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A met hod of meas ur ing longitud inal sp herical and chromatic aberration in the extra­
ax ia l region of lenses is descri bed . T he method employs a n especia lly constructed optical 
T-be lle h equip ped wi t h noda l slide and angle- measuri ng telescope . T he determ inations arc 
based upo n measurements of a ngular d eviations in selected sma ll regions of t he co llimated 
beam e mergen t from t he le ns un der test. The u nde rly ing t heory of t he met hod is p resented 
together wit h a b rief descrip t ion of t he a pparatus used a nd techin q ue o f measurement. 
llesul ts of meas ure me nt on three lenses a rc in cluded .j 

1. Introduction 

Lon gitudin al sph erical aberration is one or tbe 
prime ca uses Lhat prcvcnt ,t given lens from yielding 
optimulU imagery. Th e meas m ement of Lhis aber­
Tation is t hcrefore of some in te rest, as the probable 
image formin g qualitics lWt)' be inferred from an 
analysis of tbe r es ul ts or such 11 I en,sm'cmen ts. Such 
measurements arc also o[ in terest in a di" gnostic 
sense in t hat th e res ults of ml asuremcn t servc to 
explain why tbc performance of a given lens Illay fall 
shor t or expectations. I n ,t il ea rlier p ,tper I the 
senior a uthor described a s il1lple, rapid method of 
m easuring thc ax iallongit ucl i ,led spherical aberration 
in ,Ut indirect man ner . I n this process, th e lens is 
used to eoll inmte t he light from ,1, poin t source located 
in t he roca l pIeH1(' and t il e angular deviat ions or 
adj acrn t por t ions of Lhe emergent b eam Jrom paral­
lelism are lIl mtsllrcd ; the 10ngiLudinal spherical 
aberra tion is then deLermin ed by co mputations 
using the ang ular displacements. 

The present paper extends this process to the 
extra-axial r egioll. The problem is somewhat more 
complicated in t he extra-axial region, as th e lens is 
no t ro ta tion ally symmetric abo ut a chief ray in­
clined at angle {3 to t he axis; so adequate informa Lion 
can be gained only by m easuring in two m eridians. 
The measuremen t of longitudinal chromatic aber­
r ation can readily be perform ed by the same process. 
R esul ts of measurement are presented on three lenses. 

2. Theory of the Method 

The m anner in which the values of longitudinal 
spherical ab erration ar e derived from meaSUl'e­
m €l1 ts of angular deviations from parallelism in a 
collimated beam of ligh t emergent hom a lens under 
test is describ ed in detail in an earlier paper (sec 
footno te 1). In this earlier paper, the discussion 
was confined to the s it uation wh ere t he luminous 
object was located on the op t ical axis at or near the 
focus and m easurem en ts were made in t he axia l 

1 F. E . Washer, Optical T·bench method of measllring longitudinal spherical 
aberration. J. Research N BS 61 , 01 (1958) H P2880. 

colLim,tted beam . Under t hese con d itions, shown 
schematically in figm e 1 a, t h e J"elation go verning 
t::.f, the displacement 00' in t he figure and €, th e 
clllw ge in angular deviaLion of a sm all por t ion o[ th e 
collill1 aLed be,u11 located aL h eight II, [l om the op tical 
axis was shown to be 

t::.f = €P 
h 

(1) 

where f is the eq ui valen t focal lengtiJ of the lens 
under test. 

For an ideal lens, lhe quanLity €/h is invarian t 
wiLh varying h. For a lens a ffected with longi­
Ludinal spherical aberrat ion , til e quan tity €Ih varies 
wit h h, and measurement of € as a funct ion of h 
permi ts the evaluat ion of long itudinal spherical 
abbcrration. 

L' 

1 1 __ 
0' 1 0 1_--
~-

I -1--_ 
1 1 --_ 
I I ~ 

1 I 
I r-- f 
1 
1"'--l f+Llf I 

L 

--~ 

, 

( 0 ) 

-----!-

p' 
h 

Ph 

P' h 

X 

...r....,~:=+E"-------'u+- - -j--------- X, 
0 2 : 

I 
1 

I t. 
I r-- R --"1 
I 1 
r --R t6 R ---j 

( b) 

FIGURE 1. S chematic drawl:ng of a lens showing (a ) arrange­
ment for measurement of longitudinal spherical a'ierration 
on axis and (b) arrangement for measuremen t of longiturlinal 
spherical aberration along a chief ray inclined at angle f3 to 
the optical aXl:S . 
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In the present study, the chief interest is in the 
magnitude of the longitudinal spherical aberration 
as m easured along a chief ray inclined at angle (3 to 
the optical axis of the lens system . It is clear from 
figlU'e 1b, that the same principles are involved as on 
the axis. Consequently the following modification 
of eq (1) , 

(2) 

is satisfactory in determining the displacement 0102 

of the focus along the chief r ay with zone height h. 
In th e above equation, 

R f sec (3, (3) 

his measlU'ed normal to the chief ray, and tlR= 0102 
is measured along the chief r ay. 

3 . Method of Measurement 
3 .1. In the Tangential Fan 

The method of meaSlU'ement is essentially th e 
same as that for determination of axial longitudinal 
spherical aberration. However , some changes in 
procedme are necessary to make measurements 
along the chief r ay inclined at angle (3 to the axis. 
For meaSlU'em ents in th e tangential fan, the ap­
paratus is arranged as shown in figure 2. Initially 
th e lens is placed on the nodal slide with its fron t 
facing the pentaprism through which the angular 
deviations are viewed. The lens is adjusted un til 
its r ear nodal point is in t.he vertical axis of rotation 
of t he nodal slide and the illuminated target r eticle 
is located at the r ear focal point of the lens. In 

F IGURE 2. T est equipment arranged .for measurements in the 
tangential .fan. 

'rhe lens under tcst is shown mounted on the nodal slide in the cen ter of the 
p hotograph ; tbe lens h as been rotated through an angle {J about the vertical 
axis. The target reticle and ill uminating system are shown at the right with 
the target reticle facing the rear of the lens. The para llel beam of ligbt emergen t 
from t be front of the Jens :s turned through 90° by the pentaprism in the left 
of the scene into tbe viewing telescope at the rear. 'rhe diaphragm covering 
tbe telescope objecti ve limits the beam to a small pencil of rays. 

I 

addition, the optical axis of the lens is set parallel 
to the bench ways upon which the lens and target 
supports are located. When th e target is illumi­
nated, the ligh t proceeding from th e target falls upon 
the rear surface of the lens and emerges from 
the front as a collinlated beam of light. This col­
limated b eam is incident upon one face of the pen ta­
prism mounted on the ways of the second b ench and 
is directed into the viewing telescope located as 
shown in figure 2. 

The telescope objectIve is equipped with a dia­
phragm having a small central aperture which is 
eentered with respect to th e telescope objective. 
When an observer looks through the telescope, he 
sees the unage of the illuminated target (either a 
cross or pinhole pattern) superimposed on the cross­
hau's in the ocular of the viE'wing telescope. When 
the slide carrying the pentaprism is moved along the 
bench ways, the observer sees the target through 
successive small areas of the lens along its diameter. 
In the Even t of movem ent of th e image, it can b e 
brought into coincidence with the crosshairs by 
appropriate movement of the transverse micrometer. 
:Movement of the transverse micrometer changes the 
du'ection of pointing of the viewing tekscope. The 
lateral movement of the micrometer is directly pro­
portional to the angular change in pointing. H ence 
the change in pointmg is a measure of the ch ange in 
dU'fction of a small circular b eam of light emerg6l1t 
from a given area of the lens under test from the 
direction of ano ther similar area lying along the 
same diameter oJ th e lens. This angular deviation 
€ is m easured in scale divisions read on the trans­
verse micrometer. The value of € in scale divisions 
may be conver ted to radians on multiplying by the 
calibration constant of the micrometer. For com­
parison purposes th e value of € in scale divisions 
may b e used directly , but is usually converted to 
radians for the final evaluat.ion of the longitudinal 
spherical aberration. 

It is customary to select a size of diaphragm 
opening small in comparison with the area of the 
lens under test and to select a series of steps so that 
measurements of the deviation of these successive 
small emergent b eams ean be made for an entire 
diameter of the lens . If the lens under test has 
been properly focused, the angular deviations 
noted arise from par allax (or angular spherical 
ab erration) of the lens under test. 

Th e scale on the bench carrying the pentaprism 
is used in making the successive settings at selected 
intervals. These settings are recorded and the 
difference of a given bench scale reading from thE' 
one in the central position is t he zone height, h. 
The readings of the angular microm eter are taken for 
each value of h and the difference of a given microm­
eter r eading from that one in the central position 
is recorded as E. 

The longitudinal spherical ab erration usually 
varies with the wavelength of the linage forming 
light. It is therefore n ecessary when makin g 
measmements to know the wavelength of the light 
used. While it would b e desirable to use mono­
chromatic light, useful measurem en ts can b e ob tained 
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TAB LE 1. Filters used in contTolling illumination of tal'get 
reticle * 

I'iltcr Nos. 58 and 25 transmit a moderately wide band o[ w[,,"cle ngths; filler 
No. 73 is a narrow band fi lter. 'r ile column headed dominant wavelength gives 
the valu(' of the wa\'clongth t hat appears to be dominant in Lhe light transmitted 
by the mter when illuminated by standard illumi nant "C". 

:Filter No. Descri ptiol1 

58_ ___ __ __ __ _ _ _ _ __ ___ Tricolor green _________________________ _ _ 
73 _ _ ____ __ __ __ __ _ ____ Yellow-green (narrow band) ____________ _ 
25. ~ __________ ._ _ _ _ _ _ rrrkolor recL ___________________________ _ 

Domil1ant 

'WG llelength m,.,. 
540.2 
574.9 
615. 1 

' H andbook o[ Ohemistr y and Physics (3ith Ed. ) PP. 2730-2734, Chemical 
R ubber Publ. Co., Oleveland, Oh io (1955-56). 

using fil ters to control the quality of th e ligh t. 
Filters of t he type used in photographic processes 
are s ui table for the purpose. Moreover , results 
obtained with these filters present a picture of the 
mannor in wllich longitudinctl spherical aberra tion 
is oper a tive under eondiLions of use. In t he presen t 
study, Lhl'ee ViTra t ten light filt ers were used ; their 
chara c tel'is tics are given in table 1. Fil ter No . 73 
is a narrolV-band £i1 tcr while fill ers N os. 58 and 25 
tran smit rclati vely broad regions 01' t he spectrum. 
These fil ters aro in te rposed between t il e primary 
ligh t source and the target r eticle, h ence the spectral 
characteristics of the ligh L emerging from Lbe lens 
under test arc determinecl by Lh e filter used . 

The fOl'egoing pl'ocedme permits evaluct tion of 
10ngiLudinal spber ical aben ation, 4/, 011 Lh e axis 
of the lens. To matee measurements of longitudinal 
spherical a bel'l'ation for the tangen tial fa ll of it cll ief 
ray inclined at angle (3 to th e axis, it is only neceSSftl'Y 
to rotate t ho lens through the angle (3 abou t the 
vertical ax is of the nodal slide and to move the 
target away from t he lens by amount f (sec (3 - 1) 
which places the target in t he fo cal pl ane at distan ee 
f tan (3 from t he fo cal point. :,[oasurelll ents are 
then miLde in th e same mann er as was don e for tllC 
axial r ogion. A typical set of meas urements is 
shown in table 2 1'01' :meaSUl'elll en Ls made in th e 
tangen tial fan fo r a chieC ray incl in ed ftt allgle 
(3 = 20 ° to the nxis of the lens. I n Lhis Lable, the 
column headed zone h eigh t h gives Lhe intervals 
along the bench scale at which obSel'VcLtions wer e 
made. The value h= O corresponds to the center 
of t he emergent beam, plus values of h indicat e 
positions to on e side, and negative values positions 
to the opposite side, of center. F or each value of 
h, observed values of th e angular deviation ~ using 
each of three filters are listed un der the fil ter Nos. 
58, 73, and 25; the characten stics of Lhese filter s 
are given in table 1. Fol' positive values of h, 
negative values of E indicate that t he emergen t 
b eam is diverging or th iLt the target is near er t o 
the Ions LImn Lh e focus. -:\/[ore genemll~T when th e 
sign 01' E is Lhe same as that of h, the emergen t beam 
is converging; and when the sign oC ~ is the negative 
of t.he sign h, the emergenL beam is diverging. The 
values of ~ shown in table 2 indicate that the emergent 
b eam is divel'ging and that the target is noar er to the 
lens tb an the focus for e\Tery zone. This is con­
firmed wh en the displacement t,R1' of the target. 
from tho fo cal point is determined wi th the aid of 

T ABLE 2. V ariation of paralla.'C angle € and apparent target 
dis placement t1Rr as a function of zone height h j or a chief ray 
inclined 20° with 1-espect to the axis of the lens 

These v alues were obtained for len s No. 1, a photograplJic objective havin g a 
fo ea l le ll gth of 152.4 m m. T he values of . were 111easm ecl in the tangen tial fan [or 
angle 1l = 20o. Val ues arc given for three conditions o[ target illum ination deter­
mined by \\'ratten filters N os. 58, 73, and 25. 

eq (2) . Fol' th ese cclleulations, it is convenient 
Lo use the followin g modification of eq (2): 

h J2 sec2 (3 

h ' 
(4) 

where lc = 27 .35 X lO - 6 radians/scnle division is used 
to conver t E from scale division to l'ndians, .f is Lil e 
fo cal length oC t he lens, and (3 is Lhe inclina tion of 
the chief l'Fl y to t he lens ax is. Values of /:;!l r dcrived 
from the observed vnlues of € lisLed in table 2 a rc 
shown in the sa me table under t he headin g /:;RT 

for fiiLCl's Nos. 58, 73, a nd 25. 
In Lable 2, the values of t,R1, for each value o[ 

h and E arc negaLive as were indicFlLod by opposing 
signs oC h and~. It is clear t hat t be ma g nit ude of 
f>.R 1' varies appl'eciltbly wiLh h. F or comparison 
purposes, we may defin e t he average of t,NT ob tain ed 
with a given fil ter as the position of b est focus with 
respect to the fo cal plane for uso with that filter. I n 
the presen t instance, it is noteworth y t hat the 
average value of tJ.Rr is different for each fil ter and 
it is negative for each filter. Since the target was 
originally located in the plane of b est iLxial focus, 
it is clear that for image-forming ligh t in ciden t upon 
th e lens at an angular inclination of (3 = 20° the 
plane of best focus for use with any one of these three 
fil ters is nearer to the lens than the plane of best 
axial fo cus. 

This displacement of th e plane of opt imum focus 
in th e extra-axial region from t he plane of best axial 
focus arises from curva ture of field and could not 
necessarily b e an ticipated at the start of t he measure­
m ents. However, i t docs no t invalidate th e l'es ul Ls, 
as variation of ~ nmv arise from a combin ation of two 
effeets (1) out-of-fo c ~ s effect and (2) anguliLl' sph el'i cal 
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abelT~ lion . 01' p~ll'all.ax resulting from longitudinal 
spherIcal aberratlOn 111 herent in the lE-ns. These two 
effects are easily separable, as out-of-focus effect 
produces a variation of ~ proportional to h which 
expressed graphically plots in a straigh t line of 
constant slope passing through the zero point.. In 
terms of f:.RT, it simply means the addition of a 
constant to all terms or displacing the entire lono'i­
tudinal sph erical aberration curve by a consta~1t 
am ount when f:.RT is plotted as a function of h. 

Examination of the values of t::,.RT for anyone of 
the three sets of data shown in table 2 reveals an 
asymmetry in the manner in which f:.RT varies wit.h 
h on opposite sides of the zero point of h. Thus in 
t he column beaded 73 , f:.RT= - 2.25 mm at h= + 9 
111m and f:.RT= - 2.46 mm at h= - 9.mm. Differences 
of this nature may be ascribed to anyone of, or 
combination oJ, tbree causes which are (1) random 
error, (2) errol' in location of the center point, h= O; 
and (3) asymmetric aberrations in the lens. The 
effects of all three sources of error may b e minimized 
by averaging: the values of t:J(T for paired values of 
+h and - 71, The results of such averaging of the 
values of f:.HT given in table 2 are shown in table 3. 
These values of t::,.RT shown in table 3 are therefore 
the accepted values of the longi tudinal spherical 
aberration plus a constant which measures the de­
part me of the position of best focus for rays in the 
tangential fan from the plane of best axial focus for 
a chief ray inclined at angle /3 = 20° to the axis. As 
a check upon the accuracy of measurements, it is 
customary to repeat the entire series of measure­
ments for the chief ray inclined at angle {3 = - 20° 
to the axis. Since th e lens is symmetric about the 
optical axis, the values found for /3 = - 20° are usually 
sufficicntly nearly identical to the values found for 
/3 = + 20° that the results may be averaged to pro­
duce th e final accepted values of longitudinal spheri-
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FIGU RE 3. Variation of pu,rallax angle, e, with zone height, h, 
(frame A ) and derived longitudinal I> pherical arerration, 
~RT' versus zone height h (frame B ). 

Results are given for a chief ray inclined at (3 =200 to the optical axis. III each 
of tho frames, the dotted-line curves show results obtained with light trans­
mitted by filter No. 58; the solid-Iiue curves show results for light transmitted 
by filter No. 73; and the dashed-line eurves show results for light transmitted 
by filter No. 25 

TABLE 3. Values of L'.RT and L'. (L'.RT) a~ a function of 
zone height h for a chief ray inclined at 20° to the axis of the 
lens 

T hese results are for lens No. I. TIle "alues of 6Rr are cleri,'ed from table 2 
by averaging the values obtained at tile same absolute ml ue of ZOlle height h 
T he values ob tained with each of three fi ltors (Wratlen Nos. 58, 73, and 25) ani 
shown. Negative yalues of t::.R r mdlcate apparent d isplacemen t of the target 
reticle along the chief ray and towarcl the lens wi th respect to the focal plane. 
Values of A(ART) arc gIven for the three filter pairs. All "alues are expressed 
Iumm . 

ART for filte r No . /!. ( t>Rr) for filter pairs _ as. 
ZOllO height h I _____ -,--____ -,-____ + ____ --,-____ ~-----

73- 58 25-73 I 25-58 58 73 25 

--------------------1---
- 0.93 - 0.58 - 0.18 O. 35 0.40 0. 75 
- 1. 06 - . 58 - . 18 . 48 . 40 .88 

3 - 1. 20 -. 74 - .32 . 46 . 42 . 88 
~ - 1.44 - 1.04 - .60 . 40 . 44 .84 
5 - I. 89 - I. 48 -. 92 . 41 .56 .97 
6 -2.25 - I. 82 - 1. 34 . 43 .48 . 91 
7 -2 .. 55 -2.08 - 1.61 .47 .47 . 9~ 
8 -2. 72 -2.28 - 1.77 . 44 .51 . 95 
_9 _____ .1 __ -_2_.9_2 _ -_2_.3_" _-_1_.9_8 _ _ . 5_6 __ 3~ _ _ ._94 

A\wa~e ------- - - 1. 88 - 1.44 - 0. 99 0.44 0.45 1 0. 89 

P1E, ._ . ______ ________ ___ ____ __ _ . __ __ __ ______ . ___ ~~~:-;;~I-~ 

cal ab erration for the chief ray inclined at /3 = 20 ° 
to the axis . . A graphical presenta.tion showing both 
the averaged values of ~ versus h (frame A) and f:.RT 
versus 71, (frame B) for /3 =+20° and /3=-20° is 
given in figure 3. In this presentation, there was 
n? averaging of values of ~ and f:.RT for paired values 
of + h and - h, consequently the effect of small 
asymmetric aberrations are still present. In frame 
B of figure 3, the effect of this asymmetric aberration 
is to ti~t the whole array of f:.RT curves slightly in a 
clockwlse manner. In the final determination aver­
age values of f:.RT are obtained from paired 'values 
of + /3 and - /3, and for paired values of + h and - h. 

3.2. In the Sagittal Fan 

To make measurements of longi t udinal spherical 
aberration for the sagittal fan of a chief ray inclinrd 
at angle /3 to the axis, it is n ecessary to rotate the 
l e ~s about a. horizontal axis normal to the optical 
aXIS and passmg through the r ear nodal point of the 
lens and to move the target away from the lens by 
an ~mount f(sec (3 - 1). This places the target 
at dlstance.i sec /3 from the rear nodal point of the 
lens as mea~ured along the chief ray inclined at angle 
{3 to the aXIS and at distance j tan /3 from the axial 
focal point as measured in the fo cal plane. The 
arrangement of apparatus is shown in figure 4 . 
M easurements of ~ versus h are then made in the 
same manner as for the axial region. In order that 
the n;easurements are made for the same region of 
the pictur:e area as those made in the tangential fan, 
the lens IS also rotated 90 0 about its own optical 
axis from the position occupied during measure­
ments in the tangential fan. Except for the fore­
going differences, the process of measurement is 
essentially the same as that employed for the tan­
gential fan. Values of th e displacement f:.Rs of the 
tar:g~t from the fo~al poi~t of the. lens for the given 
chlOf ray are obtallled WIth the aId of eq (4). The 
final accepted values of f:.R , are obtained from the 
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FIGl:RE 4. Test equip ment a1Tanged Jor measurement in the 
wgittal fan . 

The same equipm ent appearing in fi gure 2;s shown with the lens rotated through 
an angle f3 abou t the horizonbl axis. 

flVentge O[ IMired values for + ,6 lilld - ,6 and for 
pflirecl ",dues of + h a nd - h. 

4. Results of Measurement 

Th e r esults of measurement on three wide-ano·le 
lenses having [oc~l lengths of flpproximatcly t50 
mm are presented In thls st udy. Two o[ the lenses, 
deslgna~ed Nos. 1 a nd 2, are essentially dis tortion­
free while the thu·d lens, designated No. 3 h as fl 
modemte amount of dis tortion . ' 

4 .1. Longitudinal Spherical A berration 

The values o[ the long itudinal spherical aberration 
for bo.th t he tflngentinl and sagitta'! fan s are shown 
graphIcally 111 figures 5, 6, a nd 7. In the upper series 
of framrs of each fIgm·e , flverage vfllues of the dis­
placement 6.RT [or the tangential [an are o·iven as a 
function of zo ne h eight h at angulflr incli~ations of 
the chief ray from the axis 0, 10, 20, 30, and 40 
degrees. R esults for the same series of fIlters are 
presented for each lens for each angulu.r inclination. 
In each of the fIgures, th e dotted-line curves show th e 
results ob~ain.ed with light transmitted by fIlter No . 
58, the sohd 1111e curves show th e results obtained for 
l~gh t transmitted by fIlter No. 73; and the dash ed 
1ll1e curves show the results obtained for light trans­
mI tted by fIlter No. 25. The optical characteristics 
of these fil ters ar e given in table 1. In the 10wE'r 
s~rics of frames in fIgures 5, 6, and 7 values of the 
chsplacement 6.Rs for th e sagittal fan as a function of 
z~ne h eight h, ar c. given for the same angular in­
~hn al lon s of .the clnef ray to t be optical axis and for 
lIgh t transmItted by Lh e same t hree fli tus. In the 
grapbs, values of 6.Rs a.nd 6.Rs a re plo tted for both 
positive a nd negative values of h. This was done to 
il:crease clnr~ty fOl": al t b~:lUgh the lower portion or a 
gJ\~r n curve ]S a 11111"1"0[" lIn age of the upper por t ion , 

tlte inclusion of both upper and lower portion permits 
a, b etter visualization of th e phenomenon . In con­
templating these curves, i t is interesting to note t he 
vflria tion in shape with inereasing ,6. In all cases 
shown, the cur ves o[ 6.RT versus h become increasingly 
concave toward the axis ,wd the eurves of 6.Rs versus 
h b ecome increasingly convex with respect to the 
axis with increflsing values o[ ,6. 

Too, it is evident that t he zero points of 6.R7' and 
6.J!,s do not always maintain the same r elative position 
wIth r espect to the curves of 6.RT and 6.Rs for various 
values of ,6. This shif t r esul t from ClU'vature of 
fIeld and the magn itude of th e shift is a m eas ure of 
tangential fIcld curvature in Lile case of th e 6.RT 

values of th e sagittnlfielcl CUl"v,tLure in th e case of 
6.Rs values. I t may also b e noted that Lit e range of 
valu~s o[ h decreases with ,6 in th e tangen t ial fan but 
~'cml1lns cons Lflllt for th e sagi t {;ll f,Ln . TJlis r cd uct ion 
1Il range is c,ll1secl b~T vignrtling which has a more 
pronounced effect in the ta ngential fa n. 

4.2. Longitudinal Chromatic Aberration 

In fIgures 5, G, a nd 7, it is cle,u· that Lhe longitudi­
nal sph erical aberration curves obtained with tbe 
.vm·ious filters for it given vfllu e o[ ,6 are very similar 
1Il. appe,lran ec but are displaced along the chief ray 
w It h r espect to one another. This displacement of 
t he .curves with respect to one anothel' may be 
ascnbed to longitudinal chrom atic ab erration as tbe 
effect ive wavelength of tbe light illurnin a tin a th e 
target r eticle varies from one fliter Lo anotl~r as 
mfl y b e inferred from the in formation contain ed in 
table.! . Hence it is. r cnsonable to suppose that the 
magmtude of t he dIsplacement of one curve with 
r espect to anoLher m ay b e tn.ken a a measure of 
th e change in fo cal posit ion along th e ehief ray 
produc?d by t he change in character of the light 
trflns lmtted by one fIlter as compared to another. 
\iYhile ~trictly spen king the term "lon git udinal 
chroIna,t lC? ~ber~'ation" applies only to diffe rences in 
rocal posi tlOn mdu ced bY chan ae in the na Lure of 
the image form ing light· from ~ ne monochromatic 
illuminant having a sharply defin ed wavclength to 
anoth er mono chromatic illuminant having a different 
s ~lar·ply de~lled wavelength, it is nonetheless at 
tunes expedIent to use th e term when dealino· with 
image forming ligh t whose nature is determi~ed by 
a fIlter. H ence in this study the term "longitudinal 
chromatic aberration" will b e used as a convenient 
mnemonic to designate the change in focal position 
produced by a change in the fIlter controlling the 
natures of t.h e illuminant . With this as a basis 
the longitudinal chromatic aberration in the tan~ 
gential fan for a given fIlter pflir may b e determined 
zone-by-zone from the relation 

(5) 

where 6.RT is th e longitudinal spherical aberration 
1Il the tange nLial ran cletermin ed for a specified 
.valu e of h wh.en using a given light ftl ter and 6.R' 7' 
IS that deternuned [or t he SH lll e va lue of h when usin o• t"> 
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The results are for lens :-.Jo. 1, a widc-angle distort ion-free 1f'l1s hadng a [ocallcngth of 152.4 m m . 'rhe series of C t1J' q~S in the upper frames show the varia tion of D. R T 
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a differ ent light filter. In a similar mflnncr, the 
relation 

(6) 

may be used to determine the longitudinal chromatic 
aberraLion in the sagittal fan . I t is clear from figme 
5, 6, and 7 that for a given value of (3, the qua ntities 
A (M ?7') and A(ARs) do not vary appreciably wiLh 
zone height for these three lenses. 

The invariance of fl (AR7') with zone h eigll t is 
also indicated in table 3 wh ere valu e of fl (fl 8 7') 
ar e given for three filter pairs. The avenwe valu es 
of fl (M I 7,) are also given together wiLh tIl e probable 
elTor of a single observ~Ltion (PEs). In view of Lhe 
various errors inherent in tbe m eas uremenL of flR7', 
i t is reasonable Lo conclude from the low values of 
PEs that the quantiLy fl (flR7') may be reg~l rded as 
invarian t for Lhese letl ses. This leads to a simpli-
fication in the determin atio n or fl (fl!?1') as one may 
determin e the avcrllge vnJue of flR7' for elLOh filLer 
used and e \r ~l l uaLe fl (fl!l T) for any pair or filLers fro m 
the r elaLion 

(7) 

In a similar mann er, the average value or fl (fl!f s) 
for the sagitta l fan for n, g iven value of {3 may be 
d etermined hom Lhe relaLion 

(8) 

T AB L E 4. Values oj ~Rr, ~R" ~ (~RT), and ~ (~R.) for the 
tangential and sagillal fans as a function of (3 

These " alues are for lens No. I a wide-angle distortion-free lens ha,' in g a fo cal 
length of 152.4 m Ol . Part (a) shows the " a lues of tJ, ( RT) and'tJ,(tJ,/?T) for the tan­
gen tial fan and part (b) shows the corresponding "alues for the sagittal fan . Values 
a re gh'en for Lhree conditions of target illumin ation determi ned by the indicated 
fil ter numbers. All \'aitlCs arc expressed in Illlll . 
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(a) Tangen tia l fan 

MiT tJ,(MiT) 
for filter No. fo r fiI tel' pa i rs Nos. 

n 25 73- 58 25- i:3 25- 58 

- 0. 15 0. 14 0.26 0.29 0.55 
-. 17 . 08 .29 .25 .54 
-.45 -. 16 .3 l .29 .60 
-. 90 -.57 .37 .33 .70 

- 1. 47 - LOI .41 . 46 .87 
- 1. 64 - 1.22 .57 . 42 .99 
- 1. 58 -0.90 .68 .68 1. 36 
- 1.53 -. 73 .91 .80 L 71 
-2. 0l -. 72 1.11 L 29 2. 40 
-4. 42 -2.84 L3~ L58 2.92 

(b ) Sagittal ran 

flR. fl ( tJ,R.) 
for filter No. for OlLer pairs N os. 

73 25 73-58 25- 73 25-58 

0.08 0.30 0.32 0.22 0.54 
.28 .52 .26 .24 . . 50 
.04 .32 .24 .28 .52 
.24 . 48 .28 .24 .52 
.27 .54 .29 .27 .56 
.02 .32 .32 .30 .62 
. 19 .52 .37 .33 .70 
.3:2 .71 . 40 .39 .79 
.47 I. 02 .38 .. 15 .93 
.5·1 l.m .58 . 48 I C6 

Further consideration of the curves m figures 5, (), . 
and 7 indicates that both fl (ART) and fl (flR s) 
in crease with increa,sing {3 and that for a given 
value of (3 the value of fl (flRT) is greater than that 
of fl (flRs). The variation of A (flRT) and fl (flRs) 
with (3 is shown in tables 4, 5, and 6 for three filter 
pail'S for lonses N os. 1, 2, and 3. In each table, the 
values of flRT and flHs obtained for light trans-

T ABLE 5. Values of ~RT , ~ H." M~RT), and ·~ (~R.) for I.he 
tangential and sagittal fans as a functi on of (3. 

1."'hcse yalues arc for lens No.2, a wide-angle d istortion-free le ns h a \' ing a focal 
lengtll of 153.3 mm. Part (a) shows tbe val ues of~ flnc! tJ,(tJ,!?T) for the tan­
gen Ual fan and part (b) shows t he corresponding "al ues for thc sagittal fan. 
Values are gi ven for three conditions of target illu m ination determined b~r the 
ind icatf'c1 filte r :"\TOS. All "allies a rC' ('x prrss('(l ill m ill, 
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~2;;- 1 0.26 O. 'IIi 

.25 I .29 .5·' 
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.1 ( tJ,!?) 
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T A BLIC 6. Valu es of ~Rr, ~R,, · ~ (~Rr),'and ~ (~R.) for the 
tangential and sagil/at fans as a function of (3. 

The \'alucs arc for lells .'\Io. 3, a wide-angle lens having a focal le ll gth of 153.3 
mm , -Pari (a) shows the \'ai lies of ~n(j ~(.j,NT) for the ta ngen tial fa ll and 
par t (b) shows Llle correspond i ng \'filues for the sagi tt al fan. \ alLies fi re gh'C'11 
for three conditions of target ill umination determined by the indicated Oller 
Nos. All val ues arc ex pressed in 111m. 
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(h) Sagittal fan 
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for filter No. for fII ter pairs Nos. 
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Observed values of t.(6.l'tT) are plotted as X 's in eacb frame; the straight line, marked T, is the regression line of tJ.(tJ.RT) on (sec /I- i ) compnted by least-sqnares. Ob­
served values of tJ. (tJ.R.) are shown as circles; the straigbt line, marked S, is tbe regression line of ~ on (sec /I- i ) co mpnted by least squares. The plotted 
values are taken from table 5. 

mitted by each filter for each value of (3 are also (sec (3-1) as follows: 
given. The values of f:.. (f:..RT) and f:.. (t:.Rs) for each 
filter pair are derived from these values of f:..RT and f:.. (f:..RT)= a+ b(sec (3- 1) (9) 

f:..R. with the aid of eqs (7) and (8). which is the equation of a straight line with a as the 
When the values of f:..(f:..RT) and f:.. (f:..Rs) are plotted y-intercept and b as the slope of the line. A similar 

as a function of (sec (3-1) as shown in figure 8, it empirical formula of the same nature may be written 
found that the variation of these quantities with connecting f:.. (f:..R.,) and (sec (3 - 1). The constants 
(sec (3 - 1) is close to linear. Accordingly one may a and b may be determined graphically by drawing 
write an empirical formula connecting f:.. (f:..RT) with the best fitting straight line or analytically by 
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TABLE 7. Values of the constants a and b for fitt ing an equation 
of the form 6 (6R) = a + b (sec (3 - 1) to the observed values of 
6 (R T) and 6 (6Rs) as a function of (sec (3 - 1) . 

Values of a a nd bare gh' en for three filter pairs for both t1 (t1RT) a nd a(aR.) 
for each of three lenses. All va lues a re expressed in mm. 

Values of a an d b for u se in equat ion of form 
~=a+b (see ll - 1) lor 

Filter Lens pairs 
No. Nos. ~ ~ 

a b a b 

1 73- 58 0.27 2.67 0.26 0.64 
25-73 .22 3.21 . 23 . 73 
25-58 . 49 5.88 . 49 1. 37 

2 73- 58 0.19 3.02 0.23 0.47 
25-73 . 23 2.27 . 23 . 71 
25- 58 . 43 5. 28 . 46 1. 17 

3 73- 58 0. 19 2. 63 0.29 0. 33 
25-73 . 36 2. 18 .26 . 67 
25-58 . 55 4.82 .55 1. 01 

applying the method of least squares. I t is evident 
from the curves shown in figure 8 that the cons tan t 
a is approximately equal Lo Lll e value of 6 (f1HT) or 
~ at /3 = 0°. It is also eviden t Lhat Lhe incr ease 
in 6 (6RT) with (sec (3 - 1) is substantially greater 
than that of 6 (f1Rs) ; accordingly the slope b is gr eater 
for the tangential fan than for the sagittal fan . 

D eterminations of the constants a and b that are 
usable in equations of t he form given in eq (9) for 
showing the relation of vRlues of f1 (6RT) 01' 6 (6Rs) 
to (sec (3 - 1) were made for each of th e filter pairs 
for each of the three lenses using the values given 
in tables 4, 5, and 6. Th e valu es of a and b for 
each combination arc given in table 7. Th e straight 
line shown in each of t he fram es in figure 8 is drawn 
to satisfy th e equation of' the line fixed by the least 
squares determination of vRlues of a and b for tho 
particular filtcr pail'. It is cloRr from the mannor 
in which tbe points in an y on e of the gJ'Hphs are 

distributed with r espect to the straight line in that 
graph that the assumption of a lineal' relationship 
between values of 6 (6RT) and (sec (3- 1) and between 
values of f1 (f1Rs) and (sec (3 - 1) is a valid ono. 

For a given filt er pair, it is clear that tho value of 
the slope b found for the f1 (f1R1.) data is not the same 
as that for the 6 (6Rs) data. Tho valuo of the slope 
b for the 6 (6RT) data is in all instances greater by a 
ratio ranging from 3.2 to 7.9 Limes greater than that 
for the 6 (6Rs) data. In view of the r elative magni­
tude of this r atio, it is believed that it may be 
r egarded as established that Lho variat ion or f1 (6RT) 
with (sec (3 - 1) is significanLly greater than tha,t of 
f1 (6Rs) for the three lenses. 

5. Discussion 

In this study, a visual method of determining 
longitudinal sph erical and chrom atic ab cu ation from 
measurements of angular devia tion in the collimated 
b oam em ~rgent from a lens has b een extended to tho 
extra-axiall'egion. R esults arc r epor ted for meaSlU'e­
ments made on three lenses at five angular inclina­
tions to the opLical axis. I L is of especial interest 
to noLe the increase in the values of longitudinal 
spherical aberration with increasing (3 and to note 
the large magnitudes attained. At (3 = 40°, a range 
of 3 mm in the meas Lll'ed vnlues of the longitudinal 
spherical ab erration is not unusual ; of course if these 
values were referred Lo the normal to the focal plane 
t hey would be r educed by a cosine factor but \vo uld 
still r emain quite largo. 

Th e authors express th eir appreciation to oLher 
m emb ers of the staff of t he National Bureau of 
Standards for ass istan ce durin g this work and in 
particular to Edgar O. 'Watts who prepared th e 
ill us tl'a tions. 
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