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Integrals of the form
Qj(k)EJ:)T[l——W cos ¢]~U+D dg

where 0 <k<1, and j is a positive integer, occur in a radiation field problem. Expressions
for Qy(k) and (k) have been derived in terms of complete elliptic integrals of the first
and second kinds. Using these values, and the recursion formula

(27—1) (A—=£HQ;(k) = 4( — 1)Qj—1 (k) — (2] — 3)2i—2(k)

Q;(k) can be found for all values of j and k. A number of useful series expansions and other
relations are given for Q;(k), and tables are included for 0<j(1) <9 and 0<£2(0.01) <0.99.

1. Introduction

In calculating the radiation field off-axis from a uniform circular disk radiating according
to an arbitrary angular distribution law, it has been convenient [1]® to use the method of
Legendre polynomial expansion of the source-detector geometry [2]. Evaluation of the
coeflicients in these expansions leads to a family of integrals

Qy(k) = fr[l_k“’ cos ¢|~UHPdg 1)
J O

where 0</k< 1. This function has a singularity at k=-=1 which corresponds, in the problem
described above, to the detector at the edge of the disk.

The integral (1) is closely related to the complete elliptic integrals of the first and second
kind. Thus it can be shown readily that [3, eq 291.00]

Qo (k)= (+2x/k) K (x) (2)
where

2=2k2/(1+k?) (3)

and K(«) is the complete elliptic integral of the first kind [3, eq 110.06]
/2
= f (1—*sin’¢) ~4do. 4)
0

Similarly, Q,(k) can be expressed [3, eq 291.01] as

(k)= (v2c/k)[1/(1—k?) 1 E(x) (5)
where (3, eq 110.07]

Ek) = ﬁ " (1—«*sin? ¢) *dg, (6)

1 Work supported jointly by the Office of Civil Defense (DOD), the Navy Bureau of Yards and Docks, and the Defense Atomic Support
Agency.

2 General Electric Company, Atomic Power Equipment Department, Vallecitos Atomic Laboratory, Pleasanton, Calif.

3 Figures in brackets indicate the literature references at the end of this paper.
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Q,(k) for j>2 can also be developed in terms of these functions. Thus, using the inte-
gration by parts formula given by Peirce-Foster [4, eq 317], it follows at once that

(2j_1) (1 _k4)Qj(k):4(j_l)Qj"l(k)'— (27”3)Qj—2(k)- (7)

This recursion formula is exact, and by using it and values of K(x) and FE(x), ,(k)
can be obtained for all values of j. For example, it is found by inserting (2) and (5) in (7) that

(k)= (v2¢/k)[(1/3) (1 — k)4 E(x) /(1 — k) — K(x)] 8)
and

O (k)= (V2c/k)[(1/15) (1 —£*)2][+ (234 9k*) E(k) /(1 — k2) — 8K (x)]. )

It is clear that continuing in the same way @,(k) can be obtained for all values of j in terms of
K and E. Extensive tables of these complete elliptic integrals exist [3, 5, and 6] in addition
to excellent polynomial approximations suitable for use on a high speed computer, due to
Hastings [7], and a large number of exact and approximate analytical formulations [6, 8].
For values of £? approaching unity, the expansions (see, e.g., [5, eqs 773.3 and 774.3])

K()=In 4/c")+(1/4){In (4/c)—1}"*+ . . . (10)
and
E®)=1+(1/2){In @/")—1/2""+ . . ., (11)

where ' =+/1—«2, can be used to compute Q,(k) and 2, (k) to high precision.

This technique for finding 2;(k) has several serious disadvantages, however; e.g.. (a) to
find Q; from (7), particularly for large values of 7, the precision of the @, thus computed may
be poor due to the buildup of round-off errors; (b) in order to find Q, for a given k, it is first
required that @, @, @, . . . Q- be known. If only a few values of Q,(k) are required, this
method may be painfully long and complicated. For these and similar reasons, alternate
methods for calculating Q;(k) are considered below.

As will also appear in the sections which follow, the quantities Q;(k) are related to an
interesting collection of transcendental functions. In addition to the elliptic integrals
above, it will be shown that Q,(k) is expressible in terms of Bessel functions with a purely
imaginary argument, and in terms of error functions. The analysis of these functions thus
involves a fascinating excursion into a number of curious bypaths in higher mathematical
analysis, in addition to the practical application to the physical problem mentioned in the
opening sentences above.

2. Series and Other Expansions for Q;(k)
2.1. Simple Power Series 7>0
For small values of £, Q;(k) can be derived by a binomial theorem expansion of
[1—F? cos ¢]~9“*H in powers of (k* cos @), i.e.,
%) =% (“7;%> (—k?)ifcosf oo 0
where

(?)En!/i!(n—i)! @)

is the familiar notation for the binomial coefficient* [9, par. 1.51], [10]. The integral in (1) can
be shown to be [4, eq 498]

4 As indicated in [9] and [10], binomial coefficients of the form ("722) are easily generated using the recursions:

(") =1 () =(a2y) =mrovem = (S5 + ().



()
o(%)

and so vanishes when 7 is odd. Using this relation and the well known properties of the bi-
nomial coeflicients, it follows that

£<m¢w—u+<1>wwm ®)

() = 33 an()k™ @

where
m g (Am2))! :
V=555 Bt Gt () )

Equation (4) may easily be shown to be convergent for all values of j and for £<1. For
k close to unity, however, it tends to converge rather slowly; and for this reason, this power
series formulation is most useful for k< <1.

2.2. Difference Sum, j>0
The behavior of (4) may be improved by using a technique previously developed for
mmproving the convergence of series [8]. By this method, the series (4) is written in the iden-
tically equivalent form

Zam(])k“"—zam ])k1m+2|am(/) o () et (6)

m=
where o (7) is defined, first, by the condition

lim (o5, (7) /e (7)1=1 @)
m—>©
that is, o is asymptotically equivalent to «,. From the infinite variety of sets ol «f values
satisfying this condition, a set is chosen such that the first sum on the right of eq (6) can be
evaluated in closed form. If this technique is properly applied, the residual sum of the differ-
ences [a,(7)—ak(7)]k*™ converges much more rapidly than the original sum in a,(7)k™.
For the present problem, it is shown in appendix A that by substituting Stirling’s formula
[11, p. 5] for the factorials in eq (5) such a set of o (j)’s can be generated, of the form

ai=4, {8 (" ®)

A= (122 (277) )

v ([ (k) o)

.=t . . . .
The notation >} means that the finite sum over ¢ vanishes when j=0.
>0

where

and

Using (8), sums over a5(7)k*™ can then be identified with the closed-form expressions

> ah(j)kn= AJ{TBUU (=)= 4+ (=1/k*) In 1-“)& (11)

m=0
From (8) we have, for 7=0, 1 and 2

o (0) == (1/42) —

m-+1

) (12)
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)
()= { 4401 m%} (13)

and
@ =nD { aom -1+ L} (14)
The corresponding sums from (11) are
> a0 =(142) (—1/k) In (1—kY), (15)
mf‘;:,o o (k= (1/+/2) {4/(1—k*) +(1/4) (—1/k*) In (1—k*) }, (16)
and
i o (2)ktm=(1/42) { (16/3)/(1—k?)>—1/(1—k*) 4+ (3/32) (—1/k*) In (1—k*)}. (17)

m=0

Using (5) and the particular form of «f (j) given in (8), the residual sum in (6), viz,

©

2.=2_ lan(g) —an(s) 1"
7 0

m=

©
converges as fast as > [1/(m+1)]k*. This may be contrasted with the simple power series
m=0

W ks : : -1
(4) which only converges as fast as 20 mI~kim,
m=

An additional bonus is noted for the higher values of 5. While = for any given j varies
by less than a factor of two over the entire range 0</?<1, the total value of the function Q,(k)
varies from 7 up to infinity over this same range. Thus, in the region of weakest convergence
of Zg, i.e., 0.90 Tk2<1, the contribution of = to Q;(k) may be neglected in many cases.

Also, in the right hand side of (11), the successive terms in the finite sum decrease very
rapidly with increasing 4, and the log-term, (—1/k*) In (1—£*), is, for j>1, 0 <k?*<1, of the
same order of magnitude or less than the final term (i=j—1) in the finite sum. Thus, for
example, for 7>6, £2>0.90, values of 2;(k) accurate to one part in 10* may be computed by
omitting from (11) the finite series terms for 2 >5, thelog-term (—1/k*) In (1—£*), and the entire
sum 2z on the right side of (6).

This ease of attaining Q,(k) values of high precision for large j proved useful in evaluating
disk-source Legendre coefficients [1] for large I, which involve smaller and smaller differences
between larger and larger numbers.

2.3. Q;(k) in Terms of Bessel Functions, 7> 0

The differencing technique illustrated for the sum in section 2.2 above may often profitably
be applied to integrals as well, i.e., by writing

["r@is=["r@rts+ [ 170 —r @i (18)

In this expression f*(¢) is a function, integrable in closed form over the region a <¢ <b, which
is a suitable approximation to f(¢). Applied to 2;(k), it will be noted fromn (1—1) that

f(@¢)=(1—k* cos ¢)™" (19)
where
n=j+% (20)



and
a=0, b=m. (21)
For this case, it is convenient to take

f*(¢) . e+n(k2 cosg) | (1L/2)(k2 CoS ¢)2e+ (n+2/3) (k2 cos 4,)’ (22)

an expression derived by retaining terms through (£* cos ¢)? in the expansion of f(¢) as given
by (19). Then

| fo ’ F@ps— fo " oxp [LrA (R c08 6)[dl (2l fo " (cos's) exp [<n+§)(k2 cos ¢>]11¢. (23)

Now from the expression [12, p. 79, No. 9]

~ —iﬂ_fﬂ m2 v ~
1,(2) “To+Hrm ), (sin® ¢)*| 4=z cos ¢|de, (24)
where 7,(z) is the Bessel function of order » with a purely imaginary argument, i.e.,
I,(z2)=i7J,(i2). (25)
From (24)
Iy(2)=(1/r) fﬂ exp |4z cos ¢|do (26a)
JO
and
I,(2)=(z/m) fw (sin® ¢) exp [z cos ¢|de. (26b)
J 0
Using (26) to evaluate the integrals in (23), it is found that
. 2741 EE N . .
(1) 9,0 =+ LR G+D— @R (P ) B G+3)+OF D IEGH)]

+(1/m) H[(l—lf cos ¢) P —exp {4 (j+3) (K cos ¢) }
—(2)(J+2) (k* cos ¢)* exp { (j+F) (k* cos ¢) } + . . . [d¢. (27)

By expanding
(1 ——.’l‘) —n__ptnr__ %N(E26+ (n+3)z

in a power series in z—=/%* cos ¢ and integrating term by term, the integral in (27) may be shown
to be equal to
2jt+4m)! _J!

e B @)™ 18@/3)™  m@m—1)@j+1) <6.i+7>2'"*2](k4/64)"'

> jmb2 [ +
=60 (j+3) (F+3) B+ @)

Further manipulation and simplification in the case of (28) is possible, but these procedures
have not proven particularly rewarding. The greatest importance of eq (27), which it will
be observed is exact, arises from the relation shown by this equation between Q;(k) and the
Bessel functions. For numerical calculation, forms other than (27) and (28) may be more
convenient, except possibly for some special cases.

It will be noted that /*(¢) as given by (22) is a good approximation to f(¢) only for small
values of k2, since it is derived from the first three terms of the power series expansion of (19).
Consequently, (27) is essentially useful only for |k|< < 1. To realize the full potentialities of
the formulation (18), it would be necessury to find a form for f*(¢) valid over the whole range
0<k<"1 and integrable in closed form. Such an approximation is explored in section 2.5
below.



2.4. Q,;(k) in Terms of Error Functions (the Method of Steepest Descent)

By writing
Q;(k)= [ e " Pdg
JO

so that
F(¢)=(j+3%) In (1—k* cos ¢) (29)

it is possible to obtain another interesting form for the function. KExpanding /(¢) in a
Maclaurin series [9, par. 6.104], it can readily be shown that all the odd derivatives of F(¢)
vanish at the origin and that

Q(k)=e*® f”p—w%?[1—(1/4!)F<4><0)¢4—<1/6!>F(6>(0)¢6+ o de

J O
where

(Mm)P=(1/2)F*(0). (30)
Inserting the value of 7(0) and making the transformation t= (\/7)¢, it follows at once that
Q;(k) = (w/N) (1 —k*) =D [Lo(\) — (1/4) FC(0) (/N * Lo(N) — (1/61) F©(0) (/N La(N) + ... ] (31)
where

L,(z)= f 12re =t (32)

0

The integrals L,(z) can be expressed in terms of the incomplete gamma [13] or factorial [11]

functions, L,(x)==%. (p—%,2*)! but an alternate procedure is perhaps more informative. Inte-

grating (32) by parts, from the resulting recursion formula
Ly 11(2)=(1/2)[2p+1) L, (z) —z**+1e~7| (33)
the values of L,(x) can all be found in terms of Ly(r). But this is simply
Lo(x)=(m/2) erf (34)
where the error function [5, par. 5.90] is
erf x=(2/5 F)J: e~ dt.

By this method then, it is found that
; . 2 2 o
ILs{n)=(BYED) I:Lo(x)—xe“’ <1+§ x{"):l (35a)
.2 2 ,, 4 .
Ly(@)=(15/8) | Lo(@)— e~ <1 +ae +Ex> : (35h)

The higher derivatives of F(¢) at the origin, //”(0), are readily determined by expanding
F(¢) in a power series and recognizing that #7(0) is p! times the coefficient of ¢?. In this
way, it is found that

FO0)=+(j+ 30—k (360)
F®(0)=—(+Bk(1—k) -2k +1] (36)
F®0)=4 (+3k(1—k? 3[16k*+13k2+1]. (36¢)

From (36A) and (30),
A= (m/2)~ (2] + Dk} (1—k?) (37)
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and combining this and the previous results with (31), it follows that
9,0 =A@ DR~ +ert 212 @41 (1 +2i,c){ erf A— AT (e ) (143 x)}
— 22+ (164 )+,L‘){uf A—@hm () (142304 M)\r+ 1 e

In using these relations for small 2% or X values, the problem of small differences between large
quantities is resolved by the series

{erf A—(2/ym) (\e ™) (1+3N%) } = (2/m) (4N7/15) { 1— (5/T)N*+ (5/18) N — (5/66)\°

+(5/312)A8— (1/360) N0+ (1/2448)N2+ . . .} (39)
and

erf A— (2IVF) (=) (1 TR SUN x*)}
3V T30 )
=(2/y7) (8\7/105) {14 (77/16)N>—+ (7/22)\*— (7/78) N6+ (7/360) A3 — (7/2040)\"+ . . . }. (40)
For large N values, i.e., large j’s, erl X and the bracket terms involving this quantity are all
close to unity, and

tim 0,00 = Va0 [ 1+ /2 @41 {1+)}}

_(4/3)(2j+1)‘2{1+1W+1<A4}+ ] o

2.5. Numerical Integration Techniques for Q;(k)
To apply eq (18) in a more general way than was used in section 2.3 above, let
SH@)=00—k*)"" (42)

where n=7-%, as before (eq 20). Then from (18)
Qj(ﬁ?)zr(l—l";')*"—i—f’r [(1—F? cos ¢) " "— (1 —Fk*) ~"|dé.
0

It will be observed that the integrand here contains no singularities, even at the origin for
k=1. With the change ol variable ¢= =z, this becomes

Q;(k)=m(1 —kz)‘”+7rj;1 [{1—F? cos (wz)~"} —(1—F?) ~"|dx.

This integral is now in standard form for the use of numerical integration techniques. By
fitting a polynomial of the N’th degree to Z(x), it can be shown that

[ Z@demy wezIN) (23 wy) (43)

where the wy(7)’s are constants (given for example in the introduction to the Zables of La-
grangian Interpolation Coefficients [14] where the integrals are expressed in slichtly different
form). It should be noted that (43) can never be expected to give exact answers; but by in-
creasing the value of N, closer and closer approximations to Q;(£) can be obtained over the
whole range of k&, although this procedure does not necessarily result in improved accuracy at
any given value of £. In the present case, where for certain values of N, cos (iw/N) can be
expressed in simple closed form, this technique leads to an interesting series of approximations
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for Q;(k) as given below. Note that all these results yield exactly the right answers at
IC-———Oy QJ(O):T

n=j+y
N=2
0,() = (m/6) -4 (1—k3) ="+ (1 +-12) =] (44)
N=3 B ) B
(k) = (/8) [+ A=)+ (k)43 (1=5 ) ' +3 (1+3 ) ] (45)
N=4

0, (k)= (x/90) |:+12+7(1—k2>—n+7(1+k2>—"+32 (1—%§ k2>_"+32 <1+\—% k2>*"] (46)

N=5

Q, (k) = (m/288) |:+19(1—k2>—"+19(1+k2)—"+75 (1-‘”—51‘1} k2>_"

+75 <1+‘5—Hk2> +50<1—L ) +o< 154_—11@)_"] (47)

N=6
Q,(k) = (r/840)[+2724+41 (1—k?) 441 (1 +k2) ~"+216(1—1+/3k2) =
+216(1+3+/3k) 27 (1—34%) " +27(14+-3k) "]  (48)

IN=I0

Q,(k) = (r/598,752) [—|—427,368+16,067(1—«k2)‘"—H6,067(1+k2)‘"

+106,300(1—\/5+‘5k2) +106,300(H— 5+‘5 ) —4802:)( ‘5+1 )

— 48,525 <1+“"+1 k2> +272,400 (1—\/5—“?‘/5 kﬁ) +272,400 ( +\/ )

R A e B - V5—1,,)"
—260,550 ( 1—2— k* ) —260,550 ( 1+ — & ©(49)

The interesting and beautiful symmetries in these approximations have been emphasized in
the formulas above. It is evident that by using a more complicated expression for f*(¢) than
(42), better agreement can be achieved. Also, by going to larger values of N, or by dividing
the range of ¢ into smaller intervals, formulas of greater accuracy can be developed. For large
values of 7 and k% or their product

lim Q;(k)=m(1—k2) = wy (0)/2 wy (1

Jk* >
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or inserting the expression from wy (i) given by Whittaker and Robinson [15]

. oy (—DN I“\' t—1> .
Q. (k) = —2)-Gth AT [
ﬂ]\lil)]l] Q;(k)=m(1—Fk?) v ), Uy )(/t (50)

where, it will turn out, since the wy(2)’s are all integers, the last term here is a rational fraction.
3. Numerical
It is immediately apparent from the definition of the function that
Q;(0)=m and Q;(1)=w. (1)

The intermediate behavior of Q,(k) versus £? is displayed for 0<j(1) <9 as a family of curves
in ficure 1. These curves are based on values of Q;(k) listed for 0 <j(1) <9 and 0<£/*(0.01) <
0.99 in table 1.

Table 1 was computed in “double precision” on the National Bureau of Standards [BM
7090 electronic computing machine, using the difference-sum (2.2-6) with the particular
ay(7) givenin (2.2-8). Theresults are given to eight digits, which were rounded off from a table
correct to at least nine digits throughout, so all eight digits can be considered significant.
The results in the region of poorest convergence (high %, low j) of the difference sum were
verified by a ten-digit hand calculation using the recursion expression (1-7) and the high-£
elliptic integral expansions (1-10) and (1-11).

The lengthy developments in section 2 can be considered to yield various approximations
to the value of Q;(k). In tables 2 to 6 numerical examples are presented which will give some
idea of the usefulness of the techniques. For each example, the values 7=0 and 8, and £’=
0.01 and 0.99 are used for purposes of illustration.

104 ]

)

8

103 7

6

O

4

3

Qj(k) 2
102 Frcure 1. Family of Q;(k) curves based on numerical

resulls in table 1.

667805—63——2 9



These were computed using the difference sum (2.2—6) with the a»*(j) in (2.2—8).

TABLE 1.%

Values of 2;(k) for 0 <j(1) <9 and 0<k? (0.01)< 1.00

A tolerance of

<10-11 was set on the fractional contribution of the first neglected series term [am(j) —am*(j)]kim
which resulted in nine or more significant figures throughout, here rounded off to eight
significant figures.

k2 Q 1931 Q Q Q
0.00 o T g ™ T
.01 3. 1416516 (0) 3. 1418872 (0) 3. 1422800 (0) 3.1428299 (0) 3. 1435371 (0)
.02 3.1418283 (0) 3. 1427712 (0) 3.1443432 (0) 3.1465451 (0) 3.1493776 (0)
.03 3.1421231 (0) 3. 1442457 (0) 3.1477863 (0) 3.1527481 (0) 3.1591355 (0)
.04 3. 1425360 (0) 3.1463125 (0) 3.1526155 (0) 3.1614556 (0) 3. 1728466 (0)
.05 3. 1430673 (0) 3. 1489739 (0) 3.1588399 (0) 3.1726912 (0) 3.1905614 (0)
.06 3.1437174 (0) 3.1522332 (0) 3.1664711 (0) 3. 1864852 (0) 3.2123454 (0)
.07 3. 1444868 (0) 3.1560943 (0) 3.1755235 (0) 3.2028752 (0) 3. 2382796 (0)
.08 3. 1453758 (0) 3.1605617 (0) 3.1860142 (0) 3.2219059 (0) 3. 2684609 (0)
.09 3. 1463852 (0) 3.1656409 (0) 3.1979629 (0) 3. 2436296 (0) 3.3030029 (0)
.10 3.1475156 (0) 3.1713379 (0) 3.2113926 (0) 3. 2681065 (0) 3. 3420368 (0)
o aul 3. 1487677 (0) 3.1776597 (0) 3.2263290 (0) 3.2954049 (0) 3.3857120 (0)
.12 3.1501424 (0) 3.1846141 (0) 3.2428009 (0) 3.3256017 (0) 3.4341976 (0)
.13 3. 1516407 (0) 3.1922094 (0) 3.2608406 (0) 3. 3587827 (0) 3. 4876832 (0)
.14 3. 1532635 (0) 3.2004553 (0) 3.2804834 (0) 3.3950431 (0) 3. 5463805 (0)
.15 3.1550119 (0) 3.2093619 (0) 3.3017684 (0) 3.4344882 (0) 3. 6105249 (0)
.16 3. 1568872 (0) 3.2189405 (0) 3.3247382 (0) 3.4772340 (0) 3. 6803773 (0)
a7 3.1588907 (0) 3.2292032 (0) 3.3494395 (0) 3. 5234078 (0) 3. 7562257 (0)
.18 3.1610237 (0) 3.2401632 (0) 3.3759229 (0) 3.5731488 (0) 3. 8383882 (0)
.19 3. 8 (0) 3.2518347 (0) 3. 4042436 (0) 3. 6266094 (0) 3.9272147 (0)
.20 3.1656846 (0) 3.2642330 (0) 3. 4344610 (0) 3.6839559 (0) 4. 0230902 (0)
=21 3. 1682158 (0) 3.2773746 (0) 3. 4666396 (0) 3. 7453695 (0) 4.1264381 (0)
.22 3.1708833 (0) 3.2912770 (0) 3.5008493 (0) 3. 8110474 (0) 4.2377233 (0)
.23 3.1736890 (0) 3.3059591 (0) 3.5371653 (0) 3. 8812046 (0) 4.3574565 (0)
.24 3.1766349 (0) 3.3214413 (0) 3.5756686 (0) 3.9560749 (0) 4. 4861987 (0)
4 3.1797233 (0) 3.3377450 (0) 3. 6164468 (0) 4.0359125 (0) 4. 6245662 (0)
.26 3. 1829566 (0) 3.3548935 (0) 3.6595943 (0) 4.1209941 (0) 4.7732360 (0)
.27 3.1863371 (0) 3.3729113 (0) 3.7052127 (0) 4.2116207 (0) 4. 9329530 (0)
3128 3. 1898676 (0) 3.3918249 (0) 3.7534115 (0) 4.3081200 (0) 5. 1045360 (0)
.29 3.1935508 (0) 3.4116624 (0) 3.8043086 (0) 4.4108487 (0) 5.2888871 (0)
.30 3.1973897 (0) 3.4324538 (0) 3.8580313 (0) 4.5201954 (0) 5. 4869998 (0)
.31 3.2013874 (0) 3.4542312 (0) 3.9147167 (0) 4. 6365838 (0) 5.6999702 (0)
.32 3.2055471 (0) 3.4770287 (0) 3.9745127 (0) 4.7604758 (0) 5.9290085 (0)
.33 3.2008724 (0) 3.5008829 (0) 4.0375787 (0) 4.8923759 (0) 6. 1754521 (0)
.34 3.2143669 (0) 3. 5258327 (0) 4.1040871 (0) 5.0328355 (0) 6. 4407815 (0)
.35 3.2190345 (0) 3.5519197 (0) 4.1742238 (0) 5.1824573 (0) 6. 7266372 (0)
.36 3.2238793 (0) 3.5791883 (0) 4.2481901 (0) 5.3419016 (0) 7. 0348393 (0)
.37 3.2289056 (0) 3. 6076862 (0) 4.3262036 (0) 5.5118921 (0) 7.3674111 (0)
.38 3.2341182 (0) 3. 6374640 (0) 4.4085000 (0) 5. 6932230 (0) 7.7266040 (0)
.39 3.2395217 (0) 3. 6685762 (0) 4. 4953348 (0) 5.8867672 (0) 8. 1149281 (0)
.40 3.2451213 (0) 3.7010809 (0) 4.5869850 (0) 6.0934851 (0) 8. 5351864 (0)
.41 3.2509225 (0) 3.7350405 (0) 4. 6837518 (0) 6.3144352 (0) 8.9905145 (0)
.42 3.2569310 (0) 3.7705219 (0) 4.7859626 (0) 6.5507857 (0) 9. 4844263 (0)
.43 3.2631530 (0) 3. 8075968 (0) 4.8939738 (0) 6. 8038277 (0) 1. 0020868 (1)
.44 3.2695947 (0) 3. 8463422 (0) 5.0081739 (0) 7.0749911 (0) 1. 0604277 (1)
.45 3.2762632 (0) 3.8868412 (0) 5.1289871 (0) 7.3658616 (0) 1. 1239660 (1)
.46 3. 2831656 (0) 3.9291828 (0) 5. 2568770 (0) 7.6782009 (0) 1.1932671 (1)
.47 3.2903097 (0) 3.9734632 (0) 5.3923515 (0) 8.0139705 (0) 1. 2689713 (1)
.48 3.2977036 (0) 4. 0197860 (0) 5. 5359670 (0) 8.3753580 (0) 1. 3518054 (1)
.49 3.3053561 (0) 4. 0682633 (0) 5. 6883349 (0) 8.7648084 (0) 1. 4425963 (1)
.50 3.3132763 (0) 4.1190161 (0) 5. 8501280 (0) 9. 1850601 (0) 1. 5422873 (1)
.51 3.3214743 (0) 4.1721755 (0) 6. 0220875 (0) 9. 6391874 (0) 1. 6519570 (1)
.52 3. 3299604 (0) 4. 2278838 (0) 6.2050323 (0) 1. 0130649 (1) 1. 7728428 (1)
.53 3. 3387459 (0) 4. 2862954 (0) 6. 3998682 (0) 1. 0663346 (1) 1.9063672 (1)
.54 3.3478428 (0) 4. 3475784 (0) 6.6075997 (0) 1. 1241689 (1) 2.0541717 (1)
.55 3.3572639 (0) 4. 4119159 (0) 6. 8293426 (0) 1.1870679 (1) 2. 2181554 (1)
.56 3.3670230 (0) 4. 4795076 (0) 7.0663401 (0) 1. 2556002 (1) 2. 4005228 (1)
.57 3.3771348 (0) 4. 5505724 (0) 7.3199796 (0) 1.3304138 (1) 2. 6038421 (1)
.58 3. 3876151 (0) 4. 6253495 (0) 7.5918137 (0) 1. 4122502 (1) 2. 8311150 (1)
.59 3.3984809 (0) 4.7041020 (0) 7.8835849 (0) 1. 5019596 (1) 3. 0858639 (1)
. 60 3. 4007506 (0) 4,7871193 (0) 8.1972534 (0) 1. 6005209 (1) 3.3722376 (1)
.61 3. 4214439 (0) 4. 8747204 (0) 8.5350309 (0) 1. 7090647 (1) 3.6951427 (1)
.62 3. 4335822 (0) 4. 9672582 (0) 8. 8994209 (0) 1. 8289016 (1) 4. 0604078 (1)
.63 3.4461887 (0) 5.0651235 (0) 9.2932656 (0) 1.9615571L (1) 4. 4749869 (1)
.64 3.4592883 (0) 5.1687509 (0) 9.7198032 (0) 2.1088134 (1) 4,9472173 (1)
.65 3.4729085 (0) 5.2786244 (0) 1.0182736 (1) 2.2727623 (1) 5. 4871440 (1)
. 66 3. 4870789 (0) 5.3952852 (0) 1. 0686311 (1) 2.4558693 (1) 6. 1069344 (1)
.67 3.5018320 (0) 5. 5193397 (0) 1.1235424 (1) 2. 6610551 (1) 6. 8214090 (1)
. 68 3.5172034 (0) 5.6514705 (0) 1.1835738 (1) 2.8917967 (1) 7. 6487274 (1)
69 3. 5332319 (0) 5. 7924479 (0) 1. 2493834 (1) 3.1522555 (1) 8. 6112803 (1)
i 3. 5499606 (0) 5. 9431449 (0) 1.3217398 (1) 3.4474411 (1) 9. 7368612 (1)

See footnote at end of table, p. 12.
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TasLE 1.%  Values of Q;(k) for 0<j(1) <9 and 0<k? (0.01)<1.00—Continued

k2 Q Q @ Q3 G
L 3.5674369 (0) 6. 1045547 (0) 1. 4015448 (1) 3. 7834208 (1) 1. 1060216 (2)
N2 3.5857131 (0) 6.2778123 (0) 1. 4898627 (1) 4. 1675905 (1) 1. 2625110 (2)
.73 3. 6048476 (0) 6. 4642206 (0) 1. 5879565 (1) 4. 6090284 (1) 1. 4487127 (2)
.74 3. 6249055 (0) 6. 6652823 (0) 1. 6973345 (1) 5.1189617 (1) 1. 6717465 (2)
.75 3. 6459595 (0) 6. 8827406 (0) 1. 8198097 (1) 5.7113855 (1) 1. 9408189 (2)
.76 3. 6680915 (0) 7. 1186284 (0) 1.9575775 (1) 6.4038975 (1) 2. 2679546 (2)
ST 3. 6913941 (0) 7.3753315 (0) 2.1133163 (1) 7.2188313 (1) 2. 6690316 (2)
.78 3.7159722 (0) 7. 6556690 (0) 2.2903221 (1) 8.1848192 (1) 3.1652641 (2)
.79 3.7419457 (0) 7. 9629956 (0) 2. 4926875 (1) 9.3389738 (1) 3. 7853627 (2)
.80 3. 7694524 (0) 8.3013360 (0) 2.7255455 (1) 1. 0729980 (2) 4. 5687313 (2)
.81 3.7986513 (0) 8. 6755606 (0) 2. 9954048 (1) 1. 2422547 (2) 5.5702880 (2)
.82 3. 8297278 (0) 9. 0916202 (0) 3.3106179 (1) 1. 4503942 (2) 6. 8678797 (2)
.83 3.8628993 (0) 9. 5568633 (0) 3. 6820480 (1) 1.7093748 (2) 8. 5739421 (2)
.84 3.8984232 (0) 1.0080473 (1) 4.1240339 (1) 2.0358783 (2) 1. 0854291 (3)
.85 3. 9366074 (0) 1. 0674075 (1) 4. 6558190 (1) 2.4536454 (2) 1. 3959246 (3)
. 86 3.9778240 (0) 1. 1352615 (1) 5.3037170 (1) 2.9972313 (2) 1. 8276781 (3)
.87 4. 0225290 (0) 1. 2135628 (1) 6. 1044816 (1) 3.7182365 (2) 2. 4426513 (3)
.88 4.0712886 (0) 1.3049152 (1) 7.1107150 (1) 4. 6960084 (2) 3.3432588 (3)
.89 4. 1248185 (0) 1. 4128679 (1) 8.3998552 (1) 6. 0567809 (2) 4.7056582 (3)
.90 4. 1840408 (0) 1. 5423880 (1) 1. 0089734 (2) 8. 0095478 (2) 6. 8473464 (3)
.91 4.2501717 (0) 1. 7006477 (1) 1. 2366829 (2) 1.0917125 (3) 1.0373314 (4)
.92 4. 3248613 (0) 1. 8984009 (1) 1. 5540620 (2) 1. 5446583 (3) 1. 6516804 (4)
.93 4. 4104268 (0) 2.1525401 (1) | 2.0155731 (2) 2.2914615 (3) 2.8010734 (4)
.94 4. 5102677 (0) 2.4912083 (1) | 2.724 3.6165464 (3) 5.1590976 (4)
.95 4. 6296635 (0) 2.9650431 (1) { 3. 8964807 (2) 6. 2117605 (3) 1. 0636320 (5)
.96 4. 7774745 (0) 3.6752779 (1) 6. 0473488 (2) 1. 2060257 (4) 2. 5819863 (5)
.97 4. 9703403 (0) 4. 8580263 (1) 1. 0679679 (3) 2.8419636 (4) 8. 1144742 (5)
.98 5. 2456872 (0) 7.2213223 (1) 2. 3872660 (3) 9.5361054 (4) 4.0851238 (6)
.99 5. 7231768 (0) 1. 4303674 (2) 9. 4878355 (3) 7. 5852838 (5) 6. 5002882 (7)
1. 00 @ @ © @ ©

K Q5 o o Qs G

0. 00 T T T Ls T

.01 3. 1444016 (0) 3. 1454234 (0) 3. 3. 1479395 (0) 3. 1494340 (0)
.02 3.1528418 (0) 3, 1569389 (0) 3. 3.1670377 (0) 3.1730429 (0)
.03 3. 1669537 (0) 3.1762090 (0) 3. 1869086 (0) 3.1990608 (0) 3.2126747 (0)
.04 3. 1868051 (0) 3.2033511 (0) 3.2225075 (0) 3.2443006 (0) 3. 2687599 (0)
.05 3. 2124917 (0) 3.2385310 (0) 3. 2687360 (0) 3.3031717 (0) 3.3419109 (0)
.06 3. 2441379 (0) 3. 2819649 (0) 3.3259458 (0) 3.3762170 (0) 3. 4329324 (0)
.07 3. 2818977 (0) 3.3339215 (0) 3.3945750 (0) 3.4641155 (0) 3. 5428347 (0)
.08 3. 3259565 (0) 3.3047246 (0) 3.4751540 (0) 3. 5676927 (0) 3. 6728507 (0)
.09 3. 3765321 (0) 3.4647569 (0) 3. 5683119 (0) 3.6879319 (0) 3. 8244570 (0)
.10 3. 4338769 (0) 3. 5444634 (0) 3.6747845 (0) 3.8259893 (0) 3. 9993993 (0)
o1l 3. 4982801 (0) 3. 6343569 (0) 3.7954235 (0) 3.9832113 (0) 4. 1997232 (0)
.12 3. 5700701 (0) 3.7350228 (0) 3.9312075 (0) 4.1611549 (0) 4. 4278102 (0)
.13 3. 6496177 (0) 3. 8471259 (0) 4. 0832553 (0) 4.3616121 (0) 4. 6864215 (0)
.14 3.7373392 (0) 3. 9714180 (0) 4. 2528403 (0) 4. 5866377 (0) 4. 9787483 (0)
.15 3. 8337006 (0) 4. 1087457 (0) 4. 4414078 (0) 4. 8385832 (0) 5.3084726 (0)
.16 3.9392217 (0) 4. 2600610 (0) 4. 6505957 (0) 5.1201345 (0) 5. 6798373 (0)
i lf 4. 0544809 (0) 4.4264317 (0) 4. 8822565 (0) 5.4343576 (0) 6. 0977301 (0)
.18 4. 1801214 (0) 4. 6090547 (0) 5. 1384852 (0 5. 7847509 (0) 6. 5677814 (0)
.19 4. 3168573 (0) 4.8092705 (0) 5.4216493 (0) 6.1753062 (0) 7. 0964805 (0)
.20 4. 4654806 (0) 5. 0285795 (0) 5. 7344248 (0) 6. 6105807 (0) 7. 6913118 (0)
.21 4. 6268698 (0) 5.2686619 (0) 6. 0798376 (0) 7.0957805 (0) 8.3609171 (0)
.22 4.8019991 (0) 5. 5313990 (0) 6.4613109 (0) 7. 6368586 (0) 9. 1152864 (0)
.23 4. 9919487 (0) 5. 8188984 (0) 6. 8827211 (0) 8. 2406300 (0) 9. 9659856 (0)
.24 5.1979173 (0) 6.1335234 (0) 7.3484615 (0) 8. 9149065 (0) 1. 0926426 (1)
.25 5.4212351 (0) 6. 4779255 (0) 7. 8635180 (0) 9. 6686559 (0) 1. 2012186 (1)

.26 5. 6633798 (0) 6. 8550829 (0) 8.4335554 (0) 1. 0512189 (1) 1.3241396 (1)
.27 59259941 (0) 7. 2683447 (0) 9. 0650197 (0) 1. 1457381 (1) 1.4635194 (1)
.28 6. 2109057 (0) 7.7214814 (0) 9.7652570 (0) 1.2517935 (1) 1. 6218282 (1)
.29 6. 5201504 (0) 8. 2187441 (0) 1. 0542653 (1) 1. 3709692 (1) 1. 8019586 (1)
.30 6. 8559986 (0) 8. 7649324 (0) 1. 1406796 (1) 1. 5051001 (1) 2.0073050 (1)
.31 7.2209852 (0) 9. 3654742 (0) 1. 2368671 (1) 1. 6563161 (1) 2.2418611 (1)
.32 7.6179448 (0) 1.0026517 (1) 1. 3440887 (1) 1.8270952 (1) 2. 5103359 (1)

.33 8. 0500508 (0) 1. 0755037 (1) 1.4637943 (1) 2. 0203264 (1) 2. 8182067 (1)
.34 8. 5208624 (0) 1. 1558963 (1) 1. 5976553 (1) 2.2393861 (1) 3.1723419 (1)
.35 9. 0343771 (0) 1. 2447325 (1) 1. 7476017 (1) 2. 4882297 (1) 3. 5803135 (1)
.36 9. 5950927 (0) 1. 3430429 (1) 1. 9158678 (1) 2.7715029 (1) 4. 0515567 (1)
.37 1. 0208078 (1) 1. 4520056 (1) 2.1050462 (1) 3.0946757 (1) 4. 5972404 (1)
.38 1. 0879058 (1) 1. 5729710 (1) 2.3181518 (1) 3.4642066 (1) 5.2307520 (1)
.39 1. 1614509 (1) 1.7074894 (1) 2. 5687002 (1) 3.8877418 (1) 5. 9681868 (1)
.40 1. 2421771 (1) 1. 8573456 (1) 2.8308011 (1) 4.3743600 (1) 6. 8289570 (1)

See footnote at end of table, p. 12.
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TaBLe 1.%  Values of Q;(k) for 0<j(1) <9 and 0 <k? (0.01)<1.00—Continued

k2 Q5 Qs Q Q Q
.41 1.3309183 (1) 2.0245991 (1) 3. 1392711 (1) 4.9348723 (1) 7.8365504 (1)
.42 1. 4286240 (1) 2.2116313 (1) 3.4897718 (1) 5. 5821923 (1) 9.0194823 (1)
.43 1. 5363771 (1) 2.4212044 (1) 3. 8889761 (1) 6.3317936 (1) 1. 0412490 (2)
.44 1.6554164 (1) 2.6565293 (1) 4. 3447730 (1) 7.2022786 (1) 1. 2058044 (2)
.45 1.7871617 (1) 2.9213497 (1) 4. 8665169 (1) 8.2160859 (1) 1. 4008261 (2)
.46 1.9332450 (1) 3.2200424 (1) 5. 4653362 (1) 9 4003772 (1) 1.6327337 (2)
.47 2.0955464 (1) 3.5577398 (1) 6. 1545121 (1) 1.0788151 (2) 1.9094667 (2)
.48 2. 2762 3.9404785 (1) 6. 9499504 (1) 1.2419646 (2) 2. 2408845 (2)
.49 2.4778370 (1) 4.3753812 (1) 7. 8707665 (1) 1.4344125 (2) 2.6392830 (2)
.50 2.7032673 (1) 4.8708801 (1) 8.9400186 (1) |  1.6622140 (2) 3.1200644 (2)
. 51 2.9559372 (1) 5.4369916 (1) 1. 0185627 (2) 1.9328437 (2) 3.7026116 (2)
.52 3.2398316 (1) 6. 0856567 (1) 1. 1641533 (2) 2.2555683 (2) 4.4114329 (2)
2163 3. 5596245 (1) 6.8311633 (1) 1. 3349170 (2) 2.6419288 (2) 5.2776727 (2)
54 3.9208178 (1) 7.6906742 (1) 1. 5359335 (2) 3.1063675 (2) 6.3411131 (2)
65 4.3299101 (1) 8. 6848881 (1) 1. 7734580 (2) 3. 6670460 (2) 7.6528445 (2)
. 56 4. 7946069 (1) 9. 8383739 (1) 2. 0552302 (2) 4. 3469219 (2) 9. 2788504 (2)
.57 5. 3240797 (1) 1. 1183126 (2) 2. 3908727 (2) 5.1751711 (2) 1. 1304851 (3)
.58 5. 9292896 (1) 1.2754912 (2) 2.7924109 (2) |  6.1890817 (2) 1. 3842804 (3)
.59 6. 6233924 (1) 1.4599991 (2) 3.2749532 (2) | 7.4365906 (2) 1.7040380 (3)
.60 7. 4222490 (1) 1. 6774836 (2) 38575870 (2) | 89797058 (2) 2.1092534 (3)
.61 8.3450710 (1) 1.9349511 (2) 4. 5645739 (2) 1. 0899157 (3) 2.6259746 (3)
.62 9. 4152431 (1) 2.2411423 (2) 5. 4269316 (2) 1. 3300762 (3) 3.2891909 (3)
.63 1. 0661378 (2) 2. 6070254 (2) 6. 4845852 (2) 1. 6324220 (3) 4.1462859 (3)
.64 1. 2118673 (2) 3.0464479 (2) 7. 7892704 (2) 2. 0155347 (3) 5.2619563 (3)
.65 1. 3830682 (2) 3. 5770065 (2) 9.4085123 (2) 2. 5043262 (3) 6.7253039 (3)
.66 1. 5851615 (2) 4.2212147 (2) 1. 1431115 (3) 3.1324761 (3) 8.6601663 (3)
.67 1. 8249392 (2) 5. 0080856 (2) 1.3974809 (3) | 3.9459207 (3) 1. 1240327 (4)
.68 2.1109677 (2) 5.9752941 (2) L.7197003 (3) | 5.0079025 (3) 1.4712160 (4)
.69 2. 4541303 (2) 7.1721622 (2) 2.1310065 (3) | 6.4063588 (3) 1. 9428762 (4)
.70 2. 8683593 (2) 8. 6638166 (2) 2.6603265 (3) | 8.2648601 (3) 2. 5902033 (4)
71 3.3716364 (2) 1. 0537046 (3) 3. 3474663 (3) 1.0759010 (4) 3.4883257 (4)
.72 3. 9873716 (2) 1. 2908644 (3) 4. 2478017 (3) 1. 4141363 (4) 4. 7489570 (4)
.73 4. 7463268 (2) 1. 5937432 (3) 5. 4392698 (3) 1.8779832 (4) 6. 5405516 (4)
- 74 5. 6893286 (2) 1. 9841824 (3) 7. 0329383 (3) 2. 5217787 (4) 9.1209641 (4)
-75 6. 8711446 (2) 2. 4925823 (3) 9. 1892247 (3) 3. 4269672 (4) 1. 2891309 (5)
.76 8. 3660947 (2) 3.1618092 (3) 1. 2143196 (4) 4.7175815 (4) 1. 8486494 (5)
77 1. 0276297 (3) 4.0531621 (3) 1. 6244726 (4) 6. 5857893 (4) 2. 6930537 (5)
.78 1. 2743971 (3) 5. 2556423 (3) 2.2023463 (4) 9. 3349272 (4) 3.9909042 (5)
.79 1. 5970122 (3) 6. 9006308 (3) 3.0296111 (4) 1. 3453630 (5) 6. 0258827 (5)
.80 2. 0243431 (3) 9. 1856068 (3) 4. 2347605 (4) 1. 9746667 (5) 9. 2871234 (5)
.81 2. 5985857 (3) 1. 2413348 (4) 6. 0244685 (4) ‘ 2.9572117 (5) 1.4640725 (6)
.82 3.3826250 (3) 1.7058333 (4) 8.7393424 (4) 4. 5284036 (5) 2.3665859 (6)
.83 4.4722115 (3) 2. 3882318 (4) 1. 2956045 (5) 7. 1085875 (5) 3.9336838 (6)
-84 6. 0166633 (3) 3.4141676 (4) 1. 9680626 (5) 1. 1473581 (6) 6.7461970 (6)
B8 8.2551518 (3) 4.9972061 (4) 3.0728282 (5) 1. 9109387 (6) 1.1985330 (7)
.86 1. 1582518 (4) 7. 5129608 (4) 4. 9500854 (5) 3.2084010 (6) 2.2165832 (7)
.87 1. 6673365 (4) 1. 1648160 (5) 8.2655169 (5) 5.9314923 (6) 4.2928225 (7)
.88 2. 4726623 (4) 1. 8715471 (5) 1. 4388026 (6) 1. 1186011 (7) 8. 7706067 (7)
.89 3.7972735 (4) 3.1357024 (5) 2.6299573 (6) | 2.2306362 (7) 1.9080277 (R)
.90 6. 0789976 (4) 5. 5223607 (5) 5.0051320 (6) | 4.7538466 (7) 4.4730772 (8)
| 1
.91 1. 0234053 (5) 1. 0330799 (6) 1.0591208 (7) | 1.0980174 (8) 1. 1479956 (9)
.92 | 1.8334510 (5) 2. 0822980 (6) 2.4017606 (7) | 2.8013155 (8) 3.2950159 (9)
L93 | 3.5540054 (5) 4. 6133600 (6) 6. 0816052 (7) 8.1069617 (8) 1.0898261 (10)
.94 7. 6378369 (5) 1. 1567756 (7) 1. 7791735 (8) | 2.7670704 (9) 4.3398773 (10)
.95 1. 8898335 (6) 3.4349093 (7) 6. 3399610 (8) 1. 1832720 (10) 2.2270714 (11)
96 5.7351988 (6) 1.3031098 (8) 3.0066486 (9) | 7.0146360 (10) 1. 6503480 (12)
.97 2. 4035009 (7) 7.2819128 (8) 2.2402975 (10) | 6.9691688 (11) 2.1862541 (13)
.98 1. 8152204 (8) 8. 2499417 (9) 3.8073399 (11) | 1.7766503 (13) 8.3603249 (14)
.99 5. 7774227 (9) 5. 2518697 (11) 4.8476752 (13) ] 4. 5243605 (15) 4.2581255 (17)
1. 00 @ @® ® i © ©

*The figures in parentheses indicate the power of ten by which the adjacent entry is to be multi-
plied; e.g., 1.0412490 (2) =104.12490.

TABLE 2. Stmple power series (eq 2.1-4)

These m-values are a lower bound on the number of terms to sum for 2;(k) to ten significant figures.

j=0 j=8

k2=0.01 | k2=0.99 | k2=0.01 | k2=0.99

Minimum m-value for which

am () kim/Q;(k)<10-1.________ 3 823 4 4615
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TaBre 3. Difference sum (eq 2.2-6)

The contribution of the difference sum to the total 2;(k) is here compared with the contribution from the closed-form approximation. The m-values
at which difference-sum terms contribute less than a part in 10! may be compared with m-values in table 2 for the simple power series.

j=0 =8
k2=0.01 £2=0.99 £2=0.01 £2=0.99
Q;(k) (exaet) - - 3.141651562 (0) | 5.723176823 (0) 3.147939532 (0) 4, 524360328 (15)
Closed—form approximation:
Z\;‘_,a;(j)km _________________ 7.071421389 (—1) | 2.825999794 (0) 3. 148259078 (0) 4. 524360528 (15)
Dirrnfesr(()‘nce—ﬂum remainder:
S fotm () —a, (DYeAm_ 2.434509423 (0) | 2.897177030 (0) —3.195460509 (—4) —4. 289887696 (—4)
Mﬁ?rﬁum m-value for which
Lime L ;:’EZ')U LASSTS 3 523 2 0
TaBLE 4. Bessel function formulation for Q;(k) (eqs 2.3-27, 28)
=0 j=8
k2=0.01 £2=0.99 k2=0.01 12=0.99
;(k)—Exact 3.141 652 | 5.723 177 | 3.147 940 4.524 36110415
«I [k (7+5)] 3.141 612 | 3.337 002 | 3.147 270 1.512 709X 10+3
wl [12 (j+5) ]
~@e@EDaE0+)]
+i MeDI[k () ] 3141 652 | 3.856 095 | 3.147 940 1.527 58510+
@r/6t) (j+5) (1+3) 12X10% | 0.113 953 | 1.2X10~7 | 11.536 450

TasLE 5.  Error function formulation for Q;(k) (eq 2./—41)

j=0 j=8
k2=0.01 k2=0.99 k2=0.01 k2=0.99
Q;/(k)—Exact 3. 141 652 5.723 177 3. 147 940 4. 524 361X10+15
Vr/(2j+1)k2(1—k2)~i erf A 3.131 384 1. 781 883 2. 994 801 3. 822 991X 10+15
1st 2 terms in 2.4-41 3. 144 486 3.121 919 3.177 138 3. 992 220X 10+15
All 3 terms in 2.4-41 3.140 552 |—1.354 046 3. 159 417 3. 958 982X 10+15

TasrLe 6.  Numerical integration technique (eqs 2.5, 44—49)

j=0 i=8
N k2=0.01 k2=0.99 £2=0.01 k2=0.99
(k)
2 3.141 632 7.701 552 3.145 825 52.359 878X10+15
3 3. 141 644 6. 826 700 3.147 146 39.269 908X10+15
4 3. 141 653 5.931 746 3. 148 080 24. 434 610X10+15
5 3. 141 652 5.794 716 3. 148 015 20.725 792X10+15
6 3. 141 652 5.615 818 3. 147 932 15.333 964X10+15
10 3.141 652 5.601 518 3. 147 940 8.430 212X10+18

» (Exact) 3. 141 652 5.723 177 3. 147 940 4. 524 361X10*18
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Table 2, which applies to what has been called the simple power series above, illustrates
how rapidly the number of terms required increases as either & or j goes up. These figures
were obtained by setting the m’th term in eq. (2.1-4) equal to €,(k) X107 and solving for m.>
For large 5 and £ values, the use of this formulation becomes almost prohibitively laborious.

In table 3, where the difference sum technique is examined, a number of interesting charac-
teristics of this formulation are apparent. For small values of £, the improvement over the
simple power series is negligibly small for all values of ;. For £ approaching unity, there is a
considerable reduction in the labor involved to obtain any predetermined accuracy. KFor
7=0, k*=0.99 to obtain a maximum of ten significant figures, note that the number of terms
required is cut from 823 to 523. While this improvement is not as spectacular as some cases
which have been examined [8], it is by no means unimportant. The real gain in using this
technique is seen at j=8, k?=0.99; here we see that the closed-form approximation alone gives
Q,(k) correct to one partin 10'.  This can be compared with the more than 4615 terms indicated
in table 2 for ten or less significant figures using the unmodified power series.

To check the behavior of the Bessel function formulation, section 2.3 above, the BAAS
tables [16] of Zy(z) and /,(x) were used along with suitable interpolation tables [14]. The
results are given in table 4. It will be recalled that these relations were derived essentially
by approximating only the first few terms of the integrand in eq 2-1. For this reason, the
formulation as would be expected yields excellent values of Q,;(k) when £?=0.01 at both j=0
and 7=S8; but for £* near unity, this technique of calculation is entirely inadequate.

The error function formulation [17], section 2.4, table 5, is also based on approximations
to only the first few terms in the expansion of the integrand. Note that the leading term from
2.4-41 is not a bad approximation to the value of Q;(k); but the inclusion of the second or
third terms results in little or no improvement. KEvidently many more terms are needed to
obtain useful results by this technique.

The importance of the erf and 7, formulations of Q;(k) arises, then, not so much for their
usefulness in numerical computation, as from the relations they demonstrate between the new
transcendental function considered here and older, more familiar forms.

The numerical integration formulas, from section 2.4, are quite different in kind. These,
it will be observed from table 6, give excellent agreement for small % values, although they
leave something to be desired for £ near unity. It is interesting to note that, at these selected
points, the accuracy ol the formulas does not increase uniformly as N increases—for example,
at £2=0.99, 7=0, the formulas with N=5 and 6 are virtually equivalent, and each is better
than N=10. The approximation for large jk* is excellent. Note that by substituting the
value of Q,(k) at £*=0.99 and 7=8 from table 1 it may be concluded that

N __1\N [N
lim wy(0) [ 3 0(7) = lim %,L{,, f (t—1) (t—2) (t—3) . . . (-—N)dt = 0.0144 . .
0 5w LV - INT g

V- ©

Noow i=

It thus appears that there is a multiplicity of choices available for computing Q;(k) for
small £ values, and for k& approaching unity the recursion formula (1-7) can be used with the
appropriate high-£ expansions (1-10, 11) for ordinary elliptic integrals. However, for high-
precision coverage of the entire range 0 </k<'1 with a single formulation, only the difference-
sum technique appears to be practical.

5 It should be noted that, since (2.1-4) is not an alternating series, the solution for m of the inequality
am(j)kim<Q;(k) X10-1
serves only as a general indication of the convergence rate and does not necessarily imply that the remainder

©
RuG, k)= " am(j)kim
m+1
is less than Q;(k) X10-11, It does, however, indicate the minimmum number of terms to sum, beyond which there exists, for k&2<1, a value m’>m for
which
Rm'> m(J, k) < Q;(k) X10-11,
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4. Appendix A. Evaluation of o}, ()
Stirling’s formula [11, p. 5] may be written in the form
2l=A2rzz'e*H(2) (A1)

in which H(z) can be represented by the asymptotic expansion [18]

lim H(z)=1+1/(122) +1/(2882%) —139/(51840z*)— . . . . (A2)
>®
In order to use formula (A1) above, it is convenient to write eq (2-5) as

o (4m)! 4m e
()= 64)™ (2m)!(m!)? VH| )u—]+1) (A3)

in which the product is to be taken as unity for j=0. Substitution of (A1) for the factorials

in (A3) gives
0 ‘ H(4m) i/ 4m >
Y = / 5 - . £
oam(3)=(1/m+2) H(2m)H?*(m) ,,Hl (2u—1+] o)

By using (A2) for the /7 terms, and expressing the finite product as a jth degree polynomial
in m, it follows that

. . 49 39 /1 i1
P il ))[ m 512 ) +x1<)><T> o ']X = '”'J‘%"zu—l
, 1 j
+m -SZ_,:{-—(W-F( —);2 }-i—
+mi—2.2+37_ -}!, /</ 1) (3 je== j—])—{—nﬂ—l,-n-:«j /' ] '2_+_m:',2+:u“L]
ECHIT S T e)re @!
= (1/4/2) 23 Cy(j)mI=+- (A5)
i=0
where
Co(3)=+2%% (21')' (A6-1)
1(1)—+°+‘f(oj), u)( Ji=3) (A6-2)
1l
Co(j) =42+ .= (48j4—6455—72j2+16j+27) (A6-3)

2! 15: 3()

and also
01<.7>=2-3f(2;) (A6-4)
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which can be established by methods of mathematical induction. Now it is possible to show
that m” can be expressed in terms of binomial coefficients, in the form

where the 8, ;'s are related to Kummer’s numbers [19]. It can readily be shown that
Bn,oz (_1)n and 671,, n:n‘

A few values of these constants are tabulated below

DNy o
\\\ ' 0 1 ) 3 4
AN -

0 Akl =1l 4e1l =1l Ll
i e 1] =3 AL —il5
v I S ALO) — i +50
3 _____ I S +6 —60
4 | ‘ ____________ I + 24

Now ignoring terms of the order of 1/m? in the expression (A-5), for large m values, «,,(j)
can be approximated by the expression

AND[ 5 Cmi=t=+0,(hm~ |

Replacing 1/m by its equivalent to this order, 1/(m+1), and using (A-7) in the sum term, it
follows that

(=D 2 0D 2 brmemra (" HOD 7

—qy /2)2—3f 27) {m+1+T B, <m+] @"1)} (A-8)

which is eq 2.2-8 of the text above. The B,; expression in eq (A-8) is obtained by combining
the C,(7) and B, values as indicated and factoring out C,;(7). The expression (2.2-11) above
is then obtained using the familiar series

In (1—x)=—-7:,0 2" (m 1) (A9)
and "
(1—)=1=>> <m$k> . (A10)
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