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It has been indicated by Wheeler that dielectric loading «>1) decreases t he r adiation 
power factor of small capacitor type antennas. A wide-angle biconical antenna is shown to 
follow this behavior. However, exceptions to it are provided by an infin itesimal dipole 
embedded in a finite dielectric sphere and by dielectrically loaded small-angle biconical 
1ntennas, where a moderate increase of < provides a slight increase of the radiation power 
factor. In the latter two cases the dielectric surface is not tangential to the electric field 
lines and the reasoning which leads to the results of Wheeler is not strictly applicable. 

1. Introduction 

The limitations of small condenser-Lype antennas 
(electric dipoles) have been discussed by Wheeler 
[1947], who indicates that dielecLric loading of the 
antenna increases its suscepLance B , does not al ter 
the r adiation conductance G, and decreases the an
tenna radiation power factor p= G/B. This r esulL 
appears to be based on heuristic reasoning and it 
may be of interest to examine Llle radiation char
acteristics of relaLed dipole configmations, which are 
more amenable to an analysis . The specific geom
etries considered in this note involve an infiniLesimal 
electric dipole which is em bedded in a finite dielectric 
sphere and dielectrically loaded biconical antennas. 

The field components of the small dipole can be 
obtn,ined from a scalar solution of the wave equation 
[Sommerfeld, 1949). Wait [1952) has applied this 
tech nique to a similar geometry involving a magnetic 
dipole. The electric dipole is discusse~ in s~ction.2 
and it is shown that moderate relative dlelectnc 
constants of the sphere (1 < f< 4) provide a slight 
improvement of the power factor , p , if the boundary 
of the dielectric sphere is within the neal' zone of the 
dipole. This is contrary to the expectations 
[Wheeler, 1947) . 

The problem of a small-angle biconical antenna em
bedded in a dielectric sphere has been solved by T ai 
[1948). Although numerical results are available for 
antennas of dimensions comparable to a wave
length [Polk, 1959], there has been 110 mention of the 
limit of small-sized antennas. The power factor of 
such a biconical antenna is shown in section 3.1 to 
exhibit approximately the same dependence on 
dielectric loading as the small dipole. For wide
m1O'1e cones of small size the variational formulation 
of bTai [1949) can be reildily adapted to dielectric 
antenna loading, as indicated in section 3.2. The 
dielectric loading decreases the radiation power 
factor in the same way as for the finite capacitor 
antenna of Wheeler [1947). 

The f dependence of t.he wide-angle biconical an
tenna fiud or the fini e capacitor antenna may be 

explained by H. heuristic argument, which is outlined 
in section 4. This argument is shown to be llOI]

applicable to the small-angle biconieal antenna ,mel 
to t h e infin i tesimal electric dipole because the 
boundary of the dielectric sphere does not follow t he 
lines o[ the electric field. 

2. The Short Dipole 

An electric dipole is located in the eenter of' a di
electric sphere of' radius a and of dielectric constant 
f l ' magnetic permeability Mo, and conductivity O'! . 

The outer medium i characterized by f 2, Mo, and 0'2 . 

For a suppre sed eiwl time variation of the fields , the 
field components are given by [ ommerfeld, 1949) 

Ee = l. ()2 (ru J 
/, r 0801' 

iTi= - --'-- sille -E 1 0 (. OU f ) 

r SIl1 8 08 08 

where U i satisfies the scalar wave equation 

Solutions of (5) are given by Stratton [1941) as 

j';,l)=Anjn(k ir)Pn(co s 8) 

j~4) =Anh~2) (k ir)Pn (cos 8) 

(1) 

(2) 

(3) 

(4) 

(5 ) 

(6 ) 

(7) 

(8) 

where jn (z ) and h~2) (z) arc the spherical Bessel func
tions of the first and fourth kind respectively and 
where P n(cos 8) is a Legendre polynomial of order 
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n. The solutionf;,l) remains fulite at the origin; f ;,4) 
represents fields whose surfaces of constant phase 
travel radially outward. The dipole fields in a homo
geneous infinite medium may be derived from (8) 
after letting 11 = 1. Thus, the I-I4>1 component of the 
dipole of moment Ids is given by 

I-I4>1=4IdS2(I + iklr) sin 8e- i k l r • 
7rr 

It is also given by (2) and (8) as 

[[4>1 = - (UI + iWEl )A ~8 [hi 2 ) (k 1r)Pl (cos 8) 1 

where 

and 

(9) 

(10) 

(1 1 ) 

Pl (COS 8) = cos 8. (12) 

After carrying out the diiferentiatiOJl 111 (10) it 
follows that 

With C and A determined the radiation fields of the 
dipole are computed by substituting (15) in (1). 
Using the large argument approximation of the 
spherical Bessel function in (15) 

h(2) (x) ~ _~E- iX 
1 X (23) 

it follows that 

(24) 

The radiated power is computed as 

(25) 

The radiation resistance follows from (25) as 

(26) 

(13) The capacity of the dipole antenna is 

Assuming (8) as the primary excitation, suitable 
solutions for the two regions are 

for O< r:Sa (14) 

for a:S r< CD • (15) 

Continuity of the tangential electric and magnetic 
field components at r= a requires that (U i+ iwEi)Ui 
and o (ru i)/or are continuous. This results in 

where 

1(2)( )+B· ( )_ u2 + iWE2Qh(2)( ) 
Ih Z Jl Z - +. A 1 Y 

Ul tWEl 
(16) 

(17) 

(18) 

(19) 

The spherical boundary between the two regions 
at T= a is assumed fu·st to lie in the near fields of the 
dipole. For lela, le2a< < 1, small argument approxi
mations of the spherical Bessel functions may be 
used in (16) and (17). Noting that 

jl (X) ~~ (20) 

M2 )(X) ~~+iG2+D (21) 

and letting Ui= O, (16) and (17) are solved for Cas 

C=A~. 
EI + 2E2 

(22) 
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C= EI A 
ds 

(27) 

where A is its effective area. The radiation power 
factor is computed from (26) and (27) as 

After designating the effective antenna volume Ads 
by V and letting E= Ed E2 (28) becomes 

(29) 

The radiation power factor p of (29) is increased 
slightly for l < E< 4 , but it decreases for larger values 
of E: 

If the spherical boundary between the two regions 
at T= a lies in t he far fields of the dipole, lela and leza 
> > 1 and large argument approximations of the 
spherical Bessel functions may be used in (16) and 
(17). Noting that 

jl(X) ~-~ cos x 
x 

(30) 

and applying (23), eqs (16) and (17) may be solved 
for C as in 

C= Ae iY -Fr . . 
-VEl cos Z+ i-VE2 sin Z 

(31) 

Substituting (13), (15), (23), and (31) III (1) the 



radin,ted electric fields beeome 

iWJ.LoI ds sin 8 -i""2 (T-a) [ k + .~-;; . k ] -1 
4 e cos la ~ - Sin la . 

7rr €l 

(32) 

The radiation resistance of the dipole is computed as 
in (25) and (26) . It follows that 

R - l J.Lo k~ds2 1 (33) 
- -y €2 67r 2 k +€2 . 2 k cos la - s:n la 

€l 

The radiation power factor p is obtained from (27) 
n,nd (33) as 

p = R wG= ( €l / EZ) IdAds (34) 
€ 67r 

cos2 kla+.2 sin2 kla 
El 

The r adin,Lion power factor p of (34) is in creased with 
in creasing values of € = €I / E2. This increase is quad-

ratic with E, if kla= (n+~) 7r ' and lin ear if lc la = n 7r . 

The fields of a dipole which is in the cenLer of H, 

dielectri c ph ere can b e also der ived from the H eItz 
vector or rrom the vector potential , which ar e parallel 
to the axis of tbe dipole. S uitable solu tions for th e 
dielectric sphere are obtained by superimposing 
the function s ei klT /1' fL nd e- ik ,T/ 1'. Outs ide the sph ere 
the solution is s imply e- i k2T/r. Th e ta,ngen tial 
electric and magnetic field s flre continuous across 
the boundary of the sph ere n,t 1'= a lind on e obtains 
E U2 of (24 ) or (32) depending on the radius a. D e
tails of this developl1len t flre hown in the appendix, 
section 5.2. 

3. Biconical Antenna 

3 .1. Small-Angle Cones 

The Lerminal admittn,nce of a dielectric fill ed 
small n,ngle biconical antenna has bcen derived by 
Tai [1948] as 

Y _ _ i , J;;J;;~ ~ 2k+ 1 
, - 7rK~ k= I, 3 . . . lc (lc+ 1) 

[~ R~(k2a) _ S~(kla)J- 1 (35) 
R k (k2a) S k (lela) 

where 

(36) 

(37) 

(38) 

(39) 

a is the length of the cone Iwd also th e r ad ius of the 
dielectric boundary, 80 is the apex hn,lf-angle of the 
cone, H~2) (x) is the Hankel fun cLion of the seco nd 
kind of order n, and I n(x) is the Bessel function of 
order n. The prime denotes differenLiation with 
respect to the argument of the respective fun ction . 
The terminal admittance of th e anLenn!\, is related 
to its input admittance as 

Y =~ ICYt cos le,a+ i sinlcla. 
i Kl cos lela + i K IY t sin ICl a 

(40) 

When r estricting th e consideration to small 
antennas where lela, lc2a< < I, it is permissible to use 
small argum ent approximations for the B essel 
and H ankel funcLions of (35) and for the trigono
metric fun ctions of (40). Arter notin g that 

R~(x) =.{ -~ (1+ ix3
) 

R k(x) I -~ 
\.. x 

some algebra r es ul ts in 

for le= l 

(41 ) 
for lc ~ 1 

(42) 

For E= 1 the summa tion over le is equa.l Lo 2 log 2 , 
<wd the input admittance of (43) cn,n be seen to b e 
in agreement with eq VIII. 10.9 0(' King [1956]. 
The radiation power factor is computed from 
Y i= G+ iB as 

where Sk stands for the summation over lc in (43). 
For 80< <1 th e term of (44) which is proportional to 
Sk will be much less than unity. The power facLor 
p of (44) exhibits then essentially the same dep end
ence on € as p of a small dipole in (29) . For E= 1, 
P of (44) is equal to p of a shor t, thin wu'e a ntenn n" 
if the wU'e r adius s= a8o. 

The cases where the inequality lela , k2a< <1 is not 
satisfied have b een adequately cover ed by Polk [1959] 
and will not be discussed in this note. 
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3.2 . Wide-Angle Cones 

,Vide-angle cones can be conveniently analyzed ill 
terlll s of the variational formulation of Tai [1949]. 
Th e terminal admittance Y, is computed after solving 
an integral equation for the distribution of the electric 
field Ee in the aperture r= a, (Jo < (J< (-rr·- (Jo). For 
s ltOrt , ,,-ide-angle cones the zero-order aperture field 

Ee= :,,10 
Sl !1 (J 

(45) 

provides ~1 terminal admittance Y tO which differs 
negligibly from values of Y, obtained by using more 
accurate approximations to Ee. 

An extension of this variational formula t ion to 
geometries where the spherical space between the 
cones is filled with a dielectric is straight forward , as 
seen from the appendix, section 5.2 . Th e zero-order 
terminal admittance Y tO which is computed for the 
aperture field of (45) is independent of the dielectric 
loading. I t is given by Tai [1949] as 

y _ _ i .JJJ.O/€2 :6 (2k+ l )P~(('os (Jo) Rk (k2a) 
10- 7fK~ k= I,3,... k (k+ 1) R~(k2a) 

(46) 

where P k(cos (Jo) is a Legendre polynomial or order k. 
The difference between the first order admitta nce 
Yn and Y tO of (46 ) is decreased ill presence of die
lectric loading and can be shown to approach zero Jor 

7f 
short antennas as (Jo approached '2" The zero order 

apertme field or (45) is therefore sufficiently accurate 
also in presence of dielectric loading. Y tO of (46) is 
the same as the wide-angle admittance of Schelkunoff 
[1943] in his eq (1l.9- 9). For k2a< < 1 only the k = 1 
term of (46) gives a significftnt contribution to the 
conductftnce GtO = Re YtQ. The susceptance BtO = Im 
YtQ is given by a slowly converging series which 
becomes logarithmically infinite as (Jo approaches 7f/2. 
Using the B IO approximation of Schelkunoff [1943], 
YtQ becomes 

7f 
a s (Jo approaches 2' For k1a< < 1, Y i of (40) I S ap-

proximated by 

Y - 0.+ 'B - Y + .~-;; 7f€k2a i- , ~ - , ~ - --0 

JJ.o'!!._(Jo 
2 

(48) 

Substituting (47) in (48) the radiation power factor 
P is computed as 
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:311" (k )3 
2 2a 

:3 . [(7f )] 7f€ 2- iOg 4 2-(Jo + -11" -
- -(J 
2 0 

(49) 

as (Jo approaches ~. The power factor of the 

biconical antenna of (49) may be compared with tIle 
power factor Pc of a condenser type antenna. It 
follows from eqs (5) and (13) of Wheeler [1947], that 
dielectric loading (€> 1) decreases Pc in t he same way 
as p. If both antennas have equal radii and equal 

aperture h eights, h,h= 2a (~- (Jo) and p = 4 .5pc. 

The biconical antenna of wide angles (Jo exhibits 
thererore a larger power factor than the capacitor 
antenna of comparfl,ble size. 

4. Discussion 

The small dipole and the small-angle biconicll1 
antenna wer e shown to exhibit a different dependence 
on dielectric load ing E tha n the wide-angle biconical 
antenna and the capacitor antenna of "'neeler [1947] . 

The char acteristics of the capacitor antenna and of 
the wide-angle biconical antenna can be deduced 
11'0111 simple reasoning, which may go as follows: 

Dielectric is assumed to be inserted \\'ith rotational sym
metry in a capf\citor an tenna of same symmetry. The 
bou ndary of t he dielectric is made to follow t he electric fi eld 
lines* bet \\'een t he two plates of the capacito r. Th e elect ric 
fields in and near t h e capacitor and t he magnetic fi elds outs ide 
the dielect ric r emain unaltered if the voltage V of the capacitor 
is ma intained const ant. 

The fields outside the volume occupied by the an tenn :, 
:md t he dielect ric depend on th e electric and magn etic fi elds 
on the boundary surface. The radiaLion fields and the ntdi
at ed power P r em ain constan t and do not depend on dielectric 
loading of t he ante nna as long as the fi elds remain constant 
on t he fixed boundary surface. Th e r adiation condu ctance 
G= P / V 2rm• r emains constant. However, t he antenna 
capacit y and current I are increased . The antenna radia tion 
resistance R = P /I 2,m, is decreased. 

The requirement th at the dielectric boundary is 
tangential to th e electric field E is an essential part 
of the argument. Tilis requirement is not m et with 
th e small dipole and with the small-angle biconical 
antenna, which exilibit sizeable radial electric field 
components at the dielectric boundary. This may 
account for th e differ en t € depen dence of th e latter 
antennas. 

' In the electrostatic problem of two electrodes in an infini te homogeneous 
clielectric the electric field E does not depend on the dielcctric constan t . as long 
as the poten tial V between the electrodes is cons tan t. '1'he infini te homogenco us 
dielectric m ay be separated into regions I and II in such a way that the rlosed 
boundary surface is tangcntial to E. If region I is fi lled with dielcctric " an d 
region II by EZ, the previous solutions for homogcneotls El and E2 fl f C applicab le 
to their respective regions bccause the previous solutions satisf)' all t he boundary 
conditions including E lt= E:n and Etn= E2n=O 011 the interface between 
the regions. 'rhus, the electric field Jines are not perturbcd, if a dielectric 
boundary follows tbe field lines of tbe homogeneous dielectric. 



Jt is also possible to provide dielectric loading oJ a 
filli te capacitor antenna a nd of wide angle bieoll ieal 
antennas with E not tangcntial to th e dielectric 
boundary. 'rhe prcvious r eiL onin g iL ncl also the 
analysis of scc tion 3.2 will not be strictly appliciLble 
to such anLcn nll S. 

5 . Appendix 

5.1. Derivation of the Dipole Fields in Terms of the 
Vector Potentia l 

The vector potential of the dipole is in a direction 
parallel to the dipole axis. The field components 
E. and Hq, can b e derived from the vector potential 
A= l zA z as 

E o= iwiJ.o sin 0 [ A z+ k~r ~. A z] (50) 

H ", = - sin 0 ~ A z. 
ul" 

(51 ) 

Th e vector poten tial within the dieledric sphere 
may be obtained from a lin ear cornbination of solu
tions proportional to e-ik ,T/ T iLnd to e ik!T/ T. Th e 
considerations are simplified if the secondary fields 
ar e finite at tbe origin . Th e vector potenLinl with in 
the diel ectric sphere miLy be assumed to b e of tIle 
for III 

Th e fields outside the sphere should represent an 
outgoing wave at large distances from the sphere. 
This suggests 

(53) 

The constant A' characLerizes the primary ex
citation and is related to th e dipole moment Ill, iLS 

A,= Ih. 
471" 

(54) 

Continuity or Eo fl nd J-i", ,wross the boundary of 
the sph ere r equires tlllit the two conditions 

be satisfied for T= a. Sllbsti tution of (52 ) nnd (53 ) 
in (55) and (56) r esults ill 

A,= C'~ - i Y { e iZ [(] +2-._~) (- l+iz) 
2~z ~y y2 

+(l +iy) (1-2--2.,)J+e- iz [(l +!--~) (l +iz) 
~z z- _ ~y y-

- (1 + iy) (1+ lz -~)J} (57) 
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where z and yare defined by eqs (18) and (19). For 
spheres of a small radius, y,z< < 1. 

A series expansion of e ±iZ results in 

') 2+ ? A' ~ C ' ~y z- (50) 
3y2 

which provides an ngreement with (22). For spheres 
of large radii, y,z< < 1. Only the terms of the sqUlLre 
brackcts, which are proportional to y or z, arc 
significant, and A' of (57) simplifies then to 

A' ~ C' e-iY [ cos z +~ i sin z] (59) 

which can be seen to agree with (3 1). 

5 .2 . Terminal Admittance of a Dielectric-Loaded, 
Wide-Ang le Biconical Antenna 

The vftl'iaLio nal statement for the termiUid l1d
m iLtance of it dielectric filled wide-angle bicon ielll 
antcnna is obtained following Tal [1949] l1S 

where 

I I/I/= °L~, (O) sin OdO f ,, - o 

00 

N S~ (k!a) 
n S n(ha) 

M n 
R~ (k2a) 
R n(k2a) 

(61 ) 

(62) 

(63) 

(64) 

Eo is the apertme field at r = a,Oo< O« 71" - Oo) and 
L n(O) belong to a class of Legendre functions which 
vanish at 0= 00, 7r/2 and 71" - 00, The zero-order 
terminal admittance Y/O is obtained Ivith the aper
tme field approximation by (45), which may be 
expected to be sufficiently accmate for 00 approach-

ing~. It may b e noted thn,t 

(65) 



(66) 

(67) 

Substitution of (65) to (67) in (66) can be seen to 
result in (46). 

The calculation of the first-order terminal ad
mittance Y tl follows closely the analysis of Tai 
[1949). Thus 

where 

(2k + 1 )F\( cos (0)] nk 
2Jl!Ik 

_ _ i.../J.i.0/ E2 '" le(k+ 1)(21e+ I)I~k 
Ynn- K 2 L...J 4M 7r 2 /: = I, 3, . . . . k 

1 2nPk(cos OO)Pn-l(COS (0) 
nk (k2 + k-n2-n) , (Ie ~n) 

1 =_4_ [ Po(cos Oo)P1(cos (0) 

nn 2n+ I 1.3 

+P 1 (cos OO)P2 (cos (0) + 
3.5 ... 

(68) 

(69) 

(70) 

(71) 

(72) 

+Pn_2(COSOO)Pn_ l(COseO)] (73) 
(2n- 3) (2n-1) 

(74) 

and n is an odd integer. 
After substituting the small argument approxima

tions (42) and (41) for N n and Mk in (70) and (69) 
the denominator of the correction term in (68) 
becomes 

/"£.. iJn+Ynn=i.../J.i.0~E 2 k 2a {~n(n+ l)Inn 
-V EZ 7rK2 4 E2 2 

+ k=&. ... (k + I)(21e + 1)I;k- 6i (k2a)3I ;1 } . (75) 

Noting that 17171 > 0, dielectric loading (El>E2) is seen 
to increase (75), which will result in a deCl'eased 
difference between Y tl and YtQ. The difference 
between Y tl and Yeo will therefore be even less than 
indicated by the numerical calculations of Tai [1949). 

The limit of Oo-?~ may be examined quite readily. 

For eo approaching ~, n becomes large and 

I "" l.2'7 cos 80 

nn 2(2n+ 1) 

1 ~2-{2nF\(cos Oo)(- 1) (n- I)/2. 
nk ~ .,j7r(n- 1) W + k - n2- n) 

(76) 

(77) 

For the odd integer k » 1 I nk may be further sim
plified to 

4n"ile+ l cos Oo(- 1)(n- I)/2(_ 1) (k-ll/2 
I nk"" (78) 

7r-Vn- I W + Ie - n2- n) 

Although strictly valid only for k> > 1 and Oo-?7r/2, 
(78) exhibits an enol' of only 10 percent for k as low 
as l. Substitnting (76) in (70) 

(79) 

The approximate behavior of (69) and (7I) is most 
readily seen after substituting I nk of (78). Thus 

~ i4n2k2a /!.l. L; (k + I )2(21e+ I). (81) 
Ynn~ (n- 1)7r -V J.i.o "=1,3, ... (n2 + n - Jc2 - lc) 2 

The summations over Ie of (80) and (81) are log
arithmically infinite. Noting that cos Oo"'n-1, 

a~n-?O , while Ynn-? ex> as Oo-?~' Therefore (Yn -

Yw) -?O as Oo-?~, which is in agreement with the 

numerical calculations of Tai [1949) for E2 = El ' 
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