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High-Tern perature Thermodynamic Functions for 
Zirconium and Unsaturated Zirconium Hydrides 

Thomas B. Douglas 

(Ju ne 12, 1963) 

Gi ving great cst weigh t to thc exp erim entally measurcd highcs t dcco mposit ion pressurcs 
a nd t he cnt halpies in one-phasc fi eld s, t hcrmodyna mically in tcrco nsist en t in tcgra l and 
differential en thalpies (heat con tent s) , h cat capacities, ent ropi es, a nd Gibbs free encrgies a re 
dcri vcd for the crystalline one- a nd t wo-phase fi clds of t he zirconium-hydrogen system for all 
s toichiom etric composit ions from Zr to ZrH1.25 and over t he temperature r ange 298. 15 to 
1,200 OK. Thcse propertics a re dcrivcd in analytical form , a nd in most cases are r epresent ed 
b y num erical cquations, wi t h tabulation for zirconium and H / Zr atom rat ios of 0.25, 0.50, 
0,57, 0.75, 1.00, a nd 1.25. M ost of t hc uniqu e phasc-ficld bound ar ies which are consis tent 
wi t h t he dcrivcd propcr t ics a re locatcd and a rc co mpar cd wi t h t hose prcviously r cpor tcd . 
In the Zr-H systcm t he en t halpics arc shown to rclate ccrtain proper t ies at diffcren t com­
posit ions as wcll as at clif-J'erent tcmpcratLll'cs . So me of t he various data show good in ter­
consis tcncy, whilc othcrs r cvcal discrcp ancics whi ch a rc discusscd cri tically. 

Contents 

Int l'oductioIL _ _________ _ 
Thermodynamic prclimina ri cs __ _ 

Convcnt io lls ____________ _ 
Gcne ral t hcrmodyna mi c I'cla t ions __ _ 

Bas ic data llsed ___ _ 
Alpha-zirco niu nL _ _ _ _ _ __ 
T he a a nd (a + 8) ph asc fi cld s ___ _ 

Choicc of t hc a -phasc clltccto id po int- __ 
Entha lpy a nd relatcd propcrt ics ___ _____ _ 
n .vdrogcn acti vity a nd t hc a / (a + 8) bo unda ry_ 
E nt rop y _____ _________________________ --
Romc pa rt ia l molal propcrt ies wi t h rcspcct to 

zirconillnL ___________________________ _ 
Thc fJ (hydrogen-ri ch) , (fJ + 8) , a nd 8 phasc fi elds 

Thc fJ cnt halpy a nd othcr propcrtics (x~ 0.57) 
Procedurc gi vi ng t hcrmody na mi c consist ency 
Othcr fJ p ropcrt ics (x ~ 0.57) ___________ - -
Other (,6 + 8) propc rt ics ____ _ 
Other 8 propcrties _________________ _ 
D iscussion of t hc 8 p hasc- ficld bo undaries __ 

Thc fJ (hydrogen-poo r) a nd (a + fJ ) phasc ficlds _ 
Di scus~ion of thcrmodyna mic co nsistcncy __ 
The ,6 pro pert ies (x;;; 0.57) ___ _ 
Derived (a + fJ ) bounclal'ics ___ _ 
The (a + ,6) propcrt ies ___ _________ -------

T a blcs of thermodyna mic fun ctions _ _ _ _ _ __ --
R efcrcn ces __ ____________________ - - - - - - - - --

1. Introduction 

P age 
LJ 0:-1 
405 
'105 
405 
406 
408 
'109 
'109 
409 
410 
411 

412 
413 
41:3 
414 
415 
416 
416 
417 
'11 8 
418 
419 
421 
421 
423 
424 

published by It numbcr of invcs tiga tors. Somc of 
t llesc hftvc m cftsured equilibrium pres ures of hy dro­
gen in cer-Luillran ges of te mpenttuI'e ftncl composition 
[1, 2, 3, 4, 5, 6, 7, R] .l . The rates of diffusion or 
hydrogen in t ltc m etetl have bcen s tudi ed [9, 7]. 
X-ray [\ 0] fwd n eu Lron-diffractioll [ll ] s tudies h av e 
given information on t he zir con i UIll- an d bydrogen­
a Lom spac in gs, r cspectively . 1i(cH.s Ul"Cm ents h ave 
been m ftcle of t. herm,,] conductivi ty [12] a nd thermal 
ex pa,nsion [J 2, 13, 14]. The enthalpies or heat 
Cltp tLciti es lULVe been m easured for Lhe "satura ted " 
composit ion ZrI-I2 a t low tempcratures [15], and for 
seveml " unsaturated " compositions at hi gh tem­
pera tmcs [16, 12]. :NIn,ny or these da tIL JULVe served 
to outlin e the phase diagr am of the sys tem by a 
vlLriety o[ m ctbods, as the author s lLOwed in a 
previ ous paper [17]. Atten tion ma,y also be called 
Lo some or the publica Lions which h ave been par­
ticularly direcLed towardrcviewin g these proper ties, 
correhtti ng t Ilem thennodyn amically, and discussing 
t heir beari ng on a n in Lcrpreta tion or Lhe structures of 
these p hases [4 , 15, 17, 18, 19]. 

Am on g tr ansi tion-metal hydrides, th e zirconium­
hydrogen system has been studied v.ery ~xtensively 
in r ecent years because of the practIcal llu port fLn ce 
of a nd theoreticfLl in terest in the system . Zirco­
niu m hydrides ar e potentially valuable thel'mal­
n eu tron moder ators which in some cases can reach 
elevated temper at ures 'without a t tainin g excessive 
pressures. T he wide r an ges of composi~ioJ:,. ~n ­
t el'l' upted by lattice changes and marked mIscIbllI ty 
gaps, offcr a frui t ful system for studyin g th e structure 
of i n ter sti tial solid hy drides. 

E xp erimental data on the thermodyn amic and 
other physical proper ties of t he system have been 

In this p aper is presented a consisten t set of th e 
common in tegral and p artial thermody namic func­
tions of the zirconium-hydrogen system b ased on 
some of the aforementioned data. These functions 
were derived from Lhe data withou t r ecourse to 
extnt-th ermodyn amic consideraLions excep t , in ci­
denLally , such general and well-es tablish ed ones as the 
htws of diluLe solutions. The co mposiLion ran ge 
covered is from Zr to ZrHJ.25, and the temperature 
mnge from 298.15 to 1,200 °JC (Though th ermody­
namic data are available for high er t emperatures [1] 
and higher hy drogen con ten ts [2 ,3,5,8, 10], these were 
omitted from consideration because of their generally 
inferior precision or lack of agreement.) The co­
existence of phases in equilibrium is in a sense acci­
dental, and the theoretical interest in the system 

I Figures in brackets indicate the literature references at the end of th is paper. 
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therefore centers mainly in the properties of indivi­
dual phases . But from a practical standpoint the 
equilibrium reproportionation of phases with temper­
ature chfwge of a given overall composition occurs 
fairly rapidly in some cases and is of interest; for 
this reason properties have been evaluated for two­
phase as well as for one-phase regions. As will be 
pointed out, the available data show excellent inter­
consistency in some ranges of composition and tem­
perature. In other regions considerable discrepancies 
were found which introduce considerable uncertainty 
into the adopted thermodynamic functions, partic­
ularly in two-phase regions. It will be evident that 
the requirement of thermodynamic consistency for a 
multicomponent system imposes an often unsus­
pected multitude of restrictions on the relations of 
the properties for neighboring compositions and tem­
peratures, particularly near the center of the region 
under consideration in the phase diagram. This is 
true even for a two-component system which, like 
the present 0 ne, has a phase diagram which is only 
moderately cllmplex. 

The opinion has been expressed [6J that the pUl'it~­
of the zirconium used in the various experimental 
studies on the zirconium-hydrogen system was not 
sufficiently high for the results of a full thermody­
namic analysis to be of any great significance. The 
pres en t paper will illustrate that such an analysis 
can be rather laborious, and that, in the present case, 
it reveals numerous inconsistencies in the data which 

I~OO 
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/3 , 

I 
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1000 , 

0 , 

lend some weight to that opinion . Nevertheless, the 
author feels that only by a thermodynamic correla­
tion of this type can the interconsistencies of the 
various data be tested, a better idea of their reli­
ability be gained, additional properties of the system 
be derived, and the need for additional experimental 
work in cer tain areas be suggested. However, to the 
extent that the data are inconsistent, an adopted 
correlation will necessarily be somewhat arbitrary, 
particularly since the theoretical number of different 
ways to weight the numerous interrelated data is 
found to be quite large. In another sense, one can 
be arbitrary in deciding which borderline theoretical 
relationships are sufficiently valid to impose on the 
correlation. 

The phase diagram of the zirconium-hydrogen 
sysLem in the region treated in this paper is shown in 
figure 1. The symbols (x, (3, and a ~ refer to single­
phase regions where the zirconium lattice is close­
packed hexagonrtl, body-cen tel'ed cubic, nnd fttee­
centered tetragonaV respectively. The points 
shown on the diagl'fITn a,re those on phase-field 
boundaries ,tS foul1l1 by various iavestigators , ftnd 
the solid houndaries rtre those to which the therll1u-

2 Some authors have used "')''' in place of "0" in this system. ""," howe ver, 
h as c" me to he used 13, 12] to designate a t ype of metas tabl e phase ill th e system 
not discussed in tile presen t paper. 

3 Face-centered cubic may here be con sid ered a spe cial case of face-ccntered 
tetragonal. B y a Simple rotation of crystal axes, th e ;) face-centered tetragonal 
lattice may be tnmsformed into body-centered tetragonal (with a different unit 
cell ) J for comparison with the fJ bod y-centered cubic la ttice. 
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FIGU RE 1. Phase diagTam (partial) of the zirconi1l1n-hycl1'ogen system. 

(Observed points on phase boundaries are shown as follows. From ,quili bri'um /l ydro!l,n pressures: .. IIall , Martin, and 
Rees [2] ; 0 Gul bransen and Andrew [4] ; I8J Edwards, Levesque, and Cubieciot ti [5]; 0 Ells and McQuillan [6]; X Mallett 
and Albrech t Ii ]; 12> LaG range, Dykstra, Dixon, ancl M orten [8] Prom hydro!l,n diffusion : " Scilwart" and M allett 19] . 
Prom X-ray diffra.ction : f}, Vaughan and Bridge [10]. From thermal expansion: IJ Beck [12]; !'!'! E spagno, Azou, ancl Bastien 
[14] . Prom ,nthal lJY: " Douglas [Ii]. 'l'ho intoreonsistent thermod ynamic functions formulated in this paper correspon cl 
to the solid-cur ve boundaries , and arc tabulated along the dotted lines.) 
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dynamic proper iies n,cl 0ptecl in t l.li p aper correspond. 
The majority or Lhese propertIes rrre presen~ed m 
a nalytical form for thc con Linu ous r anges 01 tem­
pera't urc a nd com posiLion, and ar e tabulated alon g 
LI te dot ted ver ti (;allines sbown ill Lhe fi gurc. 

2. Thermodynamic Preliminaries 

2.1. Conventions 

Th c uni t of en er gy used throughouL is Lite defil1cd 
(It('["m ochcmicn.l calorie (= 4.1840 j ), n,nd n,U t Clll ­

pcra Lurcs aTe in cleg K . All extensive propertlCs or 
a zirconium hydride are eva.lu ated [01' " on e mole," 
(lefinecl as con tainin g a total of 1 g-atom of Zr and x 
a-a toms of H 4 even ~when one mole so defined is C0111-
~osed or two' or more phases in equilibrium . The 
eompon ents ar e taken to be alphn-7. irro niu111 (at aU 
temperatures, Lo preserve co ntinuit~T into (he sm all 
6-1 0 tem pera LU1'e in ter val coyered w/tero be ta­
zirconium i.s more stable) nnd "n onll nl" 1ll 01rcuhl' 
hy drogen in Lite u sual stal\dard state or Llu? id crll 
gn,s a L 1 a (11 1. 5 . 

The symbols in COll)mOn usage ha,"? b een adopted 
so far as possible. fhose no t speCIfically defin ed 
ar e: 

a i : Thermodyn amic activi ty of com ­
ponent, i. (az is tak en equal to t he 
equilibrium pressure or H 2(g) in 
atm .) 

b, c, b+ c: Generalized no ta tion for particu­
lar on e- 01' two-ph ase fi.elds. ([n 
th e absen ce of specific designation , 
the phase field is implied as any 
on e, or th e par ticular on e under 
discussion . ) 

0,,: H eat cap acity at constant pres­
sure and constan t over all compo­
si tion (cal mole- 1 deg K :-l). 

j: "Of forma tion" (usually from the 
componen ts in t heir standard 
states) . 

G: Absolute Gibbs free energy (cal 
mole- I) . 

H : Absolute enthalpy (heat content) 
(cal mole- I) . 

H': " Intrinsic en th alpy" (t::.H of the 
reaction of eq (30)). 

H 2(g): Hydrogen gas. . 
i (subscr ipt ): A p articular componen t (eIther). 

In: N atural logarithm. 
log : Logarithm to the base 10. 

R : The molar gas constant (= 1.98725 
cal rnole- 1 deg K - l). 

S: Absolute en tropy (cal mole-1 deg 
1(-1). 

T : Absolu te tempera ture (deg K , In t. 
T emp . Scale of 1948) . 

-l This convention sce nled more \ogicallhan one based on mole fractions, since 
it is probable that ilydrogen (as ato ms) cnters Lhe zirco nium lat tices interst itially 
(with vacancies) instead of subst itu tio nally. . 

Ii By th is conventioll one mole of ZI' IL: Lhus co ntain s one mole of Zr and ~ x 
moles of the component H 2. rrhc con version to standard states in \"oh'ing {J-Z r 
a nd ato mic II could of course reariily be made if desired. 

x : Atoms of H p er atom of Z1' (in the 
over all composi tion when two 
phases are presen t) . 

Xb and xc: D efine th e composition s of th e two 
coexisten t phases ZrHXb and ZrHxc 
which lie on the phase-field bound­
aries of the (b+ c) field. 

Y: Generali zed J1ottt t io n for on e of H , 
Op, S, or G. 

'Vi: P ar tial molal Y wi t h respect to 
componen t 1' .. 

a, j3, 15: T ypes of sin gle p hases o f ZrH x. 
(See fig. 1.) . 

(a + j3), etc. : Two-phase field, or an o,"erall com­
position ly ing th er ein . 

a/(a + j3) , etc.: Boundary b etween the a and 
(a + j3) fields, etc. 

1 (subscrip t): The componen t zirconium, Z1'. 
2 (subscrip t) : The componen t molecular hydro­

gen, H 2 • 

A numerical subscrip t or superscrip t oth er tha n 1 or 
2: vVhen ~2, a p ar ticular yalue of x; w hen > 2, 
a p ar ticular value of T . (The absence of such 
subscripts implies general values of x and T , or a 
p ar ticular set under discussion. ) 
o or o (superscrip t) : In t he standard stat.e (see 

text); deg temperature. 

2.2 . General Thermodynamic Relations 

Sever al well-known th ermody nam ic r elations fre­
quently used in subsequen t derivations or calcula­
tions ar e assembled her e. These h ave been ad apted 
to th e specialized defini tion of on e mole of Z1", 1-J2 , 

a nd ZrHx stated abo ve. 
To tal proper ties are often convenien tly d erived 

usin g 

01~= [ o (Ir- H.~g8 1 5) /oTlx; (1) 

( os% T )x=C~/T; (2) 

- (Go -H~g8 15) /T=SO-(lr-1I~98. 15) / T. (3) 

(Equ a tion (3) h as b een used t h ro~ ghou t t his p ap er 
t o ob tain t he fr ee-en ergy functIOn. ) A relatlOn 
similar t o eq (3) applies to th e r e]n, tive parliltl molal 
proper ties : 

The total and par tial proper ties ar e r el:tLed by 

(5 ) 
and 

(6) 

in tegrat ion of th e latter b etween t wo composi tions 
x' and xl! giving 

(7) 
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From eqs (5) and (6) 

ITl = y o -x(oy% x) T. 

'The Gibbs-Duhem equation takes the form 

By the definition of activity 

(Gi-G~) /T=R In ai. 

(8) 

(10) 

The variation of the partial molal free energy with 
temperature is given by 

From eq (5) follows the standard heat, entropy, 
and free energy of formation at any temperature. 
Since 

(12) 
we have 

tJIr= (HI-H~) + Jzx(H2-H~); (13) 

t::.Sr= (Sl-S~) + tX(§2-S~); (14) 

t::.GP= (71,- G~) + tx (G2 - G~). (15) 

The molal enthalpy, heat capacity, entropy, or 
free energy in a two-phase field is the sum of those 
of the component (or "terminal") phases: 

y~+c= [ (xc-x) / (Xc- Xb) lYb+[ (X-Xb) /(Xc-Xb) lye. 
(16) 

In the present case it is partic ularly simple to relate 
two common alternative conditions determining 
this separation into the two terminal phases. One 
commonly stated obvious condi tion is that a straight 
line be tangent to the cont1:nuous free-energy iso­
therm at Xb and Xc and lie lower than the isotherm 
b etween Xb and XC' Hence 

(dG/dx)Xb = (clG/dx) xc' 

and hence from eq (6) 

(G2) Xb = (G2)xc == O2• 

From eqs (5) and (18) 

and 

whose difference gives 

(17) 

(18) 

(19 ) 

(20) 

[Gxc - GXb ]/[XC - Xb] = [(G] )xc - (6\ )xb]/ [xC - xbl + t(J2• 

(21) 

From the condition of tangency and eq (6) the first 
and third terms of eq (21) are equal, and hence 

(G\)xb= (G] )xc' (22) 

Equations (18) and (22) are the more comm.only 
stated conditions for phase coexistence. The con­
dition that the tangent line lie lower than the 
metastable free-energy curve between requires that 
at each point oftangency cFG/dx2 btl positive, and from 
equation (6) this is true if at each of these points 
dGz/dx is positive- i.e., if the activity of hydrogen 
in each phase increases isothermally with increasing 
hydrogen content. 

3 . Basic Data Used 

The direct measurements of the equilibrium pres­
sures of hydrogen for the system extend from 650 to 
1,373 OK and over the composition range from near 
x= o to X> 1.7. These data are sufficient to deter­
mine a set of the common energetic thermodynamic 
properties of the system in this range. However , 
these sets of data overlap considerably and with 
varying degrees of disagreement. In addition, those 
of the precise enthalpy data which may be considered 
valid, while they alone neither establish activities 
nor their temperature derivatives, do impose rela­
tions among the activity values at a given composi­
tion and differ ent temperatures and also , as will be 
presently shown, among the temperature deri,-ative::; 
of activity for different compositions. 

Enthalpy measurements relative to T = 273 were 
made by Douglas and Victor [16] (usually at tem­
peratures spaced at 50- or 100-deg intervals) up to 
T = l,173 for the compositions x= O, 0.324, 0.556 , 
0.701 , 0.999 , and 1.071. These measurements were 
all made by the drop method, and in all cases in­
volved fairly rapid cooling in the low-temperature 
two-phase (a+ o) field , where composition equilib­
rium corresponds to phase reproportionation (see 
fig. 1). However, evidence will be shown in section 
5 that phase equilibrium was approximately main­
tained in this field in these measurements. It would 
also be expected that composition equilibrium was 
attained for temperature intervals beginning in the 
one-phase field involved (the (3 field), and this was 
indicated by the high precision, regularity, and free­
dom from hysteresis found for most of these 
particular measurements (see sec. 6). 

In view of the above facts, it was decided to 
construct the adopted consistent set of thermo­
dynamic functions for the sys tem largely by giving 
greatest weight to the hydrogen-activity data at the 
higher temperatures and to use the enthalpy data 
considered yalid in order to extend the properties so 
derived to other temperatures and other composi­
tions. The m easurement of the highest equilibrium 
pressures is ordinarily subject to the smallest per­
centage errors, and this is often true with respect to 
the effects of small amounts of interfering impurities 
in the samples. 

The hydrogen-acti \Tity data so chosen as a basis 
were those reported graphically by LaGrange, Dyk-
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sLra, Dixon , a,nd M erte n [8] at, T = 1,073.2 and 13 
compositions (x = 0.05 to 1), and lhose reported in 
tabular form by Edwards, Le"esqu e, a nd Cubicciotti 
[5] for values of x of 0.650, 0.73:3, 0.815, and 0.894-
a nd at 8 temperatures over Lhe mnge T = 1,023 to 
1,173. (These points all lie in Lhe (3 field .) The 
v alues of th e latter au thors were first all reduced to 
T = 1 ,073.2 by using their smoothed temperature co­
efficients in the usual way. A reasonably good fit 
to these data was found to b e given by 

a,g [J073. 2) = 0.06084x1. 36+ 0.11251 xS 33, (23) 

or 

[(Og- Gg) /TJlO732 = 6.22313 log x 
+ 4.5758 log (l + 1. 8493x6.97)-5.56334. (24 ) 

The agreemen t wi th the values fit (whi ch vary from 
0.002 to 0.16 atm) is sholVn in table 1; oyer the 

T ABLE]. D eviation from eq (23) (or (21,.) of observed hydro­
gen ac ti vities of I'J-ZrlIx at 1,073 .2 0 ]( 

H cfcrcncc 

[81 
[81 
[81 
[81 
181 
[81 
[81 
[81 
[51 
[51 
[81 
[51 
[81 
151 
[81 
[81 
[8J 

x 

0. 05 
. 11 
. 19 
. '1.7 
. ~i 
. 46 
.5.'> 
.64 
.650 
. 733 
. 76 
.8 15 
.87 
.89'1 
.92 
.9f. 

1. 00 

a,(obs) -a,(ealed) X ]00 
([,(obs) 

+l~ 
- I ~ 

o 
o 

- I 
o 

+ 1 
o 

-4 
o 
o 

+ 1 
o 

+5 
-4 

() 

-8 

range x= 0.19 to 1 it a\'Cl'ages 2 percent, which is 
within the precision of t he measurements. Calcu­
la tions of cycles of entropy and zirco nium-acti "ity 
which ar e presented in section 7 depend in par t on 
Lhe accuracy of eq (23) ( 01' (24)), ~tnd show excellent 
consistency. 

It is appropriate to examine eq (23) in the light of 
Lhe fact that several observers h ave found a pro­
portionality, at constant temperature and only 
moderately high hydrogen concentrations, between 
Lhe activity a2 and the square of the hydrogen con­
cen In,Lion ("Sieverts' law") , which corresponds to 
an activity coefficient of atomic hydrogen independen t 
of co mposilion. Up to x= 0.5 the last term in eq 
(23) con Lributes less than 2 percent of the total , 
so thaL the p OlVer of x is not 2 but closer to 1. Sieverts 
and Roell [1] measmed hydrogen-pressure isotherJlls 
for beta-zirconium at 1,073° an d 1,373 OK, and 
Lhough their data show inferior precision compared 
with that of the more recent measuremen ts fitted 
above, their r esults show an approximate proportion­
ali ty of a2 to x2 at the higher ten1perature but not at 
the lower. It is easy to show, by substituting from 
eq (10) into eq (11) , replacing a2 by a single term 
proportionaJ to xn , and then differentiating partially 

with r espect Lo x, that th e power n is independent of 
T if and only if (1-12 - Il~) does not vary with x . It 
will in fact be fou nd that although (H2-H~) lIear 
1,073 OK is approximaLely ind ependenL of x at the 
higher values of x, it is far from being so for x< 0.5 . 
The sign and magniLud es of o (~- H~) /oxin the latter 
region correspond to an approach to Lhe x2 1aw as the 
temperature rises, buL for lack of enough precise data, 
no serious effort W,\,S nUl.d e to interpola,Le the pressure 
data over the range 1,073 Lo 1,373 oK. 

The mann er of using the enlhalpy daLa will next 
be considered . In tb e firsL place, iL is apparen t from 
fi.gme 1 LhaL in all these enthalpy measurcmenls 
for the five hydride compositions the sample was 
cooled in to the (a+ 0) field at 298 oK. In seclion 5 
t he following value will be derived (from eq (90)) : 

(25) 

This value is very smll11 because aL this tem.pemlure 
t he composition ran ge of lh e a field is ver y small . 
"Ye may now consider (JJ ~+!-H~) 298 ' Applying eq 
(6) lo Lhe ~,bsolut e enthalpy at any Le mpemt m e ~l ncl 
also ~lt 298 OK, and subLracting the two, oll e may 
",rite 

(112- Il~) = 2[ o(J-r - JI~&~+!»)/ox J 

+ (IJg+o-Il~)29S- (f1~-IJ ~(2Q8)) ' (26 )6 

The application of eq (6) lo eq (16) shows lhaL 
rdal ive Pluti,ll molal fun clions i ll ~, two-pha se field 
al n, given Lempel'llLure (including (J7~+!-JI~)298) 
are independenL of :1'. Co nsequently, if dala aL oll e 
l elllpcrature and CO lllposilioll are aVllil<l ble for evalu­
a lin g (n ~+!- fJ~)2Q8 from eq (26) , th en t he same 
eq uatioll , with lhis v,llue substiLulecl , nl<ly be used to 
evalwlte (fL - Il~) nL other Le lllpeH,l ures fi.nd com­
positions where [o (Ila - Il~98) l ox ]r can be eVlllu­
ateel by suil~,ble illterpoln.lion. 

Plols of t he hydrogen-pressUl'e daL" of Ed wards eL 
a1. [5] fo[, t he four compositions from x= 0.650 lo 
x = 0.894 , used l,bove, gllve withouL trend aJlll osL 
identical values which averaged (.l1g-Il~)ll23= 
- 40,500. Ells andlIcQuillan [6] measured a~ at one 
high concen Lr aLion of hyd ro,gen (x = 0.66) from 
approximately 875 to 1,035 ° 1\., leading Lo a vfi.lue 
which when corrected to 1,123 OK by lh e en th alpy 
data gave (l1g-H~) 1123= - 37 ,500. A weighLed 
mean was adopted: 

For many calculations in Lhis paper the relaLive 
enthalpy of molecular hydrogen gas has been com­
puted frolll th e empirical eq w\, tion 

which bet ween 298 and 1,200 OK llgrees within an 
6 H as assumed in eq (26) and related eqs (30-36, 39, 40) that the values of x lie 

in the (,,+0) fi eld at 298 oK. 

407 



average of about 3 cal mole--1 with the accurate Adding eqs (31) and (32), 
values [20]. Equation (28) gives H~(l123) - H~(298) = 
5837. From the enthalpy of the pertinent f3 zirconium -
hydrides as formulated in section 6 (eq (92», H' = (HO-H~9(;+O»+ (HrH-H~)298 
2[o(H~123-H~98)/oxl = 7815. Using eq (27) and these +tX(H~H_H~)298+(l-tx)(H~-H~(298» ' (33) 
values, eq (26) gives 

(29) 

Equation (29) has an uncertainty of at least 1,000 cal 
ll1_ole- \ but the additional significant figures serve 
to maintain consistency in many of the subsequently 
derived values. 

An equation equivalent to eq (26) in integral form 
may be derived which is more general because it 
indicates the energy difference between two zirco­
nium hydrides where both x and Tmay differ finitely. 
If we consider a system of 1 g-atom of zirconium 
and 2 of hydrogen, and arbitrarily define the reference 
state as the two free elements in their standard 
states at a temperature of 298 oK, the increase in 
enthalpy when the temperature or chemical com­
position or both change may be called the "intrinsic 
enthalpy" (H'). 7 The process is 

Zr(298 OK) + H 2(g) (298 OK ) 

= ZrHx( T ) + (l-tX)H2(g) (T), (30) 
and 

H' = [-r + (l-tx)H~-H~(298) -H~(298) ' (31) 

From eq (13) 

H~J~H) - H~(298) - hH~(298) 

= (lir+O-H~)298+ h(li~+o-H~)298' (32) 

This result may be applied to two compositions 
ZrH~ and ZrH'; at T' and T" respectively. Thus for 

eq (33) leads to 

L-,.H = (HO - H~9<:+O»X"- (HO - H~g(~+O»x' 

+ HX" -x') (H~+O-H~)298 
-Hx"-x')(H~( T, ) -H;(298» ' (35) 

In equation (26), (33), or (35), (H~-H~(298» and 
(li~+o-H~)298 can be evaluated from eqs (28) and 
(29) respectively. Partial differentiation of eq (33) 
with resp ect to x and substitution from eq (6) show 
that 

(36) 

With the help of eq (32), eq (5) may be put into 
con venient form for relating the total and partial 
molal enthalpy and free-energy functions in the 
form in which they are expressed in this paper, 
as well as immediately giving the standard heat and 
free energy of formation of ZrHx at temperature T. 
In these two cases eq (5) becomes respectively 

and 
(3 7) 

(38) 

Subtracting eq (37) from eq (32) (and remembering eq (13» gives 

L-,.HP/T= (H1- H~) /T+tx(H2-H~) /T= (HO-H~~~+O» /T- (H~-H 1(298»/T 

-tx(H;-H; ( 298»/T+ (lirH-H~)298/T+tx(H~H_H~)298/T, (39) 

whereas subtracting eq (38) from eq (32) (and remembering eq (15» gives 

L-,. Or /T = ((;1 -O~) /T + tx ((;2-O~) /T = (GO - H~J~+O» /T - (G~ - H~(298) )/T 

-tx(G~-H~(298»/T+(HrH-H~)298/T+ h(lla+O_H~)298/T. (40) 

4. Alpha-Zirconium 

Pure metallic zirconium undergoes a first-order 
transformation from the hexagonal (a) to the high­
temperature body-centered-cubic (f3) lattice. The 
transformation temperature has been given values 
from 1,135 OK [21] to 1,143 OK [22, 23]. The value 
adopted in this paper is: 

Measurements of the low-temperature heat ca­
pacity of zirconium have been reported by Todd 
(53 to 297 OK ) [24]; Skinner and Johnston (14 to 
298 OK) [25]; Estermann, Friedberg, and Goldman 
(1.8 to 4.2 OK) [26]; Wolcott (1.2 to 20 OK) [27]; and 
Burk, Estermann, and Friedberg (20 to 200 OK) 

[28]. The heat capacities of Todd and those of 
Burk, E stermann, and Friedberg are in close agree­

(41) ment, while those obtained above 130 OK by Skinner 
and Johnston are about 1 percen t lower. The 
enthalpy at high temperatures has been measured 

' In "n earlier paper [17] the anthor defined an equivalent quantity and called by Mixter and Dana (273 to 373 OK) [29],' Jaeger and 
t i the "adjusted heat content." 

Transformation temperature of Zr= 1,136 OK. 
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Veenstl'a (294 to 1,074 OK ) (30); Coughlin and Kin g 
(298 Lo 1,371 OK ) [31] ; Redmond and Lones (273 
t.o 1,309 OK ) [32); and Douglas and Victor (273 to 
1,173 OK) [16]. Furukawa and Reilly [33] have 
carefully analyzed the low-temperature data and have 
derived a table of thermodynamic functions from 
o to 300 oK whose heat. capacit.ies approach t.hose of 
Douglas and Victor at and above 300 oK . The 
heat-capacity curve of Douglas an d Victor joins 
smoo thly with that of Todd , but not with that. of 
Skinn er and Johnston. At 250 oK Furulmwa and 
Reilly's tabJe gives (in the notation of sec. 2) 

and 
(C~)l (250 )=5.969 

(S O) 1(250 )=8.2 19. 

(42) 

(43) 

Using a sample of zirconium containing a total of 
0.09 percent by weight of impurities (0.015% Hf, 
0.03 % Fe, 0.02 % C, 0.005% N, and 0.006% 0 ), 
Douglas and Victor [16] precisely measured the 
ent halpy, relat ive to 273 oK , at 100-deg intervals 
up to 1,073 oK , and also at 1,123° and at 5-deg 
in tervals from 1,143 to 1,173 oK . The following 
equ9t.ion (in the notation of sec. 2) was derived to 
fit their data for t.he a form and t.o sat.isfy eq (42): 

H~-Il~(298.15) =4.0504T+ 5.3 11 3 (10- 3) T 2 

- 4.4945 (10- 6) T 3+ l.6785 (10- 9) T 4- 1573.9. (44) 

The mean observed valu es differ from this equation 
by t he amounts shown in tftble 2. 

T AB I.!'; 2. D eviation of eq (44) from ob~e?"/!ed values of enthalpy 
of ex-zirconimn 

rr cmpcraturc 

Of( 
270.2 
373.2 
470. 2 
573.2 
673.2 
773. 2 
873.2 
973.2 

1073.2 
11 23.2 

I If - 1 f~(2i3 .2) 

Mean observed 

cal mole- I 
(0) 

G30 
]284 
1989 
2686 
3409 
4147 
4923 
5708 
6133 

.l\1can observcd­
calcul Ated 
enthalpy 

cal molel 

(0) 
+ 1 
- 9 
+8 
- I. 

0 
-2 
+9 
- 7 
+ 1 

For the entropy of a-zirconium, eq (43) and (44) 
give 

S~= 9 . 32645 log T + 1.06226 (10- 2) T 

- 6.74175(10 - 6) T 2+ 2.238 (10- 9) ]'3 - 16.4145. (45) 

The thermodynamic propertiea of {J-zirconium will 
be evaluated in section 7 in connection wit.h the {J field 
of the Zr-H syst.em, of which it forms a part. 

5. The ex. and (ex.+o) Phase Fields 

The t hermodynamic properties of the a and 
(a+o) phase fields as derived in this paper are 
closely related, and will be discussed together. 
Other parts of the Zr-H syst.em will be similarly 
treated in the following two sections. 

5.1 . Choice of the a-Phase Eutectoid Point 

Values for the eu tectoid temperature, where the 
a, (3, and 0 phasea of fixed composition s coexist in 
equ.ilibrium, ar:e in f<tir agl'eemen t as reported by 
vanous l11Vestlgators. Vaughan and Brido'e [10] 

8 30 °IT b ' '" gave 3 ± 10 .... , ut Lhe valu es mosL cOlnmonly 
reported have b een closer Lo that of E ll s and M cQuil­
Jan [~]. ~vhich is 8200± 2 OK. In an enthalpy 
ll1VestigatlOn [16], four samples transformed some­
where bet.ween 823 and 833 OK , and one sample 
somewhere bet.ween 813 and 823 OK . The exact 
temperatme is probably uncertain by a few deO"l'ees 
owing ~o some sluggishness in t.he (all solid) t~an s­
formatwn , but for t.he purposes of t he calculaLions 
of this paper the following v:11ue has been adop ted : 

Eutcctoid temperature= R20 OK . (46) 

Anot~1er co n.sta!l~ evaluated empirically h er e is th e 
~utectold composltlOn of t.he a pbase. As indicated 
m figure 1, Lh a a/ (a + o) lUld a/ (a + (3 ) boundaries 
of different investigators [4,6 7 8 9] arc in fairly O"ood 
agreement. On Lhe'bas is of th~s~ r~s ul ts t he COJ11r;osiLion 
at 8200K selected here is 

x,,(eutectoid) = 0.0650 . (47) 

The equilibrium properties of the (a + 0) field ar e 
of course the appropriate combinations of the 
properties of the compon en t phases alol1 O" the two 
phase-field bo undaries, which if known ca~1 b e used 
to derive t.he t wo-phase-field properties. This pro­
cedure has been followed for the (0+ (3 ) fi eld (sec. 7) . 
If, however, more compl ete dat.a are iLVailable in 
.the two-phase field, t.hese may be used to derive 
Its properties even without knowing the boundari es 
of the field. In the present case some hydrogen­
pressure data are avaihble for the higher tempera­
tUl'es of the field , but. not a t the lower temperatures 
near room temperature, mainly because the equilib­
num pressures are negligibJy small. 

5.2. Enthalpy and Related Properties 

The ~~t.halI?Y m easuremen ts on five well-spaced 
compositions 111 the (a + o) fi eld [1617] show good 
precision and good consistency, and 'will b e used as 
the basis for extending other properti es below the 
eutec~oid ~empe!·at.ure. ~'hese data show not only 
the Imean ty With x of lsotherm s expect.ed for a 
two-phase fi eld [16,17], but show also other evidence, 
soon to be presented, that phase equilibrium was 
app~'oxin~ately mai~tained during the r ather rapid 
cool~ng m'~olved m the measurements.s R epre­
sentmg an lsotherm of ent.halpy by 

(48) 

the values of A and B (referred to t.he exp erim ental 
base temperature of 273 .1 5 OK ) were determined 

, Even iC tbe eutectoid te mperature is really as low as 820 OK (eq (46», the 
(,,+0) en thalpy Isotherm at 823 OK IS not to be in terpre ted as invalid since tbe 
samples were not heated abOvc 823 OK in t hesc m easurements and tlie f3 pbase 
could easily have Cailed to appear. 
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from the data by the least-square method, and are 
given in table 3 referred to the experimental base 
temperature 273.15 oK- i.e., for the equation 

(l-r-H~73. 15)"H=A' + B'x. (49) 

TABLE 3. I sotherms of enthalpy in the (",+ Ii) fi eld of Z r- H 

(In cal mole-I of ZrH,) 

l' A' in eq (49) B ' in eq (49) 

oJ( 

273. 15 0 0 
373. 15 637. 5 114.0 
473.15 1305. 6 356. 5 
573.1 5 2041. 8 694. 9 
673. 15 2849. 4 1039.7 
773 . 15 3794.2 141 0.0 
823. 15 4277. 0 1705. 8 

The followin g equat.ion s were derived to represent 
A and B in eq (48) as functions of temperature 
(T = 273 to 823)9: 

A = 33.91211 T - 5.051 385(l0- 2) T 2+ 4.76757(10- S) T3 

- 1.603496 (10- 8) T 4+ 1.373028 (106) T - I 

- 9.2289104 (107) T -2- 10324.4 ; (50) 

B = 3.05464T+ 5.5805(10- 4) T 2-7 .098895 (10- 5) T 3 

+ 2.608868(10- 7) T4- 3.393270 (10-1O) T 5 

(51) 

isotherms are linear with x. It will presently be 
shown that at 273.15 oK the a field is extremely 
narrow; consequently, it is convenient to assume 
that at. this temperature a-Zr is in the (a + 0) field. 
At 820 oK eq (44) then gives 

(57) 

while eqs (47) , (48), (50) , (51), (52), and (53) give 

(58) 

Thus, using eqs (52) and (53 ), 

H;~g) - H;~ng ) = 3594.9 + 9316.4x. (59) 

By assuming the hydrogen vibration frequency in 
ZrH2 found by Flotow and Osborne [15], 1190 cm- I , 

the following empirical equations were derived: 

T = 298 - 820: ((7,,) ~= - 5. 9446 + 2.7364(10 - 2)T 

- 1.185 (1O- S)T 2 (60) 

(61) 

Since these ftre independent of x, by eqs (9) and 
(8) (fJv}f is identical with the heat capacity of 
a-Zr (from eq (44» . When the latter and eq (60) 
(or (61 ») are substituted into eq (5) and then inte­
grated to satisfy eq (59) , we have: 

From ess (50) and (51 ), the constants in eqs (48) T = 298 - 820 : (I .. r(a) -H~~~.ig» /T=4.0504 
and (49) arc related by 

A'= A + 158.1 ; 

B'= B + 19.0. 

From eqs (1), (6), (8) , and (48) 

(Cp ) I"'H = dA/dT 
and 

(Cp )2,,+a=2dB/dT. 

From eqs (26) , (28), (29), (48), and (51) 

(52) 

(53) 

(54) 

(55) 

(H2'" + 5_ H~) /T= -40404- 0.55072T + 8.483 (1O - 4 )T2 

- 1.419779 (10- 4)T3+ 5.217736(10 - 7)T4 

- 6.78654 (1O - 10)Ts+ 3.040832 (1O- 13)T6 

+ 12000T-l. (56) 

The same properties were next formulated in the 
a fteld. Apparent ly no measurements of enthalpy 
are available except for zirconium metal (sec. 4). 
However, the a phases are all low in hydrogen 
(fig . 1) , and the 1l1wS of dilute solutions should be 
l1pplicable to good approximation. This involves 
the assumption that the enthalpy and heat-capacity 

' E quation (51) agrees exactl y witb table 3. However, owilJ g to a small com· 
putation error, cq (50) differs slightly from th e table abo,"e 473 OK (by an aver­
age of 7 cal mole- I, which is within the preCision of the data). 

+ 5.3113(l0 - 3)T - 4.4945(10- 6)T 2+ 1.6785 (10- 9) T3 

- 1578.5/T + [8243.0/T - 2.9723 + 6.841 (1O - 3)T 

- 1.975(10- 6)T 2]x; 

T = 820- 1136 : (l-r ( "' ) -H~~~t50 » ) / T 

= 4.0504+ 5.3113 (1O- 3)T - 4.4945 (10- 6 ) T 2 

+ 1.6785(10- 9) T 3-1578 .5/T 

(62) 

+ [6577.4/T + 2.418 + 1.125 (10- 3)T]x. (63) 

The application of eqs (26), (28), and (29) to eqs 
(62) or (63) gives respectively: 

T = 298- 820: (H~-H~) /T= -23005/T 

- 12.6085+ 1.3414(1O- 2)T - 3.950(10- 6) T2; (64) 

T = 820 - 1l36: (H.~-H~)/T 

= - 26336/T - 1.828+ 1.982 (10- 3)T. (65) 

5.3. Hydrogen Activity and the a/{a+ o) Boundary 

The thermodynamic functions (G~-G~) /T, giving 
(by eq (10» the hydrogen equilibrium pressures, 
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will now b e formulat ed for th e a and (a+ i5 ) Aelds. 
A discussed in sec tion 3, t hese will be based on eq 
(23) and the p ertin ent t hermal properties. Th e 
invarian t eutectoid preSS lU"e deri \Ted in section 6 is 
Lhe (a + i5) value nt that temperature: 

(66) 

It is reasonable to assume that in th e dilute a phases 
the activity of atomic hydrogen is proportional to 
its concentration at any temperature, and hence a~ 
is propor tional to X2, as has been observed [4]. Then 
from eqs (1 0) and (66) 

[ (G~H- G~)/Tls20= - 18.2174, (67) 

and , using eq (47), 

[(G~- G~) IT] 820= 9.151710g x-7.3536. (68) 

Substitu tion of eq (56) into eq (ll ) n,nd in tegrating 
to satisfy eq (67), 

(G~H- G~) /T= -40,403.48/T + 1.26796 log T 

-R.4R29(10-4) T + 6000/T 2+ 7 .098842 (10- 5) T 2 

- J .739232(10- i ) T 3+ 1.696622 (1 0- 10) T 4 

- 6.0R162(1O-LI)T5 + 22.0491. (69) 

The similar use of eqs (ll), (64), and (68) gives 

T = 298- R20: (G~- G~) /T= 9.1517 10g x 

- 23005/T + 29.02 15 10g T - l.34113(10 - 2)T 

+ 1.97447(LO- 6)T2 - 54.2116, (70) 

while eqs (11), (65), and (68) give 

T = 820- U36: (G~- G~)/T= 9.15 1710g J:-26336/T 

+ 4.20976 log T-1.98179(10 - 3)T+ 14.1221. (71) 

The a / (a+o) boundary at 820 OK has b een r e­
quired to have a composition of x,,= 0.0650 , but J10 
oth er restrictions on it h ave been explici tly imposed. 
The boundary compositions at other temperatures 
can b e found by equating ei ther the hy drogen 
activi ties (eqs (69) and (70» or t he enth alpies (eqs 
(48), (50), (51), (62» in th e two Aelds. The r esul ts 
by these two methods are compared in table 4. 10 

Th e agreement for th e two method s above 400 OK 
is rather stril,in g, and gives strong support to the 
assumpt ion made earlier that in the a Aeld a2 is 
proportional to x2 . If this assumption is correct, 
the agreemen t in the table indicates that phase 
equilibrium , especinlJy with respect to th e a/ (a+i5) 
boundary, was approxim ately maintained in t he 
enthalpy m easurements ill the (a + o) fi eld, a result 

10 The va lues in the second col umn of the table arc :-:ensitivc to the power of.r 
assulIled. \·\ 'ith the assumption of the 820 0 K valu e a~ before, the second eOI UnlJl 
was recalculated with a~ proportional to Xl. i5 , but the d isagremn ent with the 
third col umn was nlUch worse . It 1l1ay be noted, however, that the exten t of 
disag reement is ind ependen t 01 the value assumed for the eutectoid hydrogen 
activ ity, for the same value was assumed in deri ving eqs (69) and (70), and cancels 
when the two equations arc set equal to each other. 

TABLE 4. T he compositions of the 01/ (01 + 0) boundary by two 
methods 

'1' 

Of( 

298. 15 
300 
350 
400 
450 
500 
550 
600 
G50 
iOO 
i50 
800 
820 

x. at boundary 

Equali ty of Equality of 
h yd rogen en thalpy 
acti vi ty 

0.000015 
.000016 
. 00010 
.00043 
.0013 
.0031 
.0064 
.0114 
.0188 
.0288 
.0418 
.0578 
.0650 

0.0006 
.0006 
. 0010 
.0010 
. 0013 
. 0025 
.0053 
.0l02 
.0178 
.0282 
.0414 
.0576 
.0650 

in accord with th e observation of Schwar tz fi nd 
M allett [9] that hydrogen difl'uses in zirconium 
metal very rapidly at t h ese temper n,turcs . Aside 
from th e small uncer tainty in th e value selected for 
820 OK, t he values in t he second column of table 4 
ar e probably more reliable than those in t he third 
column ; this is certainly t ru e at th e lowest temper n,­
tures, where th e failure of t he a phase to reach the 
fm al equilibriurn co mposi tions would h ave caused 
but li ttle error in eq (5 6) and hence in eq (69) . Tn 
this paper, however, the properties of th e (a+o) 
field dependin g on the a/ (a + o) bound ary ar c calcu­
J ated from the t hird column of t h e table in order to 
avoid small d i crepancies with other properties 
calculaLed from the t hermal data. T h ese discrep­
ancies would InLVe been minor, because t he two 
columns of tabla 4 n ever diO'er by more t han a,bout 
0.001 in :T. For t he same reason , Jl0 eO'or t was 
made to n,dj ust the (a + i5 ) en thalpy valu es to m ake 
t hem consisLent with the second-column boundary 
co mposi Lion s. 

5.4 . Entropy 

The absolute entropies or the vari ous hydride CO ll l­

posi t ions are c,tlcul nJedin t his paper from tbose of 
zirconium m etal Ceq (45») . .9; ca ll be calc ulated from 
eq (4) by substitutin g ei ther cqs (64) and (70) or eqs 
(65) a nd (71) , dependin g on the LelllperHture. Spe­
ciAcally, at 820 OK S; = 38.285, and so we get 

S~(820)= 13.3187- 9 . 1516 log x. (72) 

Sin ce from eq (45) 

S~ (820 ) = 16 .1723, (73) 

eqs (72) and (73) may be substituted into eq (7) and 
Lhe ill tegration per form ed hom :1.' = 0 Lo x, givin g 

S~Jg)= 16.1723+8.6466x-4.5758x log x. (74) 

The entropy may be formulated from the enthalpy 
by performing the in tegra t ion (of eq (2» to satisfy 
eq (74). When eq (63) is used for the enthalpy, the 

411 



result is 

T= 820- 1136: SO (a)= (9.32645 + 5.5677x) log T 

+ [0.0106226 + 2.25(10-3 )X]T-6 . 74175(10- 6) T2 

+ 2.238(1O - 9)T 3- 16.4145 - 9.4216x - 4.5758x log x. 

(75) 

EqufttioTl (74) gives (in view of eqs (46) and (47» 

At this temperature eqs (4), (56) , fmd (69) and the 
value of (S;)820 give 

(77) 

The substitution from eqs (76) and (77) into eq (5) 
then gives 

(78 ) 

(Cp)~H and (Cp)~H as functions of temperature were 
then evaluated from eqs (50, 54) and (51, 55) re­
spectively, and when each of these functions was 
substituted into the equation for the partial molal 
properties analogous to eq (2) and the subsequent 
in tegration was required to satisfy eq (78) or (77) 
respectively, the partial molal ftlld (from eq (5» the 
total entropies in the (a + o) field were completely 
determined. The results for the partial molal 
entropies are 

In the (a+ 0) field the partial molal relative free 
energy of zirconium is simply the values given by 
eq (81 ) alon g the a/(a+ 0) boundary: 

(a~H- G~) /T=- 1.9872xa. (83) 

The values of Xa are given in table 4, where, as 
explained earlier, those in the third column were 
used to obtain the tabulated values of (GrH- GV /T. 

The partial molal relative en thalpy of zirconium 
in the (a+ o) field may be obtained from eq (4), 
which in this case is 

(fI~H_H.V/T= c1hH- Gn/T+SrH-s~, (84) 

by substituting from eqs (45) , (79), and (83) . For 
the zirconium-hydrogen system this property may 
be derived more directly from the en thaI pies alon e 
by what is equivalent to the "method of intercepts." 
From eq (8) 

(85) 

By writing the same equation Jor 273 OK and the 
(a+o ) field and subtracting from eq (85) , we may 
write 

. (HI-H.~) = (H.°-H.gi~H»_X [~X (H.O_H.gi~H» l 

- (H.~- H~ (273 » + (Hr+O- H.~) 273' (86) 

It was stated earlier, however, that a-Zr will be 
assumed to lie in the (a+ O) field at 273 OK so that 

Sr H = 78.0860210g T - 0.1010277T+ 7.151355(10- 5)T2 (fI~H-Hn273=O. (87) 

-2.13799467(10 - 8)T3+6.86514(105)T - 2 From eqs (48), (49), (52), and (53), 

- 6.15260693(107) T -3- 164.9841 ; (79) 

S~H= 14.0672210g T + 2.2322(10 - 3)T 

-2.1296685(10-4) T2 + 6. 95698132(10- 7) T 3 

-8.483175(10- 10) T4 + 3.6489984(1O- 13 ) T 5 

- 29.4258. (80) 

5.5 . Some Partial Molal Properties With Respect 
to Zirconium 

In the a field the partial molal relative free energy 
and relative enthalpy of zirconium may be found 
readily from those for hydrogen by integrating the 
Gibbs-Duhem equation (eq (9» , since zirconium in 
its standard state is a terminal composition (x = 0) 
of this field. Equations (70) and (71) both give the 
same result for the relative free energy, 

(ar - GV /T=-1.9872x, (81) 

and eqs (64) and (65) give the same result for the 
relative enthalpy, 

(H.g~~H)-FJgi~H»_X [~X (H.g~~H)-H.gi~H» 1 = 158, 

(88) 
lwd from eq (44), 

H.~ (298) - H~ (273) = 154. (89) 

Subtracting eq (89) from the sum of eqs (86), (87), 
and (88), 

(It-H.n /T=~ { (H.° _Hg~~H» 

-x [O(H.o-o~g~~H» 1-(H.~-H.~ (298» +4}' (90) 

For the (a+o) field at T = 298, eq (90) gives the value 
of eq (25). Equation (90) is applicable to any phase 
field and any composition lying inside the (a+o) 
field at 298 Ole In the special case of the (a+o) 
field, substitution from eq (48) gives the simple result: 

11 Equation (82) follows also from eqs (11) and (81). Both equations (81) and 
(82) are consistent with the assumption made earlier that the a phases are ideally 
dilute solutions of atomir hydrogen ill a -zirconiwn. 
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(H rH-H Z) /T = [A - (H?-II~ (298) ) + 41 /T . (9 1) 

Values calculated from eqs ( 4) and (9 1) did not differ 
by more than 0.006 , and were ave raged for tabulation . 

6 . The {3 (Hydrogen-Rich), ({3 + 8), and 8 Phase 
Fields 

Having formulated thermodynamic properties for 
t he (a+ 8) field , those formulated for the {3, {3 + o, and 
8 fields sbould be consistent not only with the most 
reliable data for these fields but also with a single se t 
of (3/ ({3 + 0), o/ ({3 + 0), and 0/ (a + 0) boundaries. 'fhere­
fore the properties of these three fields are considered 
together. 

An isotherm of az at 1073.2 oK for the {3 field has 
already been formulated in section 3 (eq (23)) . As 
t he hydrogen concentration (x) in creases the second 
term in thi s equation becom es relrttiyely important 
(several percent of the fu'st term) in the r egion x = 
0.5 to 0.6; other properties such as the heat capacity 
and the heat of hydriding (H 2 - H g), at simila r tem­
peratures and . th.e same general range of concen tra­
tlOn s, show s llTnl ar changes. This fact mak:es it 
conyenient to treat the .wide. {3 field separately in two 
p~\,l·.ts. Some.vvhat arbltranly, the field has been 
dlYlde~lll1 tIns paper by the composition selected as 
t!l at of the {3 eutectoi ~ pha~e, x=O.57. Th e proper­
Lies of the {3 phases n cher ll1 hydroa-en will be con­
s idered quantitati\Tely in the prese~lt section and 
those poorer in hydrogen, in sec tion 7. Th e'most 
appropri ate dividing composition probably Sllifts 
WIth temp~ll"a~ure, but the exact choice is probably 
not of m ajor !mportanc~ because all the important 
thermodynamIc properties ar c made to h [1I'e con­
t inuity at this composition. 

6 .1. The {3 Enthalpy and Other Properties (x ~ 0.57) 

A simple equa tio.1l was selected to fi t the enthalpy 
measurements [161m the {3 field for the higher vaIues 
of x: 

x~ 0. 57 : (H O(I3 ) -H02~"s+I~)/T= (9 .664+ 2.144x) T 

+ 1500x-252 1.1. (92) 

The Y~lues calcul.ated from this equation are com­
pared 111 table 5 WIth the mean observed enthalpiesY 
(The latter were actually measured relative to 273.15 
oK, but. have b een ma.d~ re~ati:ve to 298.15 oK by 
subtractlllg the quantltlBs 111dlcated by eqs (52) 
and (53).) 

If any of th e samples was actually inside the 
({3 + o) field when m easured, its enthalpy would be 
found. to be lower than if at the same temperature it 
were III the {3 field. Measurements were made on 
the compositions x= 0. 556 and 0.701 also at 873.2 OK, 
but, . contr~ry to figure 1, these enthalpies gave 
defimte . eVIdence (poor precision, large thermal 
hysteresIS, and large negative deviations from eq 
(92)) that for some reason the {3 field had not been 

I: The COmlJoSiti01! x = 0. 5!iG in table 5, wbile outside tbe range to whicb eq (92) 
bah been restrIcted, IS too close to x =O.57 to mvahdate apprecIably the differences 
"obse rved minuS calculated" noted in th(' table. 

T A BLI, 5. D eviation JTom eq (92) of the mean obseTved 
enth alpies 

(For each tC lllpcraturr and composiLion the first val ue is the mean observed 
(f]O(M-HOI;s~t:) and the val ue in parenthe,es is the o])served - calculated, 
both in cal/mole of Zr 11 •. )13 

T .T~ 0.55r. :1"= 0 .70 1 x= 0.999 x= l.071 

OK 

923 .2 829 1 ±6(-44) 887G ± 0(+3G) 
973.2 8839 (-39) 9423 (+ 24 ) 

1073.2 907l (+8) 10528 (+ 13) [11906(- 10)] 
1123.2 [122 11 (-27)1 12520(0) 
ll 73.2 11040 (-P) 11640 (+8) 12828(0) 1311 8(0 ) 

r eached. By similar considerations the observed 
values in table 5 for x= 0.999 at T = 1123.2 and for 
x= 1.071 at T = 1123.2 and 1073.2 would be expected 
to fall below eq (92) . The fact that the last value is 
only slightly lower is evidence that the preceding 
vR,lue (for x= 1.071 and T = 1123.2) probably corre­
sponds to the {3 field, despi te the (3/ ({3 + o) boundary 
sele.cted l!l figure 1. Most likely, mall percentages 
of 1.rr~plll"Jt l es m each sR,mpl e, while corrected for 
addltrvely, probR,bly invalidated the observed en­
thalpy appreciably only if the impurities shifted this 
phase-field boundary enough to place tbe poin t 
elToneously 111 n, two-phase field. The doubtful 
values men tioned were not used in deriving q (92). 
It m ay be noted from table 5 t hat the fi t is poorer 
n,nd WIth a trend for t he two lowest temperatures 
tal:mlated (up to .0.5 0 discrepancy), but these four 
pOlll.tS were consIdered insufficient justification for 
modifying eq (92) . 

. With the help of eqs (28), (29), and (92), eq (26) 
gIves: 
x ~ 0.57: Cllg- IIg)/ T = -36508.3/ T - 2.372 

- 2.678(1 0- 4) T + 12000/ T z. (93 ) 

Wh en eq (9?) is substitu ted in to eq (11), and the 
subsequent mtegr ation is m ade to satisfy eq (24) 
there is obtain ed : ' 

x~ 0 .570 : (G~- Gg) /T= 6 .223110g x 

+ 4.5758 log (1 + 1.8493 x697 ) 

+ 1l.6100-36508.3 / T + 5.46 17 log T 

+ 2.677(10- 4) T + 6000/ T z. (94) 

Though eq (24) was derived from data up to about 
~= 1 , wher e the {3 field terminates at 1073 OK, eq (94) 
IS assumed to hold up to ] 200 OK and also for the 
s.1ig.htly greater values of x (up to about 1.1) which 
l~e m the {3 ~eld above 1073 oK. An empirical equa­
tlOn was denved for t~e standard entropy of hydrogen 
gas f~'om eq (~8) (US111g eqs.(l) and (2)) . Since eq 
(28) IS not qUlte exact, the mtegrated equation was 
adjusted to give the best fit for T~820: 
T~ 820: Sg= 15.33532 log T + 5.356(lO-4) T 

-6000/ T 2 -6.8288. (95) 

.13 Tbe tolerances attaebed to two o( tbe values in tbe tabJe represent not pre' 
ClSIOn or estImated accuracy, but tbe uncertainty due to h ysteresis. For thcse 
two POInts the temperature was ap proached botb by heating and by COOling (in 
two separate sen es o(runs). Theenthalpies found were hi~her in the former tban 
in tbe latter series by twice the stated tolerance, and the mean of tbe two series 
has been tabulated. 
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Substitution from eqs (93), (94), and (95) into eq (4) 
then gives: 

x~ 0.57 : Sg=-6.2231 log x 

- 4.5758 log (1 + 1.8493 X697 )+ 9.8736 log T 
-20.8108. (96) 

Substituting from eqs (44) and (92) into eq (90), 

x ~ 0.57: (H~-Hn /T= -942.6/ T + 5.6136 

- 5.3113(10- 3) T + 4.4945(10- 6) T 2- 1.6785( 10- 9) T 3. 

(97) 

Other properties t o be derived for the hydrogen-rich 
part of the (3 field will depend on how the ((3 + 8) 
properties are formulated, because these, together 
with the (3 properties, will determine t he unique 
composition of the (3 eutectoid phase with which they 
are consistent. 

6.2. Procedure Giving Thermodynamic Consistency 

Of the twelve thermodynamic functions derived 
and tabulated in this paper (tables 8- 14), five must 
be continuous at each phase-field boundary: H , S, 
G, 0; , and Oz. Both relative-enthalpy and hydrogen­
activity data have been obtained in th e ((3+ 8) field . 
The enth alpy data were ob tained by Douglas and 
Victor [16] for the compositions x= 0.701 , 0.999, and 
1.071, but the values show serious inconsistencies 
between two of the sample compositions,14 and 
therefore were given no weight in deriying properties 
in this field. Hydrogen-activity values in the 
((3 + 8) field were reported as follows: by Edwards 
et a1. [5] for x= 1.222 at 973, 1,023 , 1,073 , 1,098, 
1,123, 1,133,1,138, and 1,148 oK; by L aGrange et al. 
[8] for several compositions at 843, 889, 919, 967, 
1,022, and 1,073 OK. The values of the two sets 
of workers, which disagree somevvhat at the lower 
temperatures, show excellen t agreemen t as well as 
smooth temperature dependence at and aboye 1,023 
OK, and were used to define the adopted yalues in 
this higher temperature range. With the complete 
formula tion of the hydrogen activity (or Gl+o) from 
the eutectoid temperature (820 OK) to 1,200 OK , 
soon to be given , the (3/ ((3 + 8) boundary was so 
determined as to make ag and UgH equal along the 
boundary, and the values of the other four of the 
above five properties in the ((3 + 8) field were deter­
mined so th at along the boundary they would b e 
equal at each temperature to the corresponding 
(3-field properties. 

R epresenting the boundary composition at tem­
perature T by x~, the relative enthalpy in the ((3 + 8) 
field at x and T can be found by in tegrating eq (26) 
between x and x~ : 

14 ~rhe discrepancies are 111u ch larger than those found in several tests of heating­
and-cooling hysteresis, and seem to be due to different locations or the f3/(fJ+o ) 
bounda ry caused by different impurities in the two samples. 

The complete determination of (Bro - H~) at the 
lower temperatmes down to 820 OK will then com­
plete the determination of the ((3 + 8) properties 
and the (3/ ((3 + 8) boundary. In par ticular , the 
composition of the eutectoid (3 phase will lie on this 
boundary, and the composition of the eutectoid 
8 phase will be that resulting from simultaneous 
solution of eqs (48) and (98) at 820 OK, the eutectoid 
temperatme. It was decided to formulate thermo­
dynamic properties of the Zr- H system only up 
to X= 1.25, partly because there are fewer over­
lapping data for compositions richer in hydrogen 
and those that do exist show some m ajor incon­
sistencies. If the eutectoid 8 phase has a valu e of 
x less than 1.25, then as the temperature ri ses the 
composition x= 1.25 passes from the (a + 8) field into 
the 8 field at some temperature (T 1), and from the 
8 into the ((3 + a) field at a higher temperature (Tz). 
For thermodynamic consistency, it must be possible 
to formulate the a-phase proper ties so that the fi,-e 
properties mentioned aboye agree with those of the 
(a + 8) and ((3 + 8) fi elds at the eutectoicl a composition 
and temperature (820 OK), with the (a + a) properties 
at x= 1.25 and T I , and with the ((3 + 0) properties at 
X = 1.25 and To. 

The ((3 + 8) bydrogen-activ ity data above 1073 OK 
mentioned above indicate a vfilue of (l""{gH-H~) 
essentially ind ependent of temperature (approxi­
mfitely - 51600), an d in fi preliminary trial the same 
vfilue was assumed down to the eutectoid temper­
ature. This assumption led, in the manner outlin ed 
above, to eutectoid compositions of approximately 
x~= 0 .54 an d xo= 0.99. The next step takell was to 
formulate an enthalpy fll1l ction for the 0 phases 
whose temperature derivfitive corresponded to a 
hydrogen vibration frequ ency of b etween 1050 finel 
1200 cm- 1 r15] and which at the same t ime satisfi ed 
the (a + o) enthalpy equation (eq (48) ) at the eutec­
toid 0 point and also on the o/ (a + 8) boundary at 
673 OK. Wi th X = 1.25, this equation was then 
solved simultan eously with eq (48) t o determine T1, 

find with eq (98) to determin e Tz. To test the con­
t inuity of the other four propert ies at the points Tl 
and T2 , ent ropy is an insensitive criterion, but (;2 
proves entirely adequate. The o-phase enthalpy 
function men tioned above and eq (26) gave a value 
of approximately (H~-H~)=-42900 , and on sub­
stituting this valu e, eq (ll ) in tegrated to give for 
[( (;~ - G~) / Tlrz. 125- [(G~ - G~) / Tlr1• 1.21' fibout 0.7 
less than [( Gg+o- Gn /T]1'Z. 1. 25- [ ( G~+O- G';.)/T]T j 125' 

(The discrepancy of 0.7 was approximately 15% of 
either of the two differences. ) 

This serious discrepancy was practically elimin ated 
by making two changes. The first change was to 
preserve the fit t o the hydrogen-activity data at the 
higher temperatures but to assume sligh tly higher 
values of (fir3+0 - H~) at the lowest temperfitures 
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(near 20 OK). The final equalions are 

(l-:rgH - I1~) / 1'= 
[- 51678.2 + 3.1277 (10- 10) (1200- 1')5] /1' (99) 

and (from eq (11) after substituting from eq (99») 

(Gg+o-G~) / 1' = 726592 .5/ 1'+ 7466.81126 log l' 
- 5.4046582 l' + 2 .2519409 (10- 3) 1'2 

- 6.2553915 (10- 7) 1'3+ 7 .81924(10- 1I) 1'4 

- 19434.0399. (100) 

The additional eu tectoid compositions (at 820 OK ) 
were then found in the ways outlined above . Simul­
taneous solution of eqs (94) and (100) gftve 

xjl(eutectoid) = 0.570 . (101) 

,..... Using this value, simul taneous solution of eqs (48) 
and (98) (after substitution from eqs (50) and (5 1) 
into the former, and from eqs (28) , (29), (92) , and 
(99) into t he latter) gave 

I 
7- x,(eutectoid) = 1.171. (102) 

The efT ect of increasing the value of Xo (eutectoid) 
from 0.99 to 1.171 was to bring the boundf\,l'Y tem­
peratures Tl and 1'2 (at X= 1.25) much closer to­
gether with the result that the discrepancy in the 
interval of « (Jg- G~) X= L25 referred to above was now 
greatly reduced, but still had the same sign, and a 
magni tude of 0.14. To repeat the above change on 
an increased sca] e an d thus to increase th e entec loid 
composi tion X{3 still further would have in creased 
the discrepancies of the f3 / (a + f3) boundary (sec. 7) 
but apparently without eliminating the present 
discrepancy in «(]g - O~)L25 ' This discrepancy was, 
however, practically eliminated by a second change 
which, by lowerin g (ilg- I1~), makes a small incr ease 
in the temperature coefficient of ( {]2- G~)/ 1' in the 
a field. This was accomplish ed by r eplacing t he 
a-phase en thalpy function by the simple equ ation 

x = 1.17 to 1.4, T = 790 to 850: (H'-H~9tU / 1' 

= 13. 11 5- (4692 .5+ 19.0x) /T. (103) 

Equation (101), when substituted into eq (94) (or 
(100)), gives for the eu tectoid activity of hydrogen 
the value of eq (66) given earlier, 1.0442(10- 4) atm. 15 

The heal capaci ty which eq (103) gives corre­
sponds (by eqs (1) and (6») to 

(106) 

and this desen es some comment. Though eq (103) 
was derived to fit only a nalTOW r ange of temperatures 
and compositions, no elaim can be made that eq (106) 
is highly accmate f\,nd hen ce that the addition of 
hydrogen to the a phases produces an intrinsic addi­
tion to the heat capacity by the vibration of the 
added hydrogen which is exactly offset by a reduction 
of the in trinsic contribu tion by the vibration of the 
zirconium. It seems not unreasonable, however , 
that a considerable compensation of this kind may 
actually exist. Equation (80) gives negative values 

- "' +0 for S2 at the lowest temperatures such as 298 OK , 
which means that the addition of hydrogen to a ­
zirconium to form the coexistent a-phases lowers 
the en tropy at these temper atures, and hen ce pre­
sumably the heat capaci ties at all lower temperatures. 
In these cases i t is reasonable to assume that a m.ajol' 
resul t of adding the hydrogen has b een to stiffen the 
zirconium lattice and that this relatiye effect is 
dependent on COlJ~posi tion as well as on temperatUl'e. 

6.3. Other (3 Properties (x ~ O.57) 

With the value of eq (101) , further properti es 
m ay be deri \Ted in the f3 field. From eqs (5) , (77), 
and (78), 

S~~~:tob= 18.4 14. (107) 

Equations (48) , (50), and (5 1) giye 

(Ir-II~98 1 5) ~to~o. 570=5040.5, (108) 

and eq (92) gives 

(109) 
whence 

With t he use of eqs (103), (28), and (29), eq (26) ~S820 =2.7073 for ZrHO .. 170 (a + IJ) ~ ZrH0570 ({3). (110) 

i .... 

, 
r 

~ 

.4,. 
I 

now grves 

x= J.17 to 1.4,1'= 790 to 850: (lig-H.~) /T 
= - 39546.3/1'- 6.660 

- 2.678(10- 4) T + 12000/ 1'2. (104) 

Equation (104) gives approximately ([~-H.~) = 
- 45200, which incidentally is much closer than the 
preliminary value - 42900 to that derived by 
Gulbran sen and Andrew [4] flom their data, - 45750. 
The f3 / (f3 + IJ ) boundary on which eqs (94) and (100) 
gi ve the same \Talues of G2 is that shown in figure 1, 
and for con venience may be represen ted (to within 
± 0.001 in x) by the empirical equation 
1'= 820 to 1200 oK: X{3=- 1.3995 + 3.5169(10-3)1' 

Adding eqs (107) and (1l0) , 

S~Wo.570=21.1887 . (Ill ) 

For the composition x = 0.570 eqs (92) and (111) 
readily give the entropy: 

sg(gio= 25.06629 log 1'- 51. 8497. (11 2) 

After substitu ting from eqs (96) and (112) , cq (7) 
can b e used to derive the f3 ent ropies for x> 0.570. 

15 The values indicated by the pressure lllcasurcmcnls of Gul bransen and 
And rcw [4] an d of Ells and M cQuillan [6] sec m to fa ll within a range of ± 10 
percrnt of this valu c. 

- 1.2(1 0- 6) 1'2+ [1.19853(10- 15) - 2.87092(10- 18) T + 1.6655(10- 21) T2) [1200- T] B. (105) 
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This involves the integral 

-2. 2879 rx log (1+ 1.8493 X697 ) clx. Because the J 0.570 
expansion of the in tegral about x= o does not con­
verge rapidly for values of x approaching unity, the 
followin g empirical equation was derived: 

x = 0.57 to 1.1: - 2.2879 rx log (1 + 1.8493 X697 ) clx J 0.570 
= 0.4202 - 2.12581x+ 3. 72544x2 

(11 3) 

The general entropy equation then found was 

x;;;; 0.57: SO (~)= (22 .25230+ 4.93681x) log T - 46.7017 

- 11 .17991x+3 .72544x2- 2 .36774x3 

+ 0.18558x4-3. 11155x log x. (114 ) 

S~(x ;;;; 0.57) was calculated from eqs (5), (96) , and 
(114) . 

Since from eqs (47) an d (101) ZrHo0650(a) and 
ZrHo.570 (!3) are coexistent phases at 820 OK, eq (81) 
(with X,,= O. 0650) evaluates 0-1 for both phases : 

[(G~-GDjTl8200.570=-0 . 1292. (115) 

When eq (97) is substituted into eq (11) and the 
in tegration is mad e to satisfy eq (115), there is 
obtained for the one composition x = 0.570 

[G~-GV/Tl0570=-942.6/T- 12.92588 10g T 

+ 5.3113 (1O -3)T - 2.24725(1O -6) T 2+ 5.595( 10- 10)T3 

+ 35.5312. (116) 

Equations (94) and (116) may be substituted in to 
the Gibbs-Duhem equation (eq (9», the integration 
from x= 0.570 to higher x giving (with th e h elp of 
eq (113) in integration by parts) 

x;;;; 0 .. 57:(G~- G~) jT=35.9017 + 0.77449x-3 .72544x2 

+ 2.36774x3-O.18558x4- 2.2879x log (1 + 1.8493x6 97) 

- 942.6/T - 12 .92588 log T + 5.3113(1O -3) T 

- 2.24725(10 -6) T 2+ 5.595(10- 10)T3. (117 ) 

6.4. Other (iJ + o) Properties ' 

The remaining (iJ + ll) properties may be readily 
derived from foregoing r elationships. SgH may be 
found from eqs (4), (95), (99), and (100) . The 
entropy was found from that at the iJ!(iJ + o) bound­
ary (S~~ ) , calcul ated from eqs (l05) and (114» 
and eq (7) in the form 

SfH was calculated by s ubstitut ing SO (~H) and SgH 
into eq (5). (G~H-GD /T, which is independent of 
x, is the iJ value given by eq (117) on the boundary 
and at the temperature in qu estion . (H fH- H V /T 
was calculated from eq (4) from SgH, (G~H-G~) /T, 
an d S~ ( eq (45» . C~(~H) is the total derivative of eq 
(98) with resp ect to temperature (with x but not 
x~ independ ent of temperature); by eq (5) this may 
b e broken up into the partial molal properties: 

(~)HH = [o(FJO (~) - HgJ~.tt»/oT]x~+ [O (H O(81 - HgJ~.tt»/ox lx~[clx~/dTl-h,3d[ (figH-H~) + (I-Jg- H g(Z98» l/clT 

< 

"'I 

-t[ (fig+!- I-Jg) _(fi~H-H g)298+(H g- H 2(Z98» l[dx.s/dT]; (119) " 

(Cp)gH = d[ (H gH_ H g) + (I-Jg- H g(Z98» l/clT. (120) 

(The quantities needed in eqs (119) and (120) can 
be obtained from eqs (28), (29), (92), (99), and (105) .) 

6.5. Other a Properties 

The remaining properties in the sm all part of the ° field considered here (from T = 790 to 850, and 
from x= 1.171 to 1.25) were derived as follows. 
From eqs (90), (103), and (44), 

x = 1.17 to 1.4, T = 790 to 850: (H~-H?) /T 

= 9.0646 -5.3 113(10- 3)T + 4.4945(10- 6) T 2 

- 1.6785 (10- 9) T 3- 3114.0jT. (121) 

x= 1.25 : 1l/ (a+ 8) boundary, 
TI = 791.5 ; o/ (iJ + o) boundary, T 2=845.6. (122) 

At these poin ts eqs (69) and (100) give r espectively 

[(G~H- Gg) /Th91. 5. 125=- 20.0576; 

[( G~H- Gg) /Tl845.6. L2.,= - 16.3872. (123) 

However, the integration between t hese two tem­
peratures of eq (11), after substitution from eq (104) 
gives a corresponding increment of (Gg-Gg) / T 
which is 0.0203 Jess than that of eq (123); but by 
adjusting the integration constant so t hat the dis­
crepancy has at the two points the srune magnitude 
but opposite signs, th e same equation then gives 

[(Gg- Gg)/Tl820. L 25= - 18.0684. (124) 
The following boundary points were selected as From eqs (67) and (102) 
givin g the best overall continuity of properties at 

1 
J 

the points: [(Gg- Gg)/TJ820. 1.171 =-18.2174. (125) .,.., 
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By making the r easonable assumption that in this 
small composition r ange a~ is proportional to some 
constant power of x, eqs (124) and (125) give: 

x= 1.l7 Lo 1.25: [(O~- Gg) /1'] s20 

= 5.2281 log x - I .5751. (126) 

After substitution from eq (104), the general inte­
gration of eq (11) so as to satisfy eq (126) then gives : 

x= 1.l7 to 1.25, 1'= 790 to 850: (O~-Gg)/1' 

= 5.2281 log x- 15.2606-39546.3/1'+ 15 .33532 log l' 

+ 2.678(10 - 4)1'+ 6000/1'2. (127) 

From eqs (90), (103), and (44), 

I.... x= 1.17 to 1.4, 1'= 790 to 850: (H~-Hn/1' 
I = 9.0646-5.3113 (10 - 3)1' + 4.4945 (10- 6) 1'2 

? 

I 

r' 
I 
.... 
I 

- 1.6785(10- 9)1'3-3114.0/1'. (128) 

From eqs (102) and (11 5) we have 

[(Of- GV/ 1'Js20 1.171 = - 0.1292. (129) 

Eq uations (126) and (129) may be substituted into 
the Gibbs-Duhem equation (eq (9)), the integ-rntion 
from x= 1.171 to higher x giving 

x = 1.17 to 1.25: [( G~-GV /1']s20= l.1997- 1.13526 x. 

(130) 

WllCn eq (128) is substituted in to eq (11) and th e 
Intter is then integrated so as to satisfy eq (130), 
there is obtained 

x= 1.17 Lo 1.25 , 1'= 790 Lo 850: (Of - G?) /1' 

= - 1.13526 x + 62.6621 -3114.0/1'- 20 .872 15 log l' 

+ 5.3113 (1 0- 3)1' - 2. 24725 (10- 6) 1'2 + 5.595(10- 10) 1'3. 

(131) 

The pnrtial molal entropies can be derived from 
eq (4). Substitution from eqs (45), (128), and (131) 
gives Sf, and substitution from eqs (95), (104), and 
(127) gi ves S~ : 

x= 1.17 to 1.25, 1'= 790 to 850: Sf 
= 30.19860 log 1'+ 1.13526 x- 70 .0120 ; (132) 

x= 1.17 to 1.25, 1'= 790 to 850: S~ 
= 1.7718 - 5.2281 log x. (133 ) 

The substitution of eqs (132) and (133) into eq (5) 
gi \'es the entropy: 

For the compOSItIOn X = 1.25 the discrepancy at 
each adopted phase-field boundary between the fin al 
equations for the 0 and the two-phase fields is given 
in table 6 for each of the five properties which should 
have identical values. (In efl,ch such case, the 
average yalue is tabulated.) Sin ce co nt inuity was 
required nt the boundnry at x= 1.171 , presum ably 
the discrepancie would be small at the boundaries 
for all in tervening values of x. 

T ARLE 6. Discr'epancies of fonmdated pr-opel'ties of ZrH1.25 
at the adopted phase-field boundaries 

Property "0"-"(0:+0)" "0" - " (.8+0)" 
at 791.5 OK at 845.6 OK 

(Ho_ If (Q+o) )/'1' 
298.15 +0 .005 + 0.007 
So +.002 +.008 

-( o,-n o(aH))rr 
298 .15 

- .002 +.001 

(GI-O~)/T - .006 + .006 

(G,-O;)/1' + .010 - .0lD 

6.6. Discussjon of the 0 Phase-Field Boundaries 

Th e o/ (a + o) and 0/ ((3 + 0) boundaries have been 
drawn in figure 1 through the adop ted 0 eu tecto id 
point (eq (102)) and the adop ted temperatures for 
x= 1.25 (eq (122)). Though no effor t is made in 
this paper to derive COil istent thermody namic 
proper ties fo), higher vaIues of x, t hese two boundari es 
ha\'e been extended in figure 1 in a reaso nable but 
empirical way. In particulnf , the ensemble of 
experimen tal points shown for the 0/ ((3 + 0) boundary 
show wide discrepancies,17 but t he boundary drawn 
has b een made to pass through the "hydrogen­
pressure" values of Edwards et a1. [5] and of L aGrange 
et n1. [] . The points of LaGrange et a1. indicate 
some CUl'\'ature in the boundary, but those of 
Edwards et nl. (at seven temperatures from 973 to 
1,148 OK ) show a vertical boundary within the 
experimentnl error. In a previous paper [17] the 
author cri t icized a vertical boundary on thermody­
namic grounds which would lead one to predict that 
it has a posi tiye finite slope. The sante argument 
still holds, but may be reexamined somewhat more 
quantitntively. 

The hydrogen activity in a one-phnse field b is of 
course a fun ction of both temperature and compo­
si tion, and its variation with temperature along 
th e boundary xb( 1') separating th e b and (b+ c) 
fields m ay be written as a total derivative: 

d In a2/d1'= (0 In a2/o1')x+ (0 In a2/oxh/(d1'/dxb) ' 

(135) 
or in the present case 

d In ag+c/d1'= (o In ag/o1')x b + (0 In aRjox)T/ (d1'jclJ;b)' 

(136) 

16 F or the cutectoid 0 pha,e (x=1.171. 1'=820), eq (134) should of course give 
tlw same val ue of S' as eQs (5) , (i9) , and (80) for th e (a+o) field. The t wo val ues 
calcu lated were found to difTer by only 0.002. I [owever, this is a check of thermo­
dynamiC consisl"cncy only. 

17 _Relatively accentuated for higher values of x in fig ure 1 cOll1parrd with the 

x= 1.17 to 1.25, 1'= 790 to 850: So(ol 

= 30.19860 log 1'+ 2.02116 x 

- 2.6 1405 x log x-70.0120 . (134) 16 more usua l plots of the phase diagram as temperature V('rsus atomic percenta{}e 
of hyd rogen. 
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Substituting for the first two derivatives from eqs 
(10) and (ll), eq (136) becomes 

(0 In aVox)T 

= (RT2) - I (dT/dxb)[(H~-H2)-(Hg + c-H2)]' (137) 

If the thermodynamic properties as formulated are 
consistent, regardless of how near to correct they 
are, they must satisfy eq (137) along every phase­
field boundary. For example, the equation may be 
applied to the 8/ (a+8) and 8/ ({3+8) boundaries at 
X = 1.25. In the former case the bracketed quan tity 
in eq (137) is -3006 (from eqs (56) and (104)), and 
in the latter case it is + 4577 (from egs (99) and 
(104)). Since, as expected, (0 In a2%x)T is positive 
in both cases (eq (127)), the slopes of the 8/ (a + 8) 
and 8/ ({3 + 8) boundaries at this composition will 
thus be negative and positive respectively, as they 
are in figure 1. 

The measured 8-phase isotherms of hydrogen 
pressure r3,5,8] are in general considerably steeper 
than indicated by eq (127), according to which a~ is 
at constant temperature approximately proportional 
to x1.l 4 (up to X = l.25). It may be noted furthermore 
that the isotherms cited usually show a more gradual 
change in slope/8 as the hydrogen content changes 
and the sample crosses a phase-field boundary, 
when the latter is contiguous with the 8 field than 
when it is contiguous with some other one-phase 
field. If, as seems to be the case, the heats of 
hydriding do not change rapidly with temperature, 
eq (137) indicn,tes that at values of x considerably 
greater than 1.25 the far steeper 8/ ({3 + 8) boundary 
indicates a much greater value of (0 In aVox)T than 
at lower values of x, as experiment indicates. By 
the same reasoning, the 8/ (a + 8) boundary would be 
expected to become much steeper as x increases. 
This boundary in figure 1 was drawn to pass through 
the poin ts indicated by thermal-expansion studies 
from 293 to 673 oK [12,14], and does become 
somewhat steeper. If this boundary were assumed 
to be an equilibrium one, it would be possible to 
drn,w some conclusions about the 8-field hydrogen 
activities at temperatures too low for direct accurate 
measuremen ts. 

A sample such as ZrH1 .25 shows the interesting be­
havior of being in the one-phase 8 field at some 
temperatures, but in a two-phase field at higher or 
lower temperatures. According to equations derived 
earlier (5, 50, 51, 54, 55, 103, ll9 , and 120), the 
eq uilibrium heat capacity increases discontinuously 
as the sample passes from the 8-field into either 
contiguous two-phase field, because a new phase of 
different energy starts to form at a finite rate. A 
simple proof may be given that the heat capacity is 
necessarily greater, near the boundary, in the two­
phase than in the one-phase field. If' and" indi­
cate respectively the one- and two-phase properties, 
a t the boundary G" = G', S" = S' , and so also 
dG" /dT= dG' jelT since S = - dG/dT. But since in-

18 This curva ture of the o-Acld isotherms increases the cli ffic ul ty of locating th e 
compositions of the breaks accurately, and suggests that some of the values of 
x selected in the references cited lnay be somewhat too h igh. 

side the two-phase field G"< G', then the G" (T) 
curve for the sample must be more negatively curved 
than the partly metastable G' (T) curve, or d2G" /dT2 
< d2G' /dT2. Hence dS" /dT> dS' /dT, and since dS/ 
dT= Ov/ T, it follows that 0/'> 0/ . 

7. The (3 (Hydrogen-Poor) and (a + {3 ) Phase 
Fields 

Unlike the thermodynamic properties in the (a + 8) 
and ({3 + 8) fields derived in sections 5 and 6, those 
in the (a + (3) field were derived from the properties 
of the two adjacent one-phase fields using phase-field 
boundaries thermodynamically consistent with these 
properties. This consistency was imposed by find­
ing two boundaries such that at each temperature 
G~=Gg and G~= G~ (eqs (18) and (22) ) . The a-field 
properties were formulated in section 5, and the 
{3-field properties for x~ 0.570 , in section 6. How­
ever, since it is assumed in this paper that x ~ 0.570 
in all of the (a + {3) field (eq (101) and fig. 1) , the 
pertinent {3-field properties are those for the lower 
range of x, and are derived in the present section. 
This includes (3-zirconium (x = O) from its trans­
formation temperature, 1,136°, up to 1,200 oK. 

7.1. Discussion of Thermodynamic Consistency 

The thermodynamic data in the presently con­
sidered ranges of temperature and composition which 
were given greatest weight are as follows. Figure 1 
shows, in addition to the a/(a + {3) and (3/(a + {3) 
boundaries finally arrived at in this paper, various 
points on these boundaries indicated by three ex­
perimental investigations [6, 8, 10]. The points 
from the two investigations of hydrogen pressure 
[6, 8] showed general agreement, but the X-ray 
measurements [10], which did not inyolve the a/ 
(a + {3) boundary, indicated a much higher curve for 
the {3/ (a + {3) boundary. The compositions of the 
eutectoid (3 phase reported by these investigators are 
equivalent to the following yalues of x: Ells and 
McQuillan [6], 0.47; LaGrange et a1. [8], 0.50 ; 
Vaughan and Bridge [10], 0.72. Douglas and 
Victor's l16] measurements of the enthalpy of 
Zr({3) and of ZrHo. 324 ({3), when reduced to a basis of 
298.15 OK by eqs (52) and (53) , give the following 
mean values: 

(H~l<fi. 2-H~~~.+,g» ) x -0= 7314; 

(H~m2-H~~~.+, g» )o.324= 9701; (138 ) 

in addition, their mean observed yalues of (HO(~) 
-H~~~+,g» ) 0324 were 8836 at T = 1073.2 and 8004 ± 2 J9 

at T = 973.2. They actually measured the enthalpy 
of Zr ({3) at fiye temperatures over the very short 
temperature range 1,153 to 1,173 OK, the values 
varying linearly with temperature with a heat capa­
city a\~eraging 9.0. Skinner's linear heat capacity­
temperature equation, which is based on his enthalpy 
measurements of Zr({3) from the transformation 

I9 Sec footnote J3 (table 5). 
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tempcrature to 1,800 oK [22], givcs 6.73 in the same 
temperature range and extrapolate to 6 .46 at 1,000 
oK. 

~ D evelopm ent of {3-pha c properties for x;2; 0. 570 
b egan wi th th e assump tion of th e eu tectoid tem­
perature a - and {3-compositions already adopted 
(eqs (47) and (101) ) , the adop ted transformation 
temperature of zirconium (eq (4 1)), and th e basic 
r elations in sections 2 and 3. In the first trial an 
enthalpy equation for the {3 region was formulated 

tv in t he following way. It was r equired to satisfy 
I the valu es of eq (138), to agree a t x= 0.57 in H. and 

(OH./OX)T with the equation alr eady derived for 
x~ 0. 57 (eq (92)), alld to correspond to a heat 
capacity independent of temp erature but equaling 
Skinn er 's 1,000 oK value for x = O (6.46) and Douglas 
and Victor's mean value for x= 0 .324 (8 .48) .20 
In th e mann er outlined later, points on the a/ (a + f3) 
and {3/ (a + (3) boundaries at several temperatures 
were thCll found by imposing the r equirem ent that 
th e two partial molal free en ergies b e equ al. 

Th e {3/(a+ f3) boundary so found lay considerably 
above that indicated by th e hydrogen-pressure 
studies of Ells :w d McQuillan f6] and LaGl'itnge 
et al. f8] and considerably b elow that of Vaughan 
and Bridge flO] (except at x = O, where there is 
gen eral agreemen t) . While th e X-ray technique 
is less sensitive tha,n the hydl'ogen-pressUl'e method, 
it seems re'tsonable to conclude t ha,t unless Vaughan 
and Bridge ma,de a gross misin terpretation of their 
data their samples actually did correspond to a 
boundary in th e neigllborllOod of what they re-

I por ted and tha t somc factor such as unknown 
impurities a,ccoun ts for th e large differ ences from 
the r epor ted hydrogen-pressure curves .2 1 N ever th e­
less the latter two curves, al though th ey show som e 
differences at tbe lower temperatures , a,re in sub­
sta,n tial agreement, a,nd seem much more credible. 
In th e a,uthor's derivation of the two boundaries as 
outlined above, Lhe single r equirem ent that th e 

~ hydrogen activities b e equal (G~= G~) gives of 
1 course an infinite set of curves, one of which approxi­

m ated t h e experim en tally observed "hydrogen pres­
sure" boundaries, but at intermediate temperatures 
with zirconium activities of approximately 0.94 on 
the a boundary and 0.97 on the {3 bounda,ry . Just 
how sensitive these zirconium activities ar e to shifts 
undor t be exp erimental conditions of t he hy drogen-

'- pressure measurements is not apparen t . 
r It is appropriate of course to examine critically the 

assumptions and basic data used by the author in 
deri ving the bOllndaries. The a -field activities of 
hydrogen a nd zirconium given by eqs (70), (71 ), and 
(81), which are r elated by the exact Gibbs-Duhem 
equ ation / 2 are not only reasonable but are supported 

:,.. by the agreem en t in table 4 below 820 OK. An 
indepen den t en tropy calculation showing excellen t 

(,.: 20 D ouglas fl nd \~ i ('tor's va lue of 9.0 for fJ-Zr, which is grea te r th an t hey found 
for ZrHo.32~ , is not precise becallse of th e short tem pera ture range, and may be 
t oo b igh if the sm all a mount of oxyge n a nd Ilit rogen (0.065 atom %) ra ised t he 
t ransforJll a tion tcmperaturr above 1, lf13 OK (Gl. 

21 E lls find J\ \c Quill a n tG] conclud ed, c.g., that oxygen as an impuri t y ra ises 
thi s boundary. 

22 Thl' bou ndar ies a fC insellsi t,iv(' t o t h e eu tectoid h ydroge n pressure u <;,rd as an 
ill tf'gration COJ1sta nJ . 

agr eement will b e m ade later in this section , and 
supports the basic hydrogen-activity isotherm as­
sumed (eq (23)). '1'he boundaries are in sensitive at 
the lower temperatures to the heat capacity assumed 
for {3-zirconium. The en thalpy measurem ents on 
ZrHO. 324 were of h igll pl'cci ion (± 5 cal mole- I) , the 
sample was of fairly high pU l'i ty, and there are good 
r easons for believing that in t he temperatul'e r ange 
cited above (973 to 1,173 OK) the sample was entirely 
in the one-ph a e {3 field and hence not subj ect to the 
uncertain ties caused by pha,se r epl'opor tionation. 
N or did it seem justified to modify eq (92) for the 
"hydrogen-rich" {3 enthalpies. In fact, it seems clear 
tha t en th alpies conec ted addi tively for smtLll am ou n ts 
of impurities m ay still be seriously in enol' in multi­
phase fields owin g to improper phase com positions, 
but r eliable in one-phase fields. In sever al attempts 
it was found impossible to reformulate the (3-phase 
en thalpies for x ;2; 0.570 with the r estrictions men­
tioned above and still ob tain a credible approximately 
monotonic function which had a n a,ppreciablo effect 
on the derived a / (a + {3) and {3 / (a + m boundaries. 
Furthermore, t he choice of a somewhat lower value 
of the eutectoid {3 composition would do some yiolence 
to the fit which led to eq (101) wi thout leading to a 
much better fit to the experim en tal "hydrogen­
pressure" {3/(a + m boundaries. This is because tho 
latter suggest a boundar y slope n ear the eutectoicl 
temperature which is several times less s teep tha n 
that required by eq (137) . 

7 .2 . The {3 Properties (x;2; 0.57) 

]n order to derive a thermodynamica,lly consisten t 
set of properties in the range of temp erature and 
composit ion under cons ider aLiol1 ( T> 820, x<0.570 ), 
i t was decided to give approximately equ al weight 
to the hy drogen-pressure results f6 , 8] and th e en­
tha,]py data f16] by making such ch anges in th e latter 
as would lead to a d erived {3/ (a + (3) boundary ap­
proximately h alfway b etween the expel'imen tal 
"hydrogen-pressure" bounda,ry and that derived 
above. A n ew (3-field enth alpy function was cl eri lTecl 
by th e procedure described ea,rl ier except that th e 
heat capacity of Zr ({3) was raised from 6.46 to 7.76 
a,ncl that of ZrHO. 324 ({3) was r aised from 8.48 to 9.00: 23 

x;2; 0.570: (I-r (rJ)-H~~~ tt) ) /T= 7 .763+2.144x 

+ 90.047x4 - 126. 382x5 

+ (4990 .1x - l09834.5x4+ 147541.6x5- 1793.R)/T . (139) 

From the temperature d erivative of eq (J 39), eqs 
(6) and (8) give the p ar tial molal heat cnpa,cities: 

x ;2; 0.570: ( 7\)) ~= 7.763 - 270.14] X4 + 505.528x5 ; (140) 

x ;2; 0.570: ( G\)~=4.288+720.376x3- 1263 . 82x4. (141) 

From eqs (44) , (90), and (139) : 

23 B y rct :1 ini ng t1w va luC's ofeq (l38), the cn t hfllpies of 2. r1 1"0. 324 he low 1,]73 °Je 
wore var ied by Jl1any ti rnrs what seems the proba ble uncer tAin t y of t heobscr vcd 
v alues. I [0\\ ever J this procedure h ad the desired e!Trct of in creasin ~ (D TlfJ/oxh' at 
(bo lo\\' cr temperatures near t he phasC'-field bounda ry. 
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x~ 0.570: (H~-H~)/T 

= ( -215.3+ 329503 .5x4-590166.4x5)/T 

+ 3.7126-270 .141x4 +505.528x5- 5.3113 (10-3) T 

+ 4.4945(10- 6)T2-1 .6785(10-9)T3. (142) 

From eqs (26), (28), (29) , and (139): 

x~ 0.570: (H~-H~) /T=-2 .372+720.376x3-1263 .82x4 

+ ( - 29528. 1- 878676x3+ 1475416x4)/T 

-2.678(10 - 4 )T+ 12000/T 2. (143) 

By substituting from eq (143) in eq (ll), integrating 
to satisfy eq (24) , and adding a small correction 
term "fl" (a function of x only) which will be pres­
ently evaluated (eq (151)), there is obtained 

x~ 0.570: (Gg-G~)/T 

= 6.22313 log x+4.5758 log (1 + 1.8493x697 ) 

+ 5.1053 + 5845.8474x3- 10194.2788x4 

+( -29528.1 - 878676x3+ 1475416x4)/T 

+ (5 .46177 - 1658.73778x3+ 2910.0n93x4) log T 

+ 2.678(10 - 4)T+ 6000/T 2+ fl . (144) 

On substitution from eqs (95) , (143), and (144), eq 
(4) gives (with log (1 + 1.8493x697) expanded to one 
term): 

x~ 0.570: S~=-6.22313 10g x - 3.675x697 

- 14.3061 - 5125.4 714x3+8930.4588x4 

+ (9.87355 + 1658.73778x3-2910.07193x4) log T - fl. 

(145) 

The entropy will next be found. From eq (45) 
the entropy of a-zirconium at the transformation 
temperature is 

S?i3J,x~ o= 1 8 . 7293 . (146) 

Equations (44) and (139) give for the heat of trans­
formation of zirconium 

(Fr<fJ) - HO<CY.») 1l36,x~o= 937.1. (147) 

Adding the corresponding entropy of transformation 
to eq (146), 

s~igL_ o= 19.5542, (148) 

The entropy at 1,136 OK and any value of x up to 
0,570, found from eq (7) by integrating from x= O 
to x after substituting from eqs (145) and (148), is 

x~ 0.570: S?g~= 19.5542+9 , 28232x-3. 11156x log x 

-0.23x7.97- 7,17464x4+ 3.9083x5- ~ !ox fldx. (149) 

When, using the heat capacity from eq (1 39), eq (2) 
is integrated to satisfy eq (149), the result is 

x:;::; 0.570: So <~ ) = (17.87508 + 4.93677x 

+ 207.3422x4-291.0072x5) log T - 35.0610 

- 5.80139x-3.11156x log x-0.23x7.97 

-640.6838x4+893 . 0459x5-~ !ox M x. (150) 

The way in which eq (150) was derived indicates no 
value of fl other than zero . With fl = O, the equation 
gives for x= 0.570 valu es of entropy which are higher 
than those of eq (112) by 0.016 at all temperatures. 
To make the two equations agree, fl was arbitrarily 
chosen to bp 

fl =-0.13 log (x/0 .570 ) (151) 

' 1 

I , 

in eqs (144), (145), (149), and (150) . Agreement 
with the value of eq (148) is maintained , and for 
x= 0.57 eqs (94) and (144) still agree. Since eq (151) I 

changes the calculated values of hydrogen activity ~ 
by oilly 3 percent for x= 0.2 and by less for higher I 
values of x, the agreement with the observed values 
as tabulated in table 1 is still good and within the ~ 
experimental error. 

Equations (1l2) and (150) (with fl = O) both ~ 
depend on the entropy of zirconium metal at 820 OK, I 

but were otherwise derived by different paths of ,­
composition- and temperature-change from this 
common point. The small disagreement of 0.016 
noted above is thus a good check on some of the 
data entering the derivations, particularly on the ~ 
basic hydrogen-activity equation (eq (23)) since 
this equation enters into the derivation of eq (150) 
only. However, some of the thermal data assumed 
affect both equations to comparable extents. Spe­
cifically, the close agreemen t is no r eal check on the 
{3 enthalpy fun ctions (eqs (139) and (143)), nor on 
the exact choice of the eutectoid {3 composition (eq 
(101)), for to these it is rather insensitive. I 

When eq (144) (with fl from eq (151)) is substi- .. 
tuted into the Gibbs-Duhem rel ation (eq (9)) and 
the integration is r equired to satisfy eq (1l6), there 
is obtained 

x ~ 0.570: (G1- G~) / T = 22.3595 - 1.32311x 

- 2192.1 9277x4+4077. 7ll5x5- 1.607x7. 97 + 1.6xl 494 

+ (-2 15.3+329503.5x4-590166.4x5)/T 

+ (- 8.54863 + 622.02667x4- ll64 .02877x5) Jog T 

I 

-i 

+ 5.3113 (10- 3) T -2.24725(lO-6) T 2 

(152~ ..:1 

For x= O and T = 1136 , this equation gives + 0.004. 
This value should be zero, since 1,136 OK has been ) 
assumed to be the transformation temperature of 
zirconium. 81 for x ~ 0.570 can readily be found 
from eq (4) or (5) using equations already given (45, 
142, and 152). 
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7 .3. Derived (a+ {3) Boundaries 

~) 
Points. Xa and XB ~m the a/(a + {3) and (3/ (a + {3) 

boundanes as determmed by the formulations for the 
a and {3 fields given in this paper were then caleu­
late1 a~ several temperat~·~s, and are list~d in ta~le 
7. ThIS was do~e by reqmrmg the respectIve partial 
mo~a~ free energles to be equal at the boundary com­
posItIOns at the temperature in question (eqs (71), 
(SI), (144),.(151), and (152». The compositions at 

~ th.e eutectOld temperature had already been deter-
1 mmed (eqs (47) and (101). The boundaries meet 

at the . transformation temperature of zirconium. 
The sohd a/(a+ {3) and (3/ (a+ ~) boundaries in figur e 
L were drawn through the POll1ts in table 7, except 
that tpey ,,:ere allow~d to deviate slightly from the 
L ,000 K pomts, meetmg as straight lines at T= 1136 

L fLnd x= O. LaGrange et al. [S] have pointed out that 
the two boun.dari~s are. required thermodynamically 
to meet at thIS pomt wlth a. difference in slope equaJ 
to the h eat of transfonnatIOn of zirconium divided 
by R,T2 .. In the notation of the present paper th is 
l'elatJOn lS 

( dXa dXP) (HO(P) - Ho(a» ) 
- - - = (153) 
dT clT !l36.x ~ O RT2 11 36.X ~ O' 

and i.s true pro'~ided the activity of diatomic hydro­
gen ~s proportJOn al to X2 in both solid solu tions. 

r' Desplt~ eq (23), .this is a reasonable assumption for 
very chlute soJut JOn s, and the two boundaries have 
be~n ~rawn in figure. 1 so as to meet with slopes 

b satlsfymg eq (153) wIth the heat of transformation 
l of eq (147) .. A t ~he .higher ~ emperatures the pro­
I cedure of thIS sectJOn m defimn O' the boundaries be-

1-

comes increasingly sensitive to e;1'o1's in the data and 
no calculations of this nature were attempted above 
1,000 oK, 

TABLE 7.- Calc1t1ated boundal'Y compositions of the 
(Il< + {J) phase field 

l' 

Of( 
82U 
850 
805.3 
873.2 
900 
950 
9.'~. 6 

1000 
1136 

0.0650 
. 0696 
.Oili 
.0727 
.0747 
.0745 
.0741 
. 070~ 
. 0000 

0.570 
. 535 
.500 
. 472 
.355 
. 259 
. 250 
. 202 
.000 

7.4. The (a+ {3) Properties 

The values of (Gr+p- Gn /T and (ag H- Gg) /T are 
of cO ~I'se ~he v~lues at the boundaries given by the 
equatJOns Just CIted. The enthalpy function and the 

entropy, (HO (a + p) -Hg6~.U»/T and so(a+p) are o'i-ven 
by eq (16) after substituting from eqs' (63), ""(75), 
(139), (150), and (151) and table 7. s~+ P and sr+!l 
w~re calculated fI'OJ~ eqs (6) and (5) respectively. 
(Hf+B-HV /T and (H~+P-Hg) /T were then obtained 
from eq (4) . The latter function was also calculated 
from eq (26), which takes the form 

(H~+~-Hg) /T= 

[2/T( x8-xa)][ (l-IO(P) - HgJ~+O » xp- (I-I0 (a) -lIg&~+o»xp] 

+ (H'2+O- Hg) 298/T- (H g- Hg(298»/T. (154) 

The. values calculated by the two methods differed 
(owmg to small computational inconsistencies) by 
0.007 on the average, and the mean was tabulated.'H 

The heat capacity in the (a+ {3) field was formu­
lated by substitutin~ the a and {3 enthalpies (given by 
eqs (63) ~nd. (139). mto eq (16) and then taking the 
total derIvatlve wlth respect to temperature. For 
simplicity replacing (Ho (a) - Hg&~+O»xa by "Ha)) and 
(l-I0 (~) - Hg6~+O»xp by "HP" and omitting the sub­
scripts x" and Xp, the resul t is 

co(a+p) = (Ol-IaH) 
p oT x 

= [ Xp-X] [ Ol-Ia + (olIa lIP- Ha) dxa] 
Xp- Xa oT ox Xp- Xa dT 

+ [ X-Xa ] [ oHP + (Ol-IP _ lP- Ha) dX! J . 
Xp - Xa oT ox Xp - Xa dT (155) 

The phas~-field boundary slop es in eq (155) may be 
replaced m tenns of more common thermodynamic 
fun ctions. Since 

(156) 
we have 

d(G~H- Gg) IT o«(Jg- Gg) /T 
dT oT 

+ o(ag- G~) /Tclxb 
ox cZT' 

(157) 

where b is either a or (3. dXa/clT and clxp/dT may be 
substituted into eq (155) from eqs (157). If the 
temperature derivatives appearing in eq (157) are 
replaced from eq (11), some simplification is achieved 
by sub.stituting for the r esulting partial molal 
enthalples from eqs (26) and (154). Equation (155) 
finally becomes 

""{ 

c~ (a+p) =[ xP-x ] [ Ol-Ia + 2 (oHa _ HP- Ha)2/ T2 ~ (G~~ Gg)] 
X,S-Xa oT ox Xp-Xa ox T 

~. + [ X-Xa ] [ Ol-IP +2(0l-IP HP-H")2/ T2 ~ (G~- Gg)] . 
Xp-Xa oT ox Xp - Xa ox T (ISS) 

The partial molal heat capacities can be found from I 
eq (J 5S) b . 0' (-) " As a further ch eck, the val ues of(H~+~-Hf)IT and (j"j~+~-H3) I T agl'eed 

. y USI n." eq () . approximately with those estimated from eq (11) . 
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The procedure outlined in this section is generally 
applicable to determining the phase-field boundaries 
and the thermodynamic properties of two-phase 
fields from the properties of the adjoining one-phase 
fields . In the present case, there is considerable 
uncertainty in the (a+ 13) properties because of 
uncertainty in the exact locations and shapes of the 
boundaries, and tlJis is particularly t.rue of the heat 

capacity, which eq (155) shows to be highly de­
pendent on the slopes of the boundaries. However, 
as noted earlier, small changes in the one-phase 
properties often have large effects on the calculated 
boundaries. For this reason, due consideration of 
direct evidence as to the positions of the boundaries 
can serve in a treatmen t of the present type to defin e 
the properties of the neighboring one-phase fields 
more accurately. 

T ABLE 8. Thermodynamic functions for zirc onium, Zr 

'J' in deg K , tbcrrnodynamicfunctions in cal (deg K )-J 11101e - l . Subscript I refers to Zr(,,). Subscript 2 refers to IT,(g). 

(Cpj, =C,o 5,=So 5,=- (G,- G ~) / T= oo 

l' Pbases 1-1°-1-J0198. 15 Co S o G O- I-l° 'l98 ,i 5 H 1-Ilo, Gl- G~ Jh-Il~ (Cpj, 
p 

l' -r- l' l' present l' 
------

298.15 " 0 6.19; 9.290 -9.290 0 0 -S6.12 1.16 
300 " 0.038 6.205 9.329 -9 .291 0 0 -S5.62 1.20 
350 " .934 6.404 10 .301 -9.367 0 0 - 74.13 2.18 
400 " 1.628 6.572 11.1 67 -9.539 0 0 -65.39 3.10 
450 " 2.186 6.712 11 .949 -9 .763 0 0 -58 .49 3.97 

500 " 2.644 Ii .S30 12.663 - 10 .019 0 0 -52.90 4 .• 8 
550 " 3.030 1i.931 13.319 - 10.289 0 0 -4S.25 5.52 
.. 00 " :1.:159 7.020 13.926 -10 .56. 0 0 -44.32 6.21 
650 " 3.643 7.102 14 .491 -10 .848 0 0 -40.95 6 .84 
70Q " 3.S93 7 .182 15.020 -11.127 0 0 -3S .02 7.40 

750 " 4.115 7 .205 15, [)19 - 11.404 0 0 -35.44 7.91 
791.5 " 4.2S2 7.340 15.912 - 11 .629 0 0 -33.53 8.29 
800 " 4.315 7.35; 15.990 - 11 .6.5 0 0 -33.16 8.36 
820 " 4.390 7.396 16.172 - 11.782 0 0 - 32.32 8.53 
845.6 " 4.482 7.451 16.400 -11.919 0 0 -31.30 8.64 

8.50 " 4.497 7A6l 16 .439 - 11 .942 0 0 - 31.13 8.66 
865 .3 "- 4 .550 7 .496 lIJ .573 - 12 .023 0 0 -30 .55 8.73 
891.5 " 4.637 7.5G1 16.797 - 12.160 0 0 -29.GO 8.85 
900 " 4.6Gb 7.584 16.869 - 12.204 0 0 -29 .31 8.89 
950 " 4.822 7.729 17.283 -12.461 0 0 -27.67 9.11 

956 .6 " 4.842 7.751 17.337 - 12.494 0 0 -27.46 g .14 
1000 " 4.972 7.904 1 •. 684 - 12 .712 0 0 - 2~.IS 9.34 
1050 " 5.116 S. l1l 18.074 - 12.958 0 0 -24 .S3 9.56 
1080.9 " 5.204 8.2.OS JS.3I2 -13.108 0 0 -24.05 9.70 
1100 " 5.258 S.357 IS .457 - 13.199 0 0 -23.59 9.79 

1136 " " .359 8.560 18.729 - 13.370 0 0 -22.7G 9.95 
1136 13 6.1S 7.7n 19.55 - 13.37 0.82 0 -28.R6 4.29 
11 50 13 6 .30 7.76 19.65 - 13.45 .80 -0.01 -28.35 4.29 
1200 13 6.27 7 .76 19.98 - 13.71 .73 - .04 -27.29 4.29 

T ABLE 9. Thermodynamic f1tnc tions for ZrHO.'5 

l' in dog K. thermodynamic functions in cal (deg K) - I 111o\e- l • Subscript 1 refers to Zr (,,). Subscript 2 refcrs to rI, (g). 

l' Phases Jl°-FI~9s . u 
C~ S o G O- J-IF9S .IS Jj,-H~ (ep) , 8, GI-G~ H,-IT~ (Cp) 2 8, G2-G~ 

present l' l' -- ----r- ----r- ----;y---T 
--- - -----

298.15 ,,+. 0 6.54 9.27 -9.27 0.02 6.32 9.31 -0.00 - 139.1 2 1.71 -0.29 - 107.62 
300 ,,+. 0.04 6.54 9.31 -9.27 .02 6.32 9.34 - .00 - 138 .29 1. 74 - .28 -1O(i .76 
350 ,,+. .98 6.78 10.33 -9.35 .02 6.42 10.33 - .00 -]]9.20 2.86 +.07 -86.95 
400 ,,+. 1.73 7. 11 11.2(, -9.53 .02 6.58 11.19 - .00 - 10·1.7:l 4. 24 .54 -72.02 
450 ,,+. 2.35 7 .. 51 12.12 -9.77 .03 6 .81 11.98 - .00 -93.32 5 .57 1.12 -GO .36 

500 ,,+. 2 .89 7.94 12.93 - ]0.05 .04 7 .12 12. 71 - .00 -84.07 6.56 1.76 -51.03 
550 ,,+. 3 .37 8 .39 1:3.71 -10.35 .08 7.51 13.41 - .01 - 76.44 7 .05 2.41 -43.38 
GOO ,,+. 3.80 8.85 14 .46 - 10.66 . 13 7.97 14 .08 - .02 -- 70 .06 7.03 3.03 -37.01 
650 a+. 4.21 9.32 15. 19 - 10.98 .21 8.48 14 .74 - .04 -64 .69 6.75 3.58 - 31.62 
700 ,,+. 4.59 9.86 15.90 - 11 .30 .31 9.01 15.39 - .06 -60.09 6 .76 '1.08 -27.00 

750 ,,+. 4.97 10.53 16.60 - 11.63 .43 9.53 16.03 - .08 -50.07 8.00 4 .58 -23.00 
800 ,,+. 5.34 11.48 17 .31 - 11 .97 .55 10 .00 16.66 - .11 - 52.41 11 .86 5.20 -19.49 
820 a+. 5.50 11.99 17 .60 - 12.10 .61 10 .17 16.91 - .13 -50 .98 14.54 5 .52 - 18.22 
820 a+f3 6.49 9 .99 18.59 - 12 .10 .26 7 .56 16.56 - .13 - 40 .26 19.43 16.24 - l S.22 
850 a+f3 6.64 11 .GO 18.97 - 12 .34 .24 6.88 16.82 - .14 -38. 15 37 .74 17.19 - l o .8t 

900 ,,+13 7.18 17.32 19.90 - 12 .73 +.07 3.96 17.09 -.15 -31.22 106.89 22.53 -14 .80 
950 ,,+8 7.61 14 .82 20.74 - 13.13 - .08 5.26 17 .35 - .1., - 25 .. 53 76.19 27.0S -13.27 
956.6 a+f3 7.66 14 .94 20 .84 - 13.18 -.10 5.29 17 .39 -. 15 -24.86 77 .14 27.62 - 13 .10 
956.6 13 7.66 8.53 20.84 -13. 18 + ] .23 7.20 18 .72 -.15 - 3.0.49 10.61 16 .99 -13.10 

1000 13 7.70 8.53 21.22 - 13.52 1.15 7.20 19.04 - .20 -33.80 10.61 17.46 -11.56 

1050 13 7.74 8.53 21 .64 - 13.90 1.06 7.20 19.39 -.25 -32.03 10.61 17 .98 -9.96 
]]00 13 7.77 8.53 22.03 -14 .26 0.9" 7.20 19.72 - .30 - 30.42 10.61 18.4.7 -8.50 
1136 {3 7.80 8.53 22.31. - 14 .51 .89 7.20 19.95 - .33 - 29.35 to .61 18.82 -7.54 
Jl 50 13 7.80 8.53 22.4t -14.61 .86 7.20 20.04 - .34 -28 .96 10 .61 18 .95 -7 .18 
1200 13 7.S4 8.53 22 .77 - 14.9·1 .76 7.20 20.35 -.38 -27 .61 10.61 19.40 -5.9S 
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8 . Tables of Thermodynamic Functions 

The common inteo'l'aJ and differential thermo­
dynamic properties were calculated as described 
previously in this pftpel', and are listed in tables 
8- ] 4 for zirconium and several compositions of 
zirconium hydride (ZrI-I x) . In addition, table 15 
gives tho properties of ideal "normal" hydrogen g'ftS 
(H2, 25% para ftnd 75% ol'Lho) [20], which are 
closely related to those of the Zr-H syst9m. The 
tables cover evenly spftced compositions of Zl'Hx 
with x= O, 0.25, 0.50, 0.75, 1.00, and 1.25; in addi­
tion, the composition x= 0.57 is also included in the 
tabulation, partly because this composition is of 

special in terest as the assumed ,B-ph~se eutectoid 
composition, and pftrtly because the ,B-field properties 
are separately formuJated on both sides of this 
composition. In conformity with the conventions 
used throughoutLhi paper, temperatures are in 
degrees K elvin H.nd t.he t hermodynamic properties 
are given in d efmed t hel'mochemica,l calories p el' 
degree per mole of ZrHx (01' H 2, in table 15). The 
temperatUl'es tabulfttod, which begin with 298. 15 
oK , run every 50 0 from 300 Lo 1,200 oK except that 
the eutectoid temperatUl'e, 20 oK, and the tra.ns­
formation temperatUl'e, 1,136 oK , are included in 
all the tftbles because of some interest ill these par­
ticular isotherms. In addition , each table includes 

TABL1D 10. The1'1nodynamic functions fOT Zl'HO.50 

Tin deg K, thermodyn amic fu nctions in cal (deg K)- ' mole-'. Subscript 1 refers to ZI'(a ). Subscript 2 refers to T1 2(g). 

T)hascs I l o - I1 ~9S .1 5 aO - flfp~ .' 5 
- UJ-Or Ti2- 11~ 82 U2- 0r l' C~ S o Ih - II? (C,,) , 8, (C,,), 

present --1'-- 'I' - 1-' - -- -----r- -r l' 
.------ ------------ ---

298. 15 a+. 0 6.75 9.23 -9.23 0. 02 0.32 9.31 - 0. 00 - 139. 12 1. 71 -0.29 - 107.62 
300 a+. 0.04 6.76 9.28 -9.23 .02 632 9.34 -.00 - 138.29 1. 74 -.28 - 106.76 
350 a+. 1. 03 7. 14 10.34 -9.32 . 02 6. 42 10. 33 -.00 - 119.20 2. 86 +-07 -86.95 
400 a+. 1. 82 7.64 11. 33 -9.51 .02 6.58 11. 19 -.00 - 104.73 4.24 .54 - i2. 02 
450 a+. 2.50 8.21 J2.26 -9.76 .03 6.81 1l.98 -.00 - 93.32 5.57 1.12 -60.36 

500 a+. 3.10 8.76 J3. J5 - 10.00 .04 7. 12 J2. it -.00 -84.07 6.56 1. 76 -5 1. 03 
550 a+. 3.64 9.27 14.01 - 10.38 . 08 7.51 J3. 41 - .01 -7G. 44 7.05 2.41 - 43.38 
GOO a+. 4.12 9.73 14. 84 - 10.72 . 13 7.97 14.08 - .02 -70.06 7.03 3.03 -37. 01 
650 a+. 4.57 10.17 15.64 - Jl.06 .2 1 8. 48 14.74 - .04 -64.69 6.75 3.58 -31. 62 
700 a+. 4.99 10.70 16.41 - H .42 .31 9.01 15.39 -. 06 - 60.09 6.76 4.08 -27.00 

750 0+. 5.40 11. 53 J7. Ii - 11. 78 .43 9.53 16. 03 -.08 -56. 07 8.00 4.58 -23.00 
00 a+. 5.82 12.97 17.96 - 12.14 . .15 10.00 16. 66 - . Jl -52. 4J 11. 86 5.20 - J9.49 

820 a+. 6.00 13. 80 18.29 - 12.28 .61 10.17 J6.9 1 -. 13 -50.98 14.54 5.52 - J8.22 
820 a+/I 8.34 12.42 20.62 - J2.28 .26 7.56 16.56 - . J3 - 40. 26 19.43 16.24 - J8. 22 
850 0+/1 8.54 16.32 2 l. J2 - J2.59 .24 6.88 J6.82 -. 14 - 38. J5 37.74 17. 19 -16.81 

865.3 0+/1 8. 72 22.57 21. 46 -12. 74 .22 5.74 16.94 -. 14 -36.72 67.33 18.09 - 16.l<l 
865.3 II 8.72 10.5 1 2 l. 40 - J2.74 2.55 6. G8 19.2H - . 14 - 'J6.02 15.35 8.78 - 16.14 
900 II 8. 79 10.51 21. 87 - J3.08 2. 4 1 6. G8 19.52 -.2'1 - 43.93 15.35 9.39 - 14.37 
950 /I 8.88 10.51 22. 44 -13.56 2.24 6.68 19.88 - . 37 - 4l.19 J5.35 10.22 - 12.07 

1000 II 8.96 lO.51 22.98 - 14 . 02 2.07 6.68 20.23 -.48 - 38.72 15.35 11. 00 - 10.02 
/I 

1050 9.04 10.5J 23. 49 - 14.4G 1. 9 1 6.68 20.55 -.57 -36.49 15.35 11. 75 -8.19 
1100 /I 9.10 10.51 23.98 - J4 .88 1. 75 6.68 20.86 -.66 - 34. 46 15.35 12. 47 -6.54 
1136 /I 9.15 10.51 24.32 - .1 5. 17 1. 64 6.68 21.08 -. 71 - 33. I I 15.35 J2.97 -5.45 
1150 /I 9. 16 JO.51 24. 45 - 15.29 1. 59 6.68 21.16 -.73 -32.61 15.35 J3. 16 -5.05 
1200 /I 9.22 10.51 24.90 - 15.68 1. 44 6.68 2l. 44 -.80 - 30.92 15.35 J3.81 -3. 70 

TARLE 11. Thermodynamic Junctions Jor ZrlIo.57 

Tin deg K, thermodynamic functions in cal (dcg K)-' mole-'. Subscript 1 refers to Zr (a ). Subscript 2 refers to IJ,(g). 

T Phases 1Io- lfF9S. 13 S o 0 ° - /1° I7t - J1 f (Cp ) ' 8, OI-Of TJ,-IIF ( (\ ), 8, (;'1- Of 
prese nt c~ 298. U 

--1'--
l' -----;y--- ----;y- --7'- -r 

------ --- --------- ---
298. 15 a+o 0 6.81 9.22 -9.22 0.02 6.32 9.31 -0. 00 - 139. 12 1.71 -0.29 - 107.62 
300 a+. 0.04 6.82 9.26 -9,22 .02 6.32 9.34 -.00 - 138.29 1. 74 -.28 - 106.76 
350 a+. 1. 04 7.24 10.34 - 9.31 . 02 6.42 10.33 -.00 - 119.20 2.86 +- 07 -86.95 
'JOO a+. 1. 85 7.79 11. 35 -9.50 .02 6.58 11.19 -.00 - 104.73 4.24 .54 -72.02 
450 a+. 2.54 8. 40 12.30 -9.76 . 03 6.81 11.98 -.00 -93.32 5.57 1.12 - 60.36 

500 a+. 3. 16 8.99 13.22 - JO.06 .04 7.12 12.71 -.00 -84.07 6.56 1. 76 -51. 03 
550 a+. 3.71 9.52 14.10 - 10.39 .08 7.51 13.41 -.01 -76.44 7.05 2.41 - 43 .38 
600 a+. 4.22 9.98 14.95 - 10.73 .13 7.97 14.08 -.02 -70.06 7.03 3.03 -37.01 
650 a+. 4.68 10. 40 15.76 - 11.09 .21 8. 48 14.74 -.04 -64.69 6.75 3.58 -31.02 
700 a+. 5. JO 10. 94 16.55 - H .45 .31 9.01 15.39 -.06 -60.09 6.76 4.08 - 27.00 

750 a+. 5.52 H 81 17.33 - 11. 82 .43 9.53 16.03 -.08 -56.07 8.00 4 .. 58 - 23.00 
800 a+o 5.96 13.38 18.14 -12.18 .55 10.00 16.66 -. H -52.4 1 11. 86 5.20 - .19.49 
820 a+. 6.15 14.31 18.48 - 12. 34 .61 10. 17 16.91 -. 13 -50.98 14.54 5.52 - 18.22 
820 /I 8.85 10. 89 21. 19 - 12. 34 2.21 9.66 18.51 -. 13 - 47.10 4.29 9.41 - 18.22 
850 /I 8.93 10.89 21. 58 - 12.65 2.21 9.66 18. 86 - .21 - 45.53 4.29 9 56 - 16.55 

900 /I 9 04 10. 89 22.20 -13. 17 2.20 9.66 19. 41 -.34 - 43.16 4.29 9.80 - 14.02 
950 /I 9.13 10.89 22.79 - 13.66 2.19 9.66 19.93 -.45 - 41.04 4.29 10.03 - 11 .74 

JOOO /I 9.22 10.89 23.35 -14.13 2. 18 9.66 20.42 - . 56 -39. 14 4.29 JO. 25 - 9.69 
1050 /I 9.30 10.89 23.88 -14.58 2. 15 9.66 20.90 -.67 - 37.41 4.29 JO.46 -7.82 
UOO /I 9.37 10.89 24.39 -15.02 2.12 9.06 21. 35 -, 77 - 35.85 4.29 10.66 - 6.12 

H30 /I 9.42 10.89 24.74 - 15.32 2.09 9.66 2 1. 66 -.84 -34.80 4.29 10.80 - 4.98 
1150 /I 9.44 10.89 24.87 - 15.43 2.08 9.66 21. 78 -.86 -34.42 4. 29 JO. 86 - 4.56 
1200 /I 9.50 10.89 25.33 - 15. 84 2.03 9.66 22. 19 -.95 -33. 11 4.29 11. 04 -3. 12 
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T Phases 
prescn t 

---
298 .15 ,,+-
300 ,,+-
350 ,,+-
400 ,,+. 
450 ,,+. 

500 ,,+-
550 "'+-
600 ,,+-
550 <>+. 
700 "'+. 

750 "'+-
ROO "'+, 
820 "'+, 
820 11+. 
850 11+_ 
891.5 11+. 
891 .• 1 II 
900 II 
950 II 

1000 II 

1050 II 
1100 II 
ll36 II 
ll50 II 
1200 Ii 

7' P hases 
present 

298.15 "'+-
300 ,,+-
350 ",+Ii 
400 "'+-
450 ",+Ii 

500 ,,+-
550 "'+-
600 a+a 
650 "'+-
700 "'+. 

750 "'+ . 
800 "'+-
820 "'+-
820 11+_ 

TABLE 12. Thermodynamic functions fo1' ZrHO.;5 

Tin cleg K, thcrmodynamic functions in cal (clog K )-1 mole-I. Subscript 1 refers to Zr(,,). Subscript 2 refer s to H ,(g). 

IIO- []~gS. I 5 Co S o GO_ JJo H I- JJf (Cph 81 Ul-Of H',-H? (Cp), 8z 
p 298.15 

T T - ] -, - - T- - -T-
--- ------ ---

0 G .97 9.20 -9.20 0.02 6.32 9.3t -0.00 -139.12 1.71 -0.29 
0.04 6.98 9.24 -9.20 .02 6.32 9.34 -.00 -138.29 1.74 - .28 
1.07 7.49 10 .35 -9.28 .02 6.42 10 .33 -.00 -119.20 2.86 + .07 
1.91 8. 17 11.40 -9.48 .02 6.58 11.19 -.00 -104.73 4.24 .54 
2.65 8.90 12.40 -9.75 .03 5 .81 11.98 -.00 -93.32 5.57 1.12 

3.31 9.58 13.37 -10.05 .04 7.12 12 .71 -.00 -84.07 6.56 1.76 
3 .91 10.1" 14.32 -10 .41 .08 7.51 13.41 - .01 - 76.44 7.05 2,41 
4.45 10.61 15.22 -10 .77 .13 7 .97 14 .08 -.02 -70.06 7.03 3.03 
4.94 11 .01 16.08 -11.15 .21 8.48 14.74 -.04 -64.69 ~.75 3.58 
5 .39 11.55 16.92 - 1l.53 .31 9 .01 15.39 - .06 -60.09 6.7(; 4.08 

5.83 12.53 17.74 - 11 .92 .43 9.53 16.03 -.08 -.16.07 8.00 -1.58 
6.30 14 .15 18.61 -12.31 .5.1 10 .00 16.66 - .11 -52.41 IJ .86 5.20 
6 .51 15.62 18.98 - 12.47 .61 10.17 16.9 1 - .13 -50.98 +14.54 +5.52 
8.41 23.55 20.87 - 12.47 5 .88 33 .12 22.19 - .13 -60.00 -25.52 -3 .50 
8.98 25.08 21. 7G - 12.78 6.56 31.21 23.35 - .35 -58.86 -16 .36 -4.24 

9.71 23 .77 22.93 -13.22 7.25 26.40 24.73 - .68 -56.99 - 7.03 -4.79 
9.71 ll.27 22.93 - 13.22 2.20 9.66 19.68 -.68 -43.55 +4.29 +8.65 
9.72 11.27 23.04 -13.32 2.20 9 .66 19.78 - .70 -43.16 4.29 8.69 
9.80 11.27 23.65 - 13 .84 2.19 9 66 20.30 - .82 -41.04 4.29 8.92 
9 .88 II 27 24 .22 -]4 .35 2.18 9.66 20.80 -.94 -39.14 4 .29 9.14 

9.94 ll.27 24.78 -]4 .83 2 .1 5 9.66 21.27 -1.04 -37.41 4.29 9.35 
10 .00 11.27 25 .30 -15.30 2.12 9.66 21.72 - 1.14 -35.85 4.29 9 .55 
10.04 11.27 25.66 - 15 .62 2.09 9.66 22 .03 -1.21 -34.80 4.29 9.69 
10.06 11.27 25.80 - 15.74 2.08 9.66 22 .15 -1.23 -34.42 4.29 9.75 
10 .11 11.27 26.28 -16 .17 2.03 9.66 22 .56 -1.32 -33.11 4.29 9.93 

TA.BLE 13. Thermodynamic functions for ZrH1.00 

Tin clog K, thermodynamic functions in cal (deg K )-I mol~-I . Subscript 1 refers to Zr(",). Subscript 2 refers to TT,(g). 

I-J o_H o 
Co S o G O_fl O H I-Hf ( G'p ) 1 81 Ol-O? H2-1-l~ (Cp ), S, 298 .15 p 298.15 ---

T l' - T- -]- , -
T 

------
0 7 .18 9 .16 -9.16 0 .02 6.32 9 .31 -0.00 -139.12 1.71 -0.29 
0 .04 7 .20 9.20 -9.16 .02 6.32 9.34 - .00 -138.29 1.74 -.28 
I.ll 7 .8.1 10.36 -9.25 .02 6.42 10.33 - .00 - 119.20 2 .86 +.07 
2 .00 8 .70 11.46 -9.46 .02 6.58 ll .I9 - .00 -104 .73 4.24 .54 
2.80 9.60 12.54 -9 .74 .03 6 .81 11.98 -.00 -93 .32 5.57 1.12 

3 .52 10 .40 13.59 -10.07 .04 7.12 12.71 -.00 -84 .07 6.56 1.76 
4.18 ll.04 14.62 -10 .44 .08 7.51 13.41 - .01 -7n .44 7.05 2.41 
4.77 11.49 15 .60 - 10.83 .13 7.97 14.08 - .02 -70.06 7.03 3.03 
5.30 11 .85 16.53 - 11 .23 .21 8 .48 14 .74 - .04 -64 .69 6.75 3 .58 
5 .78 12.39 17 .43 - ll.64 .31 9 .01 15.39 - .06 -60 .09 6 .76 4.08 

6.26 13 .53 18.32 -12.06 .43 9.53 16 .03 - .08 -56.0, 8.00 4.58 
6 .78 15.93 19 .26 - 12.48 .55 10.00 16.66 -.11 -52 .41 ll .86 5.20 
7 .02 17.44 ]9 .67 -12.65 .61 10 .17 16.91 - .13 -50.9S + 14 .54 +5.52 
7 .79 20.36 20 .44 - 12.65 5 .88 33.12 22 .19 - .13 -60 .00 -25.52 -3.50 

G2-Gf 
- T-

-107 .62 
-106 .76 
-86.95 
-72 .02 
-60.35 

-51.03 
-43.38 
-37 .01 
-31 .62 
-27.00 

-23.00 
-19.49 
-18.22 
- 18.22 
-16.08 

-13.32 
- 13 .32 
- 12 .91 
-10.(;3 
-8.58 

-6.71 
-5.00 
-3.87 
-3.44 
-2.01 

Ch- Gj' 
--]'-

-107.62 
- 106.7n 
-86.95 
-72 .02 
-60 .36 

-51.03 
-43.38 
-37 .01 
-31.62 
-27.00 

-23.00 
-19.49 
-18.22 
-18.22 

I 
~ 

I 850 11+_ 8.29 23 .04 21.23 - 12.94 6.56 31.21 23.35 - .3.1 -58.86 -lG.36 -4.24 -16.08 

900 IIH 9.11 22.60 22.55 - 13.44 7.35 25.37 24.97 - .75 -56.58 - 5.52 -4.85 -12.,8 fA 
950 11+. 9 .77 20.60 23.72 - 13 .95 7.75 20 .07 26.19 -1.16 -54 .08 +1.07 -4.96 -9.79 

1000 11+. 10 .27 19.04 24.73 -14 .46 7.89 16.68 27 .13 -1.56 -51.58 4 .72 -4.80 -7.08 
1050 1I+1i 10.66 17 .99 25.63 - 14.97 7.88 14.76 27.89 -1.94 -49.20 6 .47 -4.52 - 4 .62 
1080.9 1I+'l 10.86 17 .-16 26 .15 -15.28 7.83 13.97 28.31 -2.17 -47.80 6.98 -4.32 -3 .22 

1080.9 8 10.86 !l .81 26 .15 - 15 .28 2.13 9 .6G 22.62 -2.17 -36.43 4.29 +7.06 -3.22 
llOO II 10.88 ll.81 26.36 -15.48 2.12 9 .66 22 .79 -2.21 -35.85 4.29 7.14 -2 .59 
1136 II 10 .91 11.81 26.7'1 -15 .83 2.09 9.G6 23.10 -2.28 -34.80 4.29 7.28 -1.45 
11 [to II 10.92 11.81 26.88 -15.95 2.08 9.66 23.22 -2 .30 -34 .42 -1.29 7.33 -1 .03 
1200 II 10 .96 11.81 27.38 -16.42 2.03 9.66 23 .63 -2.39 -33 .11 4.29 7 .52 +0.41 

I 
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TABLE 14. Thermodynamic Junc tions Jor ZrH1.25 

Tin deg K, t hermodynamic functions in cal (deg K )-I mole- '. Subscript 1 refers to Zr (,,). Subscrip t 2 refers to IT,(g). 

Pl19ses Jlo - ll~gU5 C o S o GO_ T! o Ti,-ll? (Cp)' 8\ VI-or Ti,-Ilf (Cp), 82 (;2- G~ 
298.15 

present p --r- ----r- --1'- ~ l' l' 
---------------- --- --- ---

298. 15 ,,+. 0 7.39 9.1 2 -9. 12 0.02 6.32 9.31 - 0.00 -la9. 12 1. 71 - 0.29 - J07.62 
300 ,,+. 0.05 7.42 9.17 - 9. 12 .02 G.32 9.34 -. 00 - 138.29 1. 74 -.28 - J06.76 
350 ,,+. 1.1 5 8.21 10.37 -9.22 .02 G.42 10.33 -. 00 - JJ9.20 2.86 +. 07 -86.95 
400 ,,+. 2. JO 9.23 J 1. 53 - 9. 34 .02 6.58 Jl.l9 -.00 - 104. fa 4.24 .54 -72.02 
450 ,,+. 2.95 ]0.29 12.68 - 9. 73 . 03 G.81 11. 98 -. 00 -93. a2 5.57 1. J2 -GO. 36 

500 ,,+. 3.73 11. 23 13.8J - 10.08 . 04 7. 12 J2.71. - .00 -84. 07 G.56 1. 76 -51. 03 
550 ,,+. 4.45 11. 92 14 .92 - 10.47 . 08 7.51 J3.41 -. 01 -76.44 7. 05 2.41 -43.38 
600 ,,+. 5.09 J2.37 15.98 - 10.89 . 13 7.97 14.08 -. 02 -70. 06 7.03 3.30 -37.01 
650 ,,+. 5. 66 12.70 16.98 - 11. 32 .21 8.48 14.74 - .04 - 64.69 6.75 3.58 -3 1. 62 
700 ,,+. 6. 18 13.24 17.94 - 11. 76 .31 9.01 15.39 - .06 - GO. 09 6.76 4. 08 -27. 00 

750 ,,+. 6.69 14.53 18.89 - 12. 20 . 43 9.53 16.0a -.08 -56.07 8.00 4.58 -23.00 
79J .5 ,,+. 7. 15 16.77 19.73 - 12.57 .53 9.93 16.55 -. J] -53.02 10.94 5.08 -20. 05 
791. 5 • 7. J5 13. 12 19.7a - J2.57 2.91 13. 12 18.94 -. n -56.82 0.00 1. 26 -20.05 
800 • 7.22 13. 12 19.87 - 12.65 2. 94 13.12 ]9. 08 -.15 -56. 29 . 00 1. 26 - 19. 44 
820 • 7.36 13. ] 2 20.19 - 12.83 3.01 J3. 12 19. 40 -.22 - 55.09 .00 1. 26 - 18.07 

845.6 • 7.53 13. 12 20.59 - 13.00 3.09 13. 12 19.80 -.32 -53.64 .00 + 1.26 -16.39 
845.6 tlH 7.53 20.64 20.59 - 13.06 6. 49 31. 62 23. 18 -. 32 -59.05 - 17.56 -4. 16 - 16. 39 
850 tlH 7.60 20.99 20. 70 - 13. 10 6.56 31. 21 23.35 -.35 -58. 86 - 16.36 - 4.24 - 16.08 
900 tlH 8.39 21. 9J 21. 94 - 13.55 7.35 25.37 24.97 -.75 -56.58 -5.52 - 4.85 -12. 78 
950 tlH 9.07 20.74 23. 10 - 14.02 7.75 20.07 26. 19 -1.16 -54. 08 + 1. 07 -4.96 -9.79 

1000 tlH 9.63 19.63 24. 13 - 14.50 7.89 16.68 27.1 3 - 1. 56 -51. 58 4. 72 - 4.80 -7.08 
1050 tlH 10. 08 18. 80 25.07 - 14.99 7.83 14.76 27.89 - 1. 94 - 49.20 6. 47 - 4.52 - 4.02 
1] 00 tlH 10.46 18.03 25.93 - 15. 46 7. 78 13.56 28.55 - 2.3] -46.98 7.15 - 4.20 -2.38 
11 36 tlH 10.69 17. 45 26.50 - 15.81 7.68 12.87 28.98 -2.56 - 45. 49 7.32 -3.97 - 0. 89 
ll 50 tlH 10.77 17.22 26.71 - 15.94 7.64 12.62 29. 13 -2.66 -44.94 7.35 -3.88 -.34 

1200 tlH 11. 02 16.39 27. 42 - 16.40 7.47 11. 76 29.65 -2.98 - 43.06 7.41 -3.56 + 1. 53 

TAm,E 15. Ideal-gas thermodynamic junctions J01' normal hydrogen, H 2 (25 perc ent para, 75 per-cent ortho) 

l' in dcg K, thermod ynamic functions ill cal (deg K )-' 11101e-' 

l' flo- J~{029S.15 Cpo So G O- TJ029S. 15 l' J1° - [ T0298, 15 Cpo So G O- fT o 298. U 

T l' l' l' 
--- ---

298.15 0 6.891 31.209 -31.209 845.6 4.537 7108 38.502 - 33.905 
300 0.043 6 .894 3l.252 -31.209 850 4 551 7. 110 :l8.539 -33 .~88 
350 1.026 6 .95 1 32 .321 -31.295 865.3 4.596 7.120 38.661i -34.070 
400 1.769 (\ .975 33 .251 -31.482 89! .5 4.671 7.136 38 .879 -34.208 
450 2.347 6.987 34.072 -31.725 900 4.695 7.142 38.946 -34.251 

500 2.813 6.993 34 .809 -31.996 950 'I .R25 7 .1 80 39.334 -34.509 
550 3.192 7.00 1 35 .477 - 32.28,\ 956.6 4.841 7 .18.\ 39.384 -34 . .\43 
(iOO 3 .511 7.009 36.085 -32.574 1000 '1.944 7.220 a9.702 -34.758 
650 3.780 7.02 1 36.647 -32.807 1050 5.0,\2 7.201 40.055 -35.003 
700 4.011 7.037 37.168 -33.157 1080.9 5. J 16 7.291 40.267 - 35.151 

750 4.214 7.057 37 .653 -33.439 lIOO 5. 1.14 7.309 40.395 -35.241 
791.5 4 .363 7.077 38.034 - 33 .671 1136 5.223 7 .34~ 40 .631 -35.40S 
800 4.392 7.081 38.110 -33.718 ll50 5.249 7.357 40.nl -35.472 
820 40458 7.092 38.285 -33.827 1200 5 .337 7.406 41 .035 -35 .698 
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