface current density
is of the form

J¢ (0) :J¢ sin 4. (4)
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. 2
It follows from section 5 that f1(01):f3(01)=§;f3(0,)

=1§,- The length of wire in such a coil is
19}

. T

T2 tan «

(%)

The parameters of a short coil can be readily
evaluated if the surface current density is assumed
to be of the form

{J,ﬁ/sin 6 for 6,<60<(r—6,)

J4(0) = (6)
L0 elsewhere.
The pitch of this coil
dz - -
——=— tan « sin® ¢ (7)

ade

is decreasing toward the poles of the sphere (6=0,

7). However, for short coils of A= <——6 >< 20° the

winding of the coil (4) does not differ appreciably
from the center p01t10n of the winding (6). The
calculations of section 5 show that

f1(6:) =S1(61)f(A) (8)
a6 = [S“‘ =@ (9)
13(6:) =S3(6:)f(A) (10)
where
S, (6) = Az’yl "—(;%i-—l—) [P, (cos 8,)] (1)
1 > (n 2
S:(6,)= Alzn(n+1)(2n+1)(2n+ gy [Palcos )] (12)
f(A)=4a2 [1 (H:ﬂ i)] A2f01A<1
(13)

and where n may assume only values of odd positive

integers. Plots of S,(6;) and S;(6,) are shown in

figure 1. The length of wire in this coil is

[=2Aa/tan a. (14)

The radiation power factor of the coil (or the

product of available bandwidth and efficiency) is
computed from (1) and (2) as

D=2 (b2 C,(0). (15)

CONSTANTS C; (6, OR SUMMATIONS S; (6,

0.2 |- —
| |
) 15 30 as
ANGLE A = (/2-6,) — DEGREES
Frcure 1.  Parameters for determining loop characteristics.

The ratio of radiation to loss resistances is obtained
from (2) and (3) as

R, 5e0 kya

= R, tan 6,

C(6,). (16)

This ratio is approximately eqlml to antenna effi-
ciency provided 1:<<1:L The constants (,(6,)
and (,(6;) are plotted in figure 1 for J,(6) of (6),
and are equal to unity for J4(6) of (4).

The above equations for loop antennas are valid
only for a uniform current flow through the loop.
Phase shifters may be required in larger loops to
achieve this condition.

2.2. Approximations for Different Core Shapes

The spherically shaped dielectric cores may be
encountered only infrequently in engineering appli-
cations. Hence, it is desirable to derive approxi-
mate expressions for antenna parameters which would
also apply to other core shapes. The reactance X
and the radiation resistance £, of the coil are in the
first approximation unaffected by the presence of
the dielectric, and existing free-space formulas may
be used for estimating X and £, An approximate
calculation of the loss resistance R; may be based
on the assumption that the magnetic field inside the
core is uniform and equal to the magnetic field which
exists in the center of a short coil of radius a.

In a cylindrical coordinate system where the z
axis is alined with the axis of the loop, the magnetic
field component H. is given by (7.10.8) of Smythe
[1950] as

IN

H.= 5 @amn
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The associated electric field component /4 is com-
puted from Faraday’s law

27 (] 27 p
ﬁ B ypdg=— 1 ﬁ L Buodods  (18)
as
1
'Ed,‘:éwyopllz. (19)

The power loss in the dielectric is given by the
equation

Pr—o f \E, ['odpdidz (20)
and the loss resistance [, becomes
> N (e~ 29(p)
]a’L:LZZGIZ[gHQl:I f (/pp3f "z (21)
8 a Jo J 210

where the limits of integration depend on the
geometry of the core.

For a spherical dielectric core, (21) will be com-
pared with the more accurate expression (3). For a
sphere where 2, 5(p) = ++a*—p* the integrals of (21)
can be readily evaluated to give

Ko N2(B,a)* tan 8.

,  TE;
£ 27306, V €

(22)

The resistance 2, of (22) i1s approximately 10 percent
less than R, for J,(0) of (6) with short coils (A<C20°),
but is approximately twice the R, for J,(0) of (4),
which is achieved by a coil covering all of the sphere.
The crude approximation of the magnetic field in
(17) is therefore useful for obtaining an estimate of
I, for short coils and an upper bound of 2, for wide
coils in a spherical geometry. The same general
conclusion may be expected to apply to hemispherical,
ellipsoidal, or other related core geometries.

3. Dipole Antenna

The dielectric loaded dipole antenna has been
treated in the biconical geometry of figure 2a by
Galejs [1962b]. However, for purposes of illus-
trating the differences with loop antennas the simple
cylindrical capacitor shape of figure 2b is sufficient.
In the absence of dielectric loading (e=¢) its
capacity is

. &b’
O=1 2

(23)
where b=a sin A and h=2a cos A. The shape factor
of the capacitor k, is given by Vilbig [1960] as

ku:h%’) [log 1%”%1]- (21)

With dielectric loading (¢ 7€) the capacity is

approximated by

Eo7rb2

0:<ka—1+:—; ; (25)

The radiation conductance is independent of die-
lectric loading [Wheeler, 1947; Galejs, 1962a] and
is given by

=g o kilkb)
0

Ty (26)

The power loss in the dielectric may be computed as

])L:o'lf [E]zzlzf:gl (A% (27)
i

where V is the voltage applied to the capacitor
and the capacity (; of the antenna due to the energy
storage inside the dielectric is

v €)7rb2
0,=""". (28)
h
These power losses may be accounted for by a loss
conductance 7
)]4_()"[71'1):3

C
Vis (29)

GL:

The radiation power factor of the dipole antenna
is computed from (25) and (26) as

y 2
p=Crl Bl
S =i

0

(30)

The ratio of radiation conductance @, to loss con-
ductance G, is obtained from (26) and (29) as
*G,*]‘.E() ki }I

L LR

=T 31
GL 661 tan 51[) (; )

This ratio is the same as the ratio of radiation
resistance 2, to loss resistance R;, because R,=

Gi(wC) 2 for i=r or L.

I‘\A

L~ Y
o Zn
1 \

N d
~ ~

—_

(b)

Biconical and cylindrical dipole antennas.

Figure 2.
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4. Comparison of the Two Antenna Types

The loop antenna of a spherical dielectric core of
radius @ will be compared with a cylindrical parallel
plate dipole antenna which fits in a sphere of same
radius as indicated in ficure 2b. The dielectric con-
stant is the same for both antennas, but not the
dielectric loss tangents. The parameters of the two
antennas are distinguished by subsecripts m (mag-
netic) and ¢ (electric).

The radiation power factors of the two antennas
are related from (15) and (30) as

2<z-a—1+i> 0,(6,)a?
P & .
De k2b%h

(32)

For A=45°and ¢/e0=3, p,./p.=1.2 and 1.16 for J,(6)
of (4) and (6); p,, is about the same as p,. However,
the ratio of (p,/p.) is decreased by decreasing e /e.

The ratio of the radiation to loss resistance ratio
of the two antennas follows from (16) and (31) as

T ¥3002 (‘91 )aB

tan 6;,

r. kA

. tan 6, .
tan 6lm(k2a)2_K1 tan 51171(]527/)2 (’;3)

For A=45° K,=3.15 and 3.1 for J,(0) of (4) and (6).
For equal efficiencies (r,=r,) and k.a<_<1, the
magnetic antenna may have much higher losses (tan
din > >tan 6,.). Assuming k.a=0.1, tan §,,, may
exceed 300 tan 6;,. The requirements imposed on the
insulating qualities of the dielectric are considerably
less stringent in a loop type antenna. This can be
very significant in antenna design problems where
the cost of a high quality dielectric may become
prohibitive. This difference between the two antenna
types may be explained qualitatively by examining
the behavior of the electric field in the vicinity of
the antenna. For equal amounts of radiated power
both antennas will exhibit equal radiation resistances
I, and approximately the same far fields. However,
the electric field in the near zone of the electric
dipole is (kor)~" times higher than with the magnetic
dipole (r=distance to the center of the dipole). The
losses which are proportional to |E* will be (k.a)~?
higher, which explains the functional form of (33).

In many instances, bandwidth considerations re-

strict the efficiency of small sized antennas. For
kya=0.1 and A=45°, p,,—3.2>X107* from (15). For

a 1 percent relative bandwidth, the efficiency 7, of
(16) should not exceed 3.2>X1072 This efficiency
can be achieved with tan 6 =5 in absence of any
further antenna losses. As long as materials of tan
6;=1 are available, there should be little concern
about the ohmic wire losses or losses in the coupling
network.

Equation (33) with K;=1 applies also to electric
and magnetic dipoles which are surrounded by a
spherical shell of lossy dielectric, provided that the
shell is thin compared to the skin depth and k.
< <1, where a = mean radius of the shell. This
follows* from a formulation which is similar to that

of Raemer [1962], and which yields simple closed
form solutions for k.,a < <1.

It will be further shown that the loop antenna can
radiate power which is comparable with the power
radiated by the electric dipole for a given antenna
current. The number of turns N of the loop antenna
which is required for achieving equal radiation re-
sistances (R,,=R,,) is computed from (2), (25), and
(26) as

T 1 ka

:77'\/2].2(01) ka_ 1 +fla Ea—

€

h 1 1
K, Eg/

P

(34)

For A=45° and ¢/e=3, K,=0.44 and 0.33 for J,(6)
of (4) and (6). FKor k,a=0.1 only 3 to 5 turns are
required for the coil. However, these turns should
be spread out over a sizable surface area of the
sphere (A>45°). A close packing of the turns
decreases A, ('1(6,), and p, of (15).

A loop of widely spaced turns will have an appre-
ciable 6 component <J; of the surface current density
J5, which has been neglected thus far. This surface
current density J; causes an electric field and also an
electric dipole moment in the direction of the loop
axis. The dielectric losses which are caused by this.
axial electric field require further consideration.
With p,,=p. and N of (34) it follows that R,.=R,,.
and X,=|X,,|. For equal currents the voltage across
the capacitor V, will be equal to the voltage between
the terminals of the coil V,,, which may, at first sight,
indicate power losses P, comparable to the losses
Pr.. However, in the case of coil, the electric field is
not uniform over the volume of the dielectric and it is
strongest near the wire surface. The losses P, may
be kept to a tolerable level by insulating the wires
with high quality dielectric of sufficient thickness.
The losses due to the electric field between two
insulated wires in a lossy dielectric will be less than
in a coaxial cable of the same insulation, and the
proper design of the latter is a simple problem.

The previous discussion has dealt with the free
space performance of spherical core antennas. The
above conclusions will also apply to antennas of
hemispherical or similarly shaped cores above a
highly conducting half-space. The efficiency of a
small lossy-core loop antenna will be in most cases
restricted by bandwidth considerations.

The previous comparison is clearly in favor of the
loop antenna. This is an obvious consequence of
differences in the # field dependence between electric
and magnetic dipoles. However, these results have
not been pointed out in the literature before and
may be of considerable interest in practical design
problems.

5. Appendix. Analysis of the Loop Antenna

5.1. Vector Potential

The loop antenna is wound on a dielectric sphere
of radius @ and of dielectric constant ¢, magnetic
permeability uo, and conductivity o,. The outer

*Private communication by Dr. R. V. Row of this laboratory.
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medium is characterized by e, w, and . The
parameters e and o, are kept arbitrary in this section
in order to afford comparisons with knoewn results
for loops in infinite lossy media [Wait, 1952 ; Kraich-
man, 1962]. The sphere is excited by a surface
current of density J,=J4is+Jols. When ignoring
the 6 component of J, the vector potential A will
have a single component A, which may be com-
puted following sections 7.13 and 14.14 of Smythe

[1950]. For a suppressed ¢’¢' time variation of the
fields and for »<_a, A, is given by
soChy S'In(kla’>
‘4(“% E kla Sn(kla')
ks RU,;Z?] Pl (cos 6) ( > (35)
where
C,=— ‘(31,&1_1:})1(;[ J,(0)PL(cos ) sin 6df  (36)
ki:Bi_—jai:'\‘Eﬂ()fi—jwﬂoa'i (37)
R, (2)=~+xH?),5(x) (38)
Sn(x):'\EJn-%l/Q(x) (39)

H® (2) is the Hankel function of the second kind
of order n, and J,(z) is the Bessel function of order
n. The prime denotes differentiation with respect
to the argument of the respective function. The
associated Legendre function P}, (cos 6) is defined by

Plios 0):—(1/% P, (cos 6) (49)

where P,(cos 0) is the Legendre polynomial of order

n. The summation covers only odd integers
(n=2m-1, m=positive integer or (), and it is
stipulated that |ka| <1. After using the small

argument approximations of the H?(x) and J,(z)
funections, it follows that

1 S, (kia) ks R, (k)] ?

ba LS, (kia) " by R, (ke2)
I: y (k) 4 ()’
2n+1 (‘m—l—l)(2n+3) @2n+1)(2n—1)
7(]{2@) 61n Dn
3 2111L 1 (3
where the Kronecker Delta is defined by
{1 forn=1
51722 (42)

{()101’%#1

The coefficients €, depend on the distribution of
Js(0) over the sphere surface.

5.2. Surface Current of Density Proportional to sin 6
A surface current density
Jy(0) =2, sin 6 (43)

gives particularly simple results for the impedance.
Substitution of (43) in (36) results in

On: '—J¢(151,l (44)
with é;, defined by (42). Along the winding of the
coil

%’z—sin f/tan « (45)
where tan « is the pitch of the coil dz/(ad¢). The
wire current may be computed as

90°— 7 (d/dg)
I= f adJ ,(0)do ~ 2mra.J , tan a. (46)
J 90°+mab/dep)

The number of turns /N is obtained from

¢

2rN = [%dqb: L ’ sin f)d():—z—~ (47)
Jé tan a J, tan «

as
N=(7 tan )~ (48)
The length of wire in such a coil is
$2 a o @

= — sin? 0df— - 9
l .Ll @ sin fd¢ o CY.J:) sin? 6df Stena (49)

Applying (41), (44), (46), and (48), A,, becomes
A= “OA i )Dl sin 6. (50)

The voltage impressed on the coil is

#2
V:—f E;- dl:jw(zf Ay sin 6dg
¢1
o f "A, sin® 6do (51)
J O

where r=a. After evaluating the 6 integral, the
impedance of the coil is computed as

Z:L:%’r jw/.c(,(l;\m])l .

7 (52)

The real part of D, of (41) when substituted in
(52) gives the coil reactance. Thus

= wuoa,N?:\/ Ho 2T nrogoa. (53)
9 €3 9
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The imaginary part of terms of D), proportional
to powers of B, gives the radiation resistance. For
a lossless medium 2(s,=0) the radiation resistance
is

R,=\/ 21 \2(ua)t (54)

The imaginary part of terms of D), proportional
to a; gives the loss resistance R;. For a lossless
medium 2(e,=0) R, becomes

27r = NQ(Bza):“ tan é;.

B= € 135 ¢

(55)

Equations (53) and (54) agree with (26) and (27)
of Wheeler [1958], respectively.

5.3. Surface Current of Density Proportional to
(sin 6)~1

The 6 integrals involved in the impedance cal-

culations may be evaluated also for a nonuniform
current density

fOI' 61 SHS (71""‘01)

J,/sin 6 .
Jo(0)= J\ elsewhere )
with Glzg—A. Substituting (56) (', becomes
o -
Ol = D) Jo, Pl (cos 6)do. (57)
After substituting (40), integration gives
o (271 + 1)(1:,705
==t D P,(cos 0,). (58)
Along the winding of the coil
B tan o sin 6)-1
({0~(t(111 « sin 6) (59)

where tan « is the pitch of the coil dz/(ad¢) at 6=m/2.
The wire current 7 is related to the surface current
density J; by (46). The number of turns is ob-
tained from

[ 0
ouN=|" d¢=~—1— f ’ d_0
n tan « Jo, sin 0
1 . I4sina
Ttana 2 1—sin A (o)
The length of wire in such a coil is
b2 2Aa
= o Casin f)ald)mtan a J;l de_tan a (L

In the limit of A=#/2, N=w, but [ is finite and is
twice the of (49). [Wheeler, 1958.]
Applying (41), (46) and (58), A4 becomes

NOI Z

2r tan a <5

A¢1

n(n—|-1) > P, (cos 6,)P,(cos 6).

(62)
The voltage impressed on the coil is

. $9(0) .
— [‘Ewdl:]wa,f A, sin 0dg
. 1(8y)

. )
_Jea f *A 0 (63)
(/]

tan @ Jg,

where r=a. The @ integral may be evaluated as in
(57) and the impedance of the coil is computed as

V _ joua sin® 6, D,

Z:I T rtana Zn:n/(’n—f—l) [Pn(COS 01)]2 (64)

where n=2m-1, with m equal to zero or positive
integers. The reactance X, radiation resistance R,
and the loss resistance £ are obtained after sub-
stituting (41) as

X =wuarN2S:1(6,)f(A)

? TIN?B,aS1(6,)f(A) (65)

R— ;5 T N(ga)’ [C"S “Tray  (6)
RL:QTw#oA72a151@3S3(51)f<A)

:\/ f—o -EWNQ(Bga)a tan 6,8,(6,)/(4) (67)

where S;(6,), Ss(6,) and f(A) are defined by (11) to
(13). The same expression for 2, is obtained from
the power loss P, in the volume of the sphere as
Ry=P./I*. P is computed as

2 T a
Pr=a f (lqsf dﬂf dr sin 0r*| w4 |?
J 0 0 0

where A, is given by (62). R, of (67) may be
compared with the loss resistance ;.. of the same
coil in an infinite lossy medium. R, is obtained
similarly as (67) but by setting ki=k, in (41).
For AQ <1 this gives

(68)

Ry., 2% w#0N2a161a3=2\/H_0 2 N2(Ba)* tan 8, (69)
3 3V e e

which is approximately 5R,. In a highly conduct-
ing medium displacement currents are negligible,
a;=B,; and (69) is reduced to a known result [Kraich-
man, 1962]. The difference between (69) and (67)
is equal to the loss resistance Rpo of a coil within a
lossless radome. It follows that

RL0:1.0960J#0N2a262(1/3. (70)
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This is approximately 5 percent more than the loss
resistance of an infinitesimal magnetic dipole which
is assumed to have an area equal to the cross section
ma® of region 1 [Wait, 1952].
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