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Matrices of Spin-Orbit Interaction in the Electron
Configurations np* n' p and np' n' p

Jack L. Tech

(November 2, 1962)

The matrices of spin-orbit interaction in the p? p and p* p electron configurations have

been calculated.

The matrices have been checked by showing that their eigenvalues,

caleulated by use of an IBM 7090, agree with the correct eigenvalues known from the

theory of jj-coupling.
for these configurations are also given.

1. Introduction

In connection with our analysis of the first
spectrum of bromine, reported in the preceding
paper, it became desirable to know the energy
matrices in intermediate coupling for the configura-
tion np'n’ p. Since the matrices of spin-orbit
interaction for this configuration have not appeared
in the literature it was decided, at the suggestion
of Professor Racah, to calculate them. The primary
use of such interaction matrices is to obtain approxi-
mate predicted values for the energy levels of
atomic systems. The eigenvalues and eigenvectors
of the matrices represent, respectively, the energy
levels and wave functions of the atomic system.

The predicted levels are a great aid in the problem
of locating and identifying the observed energy
levels. Until recently, most comparisons with ob-
servations were carried out in the approximation of
pure Russell-Saunders coupling, employing in the
theoretical calculations only the matrices of the
electrostatic interaction. But the availability of
electronic digital computers now renders it practical
to include the effects of spin-orbit interaction in the
calculations.

2. Spin-Orbit Interaction

The matrices of spin-orbit interaction for the
configuration np®n’ p are given in table 3. Since
the energy matrix is diagonal in o/, the nondiagonal
elements occur only between levels with the same
J value. There is thus one matrix for each possible
value of /. The rows and columns of the matrices
are specified by the name of the term in LS-coupling
notation, the terms in parentheses denoting the
parent terms in np®. The elements of these matrices
are linear combinations of the spin-orbit integrals
¢ and ¢, where ¢ is written for {,, and ¢’ for ¢ .

For the sake of completeness, the matrices of electrostatic interaction

Both these integrals are positive. Their coefficients
were calculated following the methods outlined by
Fano and Racah [1].} Values of the W-coeflicients,
or 6-7 symbols, needed for these calculations were
obtained from the compilation of Rotenberg et al.
[2]. The matrices have been checked by using an
IBM 7090 to determine their eigenvalues and
showing them to agree with the correct eigenvalues
known from the theory of jj-coupling [cf. 3, ch. 10].

The matrices for the np'n’ p configuration are
identical to the above except that in this case the
sign of the spin-orbit coupling parameter ¢,, is
reversed [3, p. 299].

3. Electrostatic Interaction

To obtain the complete energy matrices in inter-
mediate coupling, the electrostatic matrices must
be added to the spin-orbit matrices of table 3.
The matrices of electrostatic interaction in Russell-
Saunders coupling are well-known for the np® 2’ p
and np*n’ p configurations, and we give them here
in tables 1 and 2 for the sake of completeness.
The elements of the matrices are expressed as linear
combinations of the usual parameters /), and G,
which are defined as certain integrals over radial
wave functions [3, p. 177]. We calculated the
coefficients of these parameters from the general
tables given by Slater [4, vol. II, appendix 21].
Terms of a kind that occur only once in these
configurations have no matrix elements connecting
them to other terms; the diagonal components give
the energies directly. Since there are two 2D°
terms, however, there are matrix components be-
tween them, and the electrostatic energies of the

1 Figures in brackets indicate the literature references at the end of this paper
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two terms are found as the eigenvalues of the
corresponding matrix. The same holds also for the
three *P° terms.

Following Slater, the energies are stated in terms
of the average energy, I,,=F, which represents the
center of gravity of the terms of the configuration,
each term being assigned the weight (2S+41) (2L
+1). The energy expressions can easily be con-
verted, if desired, so as to conform to the usage of
Condon and Shortley. In this case, £ is replaced
in the energy expressions by the following quantities:

Configuration E

' 1., 10 -,
np*n’ p (F0+2FO)—2F2——g GO—? G,

Here, as in tables 1 and 2, the parameters without
primes refer to the (np, np) interactions while those
with primes refer to the (np, n’ p) interactions. In
accordance with TAS, the subscripted parameters
are defined in terms of the corresponding- super-
scripted parameters as follows:

1 9
Fy (n,p) =55 F(p,p)

1
Fz(p,p’)=2—5 F2(p,p")

Go(p,p") =G (p,p")

2 20 1
’ ! ’
np'n’p (6F0+4Fo)—12F2—§ Go— 3 G G:(p,p") =55 G*(p,p")
G
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-
Parent Term Energy
AT ’ 0 g By
D E—3F:—F;—5 Gi—3 G;
.. 2,020
- 4p° Iz—sz+5F;—g (,4_3- Gy
© - ol g W
58 Jo= R el (Sl el
3 3
. 2 s
28° TH=Em =il =E (e
3 3
(D) 2F° 1«;+3F2+2F;—§ GH—é (¢4
(3P)2D° (1D)2D°
(3P)?D° E—3F2—F;+% GQJ%’ Gy —g G{+3G,
ST S g n B g
(D) —5 Gi+3G) E+3F—TFy; Gi—5 G
(P)2pP° (1D)2p° (18)2p°
(31))21)0 5 2
B-3FsF D G +125- al+2+/5G, (GG
(1D)2p° - _ = =
+ﬁ @42+5a, ‘ .E+3Fz+71«";+%j G3—13—3 Q) +44BR-F G-
(18)2P° , _ I N
—(Eley +aver - ai-YP o) E+12F,

556



i

4, Summary

The matrices of spin-orbit interaction for the con-
ficurations np*n’ p and np'n’ p have been calcu-
lated and are presented in table 3. The matrices
of electrostatic interaction are also given, in tables 1
and 2. The complete energy matrices for these con-
ficurations can thus be formed in the approximation
that neglects spin-spin and spin-other-orbit inter-
actions as well as conficuration mixing.

TABLE 2.

The configurations under discussion occur in a
number of important neutral and ionized atoms,
including the halogens and Bi, Sh, As, P, N, and their
isoelectronic sequences. The sets of enerey levels
associated with these configurations are known to
different stages of completeness for the various
atoms. A systematic, comparative study of these
atoms is being launched. A similar study is con-
templated for the np*n’d and np'n’d configura-
tions, whose spin-orbit matrices are presently being
calculated and will be reported at a later time.

Electrostatic energies for np*n’p
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TABLE 3.

Matrices of spin-orbit interaction for the configuration np?n’p
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TasLE 3.  Matrices of spin-orbit interaction for the configuration np?*n’p—Continued
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