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The ohlique reflection of VLF rad io waves from a cont inuously stratifi ed ionized medium 
is considered. The profile of the effecti\'e conductivity is taken to be of an eXIlonrntlal 
form. This is a fair representation for the actual D layer of the lOnosphere. It IS 8howI1 
that the g radi ent of the conductivity change has a mar ked effect on the reflection 
characteristics. 

1. Introduction 

In the study of VLF radio wave propagation it is 
often assumed that the ionosphere can be regarded 
as a sharply bounded medium on its wlderside. 
This step may be considered reasonable in view of 
the long wavelength and the relatively rapid change 
of the electron density of the D region. Further­
more, experimental data are often in accord with 
calculations based on this model. The gencral 
agreement is particularly good at highly obliquc 
incidence provid ed that fLpproprifLte corrections ar e 
made for earth curvature. Nevertheless, there are 
many occasions when tbe sharply bounded model 
appears to be inadequate. Therefore, it is worth­
while to consider a more realistic model of the lower 
ionosphere. 

On examining much of the recen t literature on the 
characteristics of the lower D layer, i t appears t llat 
the effective dielectL~ constn,nt of the medium can 
be well approxirnated by an exponential function. 
Then, to within this approximation, the relative 
permittivity may be written in the form 

(1) 

where Ko is a reference permittivity, and Land f3 
are constants. The level z= O may be defined as the 
reference level and thus 

(2) 

which is a familiar form. 

1 'I' he work in th is l)aper wa' sup ported by the Ae!" anced Research Projects 
A~en cy, Washington 25, D.O., nnder ARPA Order No.1S3-62. 

Under the assumptions that the ang ular frequ ency 
w is much less than both the collision frequency v 
and the plasma frequency Wo, it i known that [vVait , 
1962] 

(3) 

provided that the earth's m.agnetic fIeld can be 
neglected. The latter as umption is s trictly valid 
only if v is somewhat greater t han the gyrofrequency 
WHo In actual cases, however, the isotropic assump­
Lion is useful even when v is of t he order of Wu, 
provided the magnetic field is not tran verse to t lte 
direction of propagation [Crombie, 1961; JollIer and 
Harper, 1962]. For the purposes of the present 
paper, the influence of the terrestrial magnetic field 
is not considered. 

The constant f3 in the exponent of t he equat ion for 
K( z) is a measure of the sharpness of the gradient . 
For example, when f3 = 1 km- 1, it means t hat the 
ratio w5Iv or N lv increases by a factor 2.71 for each 
km of vertical height. The best available inform.a­
tion on expected values of f3 can be found in the 
recent work on pulse cross moduliLtion [Barrington 
et al., 1962] and from recent rocket measurements 
[Kane, 1962] . From these results it appears that 
f3 is of the order of ~f km- 1 for quiet daytime 
conditions although it may differ by a factor of two 
or more at certain times. In tbe present study it 
appears to be desirable to allow f3 to vary from 0.3 
to 3.0 to encompass most cases of interest. 

2 . Background Theory 

The propagation of electromagnetic waves in a 
medium whose permittivity t( z) varies in an expo­
nential manner has been studied extensively. The 
usual case considered is for horizontal polarization 
where the electric vector is parallel to the stratifica-
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tion . For example, if the electric vector has only a 
y componen t E y , it is a simple m atter to show that 
[W ait, 1962] 

(4) 

when th e field varies in the x direction according to 
exp ( - ik8x) , where 8 is a dimensionless constant. 
H ere k=,~w is the free-space wave number and 
EO and Me ar e the permi t tivity and pernlCability of 
free space, respectively . 

At a sufficien tly large ll egative value of z, the 
relative permit tivity K (z) becomes unity, and thus, 
E y satisfies 

(5) 

where C2 = 1- 8 2• The general solution of this 
equation has the for m 

E y= Eo(e - ikCz + R "e+ikCZ)e - ikS. , (6) 

wh en E o and E" are constan ts . R ecognizing that 
tb e solution of (4) must r educe to (5), for z t ending 
to - 00, it may be shown that [Wait , 19621 

(7) 

where vo= 2ik C/ fJ. 
Th e term E oe- ikCZe- ikSX m ay be regard ed as an 

incident wave whose direction of propagation makes 
angle e with the z axis where C= cos e or 8 = sin e. 
Then E oE e+ikCZe-ikSX can be in terpreted as a reflected 
wave and E can be defined as the refl ection coeffi­
cient of the exponen tial layer. It should be s tressed 
that this refl ection coefficien t, while referred to the 
level z= O, is only valid in t he free space region at 
large negative valu es of Z. 

The reflection coefficient E 'l) given by (7), may be 
conveniently writ ten in the form 

(8) 

where 

where Ao= 27r/k is the free-space wavelength. Thus, 
the amplitude of the reflection coefficient is given by 
the very simple form 

(9) 

which is independen t of L. On the other hand , the 
phase factor <P is relat ively complicated sin ce it in ­
volves the factorial fun ction of imaginary argument. 
Never theless, (8), for the complex value of E ll can 

be used to ob tain qu an titat ive results for exponential­
type layers. 

3. Extension to Vertical Polarization 

In the VLF radio problem one is m ainly in teres ted 
in vert ical polariza tion such th at t he magnetic vector 
is parallel to the s tratification. For example, if the 
magnetic field has only a y compon ent, H y , and 
assuming again that t he fields vary in the x direction 
according to exp (- ik Sx) , it follows that [Wait, 1962] 

[ d2
? _ _ ]_ dK ( z ) il+P (K - S 2) ] H ,= O. (10 ) 

dz- K ( z ) clz dz Y 

Intrinsically, this is a more comulicated form than 
(4) for horizontal polarization. 

In the region of large negative z the (10) redu ce 
to t be elementary form 

(11 ) 

and t bus 

wh ere He is a constan t and Rv is, by de:fi ni tion, the 
reflection coefficient for vertical polarization . 

Unfor tunately, for the exponen tiall.v varying 
permittivity of the form defined b~T (1 ), it does not 
appeal' to be possible to obtain a closed form expres­
sion for RD' For this reason , the required quantita­
tive results were ob tained by a numerical method . 
Essen tially, the procedure is to replace the COil tin­
uous K (z) profile b,v a fini te number of steps. The 
si tu ation is illustrated in figure 1 where the function 

1 1 
L (z)=Z exp (3 z, (13) 

is shown plotted versus z along with its step approxi­
mation . Thus, between the limits Z= - Zo and z= + T, 
the medium is divided in to .1\1 homogeneous layers of 
width hI , h2 . .. hm, .. . hM - 1, hM . Th e value of 
L (z) in each of th ese slabs is then r eplaced by a 

I/ L (z ) 

~-T---- Zo -----4 

FrG lJRE 1. T he step approxi mati on to an exponential profile. 
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cO ll s tant value Lm. Th e method is really equivalent 
to the usual method [Budden, 1961] of numerically 
inLegrating the basic differential equations. 

The problem now boils down to finding tbe wave 
impedance Zl at Z= -Zo in terms of the properties 

of all the individual slabs. H ere Zl = f; which is to 
y 

be evaluated at Z= - zoo The reAectioll coefftcient R" 
which IS referred to t lw level z= O, is then found 
from 

R , C- Z J r/o [.471" C ] 
C+ Z j YJo exp -~ >:;;-z , (14) 

for Z= - zo, and where YJ o= -v' J.L ol ~o= 12071". Here Zo is 
chosen sufftciently large that l /L (z) may be regarded 
as zero . (Strictly speaking, Zo~ co .) 

4. Itera tive Process 

From the theory of Wtwe propaga tion in stratified 
media [e.g., 'Wait, 1962], i t is known that ZI can be 
obtained by a seri es or itemtive processes . Thus 

wbere 

K 3.2Q3+ tanh D2 
1+ K 3• 2Q 3 taJih Dz' 

I{m+l, mQ",+l+ l" an h D", 
1 + K m+l. mQm+l tanh D",' 

(15) 

(16) 

(17) 

(18) 

and so on. The various ['nctol'S are defilled below. 
The parameter D", which is a measure of t he thi ck­
n ess of an individual slab is defined by 

i271"hl/1 ( 82 ) ~2 D"'=-A- N ", 1- N 2 ' 
o m 

(19) 

where N m is tbe refractive index or the mth slab 
given by 2 

The quantity !-(m+l .m is the ratio of the wave 1111-

pedances or layer m+ 1 and layer m. Thus 

K K m+1 
m+ l.m== K m ) (20) 

where 

2 Tho sq uare roots are defi ned such t hat Dm= C2::m )Nm if Nm-4 a> , whil e 

Dm= ( i2~:'m ) c if N m-4 1. Furthermore, N mr;;; ( l jL m)J /2e - h / 4 jf INm l» l and 

l\T,,!= I if Lm-'::'oo . 

is t he wave impedance in the mth layer. Alternately, 

(21) 

Finally, becfLuse t he quantities Om fLl'e given in 
terms or 0"'+1 it is necessary to know t lte initial vfLlue 
O AHI at Z= T . For example, 

and similarly, OU-I is expressed in terms o[ OM' The 
process is con tinued un til 01 is obtained. 

In some problems o[ this k ind i t is no t neceSStl,ry 
to k,now precisely the value or QM+ l' However, the 
eco nomy of' the cfLlculfLtions is greatly improved if tl, 
good st~1r t i n g value of Q M+l is known. Hecognizing 
t ha t Lh e Wlwe impedfLn ce ~1 t z= T is given by 

(23) 

and u tilizing the condition INM+11> > 1, i t follows 
from previous work (Wait , 1962 J t hat 

(24) 

where Ko fLnd ](1 fLre modified Bessel functio ns. 
In a practical sequen ce or calcula t ions it is neces­

sfLry to choose T large enougll t ha t the fi nall'csul t for 
fl v is insensitive to further changes in T , For ex· 
ample, ir {3 = 1 km- 1 fLnd AO= ] 5 km, it was founel t hat 
1 = 4 km was suffi ciell tly large to obtain four-figure 
accuracy in R ,. Furthermore, for some values of {3 
and AO, i t was found tha t Rv approaches a co nstfLnt as 
Zo was in crefLsed to 20 km, III general, for smaller 
values of {3 it was necessary to increfLse T and Zo to 
larger values in order to achieve stability of the final 
results. The width of t he steps, hIlI, must also be 
chosen sufftciently SLnfLll to fLc ltieve an adequate 
simulation or the smoot h profile. Genemll y, i t was 
found that ID",I< 1O-2 was a satisfactory criterion. 

5 . Discussion of Reflection Coefficient 
Calcula tions 

Usin g the basic definit ion of the reflection coefft­
cient fl v, given by (14), the amplitude and phase of 
R, were calculated for a wide range of conditions , 
While, strictly speaking, Nv is defined as the limit 
for Z= - Zo, where Zo~ co, i t is of interest to first 
demonstrate how Rv approaches this limit. An 
example of such calculations is shown in figures 2a 
and 2b. Here C= O.l , corresponding to highly 
oblique inciden ce, and AO= 1.5 km, or f = 20 kc/s. 
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FIGURE 2. The reflection coefficient as a function of height for 
an exponential profile and a fLIed angle of incidence. 

Various values of f3 are shown on the curves. It is 
immediately apparent that for sufficiently negative 
values of z (i.e., sufficien tly far below the layer), 
both the amplitude and phase of · Ev approach a 
limit. 

Actually, the curves in figures 2a and2b have more 
than just a mathematical interest. Physically, the 
R v, correspon din g to z = - Zo where Zo is fini te, is the 
reflection coefficient for a permittivity profile of the 
form 

K( z )= Ko [1-~ e~zJ for z>-zo 

= 0 for z< -zoo (25) 

Therefore, these curves describe reflection from a 
sharply bounded ionosphere which behaves expo­
nentially above its lower edge. Of course, as Zo 
tends to OJ , the discontinuous profile becomes a 
continuous exponential. It is rather interesting to 
observe that as the discontinuity is moved from 
above the reference level (z= O) to below, the 
reflection coefficien t passes through a minimum. 
This is related to a Brewster angle phenomenon 
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FIGURE 3. The amplitude of the reflection coeffic ients for 
vertical and horizontal polarization as a f unction of C which 
is the cosine of the angle of incidence. 

since to the right of this minimum in figure 2a the 
reflection is metalliclike while, to the left. the 
reflection is dielectricl ike. 

For the remainder of the present paper, attention 
will be confined to the limiting value of Rv far below 
the reference level z= o (i.e. , Z ~ -Zo~ - (0). On 
the other hand, it should be emphasized that Rv is 
always referred to the level z= o. 

The magnitude of the reflection coefficients Rv and 
R" are shown plotted in figure 3 for vertical and 
horizontal polarization, respectively. The values 
of [Hvl were obtained from (14) using the multislab 
model described. The values of IR"I were calculated 
directly from (9) and, on this log-linear scale they 
are merely straight lines. As an important check, 
the value of IR"I was also obtained from a multislab 
model using the same procedure as described for 
vertical polarization. Within four-figure accuracy, 
the values of IR"I obtained by the two methods were 
the same. 
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A llumber of significant features are evident in 
figure 3. In the first place, IR,I exhibits a Brewster 
angle phenomenon, provided (3 is sufficiently large . 
H ere the reflection process is dielectriclike a t O'razina' 
angles and is more or less metalliclike at 'i;ormtB 
incidence. Of course, IR il l does not exhibi t this 
phenomenon. However, for very small values of (3 
conesponding to a r elatively slowly varying medium; 
the curves for IRnl and lE vi become ra ther close to 
one anoth er. This is consis tent with the opti cal 
behavior of waves in an inhomogeneous medium. 
In fact , by a direct application of the phase integral 
method of Eckerskey, the equation for IRil l is found 
~lso to be applicable to I R,I . The use of the phase 
lI1te~ral method for s Llcl~ applic~tions i.s necessarily 
restrIcted to slowly varyll1g medla [Wmt, 1962]. It 
is apparent, that for VLF radio waves, wilere (3 is of 
the order of 0.5 , the phase integral method is 
inapplicable to verti cal poln,rization. 

" Another in teresting feature of figure 3 is the neal' 
linear depend ence of all the curves for small valu es 
of O. For tunatel~T , it is just these values which are 
lmportant in t he long-distance propagation of VLF 
radio waves. The lineari ty of the phase curves for 
R , are indica ted in flgure 4 for the same conditions. 
H ere, it is eviden t t hat t hey all approach - 1800 at 
grazing incidence. The ph'ase curves for R " exhibit 
a similar property but they are not shown here since 
they have only an academic interes t at VLF. 

The variation of the reflec tion coefficient R v as a 
function of the gradient parameter {3 is illustrated 
in figures 5a and 5b at oblique incidence. It is 
rather remarkable that IRvl is relatively insensitive 
to (3 if it is in the range from 0.7 to 3.0. FLU' thel'­
more, it appears that IRvl has a broad maximum for 
(3 approximately equal to l.2 . 

The general behavior of the amplit ude and phase 
of the reflection coefficients at highly oblique inci­
dence suggests that, if B, is writ ten in the form 

R.=-exp (aO), 

120 

60 AO ' I5 
if) L ' 1/2 w 

i 
-I 

w 
0:: 
t9 r w 

O~ 0 

> 
0:: 

LL 
0 -60 
w 
if) 

<I 
I 
0-

-120 

-----
-IBO 

0 01 0.2 03 0.4 05 06 0·) OB 09 1.0 
c 

F I G UHE 4. The phase of the refl ection coefficient j 01' vertical 
polarization as a junction oj C. 

the fun ction a should be almost independent of O. 
Writing 

where al and a 2 are real , it is a simple matter to 
compute th e complex coefficient a from t he numerical 
data of Rv. The r esults are shown in figures 6a and 
6b whel:e (- ~ I ) a.nd a 2, respectively, arc plo tted as 
a functlOn of 0 ll1 th e range 0.05 to 0.30. It is 
apparen t that over this range of 0, th e coefficient a 
can be regarded essentially as a complex constan t . 

For all the results given in the forea'oin o' fLO'UTeS it 
has been ass~med that L -: 1/2 an~ AO~ 15.b Actually , 
the r esults for the magmtude of Rv and R'I do not 
depend on L. In fact, IRvl and lRhl are identical for 
(3AO= constant. Furthermore, th e phase of t he 
reflection coeffi cien ts is also simply related althouo'h 
the situation is slightly complicated by t he choice bof 
the r eference level where L is required to have a 
special value. In fact, i t is convenient to choose the 
reference level (i.e ., z= O) so Lbat 

In this way, the results can be readily compared as a 
fun ction of frequency or wavelength'. At the refer­
ence level z= O, t he effective conductivity parameter 
W I' 01' w~/1J has the value 2.51 X 105• 
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defined by R v=-exp (aC) fo1' >' 0= 15 and various values of (3 . 

For wavelengths other than Ao = 15, it is also found 
that Rv may be approximated by the function­
exp(aC) where a is approximately a complex con­
stant. To illustrate the wavelength dependence, 
-al and a2 are plotted as a function of Ao in figures 
7a and 7b, respectively. For these curves, C is 
chosen to be 0.16; the corresponding curves for other 
values of C in the range 0.10 to 0.20 are almost 
indistinguishable. The ordinate in figure 7a is 
simply related to the magnitude of the reflection 
coefficient and, thus, small values of - al are associ­
ated with high reflection coefficients. It is apparent 
that for small values of {3 corresponding to a diffuse 
layer, the r eflection coefficient becomes very small for 
the shorter wavelength. On the other hand , for a 

rapidly varying layer, corresponding to large values of 
{3, the reflection coefficient decreases with increasing 
wavelength. For intermediate values of {3, the 
reflectio;:l coefficient has a minimum in the wave­
lenoth ranO'e between 10 and 30 km. For example, 
wh~n {3 = to, the optimum wavelength is a,bout 17 
km or approximately 18 kc/s. . 

The curves for a2 in figure 7b also have fI partIcular 
significance. Noting thtlt 

it is apparent that a 2C is the phase shift resulting 
from the imperfect reflecting properties of the 
exponential byeI'. To attach a physical m.eanmg 
to this term it is often desirable to inh'lgine the 
reflection taking place at a height Il Z1 below the 
level z= O. In this case, AZI is chosen so that the 
arg of R v is always - 7r. Clea!'ly, 

or 

For example, at Ao= 15 km (i.e., 20 kc/s) and {3 = 1, 
the effective height of reflection is depressed by 
approximately 3 ~ km. For smaller values of {3, 
it is seen from figure 7b that Il Z1 may be much 
greater. 

6. Final Remarks 

The results, for the coefficients a1 and a2, given 
here may be in troduced in to the waveguide mode 
theory. In this way, attenuation l:ates and 'pl~ase 
velocities of the modes may be obtamed. ThIS IS a 
valid subject for another paper. 

The influence of non exponential profiles also 
appears to be a subj ect worthy of some attention. 
Using the iterative method described in this paper, 
it appears that any reasonably smooth profile 
may be treated in a straightforwal~d mann er . Also, 
with some modifict1tion, the techmque may be used 
to evaluate the effect of discontinui ties in gradients 
and local regions of excess ionization. 

General conclusions about the influence of the 
profile of the lower ionosphere on VLF propagation 
must await completion of extensive and systematIc 
calculations. It is hoperl to report such results 
in the near future . Detailed comparisons of theory 
and experiment are also deferred un til these more 
complete computations become available. 

We thank Mrs. CaroJen Jackson and ]VIrs. Eileen 
Brackett for their assistance in the preparation of 
this paper. In addition, we wo uld like to thank 
Douglass D. Crombie for his useful suggestions flnel 
comments. 
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