
JOURNAL OF RESEARCH of the National Bureau of Standards- D. Radio Propagation 
Vol. 66, No. I , January- February 1962 

Reflection and Transmission of Radio Waves at a 
Continuously Stratified Plasma With Arbitrary 
Magnetic Inductionl

,2 

J. Ralph Johler and John D. Harpert Jr. 

Contribution From Central Radio Propagation Laboratory, National Bureau of Standardst 

Boulder, Colo . 

(Received July 6, 1961; revised July 21, 1961) 

A flexible theoretical model plas ma which can be deformed to fi t most measured elec
t ron-ion-altitude profiles i.3 employed t ogether wi th available geophysical dat a on t he iono
sphere to evahlate reflections and transmissions durin g quiescent and disturbed propagat ion 
conditions. The reflect ions and t ra nsmissions in t he ionosphere are determin ed rigorously 
with t he aid of th e classica l magneto-ionic t heory . The complex indexes of r efrac tion of t he 
medium are dedu ced, and a coupling in t he plas ma betwee n ordinar y a nd extraordinary, up
going a nd downgoing mode of propagation is investigat ed . The corres ponding reflection 
a nd t ransmission coeffici en ts are then ca lculated, and cer tain phenomena which can be ex
pected as a r esult of the action of a solar disturbance on t he r eflection process are predicted. 

The disturbance of solar origin, investigated as an application of developed t echniques, 
influences the reflected and transmitted LF wa ves in th e lower ionosphere in a complicat ed 
manner. However, the high ab orption phenom ena exhibited by high frequ encies do not 
see m t o exist for t he plas ma profi les investigated with the classical magneto-ionic theory. 

The electron-collision frequ encies of the classical magnetic-ionic theory are modifi ed 
to introduce a collis ion frequ ency proportional to the electron energy, and the changes 
necessary in the formulfttion of the classical theory as a r esult of such a consideration arc 
presented. 

1. Introduction 

Low-frequency radio navigation and communication sys tems utilize or are capable of 
utilizing ionospheric modes of propagation, especially those systems with great distance trans
missions . Indeed, the natme of low-radiofrequency wave propagation around the earth is, 
in large measure, determined by the shape of the lower ionosphere electron-ion density transi
tional region, i. e., the lower 40- 100 km electron density-altitude, N (h), collision frequency
altitude, v(h), profiles of the ionosphere. Previous theoretical treatment of the refiection 
PI' ocess [Johler and Walters, 1960] at low radiofrequencies uses a sharply bounded model 
electron-ion plasma. 

Experimental evidence [Johler, 1961] indicates that such a profile is not always a valid 
model. Thus, especially in the case of an ionosphere disturbance, it seems to be appropriate 
to utilize a theory which takes into consideration in more detail the changes within the iono
sphere which affect the reflection process. This paper extends the theory previously pre
sented [Johler and Walters, 1960] to a flexible theoretical model which can be mutilated to fit 
rigorously almost any measured N(h), v(h) profiles. The theory can therefore treat physical 
changes within the ionosphere as such changes affect the refiection and transmission processes 
and, in particular, the theory can treat a plasma refiection and transmission region with elec
tron-ion density transitions of quite arbitrary form . 

Tbe newly developed model and associated techniques of analysis are then applied to 
certain geophysical and tbeoretical data in the form of the N(h), v(h) proflles of the lower 
ionosphere during both quiescent and disturbed propagation conditions. The effect, if any, 
of a solar disturbance upon communication circuits which utilize low-frequency propagation is 
ascertained. 

1 T his is an extended and revised version of a paper presented at a special meetin g on disturban ces of golar Origin, of the Avionics Panel of the 
Advisory Group for Aeron autical Research and D evelopment (AGARD), NATO, Naples, Italy , May 1961. 

2 T his work was sponsored by the United States Air Force, Rome Air Development Center, Griffiss Air Force Base, N .Y ., and performed in 
connection wi th tasks 4 and 5 of delivery order AF 30(602)-2488 dated M arch 29, 1961. 
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The classical magneto-ionic theory is modified by the introduction of the concep t of an 
electron-collision frequency proportional to the electron t hermal energy [Jancel and Kahan, 
1955; Dingle, Arndt, and Roy, 1959; Molmud, 1959; and Phelps, 1960] into the analysis of the 
reflection and transmission process at the plasma -with transitional electron-ion density, 

2 . Determination of the Indexes of Refraction of the Medium 

The lower boundary of the model electron-ion plasma, figure 1, below which (z< 0) the 
ionization is nil (N= O), is considered to be the xy-plane. The region above the xy-plane 
(z>O) is characterized by an electron density, N, and a collision frequency, v, which vary 
arbitrarily with respect to altitude, z. A plane wave, 1£;, 

(1) 

is incident upon the plasma from the lower region (z< 0), where the index of refraction (z< 0), 
17 = 170= 1, and c is the speed of light, c "-'3 X 108 meters/second. The quantity D can be defined 
with respect to quantities in figure 1, 

D= x sin <p j sin <Pa+Y sin <Pi cos <Pa+z cos <Pi. (2) 

The field, Ei , is varying harmonically in time, t, at a frequency f = w/27r. The field also is 
assumed to be incident upon the xy-plane at an angle of incidence,<pi' and a direction of propaga
tion or magnetic azimuth , <P a, measured clockwise from the yz-plane, figure 1. The earth's 
magnetic field vector, Em, is contained in the yz-plane at a dip or inclination angle, I (measured 
from the horizontal). 

A resultant wave, E l , transmitted into the model ionosphere (z > 0), figure 2, is then 
assumed to have the form 

(3) 

where in the model plasma 

17D= X sin <Pi siD <Pa+ y sin <Pi cos <Pa+z.\, (4) 

~---.-r-----.---------Y 

x 

FIGURE 1. Coordinate systems. 
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FIGURE 2. Structure of the flexible plasma model, 
illustrating ordinary and extraordinary modes of 
pl'opagation, cou pled at the botmdaries. 

E ach z., n=l , 2, 3 ... p. becomes smaller as the number of slabs, 
p, is increased, until a stable reflection is obtained. z. is always 
infinite, where each N., p . corresponds to median values of the in
tervals, z .. respectively of the particular profiles under investigation. 



in which r is in general a complex number, the value of which will depend upon altitude, z, 
r=rcz). 

'rhe quantity r is determined by a simultaneous solution of Maxwell's equations,3 

(5) 

- - - aE 
V' X l1-J-€o-=0 at ' (6) 

and the equation of motion of the elec tron, 

(7) 

with the electric field, is, volts/meter; the magnetic field , H , ampere-turns/meter; the convection 
current density, J = - He V; N electrons per cubic meter (electrons/cm3 is frequently employed 
to describe N) with charge, e; mass, m; and vee tor veloeity, V, where J.l.o and €o are the pCl'lUea
bility and permittivity of space respectively. The constant real collision frequency, g"'v , of 
t he classical magneto-ionic theory is employed initially, but will be generalized to a complex, 
frequency-dependent parameter, g, during the course of the paper. 

The vectors V and 11 can be eliminated, whereupon it can be concluded that the field E 
exists in the medium if a quartic III .I is satisfied [Booker, 1934, Johler and Walters, 1960]4 

where 

('2 )2 [ 8 J+('2 ) [1 + 8-2+ aL2h1.2 J + 8- 1 ao= smcp;-1 1-~1 2 smCPt- 1 - ~h2 (2 h2) (2 " 2) ' 8-), 8 8- 88- 88-), 

hLhraL 2 
a3=2 8(82 - h2) -al sec CP t' 

8 Z-h'i 
a4= 1-8 (s2_ h2) ' 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

where V = Vn, the collision frequency of the particular slab, n, figure 2, under investigation," 

' Hationalized mks uni ts are employed, 

hL=-h sin I , 

hr= h cos I , 

aL= sin cp( cos CPa, 

a = sin CP. 

• Sec eq (21) of paper by JollIer aud Walters [1960J. 
'In previous papers [Johler and Walters, 1960; Johler, 1961aJ wL=wll. w;,=w~. 
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(15) 

(16) 

(17) 

(18) 

(19) 

(20) 



where N = N n the electron density of the particular slab, n, figure 2 , under investigatIOn, 

wH= J1.oeI-Im/m, the gyrofrequencY,5 (21 ) 

K= 1/c2J1.o = f O. (22) 

Two pairs of roots, t, can be found by previously described methods [Johler and Walters 
1960] where each root represents either an ordinary or an extraordinary, upgoing or downgoing 
wave propagated in the model plasma. 

The detailed structure of the flexible plasma model is illustrated, figure 2, as a stack of 
plasma slabs of arbitrary thickness (but consistent with computation efficiency) Zn except the 
topmost slab of thickness Zp= ro . The number of such slabs, p, is also quite flexible , since the 
notion is implied in this analysis that the measured electron density-altitude and collision 
frequency-altitude profiles can be approximated to any desired accuracy by decreasing Zn and 
increasing p simultaneously until a stable reflection process is obtained. 

A constant electron density and collision frequency with respect to altitude, z, is of course 
assumed for each slab, Zn; and associated with each such slab a set of four roots, t = ln, is found 
to exist. Two of the roots will exhibit a negative imaginary, Jm t negative, corresponding to an 
upgoing wave (+z direction, figs . 1 and 2) and two of these roots will correspond to a positive 
imaginary, 1m t positive, corresponding to a downgoing (- z direction figs. 1 and 2). Except 
for the topmost slab, it is necessary to consider both upgoing and down going waves in this analy
sis, whereas in previous analysis [Johler and Walters, 1960] only the up going waves were 
considered. The previous analysis implied that the upgoing waves were completely transmitted 
or absorbed before another reflection could occur, and all reflections occurred at the first bound
ary. Such a model must be applied with considerable caution. But the restrictions of such a 
model are removed by this analysis and, indeed, the sharply bounded model can be replaced in 
the limit by a continuum in which the electron density and collision frequency vary with alti
tude as a smooth but quite arbitrary function. This of course permits the use of the detailed 
measured profiles of the lower ionosphere. 

The treatment of a continuously varying medium by approximating the mediwn with one 
or more slabs of uniform composition has been utilized by many authors [Hines, 1951; Ferraro 
and Gibbons, 1959; Brekhovskikh, 1960; Wait, 1960 and 1961] . Such methods are exploited 
in this paper and carried to the limit , such that the number of slabs, p, for each calculation 
depends upon the computation precision required and the particular values of the electric and 
geometric parameters. 

It is, however, necessary to distinguish between ordinary and extraordinary modes of 
propagation for both the upgoing and downgoing waves. This is accomplished by an examina
tion of the form of the index of refraction function with respect to frequency and altitude (or 
electron density and collision frequency which varies with respect to altitude). Thus, the index 
of refraction, 1/ (as defined by eq (4», 

1/2= t 2 + sin2 cf> 1J (23) 

is detailed for each frequency and slab Zn, 1/ = 1/n, and the upgoing ordinary and extraordinary 
71 l,nJ ,e and the downgoing 1/ ~~L ordinary and extradordinary function continuity is examined 
in detail as a function of frequency to determine the crossover point of the functions 6 for 
each slab or electron density under consideration. The R e 1/ was employed in this analysis. 
Thus, above the crossover point the ordinary wave was considered to be the greater of the two 
roots Re 1/0> R e 1/e and below the crossover point the ordinary wave was considered to be 
the lesser of the two roots, Re 1/o<Re Ti e. At precisely the crossover point, the two, of course, 
are identical, 71o= 71 e which point, for examples with low electron density examined in this 
analysis, was found to be below the critical frequency, j N= WN/'27r. The absolute distinction 
between the two modes of propagation remains quite arbitrary as in previous analysis [Johler 
and W alters, 1960], but the analysis must be consistent between each slab and consistent 
within each slab for upgoing and downgoing waves. 

' Index of refraction, '1. continuity analysis to determine crossoyerwas coded as a logic routine for the CDC-1604 computer ,as was the whole
of this analysis. 
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3 . Determination of the Reflection and Transmission Coefficien ts 

The reflection and transmission coefficients are determined by the boundary conditions 
which-express the principle of continuity of the tangential E and H fields and the normal 
H fields at each boundary, figures 1, 2, of the model plasma. These fields are equated im
mediately above and immediately below each boundary. (See eqs. 34 to 28 on p. 85.) 
where 

Q= E x, 
E y 

(29) 

p = E z, 
E y 

(30) 

and the subscripts io, ie, ra, re refer to upgoing ordinary, upgoing extraordinary, downgoing 
ordinary, and downgoing extraordinary modes of propagation. The superscripts n = 1, 2, 
3 ... , p-1, and p refer to the particular medium, figure 2, under consideration, with cor
responding values N, 11 , which together with the magnetic parameters, Hm, cJ>a, I, and the angle 
of incidence, cJ>1, determine the index of refraction, (23). The process is of course continued 
until convergence is obtained on the particular profiles of electron density and collision fre
quency under investigation. Notice that the topmost slab, zp=oo , n = p, has only two terms 
representing the two upgoing waves. The downgoing waves do not exist since the topmost 
slab is assumed to be of infinite, homogeneous extent. However, this analysis can readily 
determine the trans mission coefficient of a finite slab of plasma with an N(h) = N( z), and v(h) = 
v(z) profile which varies with altitude, z, simply by replacing the last two terms of eqs (24 to 28) 
with 

Ex't cos cJ>a+EY' t cos cJ>i sin cJ>a, 

- Ex' t sin cJ>a+ E y' t cos cJ>i cos <Pa, 

Ex't cos cJ>i sin cJ>a- E Y' t cos cJ>a, 

E x' t cos cJ>i cos cJ>a + E Y' t sin cJ>a, 

-Ex' t sin cJ>i, 

respectively, where E x' I> E y' Il are the components of the transmitted fields. 
The reflection, T, and transmission T ' , U, coefficients can now be defined 

T ee 
_ E yll 

T~e E Y't E Cn) E Cn) U Cn)-----..!!..!..£ u (n)=~ 
- E Y'i = EY'i eio -EY'i er o E yli 

T =Ex'r T' = Ex't 
E Cn) E Cn) 

ucn)=~ U Cn)=~ 
em E Y'i em E Y'i mto EX'i mr O E X'i 

T = E Y'r T' = EY't E Cn) E Cn) 
UCn) =~ ucn)=~ me E x,! me EX'i e'l. e E yli ere E Y' i 

T = Ex'r T' = E x't 
E Cn) E Cn) U Cn) vie U Cn)=~ 

mm E x i t mm E xli mie=y-
mre E X' i x'i 

(31) 

(32) 

where, figure 2, n=l. 2, 3 ... , p-1 ,;v, and the four T's are defined as a transmission coef
ficient into a topmost slab of infinite extent, z, and zero electron density, N = O, 17 p= 17o= l. 

The reflection coefficients, Te., Tem, Tme, Tmm, describe the reflection into the region below 
the model plasma, z< O. Thus, T ee refers to vertical electric polarization of the incident wave 
and a corresponding vertical electric polarization of the reflected wave. Tem refers to the 
generation of the abnormal component (horizontal electric polarization) by the incident 
vertical electric wave. Similarly, Tmm refers to vertical magnetic incident wave and vertical 
magnetic reflected wave, and Tme refers to a corresponding abnormal component (horizontal 
magnetic) . 

The transmission coefficients, U, refer to transmission at the particular point in the iono
sphere under investigation to which the wave has penetrated. There are thus four modes of 
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propagation and two polarizations and hence eight types of transmission coefficients: upgoing 
and downgoing, ordinary and extraordinary, vertical electric and vertical magnetic. 

Thus, the nature of the wave reflected from the plasma, the nature of the wave trans
mitted through the plasma, and indeed the nature of the wave progressing within the plasma 
are com pletely described by the coefficients determined by this analysis. 

Four of the boundary conditions (24 to 27) resul t in I;he matrix equation 

a I , 1 & } ,2 a 1• 3 a 1,4 a 1, 5 a 1,6 

a l , 3 a 2 , 4 a l, 5 al, 6 al , 7 a. l, 8 a 2 , 9 a 2 , 10 

a 3. 7 a,3. 8 &3, 9 a 3, 10 a 3, 11 a 3, 12 a 3, 13 a. 3, 14 

bl , l b l , Z b l , 3 b l , 4 b l , 5 b l , I> 

b Z, 3 b Z, 4 b Z, 5 b Z, I> b Z, 1 b Z, 8 b Z, 9 b Z, 10 

b 3,1 b 3, 8 b 3, 9 b 3, 10 b 3, II b 3, IZ b 3, 13 b 3, 14 

e l. l e l. l c I , 3 c 1. 4 e l, S c I , 6 

e l,3 e l , 4 e 2 , 5 e Z, 6 el, 7 e l , 8 el, 9 e l, 10 

e 3,1 e 3, 8 c 3, 9 e 3, 10 c 3, 11 e 3, 12 c 3. 13 e 3 , 14 

dl,l d l , Z d l , 3 d l ,4 d l , 5 d l , I> 

d Z, 3 d Z, 4 d Z, 5 d Z, I> d Z, 1 d Z, 8 d Z, 9 d Z, 10 

d 3,1 d 3, 8 d 3, 9 d 3,I0 d 3,II d 3, I Z d 3, 1 3 d 3, 14 

a.p,p + 4· · ···· · · ·· ··a. p . p + 9 

bp , P + 4"" ··· " "· bp , P + 9 

Cp,p t 4· ·· ·· ·· ····· Cp,p + 9 

d p, P + 4 ' , , , • , • , , , , ,dp , P + 

Tern' Tmm 

Tee' Tm e 

u t I) , uO) 
eto mlD 

u O ), u(1) 
ete rnle 

VO) ,U( I) 
e r a firo 

UO ) UO ) 
ere' m r e 

U(Z), U( Z) 
CIO miD 

U(l) , U(Z) 
ele file 

U(Z) ,U(Z ) 
e r a m r o 

U( Z) ,U(Z) 
e r e mre 

u~~~ , u~!o 

u~~~~ )u~:~) 
U (p· ~)U(p: l) 

e te mle 
U(p · I,)U(p · l) 

e ra e re 
U(p - I,)u(p -I ) 

e r e mr e 
U(p), U(p ) 

eto miD 
U(p) , U(p) 

ele file 

a " 0, e 0, m 

b , b 
0, e \ 0, m 

c , c 
0, e 0, m 

(33) 

Rearrangement of the 111 atrix, such that zeros do not appear on the diagonal, al,l to 
dv ,v+9, results in a matrix which can be solved by the previously described method [Johler 
and Wal ters, 1960]. (Note that t he second subscript of the last term of each group is p + 9 
instead of p+ 11 since the topmost slab contains only the ordinary and exLraol'dinary upgoing 
waves.) 

a 1,1 a 1• Z Ol},3 a l,4 a l. ~al . 6 

b l . 1 b I , Z b l , 3 b l , 4 hI,S h i, 6 

c 1• 1 c 1, l c l , 3 c l," c 1, 50 c t , 6 

d l , I d I , l d I , 3 dl," d l , 50 d l . 6 

a Z, 3 al, " a Z• 50 a Z• 6 a Z, 7 a Z. 8 A Z, 9 a Z• 10 

hZ. 3 hz, ,, hZ• 5 hZ, b hZ, 7 hZ. 8 bZ. 9 bz, 10 

c z, 3 c z . .. c z, 5 el , 6 el., 1 c z. 8 c z, 9 c z . 10 

d Z, 3 dZ• 4 dZ• 5 dZ• 6 dZ, 7 d Zo 8 d Zo 9 dZ,lO 

&3 , 1 a 3, 8 &3. 9 a 3, 10 a), 11 a 3, 12 &3, 13 a 3, 14 

b3, 7 b 3, 8 b 3, 9 b), 10 b 3,l1 h 3, 12 b) , 13 b) , 14 

c 3. 7 c 3. 8 c 3. 9 c 3. 10 el, 1 1 c), 12 c 3 . 13 e 3, 14 

d),1 d), 8 d 3, 9 d 3, 10 d 3. 11 d), 12 d 3, 13 d3, 14 
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"P. P T " . . . . . . .. . . .. . . .... . .... .. ·Po P + 9 

bp, P + .•... . .... . ... . ..• .. .• .. . .. . bp, P + 9 

cpo p + .. ......... . .. . • . . . • . •. ... . . cpo p + 9 

dp, P + 4 .. . . ... .. . ... • . • •• . . . . .... d p, P + 9 

= 0, 

-0, 

(34) 



where 

l_ 

ai , I = cos rf>a 

a1,2 =-COS rf> 1 sin rf>a 

a - Q (2) 
2,i-- 10 

a - Q (2) 
2,S -- ie 

a - Q (3) 
3, 13-- TO 

a3 , 14= -Q~~ 

a - Q (l') p,p + 9-- i. 
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b1,2 =-cos rf>i COS rf>a 

b l ,3 =-1 

bl , 4 = - 1 

bl , 5 =-1 

bl ,6 =-1 

b2,3 = exp [ -i ~ ZI.li~] 

b _' [ . w (]) ] 
2,5 - exp -?, c Z I.lro 

b2,7 =- 1 

b2,s =-1 

b2 ,g =- 1 

b2,1Q=-1 

b [ . W (2) J 3,1O=exp -?,c Z2.1 re 

b3,1l=-1 

b3,12=- 1 

b3 ,13=- 1 

b3,14=- 1 

<:; 

I 
I 



CI , I =-cos cf>; sin cf>a d 1, 1 =-COS cf>i cos cf>a 

Ci,2 =- cos cf>a d1, 2 = sin cf>a 

d - I . [ . W (oJ 2,3 --G 1,3 exp -~ C Z J!,' io 

[ . w (I)J 
C2, 4 = -C I , 4 exp -~ C Z I'\ ie I I - [ . W (])J G 2, 4 =-G 1, 4 ex]) -~ C Z I'\ ie 

- • [ , W (I)J 
C2,5 --Ci,5 ex p -~ c Z I'\'o I I · [ , W (I)J G2,.; =-G 1,5 exp -~ C Z I.\ ro 

- • [ . W (I)J 
C2 6 - -C I 6 ex!) -~ - Z I .\ re , ' . C 

I I [ , W (I)J 
G2,6 =-G 1,6 ex]) - 1, C Z I.\ re 

d I [ . W (2) J 
3, 7 =-G2, 7 exp -~ c z2Lo 

[ 
. W (2) J 

C3,S =-C2, 8 exp - ~ C· Z2 '\ ie d d [ ,w wJ 3,8=- 2,S eXp -~CZ2 .\;e 

[ 
• W (2) J 

C3,9 =-C2,9 exp - '/, c Z 2.1ro 

I I [ . w MJ G3, 1O=-G2, 1O exp -'/, c Z2 .\re 
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Coe= -cos CPa Com= cos CPt sin CPa 

The analytic expressions for the complex numbers, P~~) , P~:) , P;~), P~~) , Q~~) , Ql ~) , Q ~~) , 
Q ~~) can derived from the definitions (29, 30) by a simultaneous solution of MaA"well's eq (5, 6) 
and tbe equations of motion of the electron (7) with the following result: 

(:34) 

(35) 

where the particular slab , figure 2, n = l, 2, 3 ... p-1, p, under consideration is designated 
by the notation, r= r (n) , p=p(n), Q= Q(nl, and, 10, i e, ro, re refer to the four roots of the quartic 
in r for upgoing, downgoing, ordinary. and extraordinary waves respectively in the particular 
part Zn of the electron-ion plasma under consideration. 

The ratio of the fields Q= E,JE y and P = E z/E y was introduced in the boundary conditions, 
eqs (24 to 28\ as each slab was matched electrically to its adjacent slab sucb that the tangential 
E and H fields and the normal H fields were continuous across the boundary. Notice that only 
the first four sets of boundary conditions, eqs (24 to 27 ), were employed in the matri;'{, eqs 
(33 to 34); the fifth boundary condition served as a check on the entire computation, since it is 
automatically satisfied by the other four conditions. 

4 . Monoenergetic Electron Collision Frequencies 

The recent work of J ancel and Kahan [1955], Dingle, Arndt, and Roy [1956], Molmud 
[1958], and Phelps [1960] bas treated the collision process in an electron-ion plasma with greater 
rigor. It can be shown, as a result of these investigations, that the average collision frequency, 
g= v, in the equation of motion of an electron (7) is an effective value independent of tbe 
energy, u = lcT/e, where k is Boltzmann's constant, Tis the temperature, degrees Kelvin. How
ever, the investigations of Phelps [1960] indicate a strong dependence of the collision frequency 
upon the energy, u. 

Phelps has developed integrals of the electron velocity or conductivity tensor. The 
integration over a Maxwellian energy distribution, fo = [e/TrkTJ3/2 exp [-eu /kT], involving a 
momentum transfer collision with gas molecules proportional to the energy u, ll = ll(u) is accom
plished for an electromagnetic wave of angular frequency, w= 27rf. The magnetic field is 
assumed to be vertical. The results of Phelps are generalized in this paper to a magnetic field 
of arbitrary direction and introduced into the analysis of the plasma model with a transitional 
electron-ion density described in this paper. 

Indeed, Molmud [1959], demonstrated that the monoenergetic electron collision-frequency 
concept can be introduced into the equation of motion of the electron, 
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as a new collision parameter, g, which has replaced the classical, lI . Thus, the classical theory 
implies, g '" lI . 

The velocity, il, tensor can be written, 

[
A1A2A 3] 

J =-N eV = B1B2B 3 

01 0 2 0 3 

whcre 

- hLhT(i wEo) 
s(s2- h2) , 

The coefficients of the tensor matrix can be reduced to the form 

[ (- cos21) (- ! sin 2 1) (- ! Si1121)J 2 

B 2= g( Qo) + i Qo+ g(Q j)+i Ql + g(D2) + i Q2 (-WNEO) , 

B = [ (Sil1 1 cos 1) + (- ! sin 1 cos 1) + (- ! sin 1 cos 1)J (_ 2 ) 

3 g(Qo) + i Qo) g(Ql )+ i Ql g(Q2)+i Q2 WNEO , 

_ [ G cos 1) ( -~ cos 1)J 2 

0 1 - g(Qj) + iQl+ g(Q2) + i Q2 (- WNEO), 

G = [ (Sil1 I cos 1) + (- ! sin 1 cos 1) + (-! sin 1 eos 1)J (_ 2 ) 

2 g(Qo) + i Qo g(Qj)+i Ql g(QZ) + i Q2 WNEO, 

G =[ (- sin2 1) + (- ! cos2 1) + (- ! cos2 1)J (- 2 ) 

3 g(Qo) + i Qo g(QI ) + i QI g (D2) + i Q2 WNEO, 

(37) 

where B 1=-A 2, 01=-A 3, 0 2= B 3, and where Qo= w, Ql= W+ WH, QZ= W-WH. A quantity, r , is 
found by integrating over the velocity distribution for monoenergetic electron-ion collisions, 
lI (U), at each frequency, Q= Qo, QI, Q2, 
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471" r'" U 312 0 [ e J 312 

r = -3Jo lv(u) + iOJ ~u 71"kT exp [-eu/kT]du , (38) 

which can be written in terms of Dingle, Arndt , and Roy [1956] tabulated functions, ~51 2(X), 

~3 1 2(X) , 

r=~ [~(~) ~512 (~)-i (42) ~31 2 (~) J, (39) 

whereT = v(u) /O,u= kT/e , and v(u) = akT/e= au . The complex collision parameter, g, for the 
equation of motion can then be evaluated 

- r - l- 'r._ R er -i [Imr + 0Ir I2]. 
g- tH- Ir l2 (40) 

The quantity, g, is thus complex and there are three values corresponding to frequencies 
o = 00 , 0 1, Oz. Furthermore, the value of g is also Jrequenc~' dependent. The in"lplication of 
the classical magneto-ionic theory that such a quantity can be represented by a real effective 
value without a frequency dependence is therefore not in general a valid concept. 

The complex collision frequency, g, can be introduced into the analysis by evaluating the 
coefficients of the quartic (8 to 13) as follows: 

a4= -"l~6( C3+ iweO), 

a3=- 2w2~~aLB3' 

(41 ) 

(42) 

a2= w2~6[AI + B 2+ 2C3-al(B 2+ C3) - aHAl + C3)] + iweo[ - A IC3- B ZC3-A5+ m + 2wzeW - aZ)] 
(43) 

a j =-2iweOaL(AzA3+AIB3) -2wze6aLB3(a2-1) (44) 

aO= AlB2C3-2AzA3B3+A~Bz-Ajm+A~C3+iweo(AlC3+B2C3+AJ3z+A~+A§- BD 

+ iweoaH-AIC3-AIB2- A§- AD +iw~oaiC - B,C3-AlB 2 + B§-A~) + wze6( -Aj- B z- C3) 

+ w2 e6aH2Al + B 2+ C3) + wze62l(AI + 2B2+ C3) + w2e6a~al( - A I- B z) 

(45) 

The functions s p (x) (p=~, ~) can be evaluated by an application of quadrature techniques to 

the integrals [Johler and Walters, 1960], or other methods described by Dingle, and Roy [1956], 

~~ (x)=G!) So'" p!(X2+ p2) -1 exp (-p)dp, (46) 

~% (X) =G!) So'" p?(X2+ p2) - 1 exp (-p)dp. (47) 

The quantities P and Q are rewritten/ with the aid of eq (37) , by substituting for s in eq 
(34, 35) the corresponding values of g, 00, 01, 112 , 

P (48) 

Q (49) 

7 The constant EO or the factor iwo can be eliminated from eq (37,41-45,48, and 49) for convenience. The factor was retained so tbat eq (37), 
would be correct dimensionally,l.e., J=cW'rent, amperes per square meter. 
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5. Computations and Discussion 

'['he reflection coefficients, figures 5- 24, were evaluated for the continuous electron-ion 
density transition, figures 3 and 4, with the aid of the classical magneto-ionic theory. The 
typical claytime··noon profile, figure 3 [Waynick , 1957], was selected to represent a quiescent 
ionosphere. The disturbed profile, figure 3 [Seddon and J ackson. 1958], was also selected to 
give an indication of the intensity of the ionization during disturbed conditions. The region 
of the ionosphere below 1,000 electrons/cm3 was represented with a Gaussian clectron density
altit ude distribution [Budden, 1955], 

witere the constants Nrna x. ZmaX) ft nd Ie ' were determined by t he measured profile, > 1,000 
electrons /cm3. In particular, N max = 26,000 electrons/cm3, zmax = 85,000 m, Ie' = 1.92 X 108 • This 
profile was measured during a high-frequency ionosonde blackout observed at Ft . Churehill, 
Canada, 1332 CST , 15 November 1956. D ftta was therefore m ade available in the theoretical 
form of a continuous electron-ion density transition for a model plasma which represents 
approximate conditions of the ionosphere during disturbed phenomena. This ionosonde 
blackout is classifi ed as a local auroral-zone blackout which is confined to the auroral zone or 
some segment thereof. 

The Nicolet/3 collision frequency [Nicolet, 1958; Sedden and J ackson, 1958] was employed 
in this analysis. Other profiles, v(h ), are illustrated, figure 3 [Compton, et al. , 1953; Gardner 
and Pawsey, 1953; F ejer , 1955]. These collision frequencies are applicable to the classical 
Jmlgneto-ionic theory employing the approximation, g"'v in the equation of motion (7) of th e 
electron. R ecently Kane [1959 and 1960] re-evaluated the profile, v(h), on the b asis of mono
energetic electron collisions, v= v(u), from which the complex parameter , g, can be deduced. 
Furthermore, the reflection coefficients presented in this paper can he reo evaluated with the 
aid of such data and t he theory of the monoenergetic electron collision frequency, which tas]" 
will be reported separately for comparison with the classical theory. 

The computation of the field strength of a radio wave propagated about the earth is 
dependent upon t he reflection process at the ionosphere [Johler, 1961 b and c] and the mode 
theory [Wait, 1960] or a geometric-optical theory requires t he introduction of reflection co
efficients in to the analysis. Thus. the essential nature of ionospheric propagation is described 
b.\- t he reflection coefficients, Tee, Tel" , for vertical polarization, and Tmm, T me for horizontal. 

The reflection coefficients, Tee, Tern, Tme, Tmm, were evaluated, figures 5 through 11. For 
t he typical daytime-noon model ionosphere as a function of frequency, j = 10 kc/s to 1,000 
kc/s . with various values of magnetic azimuth, 1> a= O, 45, 90 , 135, 180,225, 270, 315 deg ; at a 
tempera te magnetic latitude, 1= 60 deg, assuming a typical magnetic field intensity; H n.= 0.5 
gauss and grazing incidence transmission, 1> i= 81.79 deg (d = I ,OOO statute miles for a single-hop 
geometric-optical transmission) . 

The reflection coefficients, I Teel , I Tmm/ show a steady decrease in amplitude as the frequency 
is increased. A small, percep tible rise is noted near the gyrofrequency, however. Such a 
steady decrement in amplitude could be imitated by t he sharply bounded model ionosphere. 
[JollIer , 1961 band cJ by suitable selection of a fictitious low-electron density. Bu t such a 
model is a primitive theoretical representation of the true reflection process. 

The magnitude of the abnormal components, I Teml , I Tmel also show a decremen t as a 
function of frequency. But these components are quite small « 0.1 at 10 kc/s, for example). 
The corresponding disturbed-blackout reflection coefficients are also illustrated. The angle 
of incidence, 1>1, was changed slightly as a result of a lowering of the ionosphere. The principal 
cause of change as a result of t.his profile is nevertheless . the re-distribution of the N(h) profile 
from t he quiescent to the disturbed conditions. It is interesting to note an increased atten
uation at the higher frequencies , 100 to 1,000 kc/s. However, the high attenuation or ionosonde 
blackout which characterizes high frequencies does not seem to exist. Indeed, an enhancement 
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Tme. 

in the field is anticipated from this profile at VLF «30 kc/s). Whereas there is no experi
mental evidence to establish the non-existence of ionosonde blackout phenomena at LF/VLF, 
a search of the literature did not reveal any report of very high attenuation of LF/VLF during 
such D-region events. 
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FIGURE 16. Reflection coefficients (amplitude and 
phase) of the lower ionosphere for low frequencies 
during blackout cond1.tions illustrating the fre
quency dependence of the classical magneto-ionic 
theory. 

I T .. I and I Tmml are also illustrated for comparison with quiescent 
cond itions (see fi g. 5-9 for complete quiescent reflection coefficients) . 
cPa=OO, 270, vertical polarization, T u , T t m . 

The effect of the Lorentz force, !loe (VX Hm), (7) or the action of the 8arth 's magnetic 
field, on the reflection process is also illustrated, figures 12 through 15. The reflection coeffi
cients are illust.rated as a function of the magnetic azimuth, cf>a. It is interesting to note that, 
as in the case of the sharply bounded model [Johler, 1961a], the propagation into the west, 
cf>a= 270o, shows a smaller reflection coefficient than the propagation into the east, cf>a=90o. 
Thus, there is clearly a non-reciprocity (interchange of transmitter and receiver) in the propa
gation which enhances the field propagated into the east relative to the field propagated into 
the west. However, the characteristic variation with respect to magnetic azimuth is consider
ably masked at the higher frequencies ( ,>200kcjs) 'for the highly absorbing daytime-noon 
model ionosphere employed. 
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F IG URE 20. R eflection coe.Oicients (amplitude and 
phase) of the lowe,· ionosphere fo r low f1"eqllenci es 
illustrating the action of the Lorent zian fo rce (earth' s 
magnetic field ) in the classical magneto-ionic theo1"Y 
d1t1"ing blackout conditions. 

11',,1 also shown for comporison WI th Quiescent conditions. (Sec 
fi~. 10- 14 for complete quiescent refl ection coefTi cicnts.) / =10 kc/s. 

6. Conclusions 

The reflection coefficien ts of the lower ionosphere can be more rigorously determined from 
geophysical data on the lower ionosphere with the aid of techniques developed in this paper, 
The classical magneto-ionic theory can be employed, but is subj ect to restrictions as to the 
use of the average collision frequency, g"-'v . It is therefore concluded that the same problem 
should be re-investigated with the aid of the monoenergetic electron collision frequency and the 
formulati on presented in this paper for the determination of the complex parameter , g; com
parison can then be made with the classical theory. 
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phase) of the lower ionosphere for low frequencies 
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I T ool also shown for comparison with quiescent conditions. (See 
fig. 10-14 fOI' complete quiescent reflection coetlicients.) /=20 kc/s. 
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The results of this investigation indicate that the total blackout phenomena which 
characterize HF do not extend through LF and VLF for the model ionosphere in vestigated 
with the classical theory. Indeed, for the situations computed here the field was found to be 
enhanced at VLF. The employment of these models does not alter previous conclusions on 
the action of the Lorentz force on the electron in the ionosphere, i.e., the propagation into the 
east is enhanced with respect to the propagation into the west, except to a lesser degree at 
the higher frequencies, which also exhibit increased attenuation. 
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