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A Method for Determining the Elastic Constants of 
a Cubic Crystal froIn Velocity Measurements in a 
Single Arbitrary Direction; Application to SrTi03 

1. B. Wachtman, Jr., M. L. Wheat, * and S. Marzullo 

(D ecc mber 11, 1962) 

Three independen t velocitics of sound can be measured along a ny direction of propaga­
t ion in a cubic crystal except t he [100] and [Ill] directions. These three velocities suffice to 
determine the three clast ic constants and for the [110] direction, the calculation of t hese 
constan ts is easy. For aU other directions, t he calculation is more di fficul t; the only existing 
method appears to be a pertUl'bation technique developed by Keighbours. 

The prese nt paper prese nts a method usin g exact equations and an itrrati\'c procedure 
to solve t hese eq uat ions and to calculate bo t h t he elastic constants and the ir standard 
deviations from l he soupd \'elocities and t heir standa rd deviations. The mcthod is illus­
trated with new data on SrTi03 which g i\'e C'11= 3.156 ± 0.027, cI2= 1.027 ± 0.027 , c,,= 
1.215 ± 0.006X 1012 dynes/cm2 at 25 °C. The importance of includ ing co\'ariance terms in 
calculations of the standard deviatio ns is emphas ized. 

1. Introduction 

The determination of the elastic constants of single crystals from measuremenLs of Lbe 
velocity of sound is an exten sive and fLctive field of research and several survey papers exist 
[1,2,3,4].1 For any direction in a single crystal three types of sound wave may be propagated : 
one quasi-longitudinal and two quasi-transverse waves. The three corresponding velocities 
are the roots of a cubic equfLtion , sometimes called Christofrel 's equation , whose coefficien ts 
are complicated function s of the elastic constants and the direc tion cosines for the direction of 
propagation of the sound . In the case of a cubi c crystal, there are only Lhree independ ent 
elastic constants so that velocity measurements in a single direction suffice to completely 
determin e the elastic constants provided tha,t no two velocities are required Lo be equal by 
crystal symmetry, Such equality is required for the [100] and [Ill] direction 0 that measure­
ments in one of these directions alone do no t provide sufficient information to determin e the 
three elastic constants. It may happen that for some other direction two of the velocities are 
equal ; the three velocities are still independent quantities, however, and measurements in such 
a direction would provide sufficien t information to calculate the three elastic cOll stan ts. 'iV e 
assume tbat the three velocities v], V2, V3 , and their standard deviations 0'1 , 0' 2, 0'3, have been 
measured for some direction which is specified by direction cosines l, m, n and which does not 
coincide with or closely neighbor [100] or [llJ]. We seek to calculate the three independent 
elastic constants Cll, C12, C44 and their standard deviations 0'11, 0'12, 0'44 . T he th eory leads to a 
sixth degree algebraic equation of which C 11 must be a root. It may occur that more than one 
of the roots of this equation are of reasonable magnitude so that some test is needed to 
distinguish which of the roots is Cll ' The direction of polarization of the quasi-transverse 
waves provides such a test and we therefore assume that the orientation of the transducer 
exciting each of the two quasi-transverse waves was also determined. 

One would usually prefer to use the [llO] direction for which the calculations are easy 
and well known and for which tbe present method is unnecessary. However, single crystals 
of many substances are available only in very limited sizes and shapes a.nd it may occur that 
the only available crystals do not permit measurement along [llO] . Also, even if [110] is 
accessible for measurement, it may be desired to check the results by measurements in other 
directions. 

*Now at t11c University of Kansas, Lawren ce, Kans. 
1 Itali cized figures in brackets inelicate the literature references at the enel of this paper. 
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Neighbours and his collaborators [5, 6, 7], following a beginning by Ahrenberg [8J, have 
developed an approximation method for calculating elastic constants from wave velocities 
and have applied it to the case of cubic crystals as well as several other crystal systems. In 
Neighbours' method, the equations relating the velocities and the elastic constants are expanded 
into infinite series. The first term. of each equation is a simple linear combination of elastic 
constants and the first step in his self-consistent calculation is to solve for the elastic constants 
ignoring all other terms. The values so obtained are used to calculate the largest of the 
remaining terms of the infinite series and a second set of values of the elastic constants is then 
calculated considering only ' the elastic constants of the first term as variables. This process 
is repeated as often as necessary to obtain the desired degree of accuracy. Successive sets of 
elastic constants calculated in this manner converge to a set which satisfies the chosen finite 
portions of Neighbours' expanded form of the velocity equations . 

Presumably the next order terms could be calculated if greater accuracy were desired, 
but they apparently have not been given . The present method which uses exact equations 
thus provides a desirable alternative to Neighbours' method. The propagation-of-error theory 
could presumably be applied to Neighbours' method to calculate standard deviations, but this 
has apparently not been worked out. The present method includes such a calculation and 
this is worthy of note because the calculation involves quantities which are not statistically 
independent and serious errors can arise if the elementary propagation-of-error equations, 
which do not include covariance terms, are used . Any comparison of Neighbours ' method 
with the present work should note the great utility and generality of the former which can be 
applied to crystals of any symmetry (if sufficient measurements are available) while the latter 
is strictly limited to cubic crystals. 

2 . Equations for Calculating Elastic Constants 

The equations relating elastic constants to wave velocities are derived in many places; 
see, for example, Kolsky [9] for a treatment in conventional (matrix) notation and Farnell [10 ] 
for a brief sketch in tensor notation. The resulting secular equation can be written as an 
equation involving a 3 X 3 determinant using Farnell's notation as 

where 

and 

x = pv2 

p= density, 

v= velocity, 

(1) 

(2) 

(3) 

In the last expression, the a t are the direction cosines for the direction of propagation and the 
Cijkl are the elastic constants; both are referred to the crystal axes. Assuming cubic symmetry, 
writing l, m, n for the direction cosines and using the conventional matrix notation for elastic 
constants, the fjk become 

fn = cllF+ c44(m2+ n2) (4) 

f22=Cnm2+ c44(l2+ n2) (5) 

f aa = Cl1n2 + c44(l2+ m2) (6) 

f12= f 21 = (C12 + c44 )lm, (7) 

f1 3= f31 = (C12 + c44)ln , (8) 
and 

f23 = r 32 = (C12 + c44)mn. (9) 
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These values can be ubstituted into the secular equation to give a cubic equation in x. We 
assume that for a given direction (l, m, n) the three velocities have been measmed and the three 
corresponding values Xl, X2, :t3, computed. Then for this direction the cubic equation obtained 
from the secul ar equation must factor into 

(10) 

When this factored equation is multiplied out and the coefficients of each power ofx equated 
to the coefficient of the same power in the secular equation three simultaneous equations are 
obtained. To simplify these, let 

and 

The three equations are 

alJd 

a= cu, 

(3= C44, 

'Y = CI2 + CH, 

U= Xl + X2 +X3, 

-V=XIXZ+XIX3+ X2X3, 

u = a+ 2{3, 

V= [aF + {3W + mZ»)[am2+ {3W + n2 )] 

+ [aF + (3W + m2) ][an2+ (3W + mZ)] 

+ [am2+ (3W+ n2) ] [an2+ (3W + mZ) 1 
- 'Y2Wm2+ ZZn2+ m2n2) , 

W= [af2 + {3(m2+ n2)][am2+ (3W + n 2) )[an2+ (3W+ m2)] 

+ 2'Y3Fmzn2-"(Z {ZZm 2[an2+ (3(l2 + m2)] 

+ 12n2[am2+ (3 (l2+n2)] + m2n2[al2+ (3(m2+ n2)]} . 

(ll ) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

The problem is to solve for a, {3, and l' from a known set of values of u, v, w, l , m, and n. The 
procedure is to use eq (17) to eliminate {3 from eqs (18) and (19). Then use (18) to eliminate 
the 1'2 term from (19). This leaves one equation, derived from (18), which can be solved for 
1'2 and one equation, derived from (19) , which can be solved for 1'3. Cubing the fIrst of these 
two equations and squaring the second allows the elimination of l' and gives a 6th degree 
equation in a. The coefficients in this equation are very long expressions when written out in 
full and it is much more convenient to define various functions of the starting quan titie _ (l, m, 
n, u, v, w) and so simplify the algebraic manipulations. We thus define 

ll = l - l2, 

ml = l -m2, 

nl = l -n2, 

l2=3F-l, 

m2= 3m2- 1, 

n2 = 3n2- 1, 

e= l2m2 + l2n2+ mZn2, 

j = f2m2n2+l2nZm2+ mZn2l2. 

g= lzm2+lzn2+ m2nz, 

h= lzmZnl + l2n2ml + m2n2l1, 
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and 

j =l2mt + ltm2 + l2nt + lln2+ m2nl + mln2, 

k = [2m2nl + [2n2m t + m2n2l1' 

p = l2mlnl + llm2n 1 + llmln2, 

q= llm1 + llnl + m1nl l 

1'=2l2m2n 2, 

S=llm1nl, 

Sl = l2m2n2, 

gl=gj/e-sl, 

hi = (ugk + ujj)/e-hu, 

jl = (u2jk+ u2gf-4vj) /e-u2p, 

kl =uk (u2q-4v) /e-u3s + Sw, 

When (17) is used to eliminate /3, eq (IS) becomes 

and eq (19) becomes 

Substituting for ')' 2 from (42) into (43) gives 

w=a3(Sle-gj) /Se+ a2(ueh-ugk-ujj) /Se+ a(u2ep-u~ik-u2qf+4vj) /Se 

(30) 

(31 ) 

(32i 

(33) 

(34) 

(35) 

(36) 

(37) 

(3S) 

(39) 

(40) 

(41) 

(42) 

(43) 

+ (u3es-u3kq + 4uvk) /Se + 1'')'3. (44 ) 

~ I 

Computing 641'2,y6/e3 from (42) and equating to the same quantity computed from (44) gives ,-' 

where 

and 

ao=1'2p~/e3_k:, 

al = 3U1'2jp:/e3-2,ilk 1, 

a2= 31'2(gp: +u2lpJ/e3_ 2hlkt-,i~ , 

a3 = 1'2 (6Ug,iPl +u~i3) /e3- 2 (glk1 + ht.7I ), 

a4= 31'2(u2gl+ g2Pl) /e3 - (2gdl +h~), 

a5 = 3u1'2g2,i /e3 - 2g11h, 

(46) 

(47) 

(4S) 

(49) 

(50) 

(51) 

(52) 

The procedme for determining the elastic constants is thus as follows: Starting with the 
density, P, the velocities VI, V2, V3 and the direction cosines l, m, n first compute XI, X2, Xa from (2), 
next compute u, v, w from eqs (14) through (16), next compute the quantities defined in eqs 
(20) tln'ough (41), then compute the coefficients given by eqs (46) tln'ough (52). Using these 
coefficients plot eq (45) to determine the real, positive roots in the region of physical interest; 
if there is more than one such root choose the correct one, which is a = Cll, as described below. 
Equation (45) can be plotted and the chosen root determined as accmately as desired by routine 
automatic computer techniques to save laborious hand computation. Then compute C44 from 

CH = (U-Cll)/2. 
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Use eq (42) to compute -y2= (CI2 + C44)2 and obtain -y. The sign of the square root is determined 
by the -y3 term in eq (43 ). Th en compute CI2 from 

CI2= -y -C44. (54) 

The only ambiguity whi ch arises in this calculation results from the fact that more than one 
physically reasonable roo t of eq (45) Jncty occm and each such root may lead to a et of three 
elastic constants, none of which can be ruled out by the inequalities of AIel'S and Neighbours 
[11] or by any general physical argument. In this case, one can take one se t and compute th e 
polarization of each of the two quasi-transverse waves (the procedme for computing the 
polariza.tion is given, for example, by Farnell [10]) and compare with the polarization of the 
transducer used to excite the waves. The r esults should agree for only one se t of clastic con­
stants so that the correct choice of root for CI I can be made in this way. A second way is to 
measW'e velocities in a second direc tion in the crystal and compare the elastic constants so 
determined. Although more than one set of elastic constants may give the correct velocities 
for one direction (but not the correct polarizations) only one set should give the COlTect velocities 
for both directions . This second way of choosing Cli avoids the need to consider the direction 
of pola.riz ation. 

3. Equations for Computing Standard Deviations of the Elastic Constants 

It is assumed that uncer tainty in the density and the direction cosines may be ignored 
and that the principal uncertainty in the data is expressed by the three stati tic ally independent 
standard deviations 0'1 , 0'2, 0'3 of the velocities VI , V2 , Va. It is easiest to divide the calculation of 
the standard devia tions 0'1l , 0'12 , 0'44 (of CIl, CIZ, C44 respectively) into two part. First, pl'opagation­
of-error theory is used to calculate t he variances and covariances of u , v, w. Second, these 
r esults are then used to calculate O'll , 0'12, and O'l a. 

Th e following r esult [12] from propagation-of-elTor theory is n eeded: Let x and y be 
statistically independent variables wi th known va.riances (variance = squal'e of standard 
deviation ) . Let u and V be defined as Junctions of x and y and let F be dc.fined as a fun ction of 
u and v. Then 

!'" (OF)Z (OP)2? (OF) (OF) O'~.= OU O'~+ ov 0'.+2 ou ov cov (u, v), (55) 

where 

(56) 

(57) 

and 
_(OU) (Ov) 2 (OU) (OV) 2 cov (u,v)- Ox OX O'X+ oy oy O' y . (58) 

In some textbooks it is implicitly assumed that quantities such as U and v are statistically 
independent so that thei!' covariance is zero and equations such as (56) and (57 ) with no covar-

.~ iance terms are given instead of the complete eq (55). The use of the complete equation is 
important in the present case ; the extension of th ese equations from two to three vari.ables is 
obvious. 

1-' 

Application of eqs (56) through (58) gives 

2 2+ 2+ 2 O'u= O'xl O'x2 O'xa , 

0'; = (X2+Xa) 20'x~ + (Xl + Xa)2 0'x; + (Xl + X2)2 0' x~ , 

O'~= (X2Xa) 2 0'x~ + (XIXa )20'x;+ (XIX2)2 O'X; , 

COy (u, V) = (X2+ Xa) O'x~+ (XI + Xa) O'x;+ (XI + X2) O'X~' 

Cov (u, W) = X2X3 0'x; + XIXa O'x ~+ XIX2 0'X~ ' 
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and 
(64) 

where 

To use eq (55) for the standard deviations of the elastic-constants one must compute the 
partial derivatives of these constants with respect to u, v, w. These partials of ell can be 
obtained by taking derivatives of eq (45) . The resulting expressions inv olve partials of the 
coefficients ai and these in turn involve partials of the quantities defined in eqs (38) through (41 ). 
Let subscripts u, v, w denote partial differentiation with respect to u, v, w r espectively. Then 
from eqs (38) through (41 ) 

h1u= (gk + jj) /e- h, (65) 

jl U = 2u[ (jk+ qf) Ie - p ], (66) 

klu= k (3u2q- 4v) /e - 3u2s, (67) 

Plu= 2uq, (68) 

jlv=-4j/e, (69) 

k lV= - 4uk/e, (70) 

Plv=-4 (71 ) 

lc1w=8 (72) 

and the following are all zero: hlv, hlW, jlW, and PI W' IVe shall n ext require the partial derivatives 
of the ai which are given by differentiating eqs (46) through (52) with: the result for the u 
derivatives 

aou = 3r2piPI U/e3- 2kllclu, 

alu = 3r2(jp~ + 2UjPIPlU) /e3- 2j l kl ,,-2kdl u, 

a2,,= 3T2(2gplPlu+ 2uj2pl+u!'j2plu) /e3-21hkl u-2kJ~l u- 2jdl u, 

a3u = r2(6gjpl + 6UgjPIU+ 3u2l) le3- 2 (glk1u+ hdl u+ j1hlu), 

a4U= 3r2(2ugj2+ g2PIU) /e3- 2gdlu- 2h1h1u, 

a5u = 3T2gZj /e3- 2glhlu, 

and with ailu equal to zero. For the v derivatives the result is 

aov= - 12r2pi!e3- 2lclklv, 

alV= - 24rZujpde3- 2jlklv- 2lcdlv, 

azv= - 12rZ(2gpI + u zj2) le3-2hlkl v- 2jdlv, 

a3V= - 24r2ugj /e3 - 2 (gl lclV+ hdl v), 

a4V= - 12r2gz/e3- 2gdl ., 

II nd wi t h a5. and ail. equal to zero . For the w deri vati ves the result is 

aow= - 16k l , 

alw=- 16jl, 

a2w=- 16hl, 

a3w= - 16gl) 

and with a4lC, aow, and a6w equal to zero. Define 
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tben differentiation of eq (45) gives 

and 

Cll u= - (a5Ucl~ + a4Ucl~ +a3ucl~ + a2 Ucl~ + alucll + aou)/D, 

Cll '= - ( CL4,C/1 + a3.c/t + a2 Vcl~ + a!Vcll + ao.) /D, 
(S9) 

(90) 

(91 ) 

where we have assumed D ~ O . For the [11 0] direction D = O and a differ en t trefLtment , described 
below, is required. Th e derivatives of C44 are obtained from (53) and me 

and 

(92) 

(93) 

(94) 

The derivatives of C1 2 are obtained from eq (54 ) fLnd so involve derivatives of "(. From (42) we 
h ave 

so that 

and 

("( 2),,= (2CI1[jCU ,,+jCll + '14jCll U + ]JI U)/4e, 

("(2) v= (2Cll[jcllV+ 'njcll"- 4) /4e, 

Now usc "(u= (,,(2),,/2,,( and eq (54) to obtain 

and 

The expression for 0'12[ is then 

C 12 It = ("(2) ,,/2,,( - C44", 

C[ 2.= ("(2)v/2"( - C4" " 

(95 ) 

(96) 

(9 7) 

(9S) 

(99) 

(l00) 

(101) 

The equations for 0';4 and 0'122 are the smne with the subscripts on Cll changed to 44 and 12 
respectively. 

The procedure for obtfLining the desired standard deviations is thus straightforward 
although tedious. One b egins by calculating the variances and covariances of u, v, w from eqs 
(59) through (64). Then compute in succession the quantities given by eqs (65) through (102). 

Following eq (91) we noted that D = O for the [110] direction. This can be seen as follows: 
For the [110] direction r is zero by eq (34) and the "(3 term drops out of eq (43 ). Then eq (45) 
simply consists of the square of all the t erms in (43) except r"(3. Let 

B = (hdS+ a2uh/S+ au2p/S+ u3S/S- ,,(2(af+uk )/2-w. (103) 

Then eq (45) for the [110] direction is B2= O, and D is then D = 2B dZB, and therefore D = O. 
Ga 

The foregoing statistical treatment thus fails for any direction for which Cll is a double 
root of eq (45). This appears to b e true only for the [1l0] direction (we have already noted 
that the [100] and [111] directions are not suitable for the method of this paper) but the writers 
have not b een able to construct a proof. 
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For the [110] direction the following results are well known and easily obtained from the 
treatment of Kolsky [9], for example. If x] corresponds to the longitudinal wave, Xz to the 
transverse wave with displacement parallel to [001], and X3 to the transverse wave with dis­
placement parallel to [110], then 

Cll = x]-xz + xa, (104) 

C12 = X]-X2- Xa, (105) 
and 

C44 = X2' (106) 
These give 

(J;] = (J [2 = (J x~ + (J x; + (J x;, (107) 
and 

(J44 == (J' x2. (108) 

, Ve have assumed throughout this paper that errors III thickness and density can be 
neglected in comparison with errors in transit time t. If standard deviations were assigned to 
the thickness and density as well, the quantities Xi would not be statistically independent and 
two modifications of the foregoing treatment would be required. First, eqs (56) through (58) 
would have to be used with the thickness, density, and transit times as independent variables 
to give the variances and covariances of u, v, w. The calculations using eqs (65) tln'ough (102) 
would then go as before. Second, eqs (107) and (108) would have to be replaced by appropriate 
expressions in terms of the standard deviations of the thickness, density, and transit times 
derived from (56) through (58) and (104) through (106). No attempt has been made to allow 
for uncertainties in the orientation; such allowance should probably be made but appears to 
be an exceedingly difficult problem. 

4 . Procedure for Computing the Elastic Compliances and Their Standard 
Deviations 

The foregoing results form a complete unit, giving the elastic constants, Cij, and their 
standard deviations. The present section may be skipped unless it is desired to put the results 
in terms of the elastic compliances, 8ij. The calculation of the 8tj from the Cij is trivial but the 
calculation of the standard deviations of the 8;1 is more difficult and serious errors can result 
if the covariance terms are not taken into account. There appears to be no discussion of this 
problem in the literature on elastic constants, so we present the method for the cubic case. 

The well-known equations for the elastic compliances of a cubic crystal in terms of the 
elas tic cons tan ts are 

811 = (cn + C12) Ic, (109) 

8]2 = -c12Ic, (110) 
and 

844. = 1/c44. (111) 
where 

c= (Cn-C12)(Cn + 2C12) . (112) 

To compute the standard deviations of the 8 ;1 one can apply eq (55) which requires the 
covariances of the Cil' To compute these covariances one might try to use eq (58) which would 
be wrong because x and y were assumed to be statistically independent. We require the more 
general formula 

oFoG 2 oFoG z (OFoG oFoG) 
cov (F, G) = ou ou (Ju+ ov ov (Jv+ ou OV + ov ou cov (u, v) (113) 

for the covariance [12] of F and G which are defined in terms of quantities u and v which are not 
statistically independent. Writing cov (11, 12) for the covariance of Cn and CIZ we have 
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COy (11 , 12)= Cl1 llCI 21l0"! + Cll VCI2VO"~+ ClI WC12W (T~+CCll UC12V+ Cll VC[2 U) COy (u, v) 

+ (Cll uCI2w+ CllWC1 2u) COy Cu, W )+(Cll vC12 w+ Cll wC12 V) COy (v, w ) (114) 

The expressions for coy (1 1,44) and coy (12, 44 ) are id entical except for tile appl'Opl'il1le ciJanges 
of subscripts, but we shall not need to calculn,te these latter two covarian ccs. 'Wrilin g 8 11 ,11 fOl' 

~811 and similarly for other partia.ls we have 
U Cll 

(J 15) 

(11 6) 

(117) 

(118) 

(119) 

and with 8 11 ,4 ~, 8 12, 44, 8 44, II, 8 44 . 12 nIl zero. LeLtillg 0"8 [[ rcpresent thc standard clevintioll of 8 11 

and similarly fOl' the other 8th 

~ we have 

,,. 
I 

l 
! 

and 

(120) 

(121) 

(122) 

For the [110] direction the covariall ces of Cll and Cl 2 is best calculated ciil'ec tl,\T 1'1'0111 (1 04 ) and 
(105 ) using (58). The result is 

(123) 

Thus, the procedure for calculating the standard devia tio n of t he 8ij for any direction , 
including the [100] and [111], is to use eqs (120) tbrough (122) evftluating t he partinl ci eriva tion s 
from eqs (J 15) through (119). Th e situation co nsid ered in the present paper, using only 
information obtainable from measmements in a single direction , compels us to exdud e [100] 
and [111] from the present considerations. For [1l0] COy (11 , 12) is given by (123); for an y 
other direction, it is given by (114). 

5. Measurements on SrTi03 

The writers carried out a series of measurements on a boule of strontium titanate, kindly 
supplied by the National Lead Company, to check the method . The density value [13] of 5. 11 6 
g/cm3 was used. Flats were first gro und to gi e the maximum thickn ess between parallel 
faces permitted by tbe shape of the crystal. A series of measuremen ts was taken and analyzed . 
The crystal was then recut normal to the [110] direction and a second series or measuremen ts 
was t hen made. The measurements were all made with 10 NIcis X-cut and AC-c ut quartz 
crystals 0.25 in . in diameter. A commercial pulsed oscillator W itS used to drive these transducers. 
The echoes were observed on a dual trace oscilloscope sinlul taneously with ft 1 ~c/s s tandard 
frequ ency signal. The results are sumarized in table 1. 
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TABLE 1. Data on SrTiOa at 25° C 

Parameter I Symbol 

Direction _ _____ ______ ________________ I 
Cosines_ _ _______ __________ __________ _ m 

n Lengtb _____ __________________ ___ cm _____ ______ __ _ 
'l 'ransit times, 10- 6 sec ___ _____________ II 

t, 
t3 

X i , 10" dyn e/cm' ________ __ ___________ X I 

X, 
X3 

6 . Results 

First 
direction 

0. 67905 
. 27160 
.68200 
5.3045 

13. 15±0.10 
22. 08±. 05 
23. 15±. 07 

3. 330±. 051 
1. 181± . 005 
1. 074±. 006 

Second d irec­
tion, [110] 

0. 70711 
.70711 
.00000 
4.5670 

11. 36±0. 05 
18. 71±. 07 
20.02±. 09 

3.308±.029 
1. 219±.009 
I. 064±.01O 

r The data are summarized in table 1. The calculation of Cil by the method of eqs (20) 
through (52) was programmed for an automatic computer using an iterative procedure of solving 
cq (45) which gives the real roots to four places in the interval 0.0 to 5.0 X 10 / 2 dynes/cm2 • 

For the fil'st direction, there is a single root at a = 3.162 and a single root at a = 3.497 X 1012 

dynes/cm2• For the second direction there is a double root at a = 3.153 and a double root at 
a = 3.462 X 1012 dynes/cm2 . A complete set of elastic constants was computed for each of these 
possible choices of CII and the results are compared in table 2. The choice of 3.497 and 3.462 
leads to a disagreement in C,2 which is outside the experimental error. The choice of 3.162 
and 3.153 gives consistent sets of constants. The latter choice is also known to be correct 
because 3.153 is obtained from eq (104) when X2 and:13 are properly distinguished by the polari­
zation of the corresponding sound waves. 

For the first direction, the standard deviations of the C ij were determined by the method 
of eqs (59) through (102) using an automatic computer. Equations (107) and (108) were used 
for the second direction. The final values for the Cij were computed by averaging the results 
for the two directions weighted by the reciprocals of the squares of the standard deviations. 
The 8ij values were then computed from eqs (109) through (112) and their standard deviations 
from eqs (113) through (123). 

TABLE 2. Comparison of possible sets of elastic constants 

Consiants i First direction isecond direction 

COm l)uted from correct choice of root for Cu 

cu _____________________________ 1 3. 162±0.052 I 
CI2____ _________________________ 1. 035± . 052 
C44_______ ______________________ 1. 212± . 007 

3. 153±0. 032 
1.024± . 032 
1. 219± . 009 

Computed from incorrect choice of root for Cu 

~::::::::: :::::::: ::: ::::::::::: 1 
3. 497

1
1 

1. 200 
1. 044 

3. 462±0. 032 
1. 024± .032 
1. 064± . 010 

The Cll and C12 values of Bell and Rupprecht (14) agree within experimental errol' with 
the results of the present work as shown in table 3; the C12 value of Poindexter and Giardini 
(15) also agrees within experimental error, but their Cll value differs from the present result by 
much more than twice the standard deviation and so is significantly different from our result . 
The other workers ' C44 values lie on either side by slightly more than twice the standard deviation 
of our value, but are probably within the combined experimental error of their determination 
and ours. The writers feel that the Cll values of Poindexter and Giardini should be rejected 
and that the remaining data show reasonable agreement. 

The anisotropy of a cubic crystal depends on the quantity 0 defined by 

(124) 

202 

• 



l 
( 
'". 
I 

f-

l. 
I 

'," 

I 

I 

~. 

The Youn g's modulu s, YJ, and shcftr modulus, OJ, are given as a fun ction of the usual spherical 
polar angles by 

~J = 811- 0 Sill 2 e cos2 ()- (0/4) sin4 () sin2 24>, (125) 

and ~J=844 +20 s in2 e cos2 () +(0/2) sin4 () s in2 24>. (126) 

Th ese quanti ties ar e plot ted in fi gure 1 whi ch shows th a t SrTi0 3 comes close to being isotropic; 
Young's modulus varies by only 10 percen t and th e shear modulus by 5 percen t. 

T ABLE 3. Com parison with elastic constanls of S1· Ti03 at 25° C determined by other workers 

Poi ndexte r 
Constants and Bell and Prescnt 

Giardini a. R upprecht h ,vork b 

ClI ___ __________ ________ ___ __ __ _ _ 3.48 3. 181 3. 156± 0. 027 
CI2 __ _______________ ____ ____ . __ _ _ I. 01 1. 025 1. 027± .027 
C44 ______ . ______________ ________ _ 1.19 1. 236 1. 215± .006 

811 ___ ._ __ _ _ _ __ _ _ _ _ _ _ _ _ _ _ _ __ _ _ _ _ 3. 3 3.729 3 . 7i2± .023 
8 12 _____ • _ ____ _ _________________ _ -0.74 - 0.909 - 0. 926± .010 
8~4 _____ _ ____________ ___ _ 8. 4 8.091 8. 233± .040 

All Coij in units of 1012 dyne/CJU2; Sij in units of 10- 13 cm2/dync. 
II Sti determi ned by resonance method and eij by matri x inver;.;ion. 
L Ct'j dctcrmi,n cd by pulse vclocity method ane! Sij by matrix inversion . 

Perecnt 
difference, 
last two 
columns 

0.79 
O. ]9 
I. 73 

1.14 
I. 84 
1. 73 

2. 95 r-----~----,-----,------r----_r----_r----_,----_.----_, 

FIGURE 1. Young' s modulus, 
Y r, and the shea!" modulus, 
Gr, as a function of orien­
tation. 

Thc colatitude, 9, is thc angle between 
the [001] directio n and the direction of 
mcasurement . 'rhe azimuth , ¢, is the 
angle between the [100] direction and 
the projection of the direction of 
measurcment on thc (001) plane. 'r he 
subscri pt f indieatcs that thc clastic 
moduJi arc for a free specimen which is 
tinder no constraint. 
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7. Summary 

(1) Velocity measurements in a single direction in a cubic crystal provide enough informa­
tion to determine the three elastic constants, Cih except for the [100] and [lll] directions which 
are therefore excluded from consideration in this paper. 

(2) For the [110] direction the computation of the elastic constants and their standard 
deviations is simple and is given in eqs (104) through (108). 

(3) For all other directions the calculations are much more complex. The general pro­
cedure for the elastic constants (applicable also to the [110] direction) is given in eqs (2) through 
(,54). The general procedure for the standard deviations (not applicable to the [110] direction) 
is given in eqs (59) through (102). 

(4) The procedure for calculating the elastic compliances, 8ih and their standard devia­
tions is given in eqs (109) through (123). Throughout the statistical treatment the covariance 
terms are included and their importance is emphasized. 

(5) The method is applied to SrTi0 3 and results in good agreement with previous workers 
are obtained. 

The writers thank W . E. Tefft of the National Bureau of Standards for bringing eqs (55) 
and (58) to their attention , and M. D . Beals of the National Lead Company for supplying the 
SrTi03 specimen. 
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A n ew type of computable inductor, C. H . P age', .1. Reseal'eh 
r .. N B S 67B (!lifath . and Math. Phys.), No.1 (Jan.-Mar. 1.963), 

75 cents. 
The mutual inductance analog of the generalized Thompson­
Lamparo theore m (for cross-capacita nces) is developed . 

,',- An infinitely long cage of five parallel wires can yield an 
"\. a bsolu te inductance of 

10- 7 In 3 +-rs 
2 

I" h enries per meter. End-dfccts of order :J / l2 occu r in a 
finite cage, but can be reduced to order l /l4 b.y us in g eig ht 
wires . 
The cight wire cage has t he advantage of overcieLennin cd 

:.. r elations among the inducLa nces Lo be meas ured, a llowing 
a n estimaLe of experimen tal error in t he calibraLion of a 
standfl,rd. Errors due to faulLy cage geometry arc shown 
t o be of Lhe order of 1 in 10 7 • 

.• N um erical co mpu tation of the temporal de velopment of 
curre nts in a gas discharge tube, ·W. Bo rsc h-Supan a lld H . 

~ Ose r, J. R esearch NBS 67B (Math. and Math. Phys .) , No . 1 
(Jan .-Mar. 1963), 75 cents 

)f The behavior of elecLrical curren ts in a gas discharge t ube 
includin g s pace charge eff ec ts is investigated by num erical 
integraLion of the governin g nonlinear parLial dif-rerential 
equations. Both sLationary solutions a nd t he temporal 
developme nt , und('r the in fluence of space charge effects, 

~ arc considered. The numeri cal integration is don e by a 
difference mcLhod. It is found that the Lruncation C!Tur can 
be greatly reduced by comparison with formal solutions for 
constant fi elds. The discussion is esse nti ally rest ricterl to 

~ the more mathemaLical questions. 

Equipment for si ngle crystal growth from aqu eous solution, 
J. L. Torgesen, A. T. Horton , and C. P. Saylor, .!. R esearch 
NBS 67C (Rng. and I nstr.), No.1 (.Jan .- Mar. 1963),7"5 cents . 
The growing of large sin gle crystals of high quali ty from 
solu t ion requires tile precise cont rol of supersaLurat ion an d 

~ t he avoida nce of thermal amd mec hanical shock . U niform 
, growt h conditions a nd cleanlin ess need to be main tained. 

Good seed crystals are necessary an d the accidental in t roduc­
t ion or generation of new nuclei should be prevcnted insofar 
as possible. In the apparatus and equipment assemblies 
here described, the crystal-growth bath is designed for 
u niform growt h conditions and t he exclusion of contamin a­
t ion . The s upport for the crystals provides for eO llve nient 
mounting of the seeds, holds the crystals firmly, and allows 

1:' ;:~~~~i~~lSY~~~~~~f;~Vi;~o:~~~~l~~u~~~~s~;in: ~t~1~e~~~~~~1 
surfaces and achieves uniform temperature and composit ion 
of t he sol ution without, at the same time, producing sign ificant 
mechanical stresses in the crystals . The t emperature 
controller gives regulation of the temperature a n order of 
magni tudc more sensitive than those hitherto u cd and pro­
vides for stepless change of temperature . The crystals al'f~ 
thus free from liquid inclusions found to resul t from Sli rlo p,n 

v;:; 
l 
j 

, . acceleraLion of growth. The electrolyti c conrluctance of 

I~r- ionic solutions may be used as a precise and sensi t ive measure 
.. of solution concentration and supersaturation . The crystal­

growth proced ures which are reporLed have rcsuHpcl in t he 
production of very goorl sin gle crystals of ii. cons idera ble r vari ety of chemical phases. 

I 

I " 

An automatic mul t ichannel correIa tor, R. F. Brown, Jr •• 
J. R esearch N B S 67C ( En(J. and I n str.) , No.1 (.Jan .-Mar 
1963) , 75 cents. 
Very early in our Infrason ic R esearch Program it become 
apparent t llat t he only way to d ifferentitate between local 

meteol'ological pressure variaLions a nd Lhe infrasonic s igna ls 
from d istant sources was throug h the relaLive t ime of a rrival 
of the press ure d isturbance at pickups spaced several miles 
ap~Lr t. The" l\1ultichan nel Correlato r" is an a na log compu te l' 
t hat was designed to deLect t hese infrasonic signa ls . 
At each pickup the pressure variations arc converLed Lo FM 
aud io signals which a re transmi tted over leased k lephone 
lines to t he correlator. At t he correlator these FM s ignal 
a rc demodulated and recordecl on a 7~ inch per min u te mul t i­
channel magnetic tape. The recorded data frequency 
range is 0.02 to 1.0 cis and the pressure range is 0.1 to 50 dy nes 
per square centimeter. 10 minute blocks of data a re read 
from t he tape and a mplitude equalized to a constant r ms 
valu e. A programmed time delay device produces t he 
equivalent delays appropriate to a continu ous horizontal 
azimu t ll search for velocities in the range of 280 to 400 meters 
per second. The correlator output is a conLinuou s record of 
t he average of t he l"ecLi fi ed sum of the del ayed chan nel 
;;ignals. 

E lastic co nstan t- porosity re lations for polycrystalline thoria, 
S . Spin ner, F. P. Knudse n, and L. Stone, .!. R eseaTch NBS 
67C ( En(J. and I nstT.), No.1 (Jan. -Mar. 1963), 75 cents . 
The relat ions bet wee n t he clastic consLants a nd poros ity for 
about 300 tho l"i a specimens have bee n dekrmined. Bo t h 
Young's a nd t he s he'ar modulu s for each specimen were ob­
tain ed by a dyn amic resonance meLhod . From t.hese two 
modu li , Poisson's ratio was computecl. The tenden cy for 
a ll these clastic co nstants to decrease with increasing poros iLy 
is in qualitaLive agree ment wi t h theory. H OlVever, Lhe 
decrease in t he experimental valu es was greate r Lha n would 
be expected from t he Lheory. This greaLer dec rease for Lhe 
experimental values is attdbu kd Lo t he facL LhaL til<' speci­
mcns clo not conform to the idealized assu Illp t ions of Lhe 
theory. 

New fast -ope nin g, large-a perture shutter for hi gh-speed 
photography, E. C. Cass icl y a nd D. n . Tsai, J. i?eseauh 
NBS 67C ( Eng. and I nstr .), No. 1 (Jan.- Mar. 1963), 75 cents, 
This shutter con;; ist.s essent ia lly of a metallic foil in a capac iLor 
discharge circui t. The openin g acLion is obLained when Lhe 
foi 1 is co m pressed by Lhe electromag netic for ces which ac­
company the Iwavy surgc curre nt t hrough the circuit , durin g 
a t ran sient disc harge . A s hu tLer m ade up of two foils in a 
loop arrangement may be opened to a n a rea 1 in . x :3 in. in 
less t han 45 f.Lsec. The factors a ffecting t he design a nd 
operation of this s hutLe r arc a nalyzed. These factors inclu de 
t ile circuit paramcters, t he energy input to the foil , and the 
materials and the size of t he foil. Some experimental results 
arc also given . 

Perturbation method in a problem of waveguide theory, 
D. Fox a nd W. Magnus, J . R esearch NBS 67D (Radio P rop.), 
No. 2 (MaL- Apr. 1963), 70 cents. 
The reflection coefllcient for t he basic mode in a widenin g, 
straight, t wo-dimension al waveguide is compu Led for small 
wave numbers by using t he perturbation met lwd with the 
electrostatic case as the unper t urbed case. The problem is 
treated as a pertur bed infinite system of inhomogeneo us 
linear equations, and it is shown t hat the matrix of t he un­
perturbed syste m (which correspo nds to thc electrostatic 
case) can be inverted explicitly by using co nform al ma ppings 
and physically unrealistic modes. Questions of convergence 
a re discussed, and other examples for application of t he 
method are indicated. 

Some wave functions and potent ial func tions pertaining to 
spherically stratified media, C. T. Tai , J . R esearch N B S 
67D (Radio Prop. ), No. 2 ( llfaT.-ApT. 1963),70 cents. 
The wave functions pertaining to a bilineady st rati fi ed 
medium are presented in t his paper . SoluLions to t he equa­
tion V' • [" (1') V'"v ]= 0 have been investigated for severa l 
profiles of " (1') . An a nalys is is given to thc equation 

205 



'\7 • [';;:' • '\7.f ]= - p/'o which arises from the formulation of 
the quasi-static electric field in a homogeneous anisotropi c 
medium. 

Radiation from a plasma-clad axially-slotted cylinder, 
VV. V. T. Rusch, J. Research NBS 67D (Radio Prop.), No.2 
(M m·.-A p r. 1963), 70 cents. 
Exprcssions have been developed for the complete radiation 
pattern from a finite axial slot on an infinite circular cylinder 
covered with a homogeneous, uniform plasma sheath. The 
result ing field expressions are functions of both the longitude 
angle, ¢, and the polar angle, e. Numerical results have 
been obtai ned for a thin lossless plasma to determine the 
variation of the fi eld pattern with plasma freq uency, plasma 
thickness, slot width, and cylinder radius. These results are 
presented graphicall y to illustrate various properties of the 
radiajiing system. 

Report of the 47th National Conference on Weights and 
Measures, 1962, NBS Misc. P u bl. 244 (N ovembeT 23, 1962), 
75 cents. 
A report of the proceed in gs of the forty-seve nth National 
Conference on \Veights and ]Vleasures, held in vVashington , 
D.C. , June 4, 5, 6, 7, and 8, 1962, and attended by State, 
county, and city weights and measures officials. 167 p. 

Radiation quantities and units, International Commission on 
Radiological Units and Measurements (ICRU) Report lOa, 
1962, NBS Handb. 84 (Nov. 14, 1962) , 20 cents. 
This Handbook presents definit ions of twenty-three funda­
mental radiation quantities and units. It resulted from a 
three-year study by the A.d Hoc Committee on Quantities 
and Units of the ICRU. It includes new names for certain 
quantities and clarified definitions for others. It presents a 
system of concepts and a set of definition s which is internally 
consistent and yet of sufficient generality to cover present 
r equirements and such future requirements as can be foresee n. 

Controlled temperature oil baths for saturated standard cells, 
P . H. Lowrie, Jr., NBS T ech. Note 141 (August 1962),25 cenls. 
Two oil baths for the temperature control of saturated stand­
ard cells have been designed and fabricated at the Boulder 
Laboratories of the N' ational Bureau of Standards for opera­
tion at 28° C and 35° C respeetively. Short term control to 
better than ± 0.001 ° C with day-to-day variations no greater 
than 0.002 ° C has been achieved with t he use of a mercury­
toluene thermoregulator incorporating a temperature antici­
pating device . The circulating system limits temperature 
gradients in the oil to less than 0.001 ° C across any 10 inch 
section. The baths incorporate pre-heat and drain tanks as 
well as the main temperature regulated tank to facilitate the 
insertion and removal of cells and to minimize oil spillage. 

Applications of resistance thermometers to calorimetry, 
G. T. Furukawa, Book, T emperature, Its },I!easurement and 
Control in Science and Industry II I, pt. 2, 317- 328 (1962). 
The importance of the resistance thermometer in the accurate 
;neaSUl'emen t of both temperature and the heat leak of the 
calorimeter is discussed. The final accuracy of t he determi­
nation of heat capacity is shown to be dependent upon the 
accurate and consistent measurement of heat input to the 
sample and the corresponding rise in temperature. The 
various heat-capacity calorimeters used in the range from 10 
to 400 OK are briefly described with em phasis upon the 
appli cations of resistance t hermometers, the methods for 
calibratin g them, and the problems associated with the 
design of calorimeter vessels . Comparison is made of the 
thermometric properties of plat inum, copper, indium, lead 
and gold-silver alloy. The need for high relative acclll'acy 
in the measurement of L'l R is emphasized. The various 
temperature scales used in calorimetry are compared and 
their applications are described. 

Absorption spectrum of carbon vapor in solid argon at 4 ° 
and 20 0K, R. L. Barger and H. P. Broida, J. Chem. Phys. 
37, No . 5, 1152- 1153 (Se pt. 1, 1962). 
Absorption spectra have been observed photoelectrically for 
C3 and C2 in solid argon at temperatures of 4° K and 20° K. 
A molecular beam of carbon from a Knudsen cell at 2550 ° K 
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was deposited simultaneoLlsly with argon onto a quartz 
surface, cooled either with liquid helium or with liquid hydro­
gen. The spectra consist of 21 lines and a continuum be- , 
tween 3797 A and 4221A attributed to C3, and two lines at 
5208A and 5269A attributed to C,. Meas ured wavelengths, 
half-widths, peak absorption intensities a nd f-values are 
given. An I-value of 2X 10- 4 was found for the 5269A line 
of the Cz and the 4102A line of C3• [, 

Vibrational-rotational spectroscopy, H. C. Allen, Jr. and 
W. B. Olson, Ann. Rev. Phys. Chem. 13, 221- 240 (1962). 
The literature on molecular spectroscopy has increased 
significantly each year wi th t he increased availability of ..., 
high-quality commercial infrared spectrometers. This year 
is no exception. It is quite impossible to give a complete 
review of all the work in the space available, hence the authors 
will take advantage of their prerogative of di scussing a '--I 
limited number of topics. 'Ve shall, thus, stress work of a 
general nature on theoretical advances, fine structure of 
simple molecu les, vibration al spectra, intensities of gases, 
a nd computer applications. For the spectra of specific 
molecules the r eader is refelTed to Chemical Abstracts. " 

Realistic diatomic potential function , H . W. Woolley, J. 
Chem. Phys. 37 , No . 6, 1307- 1316 (Se pt. 1962) . 

< 
I 

Jo( 

I 
An examination of recently published data for diatomic 
molecules as obtained by the Rydberg-Klein-Rees method 
has suggested a useful form for the potential energy function. 
This term provides an inverse power dependence at large 
distance and an extrapolation to infinity at the extreme of 
close approach. A three parameter potential obtained by .. 
fitting in lowest approximation is compared with empirical 
data on weXe and "'e. Relations are also given to permit an 
a rbi trar ily close fit of observed spectroscopic constants. 
Theoretical formulas coverin g seven new Yi;'s of t he Dunham- ,) 
Sande man series for the rotating-vibrator a re included. 
Potential curves for Hz and HF are shown as examples, 
in cludin g effects of previously determined higher order 
spectroscopic constants. Other appl ications of the Dew 
po teu tial are also disc u ssed . 

Optical constants of aluminum in vacuum ultraviolet, R. 
La Villa and H. Mendlowitz, Phys. Rev. Letters 9, No.4, 
149- 150 (Aug. 15, 1962). 
Values of the frequency dependent complex dielectric constant 
.(w) of aluminum in t he photon energy region of 12- 16 ev 
were derived from the characteristic electron energy loss 
spectra. A two-parameter Drude model with N, the number 
of "free" electrons per atom, as 2.6 and T , the relaxation time 
as 1. 1X 10- 15 sec . was found to give a good approximation 
to the optical proper ties of aluminum. ~ I 

Microwave spectrum of methyldifl uoroarsine, L. J . Nugent 
and C. D. Cornwell, J . Chem. Phys. 37, No.3, 523- 534 
(Aug. 1962). 
The spectrum of CH3AsFz was investigated over t he range 
10- 33 KMc/sec. Three Q-branches (K = 5-4, 6-5, 7- 6) 
and two Rtransitions (J = 2- 3, K = 2- 3; J = 3- 4, K = 3-4) 
were fi tted by a Hamiltonia n which included terms for over-
a ll rotaLion, internal rotati on, nuclear quadrupole coupling, .:: ) 
and centrifugal distortion. The rec iprocal momeuts of 
inertia a re A = 5414.49 ± 0.0'1 Me/sec, B = 5381.28 ± 0.03 
Mc/sec, and C= 3871.88 ± 0.03 Mc/see. The b-axis is 
perpendicular to the plane of symmetry. The height of the y \ 

internal rotation balTier (assu med to be sinusoidal) is 466 ± 10 '1 
cm- 1. With the bond length l'crr = 1.095 A assumed, t he 
spectral data yield rA,C = 1. 930 ± 0.010 A, TA,F = 1.734'f 0.005 
A L HCH = 109 °9' ± 1°, L CAsF = 95 °40' ± 14', L FAsF=96°18' 
± 16' . The quadrupole coupling constants for AS75 are ' .. 1 
eQqcc= - 220 ± 4 lVIc /sec and 1/0= (qbb- q.a) /qcc = - 1.20± 0.05. 
The indicated uncer tainties of all parameters are limits of 
error obtained d irectly from the estimated maximum im­
precision in the measured frequencies. 

I ~ 

New wave meter for millimeter wavelengths, R. W. Zimmerer, .] 
R ev. Sci. Instr. 33, No.8 , 858- 859 (Aug. 1962) . 
A new wavemeter of simple des ign is described. The principle 
of operation makes use of a new development in physical 
optics. The actual performance of t he devise was measured .. 
and compared with the theory. 



Electron energy losses in solids and their influe nce on the 
e lectron diH'raction diagram, L. Marton, J. Phys. Soc. Japan 

" 17, S li ppl. B- [[, 68-73 (1961). 
The elect ron diffraction cl iagram is consid£'red from Lhe point 
of "iew of t he influ ence of cha ractcris tic cnergy losses of t hc 
electrons in t he solid . Some of tile present t heo ries of these 

" losses are reviewed, together with the experim ental evid ence, 
leadin g to a new viewpoin t. While th e influence of t hese 
characteristic. losses on t he average electron d iffraction dia­
gram is negligible, fOl' precise measurements a knowledge of 
t he losses and a correspond in g correction (eit her t heoretical 

1_ or ex perime ntal) is needed, 

'--
( 

Optical detection of microwave transitions in electronically 
excited CN produced by a chemical r eaction, R. L. Ba rger, 
H . p , Broida, A. J . Estin , and H . E. Radford, Phys. R ev. 
Letie1's 9, No.8, 345-346 (Oct. 15, 1962). 
Population inversions and non-equilibrium populations pro­
duced by chemical reactions should be useful for molec ular 
structurc studies by double resonance a nd possibly for maser 

.. or laser action. Atom ic fl ames of ni t rogen atoms mixed 
I with hydrocarbon s provide a particularly good example of a 

chemical rcaction which prod uces popu latio n in vers ion . A 
TEo" m icrowave cavity of volume 40 cm3, from 8750 to 
10,200 :VIc and having a Q of approximately 2X 10" '\'as used 
with a power input of 0 to 1 watt. At eac h of the frequencies 
9855, 9740, a nd 8810 Mc, a resonant increase in t ile optical 
em ission was observed ; t he increases Il ad ralative magnitudes 
of 5, 4, and 1, respectively. 

~ Sum rules for vibrational-rotational e nergy levels including 
centrifugal distortion , I-I. C. Allen, Jr. , a nd 'V. B. Olson 
J . ehem. Phys. 37 , No . 2, 212- 214 (J uly 15,1962). 

1,-, Sum rules a re developed for t he vibrational-rotational energy 
/ . levels of an aSYITl. metric rotor . T hese sum rules co ntain t he 

corrections for centrifugal distortion correct for te rms of the 
order P' in the H a miltonian. If t he p 4 terms of t he Hamil­
ton ia n arc neglected t hese sum rules reduce to those derived 

~. for a r igid asy mmetric ro tor by l\fecke. 

~ 
Rotational perturbations in CN I. Zero-fi e ld theory, optical 
Zee man elfect, and microwave transition probabiliti es, H . E . 
Radford and H . P . Broida, Phys . Rev. 128, No.1, 231-242 
(Oct. 1963). I 
The t heory of rotational perturbations ill doublet states of 
d iatomic molecules is developed a nd is applied to t he long­
standing problem of perturbations in t he violet bands of t he 
C.\J radical. Analysis of t he available optical data yields 
ex perimental values of two reduced matr ix elements: 

(II I ALY I~)=- 0.39 ± 0.04 cm- I 

(II I BLY I~ )=O . Oll ± 0.001 cm- I , 

.\ 
( 

where t he un certainties shown are estimated upper limits 
These accoun t satisfactorily for a ll t he observed line shifts in 
the v iolet spectrum. These two parameters arc then used to 
predict the Zeeman effect of the rotational perturbations, 
and th ese predictions are checked against new observatio ns 

I> of the CN violet speeturm at magnetic field strengths up to 
28 kgauss. Fi na lly, t he zero-field analysis is used to examine 
t he feasibili ty of a p roposed microwave reso nance investiga­
t ion of t he per turbed excited states of CN. 

The syste m of Bi ,0 3-B20 3, E. M. Levin and C. L. McDaniel. 
J . Am. Ceram. Soc. 45, No.8, 355- 360 (Allg. 1962). 
The phase diagram for the syste m Bi,0 3- B ,0 3 has been 
dete rmined experimentall y . The melting poin t of Bi,0 3 has 
bee n redetermin ed as 825 ° C with an estimated overall 

>" nn cer tainty of about ± 3° C, and t he mola l heat of fu sion of 
Bi ,0 3, calculated from the slope of the liquidus curve, is 2050 
cal per mole. The system contains a body-centered cubi c 
phase of approximate compos it ion 12Ri ,03·B20 3, which melts 
incongruen tly at 632 ° C. Four congurently melting com­
pou nds exist in the system: 2Bi20 3·B 20 3, 3Bi 20 3·5B,0 3, 
Bi ,0 3·3B,0 3, and Bi20 3·4B,03, wi t h melt in g points, respec­
t ively, of 675 °, 722 °, 708°, a nd 715 ° C. The Bi 20 3·4B,0 3 
co mpoun d ex hibits a sluggish transformation at 696 ° C. 
Compositions co ntaini ng up to 97 .5 wt % (85 mole %) 
Bi 20 3 can be partly or totally q uenched to glass. Indices of 

t he quenched glasses a re greate r t han 1.74. A region of 
liquid immiscibility extends at 709 ° C from a lm ost pure 
B ,0 3 to 19.0 mole % Bi ,0 3' The extent of im miscibility 
t heo retically calculated agrees with the ex perimentally de­
te rmined valu e when 1.20 A is used fo r the ion ic radius of 
Bj3+. 

Wavele ngths, energy level s, an d pressure s hifts in mercury 
198, V. Kaufman, J. Opt. Soc. Am. 52, No.8, 866- 870 (Aug. 
1962) . 
The vacuum wavelengt hs of 27 lines in the spectru m of I-Ig198 
have been measured r elative to theointcrn atio nal standard of 
length, the K r36 l ine at 6057 .80211 A by photographic Fa bry­
Perot inte rferometry . T hese measurements were mad e usin g 
H gl98 electrodeless lamps containin g argon gas at pressures of 
~, 3 and 10 mm H g. Energy level valu es have been derived 
for each of t he H gl98 so u rces. On t he bas is of these valu es, 
t he energy level shifts pel' u ni t pressu re of a rgon h ave been 
calcul ated. The suitability of lhe ligl98 elect rodeless lamp 
as a source of wavelength standards for interferometric 
measurement of length and wavelength is discussed. 
The standard so urce used was a Kr'6 ho t cathode lamp 
operated acco rd ing to the cond it ions prosc ribed by the 
International Conference on ' Veights a nd Mea~UI'es in J 960. 

A ne twork transfer theorem, G. F. Mon tgo mery, IRE T rans. 
Audio. AU- 10, No.3, 88 (May- June 1962) . 
Fo r a linear, passive, recip rocal two-port network, t he 
forward, open-circuit voltage transfer rat io is equal to t he 
reverse, short-circ ui t current t ransfer rat io. 

Acoustical interferometer e mployed as a n instrument for 
measuring low absolute temperatur es, J. ACOllSt, Soc. A In. 

34, No.8, 1145- 1146 (Aug. 1962). 
Values of absolu te tempcrat ures at 2 a nd 20 ° Ie have been 
determin ed from ex perimental ll1 easur('ments of the speed of 
sound as a fu nction of pressure in heli um gas . The acoustical 
in terferometer was t he instrument em ployed in the measure­
ments, and the accuracy ac hi eved in the experiment indicates 
that sonic t hermometry at low tempertures may be competi­
t ive with other conventional thermometry techniques . 

Kin etics of Cs+ desorption from tungsten, M. D. Scheer a nd 
J. Fine, J . Chern. Phys. 37, No.1, 107-113 (J uly 1962). 
The mean absorption lifet ime (7' 3) of Cs+ on tu ngsten has 
been measured ill t he 1000- 1200 0K temperature ran ge, us in g 
a pu lsed beam tech nique. Under co nd it ions of low surface 
coverage a nd wit h e it her Cs or CsI as beam materials, 

( ) I ' [ 23,6000 ± 500J 7'3 = 1.0 ± 0.5 X 10- . exp T sec. 

was obtain ed. The hcat of desorption can be calculated as 
the energy requi red to r emove an isolated Cs+ ion from t he 
surface of an electrical co nductor. The presence of an 
a bsorbed contaminating layer, a rising from residual vacuum 
gases, decreased the Cs+- W binding energy by 0.5 ev and 
increased t he pre-exponential factor by about two ord ers of 
magnitude. Anomolous resul ts were obtained when CsCI 
was used for a beam material, suggestin g a rcaction between 
t he surface t ungsten atoms and ato mic chlorine. 

Structure and structure imperfections of solid {3 -oxygen, 
E. M. Hod, Acta, Cryst. 15, No.9, 845- 850 (Sept. 1962). 
E lectron diffraction studies were carried out on thin films of 
solid oxygen. The structure of {3-oxygen was investigated 
and a r hombohedral structure of t he space group P3121 
found. Its corr-esponcling hexagonal cell has the d imensions 
a= 3.307 ± .008A, c= 11.256 ± .015A and contains t hree 
molec ules parallel to the h exagona l ax is at t he positions: 
(!,!, 0), (-t, O,!) and (0, -·L ~). Faults in the stackin.g 
sequence of the (OO.I )-layers were observed a nd the expen­
mental results compared with the Paterson t reatmen t of 
growth faults in fcc crystals. 

Neutral meso n photoproduction from complex nuclei, R . A. 
Schrack, J . E. Leiss, and S. P enn er, Phys. R ev. 127 , No . 5, 
1772- 1783 (Se pt. 1, 1962). 
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The angular d istributions of neutral mesons produced by 
170 1\1ev bremsstr ahlung on carbon, aluminum, copper, 
cadmium, and lead have been obtained through t he coincident 
detection of t he decay photon s by a scintillation counter 
system. The experimental data have been analyzed by 
means of a Monte Carlo prediction based on an impulse­
approximation elastie co herent production model. The 
nuclear density distributions which were used in the sy n thesis 
of t hose predictions which were in best agreemen t with the 
experimental data from t his exp eriment have been compared 
t o t he charge density d istribu t ions inferred from elcctron 
scattering experim ents. The values of the rms rad ii of 
nu clear matter obtained in t his ex periment are, within the 
limits of error of the ex]: eriment (about 2.X lO- 14 cm), con­
sistent with the values of charge d istribu tion rad ii obtained 
in electro n scatterin g. 
The spin-independe nt part of thc neutral meson photopro­
duction cross section used in the sy nthesized predict ions is 
obtained using the dispersion t heory of Chew, Low, Gold­
berger , and Nambu. The dependence of t he cross section 011 

t he meson-nu cleo n phase shifts u sed is investigated and a set 
of phase shifts is presented that resul ts in a correct prediction 
of the absolute cross sections observed in t his experiment; 
however, t his particular set of p hase shifts is no t unique. 

Rotation-vibration spectrum of matrix-isolated hydrogen 
chloride, L . .T. Schoen and D. E. Mann, J. Chem. P hys. 37, 
No.5, 1146- 11 47 (Se pt . 1, 1.962). 
An irlfrared vibrat ion-rotation spectrum of hydrogen chloride 
molecules isolated in solid a rgon matrices at 1:500 dilut ion 
has bee n obse rved at 4 a nd 20 OK in t he region of the funda­
mental. From the contractio n in spaci ng of t he P (l ) and 
R (O) it has been d educed t hat t he HCI mOlecules undergo 
quantized but hin dered rotation in cavit ies having cylindrical 
symmetry. 
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