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The relations between the elastic constants and porosity for about 300 thoria specimens
have been determined. Both Young’s and the shear modulus for each specimen were ob-
From these two moduli, Poisson’s ratio was
computed. The decrease in the elastic constants with increasing porosity was greater than

tained by a dynamic resonance method.

would be expected from the theory.

This greater decrease for the experimental values is

attributed to the fact that the specimens do not conform to the idealized assumptions of the

theory. |

1. Introduction

Polycrystalline metals, which are formed by cool-
ing from the molten state, ordinarily result in a
material of essentially zero porosity. Consequently,
metallurgists who are interested in the relation
between microstructure and the macroscopic proper-
ties of such materials are generally concerned with
the effect of the grains (size, shape, possible orien-
tation) on these (macroscopic) properties. On the
other hand, in materials which are formed by
sintering—this includes some metals as well as
ceramic materials—zero porosity is seldom achieved,
so that ceramists studying the relation between
microstructure and macroscopic properties of sin-
tered materials must be concerned with the effect of
porosity as well as granular structure on macro-
scopic properties.

The effect of porosity on the elastic properties
has been the subject of considerable experimental
[1,23]' and theoretical [4,5,6,7,8] investigation.
The primary purpose of the present study is to
present data on this relationship (between porosity
and elastic constants) obtained from polycrystal-
line ThO, specimens. The reasons for the choice of
ThO, specimens are twofold. In the first place,
very little data of this type are available for ThO,.
In the second place, since ThO, is a cubic crystal,
its thermal expansion is isotropic. Consequently,
thermally induced intergranular stresses, such as
may exist in ALO;, for instance, are not present.
It would appear, then, that the porosity—elastic
constant relationship developed with ThO, would
come closer to the ‘“ideal” situation. It will be
seen later, however, that other complicating factors
affected the results to such a degree that this sup-
posed advantage was effectively rendered of minor
importance.

I Figures in brackets indicate the literature references at the end of this paper.
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2. Experimental Procedure

2.1. Specimens

All the specimens used in this study were hydro-
statically cold pressed and sintered at 1,750 °C for
17 hr. All the specimens were sintered in the same
furnace at the same time. The specimens were
placed in the center of the (large) furnace in such a
manner as to minimize any possible temperature
gradients from specimen to specimen. As a further
precaution to insure uniform heat treatment, the
various groups and subgroups of specimens (to be
described) were interspersed in the furnace so that
no group would tend to receive a different heat treat-
ment from any other group. A range of porosities
was obtained in each of three different groups of
specimens in the following manner. In the first
group, all the initial particle sizes were from 0 to 2 u.
The lowest porosity was obtained by using no filler,
and increasingly higher porosities were obtained by
using increasing amounts of filler in the cold pressing
process. The filler burned out on firing. This group
1s designated as Group I. The second group, desig-
nated as Group II, was of 2 to 4 u particle size, and
the range of porosities was obtained in the same man-
ner. The filler used in all cases consisted of 250-325
mesh unsulfonated styrene—divinyl benzene beads.
In the third group, designated as Group III, no
filler at all was used, the range of porosities being
obtained by using increasingly larger particle sizes
to form the specimens. It is seen that the lowest
porosity specimens of Groups I and Il (in which no
filler was used) also comprise the lowest porosity
specimens in Group II1.

The range of porosities for each group could be
divided into subgroups of the same nominal porosity.
Because of the large total number of specimens
measured, 293, it was more convenient and also facili-
tated clarity of presentation, to show the data in
terms of these subgroups rather than in terms of
individual specimens. In some cases, however, when



it was believed to be important, statistical analysis
was performed on the basis of individual specimens
rather than on the basis of subgroups.

The first three columns of table 1 give the specimen
designation, number of specimens, and average
porosity in each subgroup having the same nominal
porosity. The fourth column gives the standard
deviation of the porosity of each subgroup. The
first. two numbers of the specimen designation indi-
cate the particle size and the third number indicates
the nominal percentage by volume of filler used.
(i.e., 0-2—6 means that the particle size was from 0 to
2 p and 6 percent filler was used, 12-24-0 means
that particle size was from 12 to 24 x and no filler
used).

It is also noted from the table that in Group III,
the largest particle size (24 to 44u) resulted in speci-
mens of slightly (but not significantly) lower average
porosity (26.089;) than those of the next smaller
particle size (13-24u) which gave specimens having
an average porosity of 26.19 percent.

After firing, the specimens were ground to the
shape of rectangular bars about 6<%>% in. The
dimensions of each of the finished specimens? were
uniform to 0.001 in.

Spectrochemical analysis on samples from repre-
sentative subgroups showed the following impuri-
ties: —Al, about 0.01 percent, Si, < 0.01 percent, Ni,
about 0.005 percent, Mg, <0.005 percent, Ke,
<0.001 percent, Sn, present in one sample (7-13—
0-7), <0.005 percent. Elements looked for and the
presence of which was questionable were Ag and Ca.
Elements looked for and not detected were Au, B,
Ba, Be, Bi, Co, Cr, Pb, Sb, Ti, V. There appeared
to be no significant chemical differences between the
different groups and subgroups of specimens. Also

2 The starting ThO; powder was supplied by the Norton Co., Worcester,
Mass.; the particle separation was done by Dr. S. C. Lyons of the Georgia Kaolin
Co.; the cold pressing and sintering was done by Norton Co., and the grinding to

the final dimensions was done at N BS.

the purity of the starting powder, as measured on
one group (0 to 2x) was not significantly different
from that of the finished specimens.

2.2. Method

The elastic moduli were determined by the dy-
namic resonance method previously described [9].
Resonance frequencies were determined to an accu-
racy of about 1 part in 4,000. For each specimen,
the fundamental of four different resonance fre-
quencies was determined. These were

(1) flexural, flatwise vibration

(2) flexural, edgewise vibration

(3) longitudinal

(4) torsional.

Young’s modulus was computed independently
from the first three types of vibration (Y, Y5 Yj,
respectively) and the shear modulus was computed
from the torsional mode. The equations for these
computations have also been previously described [9].
The time involved in making these numerous and
rather cumbersome calculations (293 <4=1,172 cal-
culations), as well as most other analysis of the data,
was considerably reduced by the use of an automatic
computer.

The porosity, 2, in volume fraction of pores, was
obtained from the equation,

Ps
Po

P

where py, the theoretical or zero porosity density, is
taken as 10.0 g/em.? ® and ps, the density of a par-
ticular specimen, was obtained from the mass, and
volume, calculated from the dimensions.

3 This value is based on the X-ray data of Lang and Knudsen [10], who meas-
ured ThO; from the same source as used here, obtaining 10.01 g/cm? and the
A.S.T.M. value (also based on X-rays) of Swanson and Tatge [11] who give
9.991 g/em? on high purity ThOs.

TaBLE 1. Elastic constants and porosities of thoria spectmens of this investigation

Young’s Shear Young’s Young’s
Specimens | Number | Porosity |o¢(P) e | modulus |¢(Y:) ¢| modulus |¢(G) e Poisson’s | modulus |o(Ys) e| modulus |o(Ys) e

n (flatwise) G ratio (edgewise) (Longitu-

Y: m Y2 dinal) Ys

% Kilobars Kilobars Kilobars Kilobars
Group I._______._____ 0-2-0 29 3.73 0.09 2296 7 894.1 2.3 0.284 2293 9 2296 7
0-2-6 6 7.97 .06 1992 18 785.1 5.4 . 269 1985 17 2004 19
0- 2-12 5 13.74 .04 1520 94 620.7 26.3 .22 1543 84 1565 84
0- 2-18 6 19.15 .20 1029 83 461.0 20.4 112 1049 8 1073 78
0- 2-24 3 23.91 .29 779.1 37 365. 8 11.0 . 065 798.3 39 818.2 35
0- 2-30 2 33.40 .63 167.6 19 114.5 4.3 [ —.270 182.1 14 191.7 15
Group IT.___________. 2-4-0 46 7.15 .53 2120 6 830.5 2.0 | .276 2117 8 2127 7
2-4-6 6 12.27 .12 1835 3 724.0 1.3 . 267 1835 4 1841 4
2- 4-12 5 16. 43 .10 1604 17 638. 4 3.1 . 256 1609 11 1611 12
2- 4-18 5 22. 05 .48 1248 18 507.6 . 4.5 | .229 1261 16 1257 11
2- 4-24 T6 28. 50 .37 816. 6 39 353.3 7.9 | . 156 829.4 36 827.9 35
2- 4-30 6 33. 36 .61 681.0 48 294.8 15.5 | . 155 692. 7 53 691. 1 44
2- 4-36 6 39. 44 .38 410.6 16 193. 4 5.8 . 062 428.3 17 429.5 15
Group Sl — 4-7-0 39 1727 . 80 1565 8 622. 6 2.6 . 257 1577 7 1580 7
7-13- 0 39 23. 66 .33 1200 6 484.2 2.0 | .239 1215 5 1213 20
13-24- 0 40 26.19 .47 1029 9 417. 4 3.0 | .232 1038 7 1037 7
24-44- 0 44 26. 08 .23 985. 9 8 401.8 2.7 .227 995. 5 6 | 997.8 6

a Indicates standard deviation of value in column immediately to left.
b Computed from corresponding Y and @ values from u=Y/2G—1.
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3. Results

The complete data for the specimens are given in
table 1. It seems desirable to clarify the following
two points at the outset. The first concerns the
procedure for obtaining the averages and standard
deviations of the porosities and elastic moduli of
each subgroup given in table 1. For the porosities,
which constitute the independent variable, the
standard deviation for a particular subgroup is merely
a measure of the range of porosity for that subgroup,
and a large value for the standard deviation implies
no lack of accuracy in that variable. The average
and standard deviation of the porosity of each sub-
group, then, was computed directly in the con-
ventional manner. On the other hand, the standard
deviation of the associated elastic moduli, the de-
pendent variable, should be a measure of the pre-
cision of the data. Consequently, one wishes to
know, not the average and standard deviations of the
directly determined values of moduli for a subgroup,
but rather the average and standard deviation of the
moduli that would be associated with the average
value of the porosity of that subgroup. This cor-
responds geometrically to moving the directly de-
termined point for each specimen along a line
parallel to the overall porosity-modulus relation for
all the specimens of a group until it meets the vertical
line through the average porosity for the subgroup
in which that specimen is included. This process
is represented by the equation,

E,=E,+AP(dE/dP)

where £ represents the generalized elastic modulus
(whether Young’s modulus, Y, or shear modulus,
@) and the subscripts, @ and b, represent the ad-
justed and unadjusted values of that modulus.
AP is the difference in porosity between the value
for a particular specimen (of given £,) and the
average for the subgroup containing that specimen.
The + or — sign in the equation depends upon
whether 77, is at a higher or lower porosity than the
average for the subgroup. Average and standard
deviations of £, were then obtained in the usual
manner and are the ones given in table 1.

The values of dE/dP for the different subgroups
used in the equation were obtained in two different
ways depending upon whether the subgroups con-
sisted of a small (six or less) or large (about 40)
number of specimens.

In the subgroups containing a small number of
specimens, where an insufficient number was avail-
able to establish a reliable slope for that subgroup,
a second degree equation was fitted by least squares
to the data representing the particular modulus-
temperature relationship for all the individual
specimens (not subgroups) comprising a group.
dE[dP for each subgroup was then obtained in the
conventional manner, by substituting the average
value of porosity for that subgroup into the deriva-
tive of the related porosity-modulus equation. The
adequacy of these second degree representations of
the data will be demonstrated later.
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For the larger subgroups, a sufficient number of
specimens and a sufficient range of porosity was in-
volved for a satisfactory slope to be computed on the
basis of the specimens of each subgroup. A typical
plot of such modulus-porosity relation is shown in
figure 1. It can be seen from the ficure that a linear
least squares fit would give a reliable value of dF]/
dP for the data. Also, the standard deviation of
the ordinate given by the computer along with the
least squares equation gives the standard deviation
of the elastic modulus directly.

This procedure for both large and small subgroups
assumes that AP is linear over the range of any
particular subgroup. This assumption is seen to be
justified by figure 1 for a typical large subgroup and
would certainly hold for the smaller subgroups having
a smaller range of porosities.

The second point concerns the three independently
computed values of Young’s modulus. It is clear
that if the equations for these computations are self-
consistent, and the specimens conform to the basic
assumptions of the equations, namely that they be
homogeneous and macroscopically isotropic, then the
values of Young’s modulus from the three types of
vibration (flatwise flexural, edgewise flexural and
longitudinal) must agree within the accuracy of
measurement of the relevant parameters (resonance
frequency and dimensions). This agreement should
be on the order of about 0.2 percent for the speci-
mens of this investigation.

That this is cle‘uly not the case here may be seen
from table 2 which gives typical values of Young’s
modulus computed from these three types of vibra-
tion for individual specimens. Since previous work
[12, 13] has shown that for materials which are more
homoocneous than those used here, annealed glass
and steel the values of Young’s modulus computed
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Typical data of an elastic modulus versus porosity
for a large subgroup 4—7-0.

The line is drawn through the linear least square fit for the date,
G=—2032P+973

Ficure 1.



from these three types of vibration do agree to
within the expected figure, one must conclude that
it is the lack of uniformity of the specimens (due to
nonuniform distribution of the pores throughout the
specimens or some other cause) rather than inconsist-
ency in the equations that is responsible for the lack
of such agreement found here.

TaBLE 2. Typical data showing different values of Young’s
modulus obtained from three types of vibration

Young’s modulus
Specimen

Y1 Y, Y

Kilobars | Kilobars

- 1834 1837
1825
1634
1620
1244
1248

Kilobars
1842
1831

6-1___
62

aFirst three digits indicate starting particle size and nominal porosity. Last

digit indicates particular specimen.

This conclusion is strengthened by the following
additional information. Almost all the specimens
were cut laterally in half and reground for further
experimentation after measurement. This work will
be described in later publications. A small section
was also removed from the middle for microscopic
analysis. Y, and density for all the cut and re-
ground specimens were obtained in the same manner
as already described. Not only did the densities and
Young’s moduli (Y;) of the two halved specimens
not agree with each other but the averages of these
values for the two halves often did not agree with
those for the specimen from which they were formed.
This disagreement was greater for the more porous
specimens. In general, the best agreement in Y7,
Y, and Y; was associated with specimens having the
lowest porosities. (This observation is in accordance
with the idea that nonuniform distribution of pores
is the main cause of lack of uniformity of the speci-
mens, for where the overall porosity is low, any
departure from uniformity should have less effect
on the bulk specimen.) Lang [3] also found this
lack of agreement in Y3, Y5, and Y3, not only for
ThO,, but for sintered materials in general.

Thus, although the precision (the average differ-
ence between repeated measurements) of Y7, Y5, and
Y, is usually better than 0.2 percent, nevertheless,
the accuracy, using the agreement in these moduli
as a criterion, is considerably less than this, being
about 1 to 4 percent depending on the porosity;
and for the shear modulus, @, though no such eri-
terion is available, since G was computed on the
basis of only one resonance frequency, the same
figure for the accuracy probably applies inasmuch
as the same factors are involved. The precision of
the values of G is on the same order as for Y, 15,

and Y.
42

This lack of agreement in Y, Y5, and Y5 to within
the expected limit and associated lower accuracy for
the elastic moduli must not be confused with the
standard deviations of the elastic moduli of the
subgroups given in table 1. These standard devia-
tions are a measure of the scatter of the points for
any given porosity and, although this scatter is
undoubtedly a reflection of the nonuniformity of the
specimens, it is not a direct measurement of this
nonuniformity.

In fact, this scatter, represented by the standard
deviations of the elastic moduli in table 1, may mask
the real differences in Y3, Y,, and Y5 for individual
specimens by making it seem that these values of
Young’s modulus “agree’ if the standard deviations
are taken into account. Indeed, it is possible for
Y, Y,, and Y to disagree by amounts greater than
indicated here and still have standard deviations
far less than those in table 1; and conversely, one
may have much better agreement in Y3, Y, and Y;
and yet have standard deviations larger than those
in table 1.

This disagreement in Y7, Y,, and Y; requires that
some choice be made as to what value of Young’s
modulus shall be taken as representative of the
specimens in subsequent analysis. One may choose
some appropriate average or select that value which
is believed most “accurate.” Y; was finally chosen
as the representative value mainly because it is
usually the easiest one to obtain experimentally and
seems the one most appropriate to compare with
shortened specimens which were subsequently fabri-
cated from the large ones, and for which the flatwise
flexural resonance frequency is often the only one
that can be detected. Further reference to Young’s
modulus, then, applies to Y, and the subscript will
be dropped. It is recognized that this choice is
somewhat arbitrary but it may be seen from table 1
that had some other value of Young’s modulus been
selected on some reasonable basis, then, although
individual points might vary somewhat, the trends
to be shown would not be affected.

The Young’s modulus-porosity and shear modulus-
porosity relations for all three groups are shown
graphically in figures 2 and 3 respectively. Each
point for this investigation represents a subgroup
given in table 1. It is seen that for both Young’s
modulus and shear modulus, the data divides itself
into two sets. The upper curve in each figure
represents the data for Groups II and IIT while the
lower curve is for Group I.  The lines drawn through
the points are the solutions of the second degree least
squares equations for all the individual specimens
(not subgroups) of a group. The equation for the
upper line in figure 2 is for the specimens of Group
11, and is given by

Y'=3437P*—6978 P+-2606.

The equation for the lower line in figure 2 is for the
specimens of Group I, and is

Y'=4036P*—8762P-1-2621.



The shear modulus-porosity equations for Groups
IT and T, which form the upper and lower curves of
ficure 3, are respectively,

G=1155P?>—2540P+1008
and

G=693.3P*—2885P+1001.

No similar equations for the specimens of Group

. IIT were developed because it can be seen from the

figures that the equations developed for Group II
give a satisfactory fit for Group IIT as well as the
group on which they are based. It is also recalled
that the original purpose of these equations was to
obtain values of dE/dP for the small subgroups and
all the subgroups of Group III contained a sufficient
number of specimens for dE/dP to be determined on
the basis of a linear least squares fit for each sub-
group.

On the basis of these equations and the graphs,
the “best estimate” of the values of Young’s and

- shear modulus of ThO, at zero porosity, Y, and G,

the “theoretical’”’ elastic moduli corresponding to the
: : ¢ I S
“theoretical” density) are given as

Y,=2610 kilobars and G;=1006 kilobars.
From these values of Y, and @, Poisson’s ratio at
zero porosity, we may be computed from the well-

known equation for isotropic materials, uzé%ﬁl,

to be 0.297. Values of Poisson’s ratio at the different
porosities for all subgroups may be similarly com-
puted using the values of Y and G for that subgroup.
These values are given in table 1 and are plotted in

figure 4. The same division in the data previously
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Ficure 4. Pousson’s ratio versus porosity for all the ThO,
specimens of this investigation.

observed for Young’s and the shear modulus as a
function of porosity is also seen to hold for Poisson’s
ratio, the upper curve being for Groups IT and TIT
and the lower curve for Group I. Apparently, what-
ever factor or factors are causing the specimens of
Group I to show different Young’s and shear
modulus-porosity characteristics from those of
Groups II and III also manifest themselves for
Poisson’s ratio as a function of porosity. The
greater decrease in Poisson’s ratio found for Group I
1s not a consequence of the fact that the decreases
of Young’s and the shear modulus for Group I are
larger than for Groups II and III, but of the fact
that the relative decrease in Young’s modulus is
greater than the relative decrease in the shear
modulus by a larger amount for Group I than for
Groups IT and ITI.
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The larger scatter in the data for Poisson’s ratio
than for Young’s and the shear modulus is not un-
expected, since in the computation of Poisson’s
ratio from these two moduli, its accuracy is reduced
by an order of magnitude from that of Young’s
and the shear modulus. Thus, the negative value
of the 0-2—-30 subgroup is probably not correct even
though it is in line with the trend for Group I
(In this subgroup, u computed from Y, or Vj, is
also negative but by a smaller amount.)

The tendency for Poisson’s ratio to decrease with
increasing porosity is in qualitative agreement with
Hashin’s [8] and Dewey’s [4] theoretical predictions.
However, the large decrease in the experimental
values (above about 15 percent porosity) is not in
accordance with theory. As indicated earlier, how-
ever, the specimens probably depart from the
assumptions of the theories to such an extent that
even a qualitative agreement is encouraging.

Using the value of Y, for each group, one may
plot Y,/Y, where Ys is the value of Y for a specimen
at any given porosity, and compare the results of
this investigation with those of other investigations
on some other sintered materials, plotted on a
similar basis. These are shown in figure 5.

Lang’s data for AlLO; is typical of a fairly large
group for this material, as summarized recently by
Knudsen [14]. It is interesting to note that Bar-
ducci and Cabarat’s [1] results for fritted bronze
are in such good agreement with those obtained
here for Groups II and III. However, here too,
although the decrease in modulus for all these
materials is in qualitative agreement with theory,
the large differences in Y,/Y’, as a function of porosity
for the different materials, as well as the two separate
curves for different groups of the same material
in this investigation, and for Al,O;, indicate that
the specimens probably do not conform to the as-
sumptions of the theory and render any attempt at
quantitative comparison with the various theoretical
formulations (at least, over an extended porosity
range) a somewhat dubious procedure.
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Ficure 5. Relative change in Young’s modulus versus porosity
for various experimental investigations with different sintered
malterials.
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Recognizing the limitations involved, it might
still be instructive to compare some experimental
and theoretical results on the basis of a linear approxi-
mation. For this purpose, we consider only the
relative slopes at zero porosity, —1/E, (dE/dP), of
the experimental and theoretical relationships. Such
a comparison seems realistic since one of the major
assumptions of the theories, namely no interaction
between pores, is most likely to be realized experi-
mentally as zero porosity is approached. Also, such
a comparison should be of more than academic
interest because it can be seen from figures 2, 3, and
5 that the porosity-modulus relationships depart
only slightly from linearity up to about 15-20
percent porosity which encompasses the range of
interest in most practical applications.

These comparisons are shown in tables 3 and 4.
A description of the procedures for obtaining the
numerical values in these tables is given in the
appendix.

TasLe 3. Comparison of some experimental and theoretical
values of the relative decrease in the shear modulus, —1/G,
(dG/dP), at zero porosity

Experiment Theory

Hashin,
Mackenzie,
Kerner

Source Material Dewey

2 ]2
167 1.
1k

L

hb\!l\ﬁg

DO

TasrLe 4. Comparison of some experimental and theoretical
values of the relative decrease in Young’s modulus with
porosity, —1/Y, (dY/dP), at zero porosity

Experiment Theory
Hashin,
Source Material Gatto | Mackenzie,
Kerner
GO T —— 2.32 2.00
Groups II and III. _ 2.32 2,01
Cabarat and Barduc 2.32 [cmcmeeeee =
Lang .. ___________ 2.32 2.00
Coble and Kingery-. . 2.32 2.01

Inspection of the tables shows that generally, the
relative decrease in elastic moduli found experi-
mentally is greater than the theoretical equations
predict. The only exception to this is for the data
of Coble and Kingery [2] who obtained a decrease
in Young’s modulus slightly greater than Gatto’s
[3] theoretical value. Coble and Kingery [2] also
noted that the experimental values of other investi-
cators generally decreased more rapidly with porosity
than the theoretical expectations.

Concerning the separation in the porosity-modulus
curves for the specimens of Group I from those of
Groups I and III, it does not appear that this is
due to chemical differences, as has already been
noted. Furthermore, the possibility of the effect
of different methods of forming the pores, one from



filler and one from different starting particle sizes,
must be discounted since the pores of the specimens
of Groups II and IIl were formed in different ways
while the pores of Group I were formed in the same
way as for Group II.

1t has already been suggested [15] that the greater
decrease for the experimental values obtained by
Lang [3] over the theoretical predictions was due to
the fact that the pores were not spherical. Also, the
possibility cannot be overlooked that factors other
than porosity (such as grain size, grain orientation,
nature of grain boundaries, etc.) may also affect the
elastic moduli. If however, it is assumed that the
more rapid decrease in moduli with increasing
porosity for the experimental curves over the theo-
retical ones is due mainly to the nonsphericity of the
pores, then it seems reasonable that the greater
decreases in moduli for one set of experimental
results over another will be associated with those
groups of specimens having pores with greater de-
partures from sphericity. Thus the pores of the
specimens of Group I should depart from being
spherical to a greater degree than those of Groups 11
and III. The pores of the specimens of Group I
might also be more interconnected in some type of
channelized structure than those of Groups Il and
IIT. A more definite answer to this problem will
probably come from microscopic analysis which will
be dealt with in a future publication.

It does seem that since the specimens of Groups I1
and II1 were prepared under a wide variety of con-
ditions (more nearly resembling those in actual
practice) while the specimens of Group 1 were
prepared under rather specialized conditions, that
the elastic constant-porosity curves for Groups II
and IIT are typical for ThO, while the departure of
the curves for Group I from this pattern is due to
some unusual structural peculiarity in these speci-
mens. Further evidence in support of this conclu-
sion is that the curves for Groups Il and III fall
more or less in the middle of other experimental
relations, and are in better general agreement with
various values reported for ThO, [16, 17, 18, 29, 20].

4. Appendix

Experimental values for the relative decrease in
Young’s and the shear modulus with porosity at zero
porosity were obtained in the following manner:

For the specimens of this investigation the values
were obtained analytically from “the appropriate
second degree equations given in the text.

Corr ospondmo values for Lang’s results were
similarly obtained from second deO1 ee equations
fitted to his data by Wachtman [15].

The values for Coble and Kingery’s results were
obtained from a graphical fit to their original data
using Y;=3861 kilobars and Gy=1517 kilobars.

Barducei and Cabarat’s value for —1/Y, (dY/dP)
was taken as equal to that for Groups II and ITI
because it can be seen from figure 3 that there is no
significant difference in these two sets of data at low
porosities.
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Theoretical values of —1/@, (dG/dP) were obtained
in the following manner:
Dewey’s expression for the relation between G and
P is,
5

G/G():l—gp,

then —1/G, (dG/dP)~1.67.

MacKenzie;s corresponding equation is

- 3B0+4G0 D)

G/Go=1— 9Bo+8Go> !

so that —1/G, (dG/dP)=5 ggoiggo>
b 0

Kerner’s equation is,

384
G/Gy=1—5 <93—i£) .

MacKenzie’s and Kerner’s equations are seen to
differ only in that MacKenzie’s equation depends
upon B and G at zero porosity, whereas Kerner’s
equation depends upon B and G at porosity . The
two equations become identical as zero porosity is
approached so that —1/G; (dG/dP) from either of
these equations is the same.

Hashin’s equation has been shown by Weil [21]
to reduce to the following form as zero porosity is
approached,

G/GO=1—[15_(1__“—>] P
O

and—1/Go(dG)dP) = |: 5U—w)],

From the well-known equations relating the elastic
moduli for isotropic materials, it may also be shown
that Hashin’s equation is equal to Kerner’s and
MacKenzie’s as zero porosity is approached. Con-
sequently, the numerical values of —1/G, (dG/dP)
from Hashin, MacKenzie and Kerner are the same.

Most theoretical formulations (this includes
Hashin, MacKenzie, and Kerner) give relations for
the bulk modulus as well as the shear modulus as a
function of porosity whereas most experimental in-
vestigations (such as this one) are in terms of
Young’s modulus and the shear modulus as a func-
tion of porosity. However, from the equations
mentioned in the preceding paragraph which are
related in such a way that if any two elastic con-
stants are known the others may be computed, one
may deduce theoretical equations for Young’s
modulus as a function of porosity so that experi-
mental and theoretical values of —1/Y, (dY/dP)
may be compared.

The equations of MacKenzie, Kerner, and Hashin
(Hashin’s equation again, as simplified by Weil [21]



for the bulk modulus at very low porosities) are
respectively,

B/By—1 —<1 +%>P,

B/B0:1—<1 +2—§>P
and
1
B/By—1— 23((1_2“))1D

As was the case for the shear modulus relation-
ships, it is obvious that MacKenzie’s and Kerner’s
equations become identical as zero porosity is ap-
proached; and it can also be shown that Hashin’s
equation becomes equivalent to these two as zero
porosity is approached.

Following now the procedure just mentioned, one
deduces the following equation for Young’s modulus
from Hashin’s equation,

—a—p 1= tm g ]
Y/Yo=(1—P) [1 B (9—450)P+ ..
(Higher order terms are negligible for small values of
P)
Then

| Y o(dY JdP) = (1—P) [ 68+‘5‘) (39— 45,0]

—[1—68+‘5‘)) (39— 45;;)13]
and at zero porosity
1Y (Y dP) — [6<1+“) (39—45u)+1]-

Since Kerner’s, MacKenzie’s, and Hashin’s equa-
tions for the bulk modulus are equivalent as zero
porosity is approached, the numerical values of
—1/Y,(dY/dP) from the above equation would also
apply to the other two.

The values of B, and p, used in these equations
were derived from the more directly determined
values of Y, and @,.

Dewey also gives an equation for Y as a function
of P but this equation is not consistent with her
rela(;ions for ¢ and p as a function of P, and is not
used.

Gatto’s value of —1/Y(dY/dP) was derived from
his graph which is the same as the one used by
Coble and Kingery.

The authors are indebted to H. J. Foster and W. E.
Tefft for valuable assistance in much of the math-
ematical development in the appendix.
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