
JOURNAL OF RESEARCH of the National Bureau of Standards- D. Radio Propagation 
Vol. 67D, No.3, May-June 1963 

Concerning Solutions of the VLF Mode Problem for an 
Anisotropic Curved Ionosphere 

James R. Wait 

Contribution from Central Radio Propagation Laboratory, National Bureau of Standards, Boulder, Colo. 

(Received D ecember 5, 19(2) 

The ill flu ence o f ca rLh curvaturc in the t heor,v of refiection from t he ionosphere is co n­
sidered . By choosin g a rath er ideal ized mod el, th e signi fi can ce of Il sua l earth- fl atLenin g 
proccdul'cs can be displa yed qui te rcadi ly. To simplify t he a na lys is, it is ass umed Lha L the 
ea rLh 's magnetic fi eld is vertica l evcrywhere. It is s hown that th e cu rved ionosphere may be 
represen Led by homogeneous p la na r s labs, provic'ed t he loca i va lu e of la yer curvat u re is lI sed . 
The res ul ts in t l)(' presE'nt, pa per a rc compa rcd with so me corres pondin g cx pression s obLnined 
b\' .Jo hle r :lnd Berry [U)(j2] . 

1. Introduction 

Bo und ar.v yalu e problems ill\-oh-in g m <tgneto 
plfts ill fts, SUCll as Lhe ionosphere, ,we H grea t deal more 
complicflted than t he corresponding problems for 
isotropic media. For this reason a num b el' of gross 

-. simplification s ar e often made in order to achieve 
tractabili ty. For example, in most of the existing 
li terature on radio propagation it is assum ed that th e 
io nospher e may b e regarded as a planar stratifi ed 
m ediulll . Tn [acL, Budden's exhaustive treatise 
[Budden, 1961] is r estricted entirely to this case, 
Also, in prior work on VLF mod e theory i t has b een 
som ewhat tacitly ass um ed thaI, the ion ospher e may 
b e regarded , in a LocaL &Cn8C, as a plan ar stratifi ed 
medium . J ustifi ca tion s for t his step arc b ased on 
ar gumen ts v,did only for isotropic m edia. Earth 
eurv,tture is accounted ror o nly in t he nonioni zed 
wHveguide r egion beneaLh Lh e base or th e ionosphere 
["Wait, 196]a , 1962; Katzin a ile! Koo , 1962; Budd en, 
1962], S ince the an isotropi c properties or t he iono­
sph ere pl ay HLl impor tant role in VLF mode th eory, i t 

r seems that this aspect of the subject warrants some 
v scrutiny, and this is the main purpose or the presen t 

paper. 
The situation considered h ere is rath er id ealized. 

The ionosph ere is regarded as a sph erically s tratified 
plasma with a superimposed I'ftdial magnetic fi eld of 
const/tnt strength . Such a model has b een consid ered 
by van del' Wijck [1946], Bremmer [1949], a nd more 

~ recently by Krasnushkin [1961]. J[ thi s restriction, 
on Lh e m agnetic field , were no t mad e th e problem 
would becom e intractable unless som e oth er s impliry­
ing ass umptions were m ade such as a purely trans­
verse ficld [W ai t, 196] b]. 

2 . Formulation 

Choosing a sph erical coordinate system (0, ¢ , r), 
th e base of th e ionosphere can be regarded as tbe 

sph erical surface 1>= C. For a n ionospheric-type 
plasma , the dielectri c constan t ( ~) has Lhe form of a 
tensor. The relat,jon b etween t lte di splacemen t 

-7 -7 

vector D and the electric fLeld E is Lilen 

-7 -7 

D= ( ~ ) E , (1) 

which may be written more expl icitly in m atrix form 
as 

(2) 

TIl e elem ents of t he dielectric tensor may be a 
fun ction of r but co nstant with r espect to 0' and ¢. 
They depend on th e str engt.h of t he ear Lh's magnetic 
field and on the electron density, ion densi ty, and 
frequency of collisions between them . Th e case 
usually considered is that in which t h e electromag­
netic forces infill en ce only t he electrons and th e 
motion of t he ions is neglected. In t his case 
[Bremmer , 1949] 

~12 iWI,w51 w 
- = 2+( +. )2' ~ 0 wll V tw 

• 2 
~3 3_ 1 _ two , 
~ J - (v + iw)w 
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where Wo is the (electron) plasma frequenc~~, w" is 
the (electron ) gyrofrequell cy, and v is the effective 
collision frequen cy (for f'lectrons). The generaliza­
tions of these formuJae to in clude the influence of 
heavy ions and the effect of an energy-dependent 
collision frequency IJave been discussed elsewhere 
[Sen and Wyler, 1960; Johler, 1962; Wait, 19621. 
For purposes of the present analysis, it is sufficient 
to point out that , even under these general conditions , 
the dielectric tensor has the form given by (2), 
provided the magnetic field is vertical. Therefore, 
the subsequent tbeory will not be restricted jl1st to 
an electron plasma with constant collision frequency. 

Maxwell's equations, 

-4 -4 

curl E = - iiJ.wH, (4 ) 

-4 -4 

curl H = i (f)wE, (5) 

where (E) is a tensor may be written expl icitly in the 
form 

(6) 

(7 ) 

(8) 

(9) 

(10) 

(11 ) 

In th e above it h as been assumed that O!OCj> = O. 
It is now a simple matter to express the rand 0 

components of the field in t erms of the cj> component. 
To facilitate this , t wo auxiliary functions M and N 
are introduced which are defined by 

(12) 

(1 3) 

Then, without difficulty, it follows that 

• TT 1 0 ( . OiVl) 
-~iJ.WLJ. T=-?-·-O >'0 sm 0 ~O ' r Sill u u 

(14) 

. E 1 0 ( . oN) ~ f33Wf T=~. 0 ~-O sm 0 :;;-0 ' . l'- SIn u u 
(15 ) 

(16 ) c 

(17 ) 

Furthermore , it is found that I'll and N satisfy the 
two coupled equations 

+ si~ 0 ~O (sill 0 ~ N ) = 0, (18) 

/1 

where k2 = faiJ.W2. In the case of isotropic media, 
M and N are proportional to Debye potentials. \ 
Equations (18) and (19) are applicable in region s 
external to the source. . 

3 . Solution 

A solution of (18) and (19) is no \,- sought in the 
form ,I 

N = F(l' )P v(- eosO), (20) ! 
(21 ) 

where P v is the Legendre fLl nction which has the 
required asymptotic behavior and has no sing ularities 
except at 0= 0 . It is a solution of the equation 

_ 1_ ~ [ . oPvC - cos 0)]+ ( +' )1" (_ )- 0 '\ sin 0 00 SIll 0 00 v v J v cos 0 - . 

(22) 

Th e radial functions F and G must then satisfy 

d (1 dF)+k2 f33 F+ . cl (f12 G) f 33 - -- - - i ~Wf33 - - G 
ell' f ll dr f a ciT f ll I 

_ v(v+ 1) F = O (23 ) 
1'2 , 

(24) I 

In the case of isotropic media (i.e., f12= 0), the equa- ( 
tions become uncoupled. As a further check, the ' 
medium may be taken to be homogeneous and iso- I 

tropic (i.e. , fll = f22 = f 33= f where f is a constant). 
Then F and G satisfy the same differential equation c 
given by 

(25 ) 
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Sol uti ons al'e lineD l' combin atio ns of LllI' function s 
~I Zh;l) (;7,) a nd Z h;2) (Z), wh ere Z= lc (~/~o) 1/ 2,. a nci w here 

h;l) and h;2) are sph eri cal Hankel fu nctions. Most 
i propo nc n ts [Budden , 1962; K fltzi n a nd K oo, 1962] 
. of ear th-fl a tt ening procedures star t with a ll equation 
I equivalc ilt to (25). Then t hey d evelo p the idea th at l thc tCl'1ll 

may be repl DCI'd by 

lc2 Ce:~r')} 

>. whcl'e ~effV) is tl1c effective dielectric COll s tant for 
) t he equiva lcn t planar region . Unfortu nately , in t he 

a nisotropic case t be sol ut ions of the coupled equat ions 
cannot he exprcssed in te rill s of sph erical Hankel 
f unctions evcn if t he meciiulllis homogeneo us. 
Thus, the earth flattenin g proced urcs ar e open to 
question wilen dealing wilh m agnetoplas ll1 a media. 

> To solve t he co upled wave equations for t he general 
case, resor t must be macle to numerical techniqu es. 
To s im plify tile procedure it is s uggested that the 
ionosphere above th e s uri'ace r= c= ro h e broken inLo 
a number of co nce ll tric homogeneous regions which 
are bounded b:,>- the s urfaces To, 1"1, 1'2 ... 1'",_ 1, I'm . .. 

I'M. For example, with in tile mth region, th e ele-
p mellts of t he d ielectric tenROl' may be replaced bv 

co nstants. Tll us, for 1'''' - 1< 1'< 1'"" 

, 
/ 

which conesponds Lo a di elecLric lensor having t he 
form 

[ 'm 
ty", 

~l ( ~ ) = -~y", f m 

;J 0 

(26 ) 

for t he mth r eg ion . The coupled equations now 
h ave th e form 

(27) 

Dnd 

cl2Gm+ 1 2~ (1 _ Y;" )G + J.1.W y,n dFm_ ' 2G = 0 
I 2 Ie 2 m l 1\ .7", ' cr ~o ~ rn ~ '" cr 

(28) 

where 

III m ost CDses th e qu a n Lity \ 2 can be regarded as 
~ a cons Lan L wi t hin t he layer. Thus, it is r eplaced by 

(29) 

--- - ------

for t he mth layer Sol u t ions of t he coupled d i ITer­
en tial equations m ay now be found ill t he form 

a nd 
(30) 

(:31) 

Subst it u ti ng t hese ill tO (27) a nd (28) Jefvis to Lhe 
Lwo algebraic equat ions 

(32) 

and 

- J.1.wg",uIIIP"'+u2 + 1 2 ~ '" (l _ !J~') q - \2 q = 0 mqm If 2 · lit flt m ~ . 
Em EO Em 

(33) 

In order for a sol uti on to e:\ ist, i lte detel'lllinallt of 
Lite coefficients Pm ftne! q,n must vD nish . This 
condiLion can be written compactly in Lhe forlll 

where 

sr= k2 Em_ A~i ' 
~ o 

(35) 

(36) 

Th ere ft re i'our solu Lions of t. his equation ; two 
r epresent ing outgo in g waves ane! two represe ntir~g 
in co illing waves. Thcse are denoLed ±um a nd ±u",. 
The equaL io n is equi valen t Lo t he Booker quartic for 
p lane waves ill a nisotropic media [Budden , 19611 . 

Th e general sol ution in tlte mth layer ma.v Lhen be 
written 

--) ~ ---1 t-
__ , ' I + I 

]t 'm = Pme - UfnT + Pme +UtnT + JJme - U""T + lJme UIIl ' (37) 

--) ~ ---1 ~ 

+ " , + ' Gm=== qme -um'+ qme UmT + qme - Um' + qme UmT, (38) 

wb en th e p's are ftrbitrary co nstants . Th e Q'S are 
related to correspondin g p's t hrough ( ;~2 ) or (:33) . 
Therefore, for convenience in what follows, 

--> --> ..,.. ~ 

q",=a(u",)p"" q",= a( - um)p"I) 
~ ~..,.. ~ 

(./n = a(u:n)Pnu q:n == a( -u:n)q~~, 

where t he fun ction a(u) is kn own . Th e imaginary 
p a r t o[ t he U,;'~ is ehosen to be pos it ive a nd , t hus, 
t he a rrows -:> a ncl ~ r epresen t outgoing a nd in going 
waves, r esp ectively. In t he outerm ost r egion , where 
m = }.£, ollly outgoi ng waves D re permiesible and, thus, 
f- i- (-- t-

PM= P;\f = q.lf = q;\f = O. Since t he tangen tial field COffi­
ponelits are to be con ti n uous ftt t he interfaces, it 
follows, from (12), (13), (16), and (1 7) that four 
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continuit:v conditions are required at the surface The boundary conditions at the level 1'= 1'0 are 
T= 1'm • These are 

(39) 

(40) 

(41) 

(42) 

Therefore, four independent relations between the 
coefficients are available at each interface from 
m= l tom= M. 

To obtain the complete solution of the problem it 
is necessary to consider the fields in the free space 
or waveguide region a< 1'< 1'o. Here the fields are 
obtained from 

(54) 

(55) 

(56) 

(57) 

For all practical purposes , the ground may b e 
characterized by a surface admittance Y g and a 
surface impedance Zg. Thus ,I 

(58) 1 
and 

(59) I 

(43) at 1'= a. In terms of Go and Fo thesema)T be written ' 

. E 1 0(. a No) ~ f OW / r=- 9- '- 0 ::-0 S111 0 ~ , 1'- S 111 u uO 

. II 1 02Mo 
?}J.W - 0=- ::- ::-0' 

l' u1'u 

. E 102No 
~ fOW "0 = - - -­

r 0/'00 

( 44) 

( 45 ) 

(46 ) 

(47) 

(48) 

which is a special case of equations (12) to (17) for 
isotropic 111 edia. In this case 

No = FoC1')P ,( -cos 0), (49) 

and 

M o= Go(1')P,( - cos 0), (50) 

where Go and Fo satisfy 

(51) 

Therefore, sol utions in the region a< 1'< 1'0 are of 
the form 

F (1') __ 0_=[ h (ll(kl') + f. h l?) (kr) k1' .Iv 2v (52) 

and 

. Y G dGn (60) ?}J.W g o=- l- ' G1' 
and 

. dFo (61) HoWZ Fo=-' 
g dl' 

at 1'= a. In the case of a homogeneous ground of 
conductivity (J g and dielectric constant f g, 

(62 ) 

and 

(63) 

In most actual situations the square bracket factors 
in these expressions may be replaced by unity, and, 
furthermore, displacement currents in the ground 
are usually of minor significance. Thus 

(64) 

,t , 
I 

I 

The boundary cOlldi tions as exemplified by (3 9), I 
(40) , (4 1), (42), (60), and (61) yeild4.M'+2 algebraic '~1 
equations connecting 4 ill + 2 unknown coefficients. 
Setting the determinant of these coefficients equal 
to zero leads to an explicit equation to solve for the 
eigenvalues or modes v. To illustrate the form of 
this modal equation, the case of a homogeneoLls 
ionosphere is considered. Thus M = 1 and the 
boundary conditions yield 6 linear equations in the " 

-) -) 

coefficien ts 1" j2, g" gz, PI, and P; . The determ inan t I 

of these coefficients is written out explicitly in table 
1. Setting this monster eq Llal to zero )-ields a rather 
involved transcendental equation for the determina­
tion of the modes v. The size of the determi.nant 
grows linearl y as the number of slabs is in creased 
(i .e., j\1> 1). In the case of any n umber of slabs, 
the determinant equfltion for the mode can be 
written in matrix f01'111 as follo\\'s: 
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I 

7 

-;;;, 

f 

T ABLE 1. Determinant oj the coefficients for the case of homogeneolls ionosphere 

1t.(I) (ke) t(,) (ke) 

0 

0 

" A 

k A 

- 1t.(I )' (ke) - It. (, ) , ( ke) '. ' 0 

[i,.w Z ,h.(I) (ka) [i 'o"Z,h ) ') (ka ) 

-k,,"(I)' (ka)] -J;,(')' (ka)] 

tW(ke) 

kh ,w 'eke) 

o 

o 

[i~wYgh,(I) (ka) 

-kh.(I)'(ka)] 

o 

o 

[i"w y ,h.(2) (ka) 

-kh,(2)' (ka) ] 

-e 
-UIC 

NOTE: In this determinant h,(oJ (Z ) =ZIt/, ) (Z ) , ;;,(;)' (Z ) = d(~ lZh ,(i) (Z )], wh ere i=l, 2. 

-L R II ] h~1)(ka)h~2)(ke) 
-LR -L h;2)( ka)h~ 1 ) (ke) 

-G ~J} = 0, (65) 

where the first two factors are matrix r eflcct ion 
coefficients. Explicitly, 

R =_[In' Xh~l ) (X) -iZJ"oJ (66) 
v In' Xh~2 ) (X)-iZi"o x =ka 

and 
R [ In ' Xh~l ) (X)-iYg7) 0J 
. ,,= - In ' Xh~2 ) (X)-iYg7) o x=ka' 

(67 ) 

where In' is the logari thmic deriva tive defined by 

In' F(x) 
dF(x) /dx 

F (x) . (68) 

R , and R" can be in terpreted as ground-reflect ion 
coefficien ts for ver ticall.v and horizon tally polarized 
waves, respcctively. Th e explicit form of . II R II , 
.lR II , etc., for the present problem could be wntten 
ou t in full . However , t here is no need to do thIS 
as they have the same form as the reflection coef­
ficien t ' matrix for a plane stratified ionosphere. 
This aspect of th e subj ect has been discussed recen tly 
in some detail [Wait, 1963]. To make direc t use 
of numerical data already available for planar 
r eflection coefficients, it is necessary to invoke the 
D ebye approximations for the H ankel function s 
h~l) (Icc) and h~2i (ke) and their derivatives. The 
r es triction for this step is 

(lea/2)l' O' > > 1, 

wh ere 0 ' is th e (compJex) cosin e of the local angle 
of incidence at the ionosphere. In terms of 1J and 
lee it is no t difficult to show that 

0'=[1 
In the theoretical mod el discussed in this paper , 

the ear th 's magnetic field was taken to be vertical 

everywh ere. A rigorous t rea tmen t o( t lte ear t h­
ionosphere waveguide wi th a nonver tical magnetic 
field does not seem to be possible. H owevcr , an 
approxim ate approach to the subj ect, which u t ilizes 
t he concep t of surface impeda nces, also leads to a 
modal equation of the f O l'Jll of (65) above [Wai t and 
Spies, 1960 ; Wait, 1961a , 1963]. 

4 . Final Discussion 

The par ticular problem discussed in t his paper h as 
also been consid ered by J ohl er and Berry [1962]. 
However , their soluLion for the a nisotropic ionosphere 
does no t agree with the one givcn in this paper and 
wi th a previous formulation of t lte au t hor [Wa it, 
1961a] using a similar approach. I t appears t hat 
t he origin of the discrepancy is t heir assump tio n 
t hat t he H ertz potentials IIe and IIm in t be ionosphere 
are not co upled by t he boundary co nd it iolls 1 This 
coupling is evid enced by the forms of (18) ~nd (19) 
in the present paper . F ur thermore, t hell' H cr tz 
poten tials IIe and II"', which are related t~ the D ebye 
potent ials N and lvI, are not sol utions of unco upled 
wave equations in the ionosphere. 

The co upling of ordinary and cxtraordin ary wav:es 
by the boundary conditions appears to. b~ aI.' essential 
point in the analysis. . PhYSically t biS I S Impor tan t 
because t he transmit ted waves in the ionosph ere are 
almost circularly polarized even t hough .the waves 
in t he space between t he ear th and the iOnosphere 
are nearly linearly polarized . 
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