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The h eight dependence of t he field strength of VLF radio waves is considered. Using 
previously developed theory, t he height-gain function of the first two modes is calculated in 
terms of Airy functions of complex argument. It is indicated, for frequencies of t he order of 
25 ki locycles per second, that t he height-gain function reaches a maximum value at a height 
of the order of 40 kilometers when t he reftecting layer is about 70 kilometers. The form of 
t he h eight-gain function is also shown to be dependent on the finite cond uctivity of the 
g round . An experimental curve for 18.0 kilocycles per second based on a rocket meas urement 
shows some agreement with the theory_ 

1. Introduction 

DespiLe the extensive literature [Budden, 1962; 
-Wait, 1962 , etc.] on the propagation of VLF radio 
waves hardly any atten tion has been paid to the 
influence of varying the heights of the tn\,l1smitting 
or receiving antennas. Although the theory is 
usually develop eel for arb itrary heights of the source 
and observer, the explici t calculations are usually 
carried out only -when both heights are set equal to 
zero. Because of the long wavelength involved it is 
expected that the heights of the terminal points 
would need to be very great before any significant 
change is felt . Howev er, with the use of high alti­
t ude rockets, field strengths can be measured right 
up to the ionosphere fl.ncl, thus, th e calculations are 
more than just of academic interest. 

J t is the purpose of this paper to describe the results 
of some co mputations which enable the height-gf1in 
function to be plo t ted for the range from the ground 
up to the reflecting layers. To simplify the calcula­
tions the ionosphere is regm-cled as a sharply bounded 
medium_ The excitation factors of the various 
modes are also discussed since they are closely 
related to the height-gain functions. The signifi­
cance of the excitittlOn factor itself has b een discussed 
recently [Wait, 1962] where some explicit resul ts 
were given and the curves of the excitation factor 
given here extend these somewhat. 

2. Formulation and Statement of Formulas 

At the risk of appearing repet itious, the formula­
t ion oJ th e problem and the final results are briefly 
stated here. The source is f1 vertical electric dipole 
located on or above the surface of a smooth sphericf11 
earth of radius a, conductivity U g , and dielecLric 
constant f g • Spherical coordinaLes (1', 0, rf» are 
chosen with the dipole located at r = a+zo and 0= 0 . 
The ionosphere is represented as an isotropic reflect­
ing shell located at 1'= a+ h. The electrical proper-

ties of this shell are no t specified excep t to say that 
the tangential electric and magnetic fields are re­
lated at the level r = a+ h by a smface impedance Z. 

For harmonic time dependen ce, the radial com­
ponent of the resultant electric field is written 

e -ikaO 

E ~ . l1e+iw1 
T- a(O Sill O)iJ 

(1) 

apart from a constant factor. An expression for 11 
was derived previously [vVait, 1961] as the sum of 
waveguide modes. It may be written conveniently 
in the followin g form 

11= 4(7rX) t e- i7r /4 'L, e-iX1nG,, (y ) Gn(y) An, (2) 
Yo 

where X= (ka/2) iO, Y = (2 /1ca)!lczo, and y = (2 /lea)! 
le er- a). The other factors in this equation are 
discussed below. 

The complex values tn are solutions of the equation 

1-A(t )B (t)= O, (3) 
where 

qi= - i(ka/2)tZ /7) o, 1)0 = 1207r, 

q~-i(ka/2) } ( ~+'f O~ ) } and Yo=(2/ka) !ikh. 
(]" Uw 

The functions Wl(t) and W2(t) are Airy integral 
funct,ions and the primes indicate a derivative wi~h 
respect to the argument. Methods used to 0 btam 
numerical values of tn are described in a technical 
note [Spies and Wait, 1961]. 
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The functions Gn are height-gain functions and 
they are normalized to unity for y or Yo equal to 
zero. Explicitly, 

(6) 

where 

The function A n is a modal excitation factor [vVait, 
1961]. Here it is normalized such that, in the limit 
of zero curvature and perfect ground conductivity, 
it b ecomes unity for all modes. Under this condition 

In many applications at VLF the ionosphere may 
be described in terms of an effective conductivity 
parameter wr • On neglecting the terrestrial magnetic 
field and assuming that w< <)I where v is the collision 
frequency, it fo llows that wr = w6/v where Wo is the 
(angular) plasma frequency. Then, to within a good 
approximation, the surface impedance is given by 
[Wait, 1962] 

being essentially independent of angle of incidence 
(or mode number) for grazing modes. 

3. Excitation Fodor 

The excitation factor A n determines the efficiency 
of launching of a given mode in the earth ionosphere 
waveguide. Using (8) and the known values of 
t" [Spies and W ai t, 1961], calculations of A n were 
carried out. The resulting curves of Al and A2 are 
shown in figures 1a and Ib for (Jg =ro corresponding 
to perfectly conducting ground. To simplify matters 
even further, qt is taken to be ro which corresponds 
to a perfectly reflecting ionosphere with a local 
reflection coefficient of - 1. It is immediately 
evident from these curves that the excitation of the 
least attenuated mode becomes very weak at the 
higher frequencies . However, for the range of 
frequencies and heights shown, the second mode is 
being well excited. In fact, there may be a 2 db 
increase over the excitation ampli tude for a flat 
earth. 

For the cases shown in figures la and Ib, An is 
real. Actually, finite ground conductivity or losses 
in the ionospheric reflecting layer will modify An 
slightly and cause it to become complex. To il­
lustrate this phenomenon, Al is calculated for various 
values of (J g for an Wr value of 2 X 105 which is 
considered to be typical for daytime conditions. 
The results are shown in figures 2a and 2b. It is 
immediately evident, on comparing the curve for 
(Jg=ro with the corresponding curve for 11,= 70 km 
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FIGURES la and lb . The excilalion f acloT fOT the /i1'sl and 
second order modes for an earlh-ionos phere wave guide with 
pe1jectly reflecling boundaries. 

In this case A n is rcai. 

in figure la, that the influence of the fmite value of 
Wr is quite small. However, the effect of finite 
ground conductivity is quite noticeable. It is 
rather interesting to see that the excitation factor 
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F I GU RE S 2a a nd 2b . T he (com plex ) excitation factor fo r the 
fi rst-orde1' mode f 01' impel'fectl y l'e ileciing boundm·ies . 

is actually increased as the ground conductivity is 
decr eased. This fac t is not incompatible with the 
behavior of the height-gain functions as discussed 
below. 

4 . Height-Gain Functions 

The heig bt-gain factors Gn('y) and G,, (y) have the 
same fun ction al form and, therefore, only one of these 
quantities need be considered. The factors G,, (y) 
m ay be computed either directly from (6) or use may 
b e made of power series developments [Wait, 1962]. 
For the results given hcre, the former method was 
employed. 

The results are shown in figures 3a to 6b wi th all 
relevant parameters being indicated on th e curves. 
In figures 3a, 3b , 4a, and 4b , Gn(y) is r eal since both 
the ground and the ionosphere are perfec tly reflect­
ing. However , when eith er W T or O' g is finite, Gn(y) is 
complex as indicft ted in figures 5a, 5b , 6,1" and 6b . 

The sets of curves in figW'es 3a and 3b are for a 
fixed height h of 70 km and, because q;= ro, t he val ue 
of Gn(y) must go to zero a t z= 70 km for all the fre­
quencies. A simihr behavior is evident for figures 
4a ftnd 4b but h ere the ionosphere h eigh ts are taken 
to be 60, 70, 80, 90, and 100 km in turn . Wh en W T 

is finite it can be seen from figures 5 and 6 that Gn(y) 
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FIGU RES 3a and 3b. The height-gain functions f or the first and 
second on ter m odes f or an eal'th-i onosphel'e waveguide with 
perfectl y l'eflecting boundaries. 

In this case G.(y) is reaL In these curvcs thc reflecting heigh t is fi xed at 70 km. 
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FIGU RES 4a and 4b . The height-gain functions for the first and 
second order m odes for an earth-ionosphere waveguide with 
perfectly reileetin:; boundary. 

In tbese Curves the frequency is fixed at 20 kc/s. 

is finite at the upper boundary and the phase is of the 
order of _90 0 • Such a behavior is compatible with 
the boundary condition at the sharply bounded ion­
ized layer. 

It is seen:from the curves (e.g., figures3a, 4a, 5a, and 
6a) that the field associated with the first order mode 
rises to a maximum at a level below the reflecting 
layer. In this sense the mode is analogous to Lord 
Rayleigh's whispering gallery (acoustical) mode 
which he observed on the inside of the dome of St. 
Paul's cathedral [Rayleigh, 1910; Budden, 1962]. 
When dealing with the earth-ionosphere waveguide 
it is appropriate to call this the earth-detached mode 
since it depends only very slightly on ground con­
ductivity [Wait, 1962; Spies and Wait, 1961]. It 
may be observed that the form of the height variation 
is generally quite insensitive to the electrical charac­
teristics of the reflecting boundaries. 

The effect of finite ground conductivity is seen by 
comparing figures 5a and 5b for (J'x=CO with figures 
6a and 6b for (J'g = 5X 10- 3 • It is evident that the 
finite conductivity of the lower boundary modifies 
the amplitude of G,,(y) only slightly although the 
phase is noticeably affected. This behavior is con-
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FIGURES 5a and 5b. The amplitude and phase of the hei ght­
gain function for an imperfectl y re llecting upper layer and a 
perfectly conducting lower boundary. 

'I'be dashed Curve in (a) is based on a rocket measW'cment at 18.0 kc/s during 
daytime for a path 0 Vel' sea water. 

sistent with the series development for height-gain 
functions given previously [Wait, 1962]. In par­
ticular, it was indicated that, for low heights, the 
finite conductivity tends to reduce I G,,(y) I below 
unity and the phase of G,,(y) is positive by a small 
amount. For propagation over sea water it is 
permissible to regard (J' g as being infinite. 

As mentioned in the introduction, the height-gain 
functions should describe the variation of the field 
measured in a rocket as it proceeds from the ground 
up to the ionosphere. Such an experiment has 
actually been carried out by Lomax [196 1] at Eglin 
Air Force Base in Florida. He employed the 18.0 
kc/s transmission from station NBA in the Canal 
Zone, Panama. At this distance, in the daytin1e, 
it is expected the first-order mode predominates. 

186 



2.2 

n'l f = 30 kc/s 

1.8 h =70 km 

w,=2 x 105 

1.4 
0"9= 5 x 10-3 

» 
c 

<!l 1.0 

0:6 

0.2 (0) 

10' 

0- - 20' Q) 
-0 

'» n = I 

C: 
- 40' h = 70km <!l 

lL 
w,= 2 x 105 

0 
O"g= 5 x 10-3 

w -60' en 
<f 
J: 
a.. 

- 80' 

(b) 

-100' 
0 10 20 30 40 50 60 70 

HE IGHT • Z • klJ1 

FIGURES 6a and 6b. The amplitude and phase of the height­
gain function for an imperfectly Teflecting u p peT layer and a 
finitel y conducting lower layer (typical of propagation over 
land). 

A sketch of Lomax's results for the vertical electrical 
field is shown in figUl'e 5a. It follows the theoretical 
CUl've for 15 kc/s quite closely. Over the range of 
heights from 2.5 to 60 km Lomax estimates that the 
signal strength as plotted is aCCUl'ate to within 2 db. 
The slight increase at very low heights has been 
attributed to the exhaust plume which has the effect 
of increasing the effective length of the receiving 
antenna. At great heights there were also some 
departUl'es between the calculated and experimental 
CUl'ves, but here the experimental data is not con­
sidered to be reliable. 

5. Concluding Remarks 

The CUl'ves given in this paper, although based on 
an idealized model, should provide preliminary infor­
mation concerning the behavior of t he VLF field at 
large heights in the atmosphere. Contrary to com­
monly accepted ideas the field may increase by a 
significant amount as the transmitting or receiving 
antennas are raised. The effect shoul d be par­
ticularly noticeable at. the upper end of the VLF 
band at long ranges. 

It might be mentioned that the results in th is 
paper, for the height-gain fun ctions, refer specifically 
to the vert.ical elec tric field. However, to a very 
good approximation they also hold for the horizontal 
magnetic field component. On the other hand, the 
horizontal electric field component which was not 
d iscussed in this paper actually is proportional to 
the derivative with respect. to height of the function 
Gn(y). Thus, we can expect the horizontal electric 
field to be very small on the ground and at low 
heights. However, at heights above 30 km the 
horizontal field may be quite large. 
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