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In t his p a per we pre~en t a number of useful tests for co nt in gency tables in coniul~ct i on 
wi th a useful t a bl e to assist in t he necessar y compu tat IOns. A co nsIstent a nd SImple 
approach based on t he notions of informat~on t heory is used in . dev~loping t ~le vari ous 
test procedures and t he results are analyzed III t he form of ana lysls-of-lI1formatIOn tables. 
Beginning wit h tests of h ypotheses for a one-way table, tes ts of h'ypotheses of. ?pecdied 
probabili t ies independence co ndi tional in dependence, h omogenClty of classlhcat lOns, 
sy m metr.", ;{nd in teraction ~.]'e developed or indi cated for cont ingency tables of .two, t hree, 
foul', a nd hi gher-order class ifi ca tions. Extension of t hese procedures to cert a ll1 tests for 
Markov chains is indi cated . Worked exampl es are g iven t lu'oughou t t he pape!'. A table 
of 2n In n for n= 1 ( I ) :10.000 is append ed fo r usc in co mp uta tion. 

1. Introduction 

The x2 tes t of goodness of fi t, first in troduced by 
K arl P earson (1900), has b een u tilized for the analysis 
of sequ ences of obser ved categorical data for cer tai.n 
proper ties. Modifica tions and ex tensions . of thIS 
work followed; for expository r eviews of the develop
men ts see Cochran (1952) , Lewis (1962). 

In this paper we presen t a table of 2n In nand, 
in a form suitable for use of the table, a vari ety of 
sta tistical tes ts of various hypo theses on one or 
several observed sequ ences. vVe propose to show 
the concep tual simplicity of an approach , using the 
notions of information theory, to the statistical 
analyses of con tingency tables, and par ticularly the 
computational convenien ce of the r esulting pro
cedures. It is our hope that this exposition will 
con tribute to a wider inter es t in , and application and 
use of, these procedures. 

A contingency table is essen tially a sample from a 
multivalued population wi th the various probabilities 
and par titions of the categories subj ect to res trictions 
in addi tion to those of the multinomial distribution. 
The analyses of contingency tables may therefore be 
closely related to those of multinomial samples . The 
procedures proposed depend on the use of a minim~m 
discrimination information statistic (m.d.i .s.) and Its 
asymptotic distribution proper ties. A complete 
theoretical background and applications of this 
statistic to a variety of statistical problems may be 
found in Kullback (1959) . For rnultinomial samples 
in par ticular, we present the following brief summary 
of the underlying philosophy. 

I The George " "ashingLon Uni versi ty, " "ashil1gto n, D .C. 

Consider the n-total mul tinonlial dis tribu tion on n. 
population of c categories 01' classes 

n ! x x (1 1) I I PI I . . . Pee, .. 
Xl' .. . Xc' 

where 

Pi>O, i = 1,2 , .. . , C, PI + P2+ ... + Pc= l , 

XI+X2+ .. . +xc=n. 

Suppose that p* (x) is any other distribu tion on .the 
population of c categories such tha~ every possl?le 
observation from p*(x) is also a posslbl~ ob.se~'va tlon 
from p(x). Further , if we define the. dlSClTllllllatIOJl 
information gained from an observatIOn X to be the 
logarithm of the likelihood ratio In p*(x)/p(x), and 
the mean discrimina tion information J (p* :p) to be 
the expected v alue of this quan tity wi th r espect to 
p* (x) then we can sta te the following resul t. 
Th~ least informative distribution on the pOpUh1-

tion of c categories, with given .expe?tecl .val~l es .fol' 
discrimination against the multmoJ'Inal dlstrIbutlOn 
p (x) in (l.1), namely, the distribu tion p* (x) such 
tha t E *(Xi) = Oi and 

J (p*:p)= ~ p*(x) In p*(x) 
x,+ . .. +x,=n p (x) 

is a minimum, is the distribution 

p*(x) =etlx1+ ... +tcxcp (x)/(Ple tl+ . . . + Pcetc)" (1.2) 

n ! ( *)X ( *)X I I PI I . . . Pc c, 
Xl' . . . Xc' 
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where pi*= p ieti / (Pletl + ... + Pcetc), i = 1,2, .. . , 
c, the t's are real parameters, and Oi= (O/oti)ln (Pletl 
+ . . . + Pc etc) ". The minimum value, min l(p*:p) 
is then 

. 1( *.) 1 01 II 1 Oc mln p.p = 01 n - + .. . +uc n - · 
npi npc 

(1.3) 

The minimum discrimination information statistic is 

(1.4) 

where Oi is the minimum variance unbiased estimate 
of Oi in the sample. 

Heuristically the m.d.i.s. can be considered as a 
measure of the "divergence" of the alternative 
hypothesis, as evidenced by the sample values, from 
the null hypothesis as evidenced by p(x), and in the 
sense of minimum information for discriminati.on. 

It can be shown that the m .d.i.s . 
(a) is distributed asymptotically as x2 under the 

null hypothesis, and as non central x2 under the alter
native hypothesis, with appropriate degrees of free
dom and noncentrality parameter; 

(b) has additive properties; 
(c) has the convexity property. 

In particular, for nonnegative real numbers ai and 
bi , the convexity property yields 

(1.5) 

( ) 1 al + az + . . . + an 
~ a l + a2 + . .. + an n bl + b2+ ... + bn' 

with equali ty if and only if al /bl = . . . = an/bn . 

The convexity property is very useful in finding the 
minimum value of information statistics under cer
tain restrictions and groupings, thus leading to x2-

distributions (central and noncentral) with appro
priate reductions in degrees of freedom. 

For the categorical type of data we shall be con
sidering, the m.d.i .s. in its simplest form is (cf. Kull
back (1959, p. 113)) 

A C I 
21= 2 '2:,fi In -' , 

i=l npi 
(l.6) 

where Pi is the probabili ty of an observation from 
the i th category under the null hypothesis, PI + P2 
+ ... + Pc= l , f i is the observed frequency of 
occurrence of the ith category,jl+ f2 + . . . + fc= n, 
and In is the natural logarithm. We define 0 In 0= 0. 

If we write 0 for observed frequencies and E for 
expected frequencies , then,with ~Oi= ~Ei' 

i i 

2J =2~Oi In (O dE i) ~ ~ (Oi-Ei) 2/Ei' (l.7) 
i i 

b f h .. I Oi 1 m-E? . 1 0 > 0 yuseo t eapproXlmatlon n E i ~2 OiE i Wltl i 

and E i>O (cf. Kullback (1959, p. 114) . The last 
expression in (l. 7) is the familiar x2 statistic. 

The m.d.i.s. in the examples of this paper turns 
out to be equal to minus twice the natural logarithm 
of a likelihood ratio. A comparison of x2 and m .cLi.s. 
or likelihood ratio test is not the purpose of this 
paper. It is interesting to recall that Wilks (1935) 
remarked that there was no theoretical reason why 
x2 should be preferred to -2 In A and that -2 In A 
can be computed with fewer operations than x2• 

Cochran (1952) stated that, "In view of the equiv
alence of the two criteria in large samples, there 
seems no advantage, except one of taste or conven
ience in one test over the other. For small samples, 
the s~ggestion has been made from time to time that 
the likelihood r atio is to be preferred . . .. How
ever, not enough data abou t relative power has ac
cumulated to permit a verdict on this issue. " Good 
(1957) remarks that the m.d.i.s. or - 2 In A more 
closely puts the possible samples in order of their 
likelihoods under the null hypothesis , as compared 
with x2 for given n ,C,lh ,. . ., Pc; the calculation of 
m.d.i.s. or - 2 In A can be done by additions, sub
tractions and table look-ups only, when tables of 
2n In n a{'e available, but the calculation is less "well
conditioned" than for x2, in the sense that more 
significant figures must be held; x2 is a simpler mathe
matical function of the observations and it should be 
easier to approximate closely to its distribution, 
o'iven t he null hypothesis. Anderson and Goodman 
( 1957) discussed the asymptotic equivalence of the 
two statistics under the null hypothesis for Markov 
chains, and hfLVe also discussed possible criteria for 
the selection of one over the other. 

The u tili ty of the m.d.i.s., however, lies in its 
additivity, convexity, and compu tational properties. 
As we shall see, the m.d.i .s. can be analyzed into 
several additive components, similar to the analysis 
of variance, for a hypothesis that is equivalent to 
the combination of several hypotheses of interest. 
Each component of the m.d.i.s. is itself an m.d.i.s. 
and asymptotically distributed as X2 with appro
priate degrees of freedom. 

Examples of the application of some of the sta:tis
tical tests are given throughout the paper. Apphca
t ions of the m.d.i.s. to the analysis of intraclass 
contingency tables are given by Ishii (1960). 

2. One-Way Tables 
Suppose that each observation fronl a population 

can be classified into exactly one of c(~2) categories. 
Consider a random sample of n independent ob

servations from such a c-valuecl population, with 
the observations denoted by Xl , X2, •. • , Xn , where Xi 

takes on one of c possible values. A common sta
tistical procedme is to test a null hypothesis of equi
distribution, that is, Pi= l /c (i= 1,2, ... , c), where 
Pi is the probability of an observation in the ith 
category. 

Let ii represent the observed frequency of the ith 
categoi·y in the sample, so that .l1 + f2 + . . . + fc = n . 
The appropriate m.d.i.s. is that given in (l.6) with 
Pi= l /c, or 
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A C . efi 
21= 2 ~}; In - · 

i = l n 
(2.1) 

21 in (2.1) is asymptotically distributed as x2 with 
c- l degrees of freedom under the null hypothesis. 
If the probability o[ exceeding the computed value 

oJ 21 is small according to the x2-distribution for 
c-l degrees of freedom, the null hypothesis is 
rejected. 

Note that (2.1) may be written as 

A C 

21= 2 ~ i; In};-2nln n + 2nln c (2.2) 
1= 1 

for computational convenience. Use may be made 
of tables of n In 11, and In 11" for example in Kullback 
(1959) (up to n = 1000) and Masuyama (1960), or 
of the tabl e of 211, In nin Woolf (1957) (up to n = 2009), 
or at the end of this paper (up to 11,= 10,000). Es
sentially table look-up, addition, and subtraction are 
all that is necessary. 

We illustrate (2.2) with an example from Hald 
(1952). In reading a scale, where the last figure is 
estimated, it is often seen that the observer prefers 
certain figures to others. Table 2.1 gives the 
observed distribution oJ 200 readings of an in stru
men t by a certain observer according to magnitude 
of the last figure. 

TABLE 2.1 

Las t fi gure_________ ___ __ 0 5 6 7 9 Tota l 
--------1-------------
Obs. num bcL. __ ____ ____ 35 16 15 17 17 19 11 16 30 24 200 

The null hypothesis to be tested is that of equidistri
bution , or that the observer did not have any 
preference for certain figures. The m.d.i.s. is 
21= 2(35 In 35) + 2(16 In 16) + .. . + 2(24 In 24) 

- 2(200 In 200) + 2(200 In 10)= 23.19. 
Since there are 9 degrees of freedom, and the proba
bility of obtaining a x2 as large as 23.19 under the 
null hypothesis is less than 0.01 , we may conclude 
that the observer is probably biased towards certain 
figUTes. Hald computed a x2 value of 24 .90 . 

A more general problem is to tes t the null hypothe
si that an observed sequence was ill'awn randomly 
from a population whose theoretical probabilities are 

C 

the specified numbersPl,P2, ... , Pc, where L:;Pi= l. 
i= l 

The previous case of equidistribution is a special 
case of the present problem, with pi= l /c, for i = l , 
2, ... , c. 

The appropriate m.d.i .s. is 

A C 1-/11, C 
21= 2 L:;}i In - '-= L:; 2}i 1n}i-2n In 11, 

i= 1 Pi i=1 

C 

- L:; 2ii In Pi , (2.3 ) 
i= l 

which is asymptotically distributed as x2 wi l h c- 1 
degrees of freedom. A table of - In P i given b,l' 
Bartlett (1952) for p = O(O.Ol)! .00 to four decimal 
places. If Bartlett's table is not available, we l1l<1,.V 

modify formula (2.3) above so t hat a table of In n 
may be used by setting Pi= u da, where numerator 
and denominator are integers and the denominator 
is common to all the Pi (for decimal fractions a would 
be some power of 10). 

The following data represen t the observed numbers 
of heads in a series of 74 independent tosses of five 
coins. 

3232212433323242222334332322023433025334421431 
2243223124332334434543334331 

Assuming independence, we wish to test tbe null 
It:\7pothesis of a binomial distribution with parameter 
1/2, that is, if P i= Prob {number of heads = i }, i = O, 
1,2 ,3, 4,5, then Po = P5= 1/32, Pl = P4= 5/32, P2= Pl 
= 10/32, against an alternative hypothesis of any 
distribution into six ca tegories. 

Table 2.2 shows the observed frequencies and 
theoretical probabilities (given the llull hypothesis): 

T A BLE 2.2 

N umber ofllCads Observed Theoretica l 
freq uency proba bility 

0___ ____________ ___ 2 1/32 
L ___________ _____ 5 5/32 
2___ _____ ____ ______ 22 10/32 
3__________________ 29 ]0/32 
4_______ __ _________ H 5/32 
5 ___ _____________ _ • 2 1/32 

TotaL ___ __ _ i4 

For the data in table 2.2 th e m.d.i.s. yields the value 

21= 2(2 in 2) + ... + 2(2 In 2) + 2(74 L1 32) 
- 2(2 In 1) - ... - 2(74ln 74) = 6.748. 

Since the value 6.748 as a x2 with 5 degrees of freedom 
will be exceeded with a probability of about 0,25 , 
we may accept the null hypothesis of a binomial 
distribution with parameter 1/2 . 

The test for the homogeneity of one-way tables is 
discussed in the n ext section . 

3. Two-Way Tables 

Let us suppose now that each observation lllay 
be categorized by two cri teJ'ia of classification. 
In a sample of 11, indepenclen t 0 bse]'vations, each 
observation then consists or two parts, as follows : 

Now assume that the fu'st criterion of classificat ion 
has r differen t ca tegories an d that the seco n d 
criterion has c differen t categories. We form the 
r X c contingency table 3.1, where the entries in t lte 
body of the table are frequencies (integers). 
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T ABLE 3.1 

Second criterion of classification (B ) 

Firs t 
criterion 
of classification 
(A) . 

1 
2 

r 

1 2 

f11 f' 2 
Jz, /22 

f il fi2 

frl fT2 

c Total 

fli fI e f l. 
hi h e h · 

f ii f ie i;. 

f ri J" f T' 

TotaL _ _ _ _ _ _ _ _ _ _ f.1 f .2 f ·, f.c f.. = n 

In order to test the null hypothesis that the two 
criteria of classification are independent of each 
other in the probability sense, against the alternative 
hypothesis that the criteria are not independen t, 
we use the m.d.l.s . 

A Te r 

2I= ::8 ::8 2fil Infi l+2n In n-::8 2fi. In f i. 
i= 1 j= 1 i = 1 

e 

- :::8 21.J In1. 1> 
j= 1 

(3.1) 

which is distributed asymptotically as X2 with 
(r - l)(c - l) degrees of freedom under the null 
hypothesis of independence. In addition to testing 
the two criteria of classification for independence, 
we may test the marginal row and column totals 
against null hypotheses with specified probabilities Pi. 
and P' i> respectively, i = 1,2, . .. ,I', j = 1,2, ... ,c. 
The complete analysis is given in table 3.2. 

We may arrange the analysis of the test statistics 
in a table similar in concept to an analysis-of
variance table, and we term the table an analysis-of
information table. The m.d.i.s. for the rc cells in 
the contingency table, for which fi l and Pil are 
respectively the observed frequency and theoretical 
:probability for the cell in the ith row andjth column, 
]S 

r e I J 
2 ~ ~fiJ In - ' , 

i = 1 j=1 npij 
(3.2) 

which is asymptotically distributed as X2 with rc - l 
degrees of freedom under the null hypothesis that 
the cell probabilities are Pij. This is a sinlple 
application of the theory of section 2, for we now 
have an rc-valued population. If the row (marginal) 
probabilities Pi. are specified, we use the m.d.i.s. 

2 ±fi. ln f i. , 
i= 1 npi' 

(3.3) 

which is asymptotically distributed as X2 with 1' - 1 
degrees of freedom. If the conditional probabilities 
Pij/Pi. are specified, we use the difference between 
these last two m.d.i.s . to test these conditional 
probabilities, that is, the probability that an obser
vation falls in the jth column given that it is in the 
i th row. The difference is 

r e f 
2 ::8 ~ f ij In _iJ_' , 

i= 1 j= l I pij 
'- Pi. 

(3.4) 

which IS asymptotically distributed as X2 with 

(rc - l) -(r - l) = r(c - l) degrees of freedom , that 
is, a test of r distributions of c categories each. A 
?orresp?nding analy~is can be n~adc by interchanging 
t and .7. The m.d.l.s. for testmg column margll1al 
probabilities p. } is 

(3.5) 

which is asymptotically distributed as X2 with c- l 
degrees of freedom. N ow let us suppose that th e 
null hypothesis specifies that the row and column 
classifications are independent of each other in the 
probability sense ; namely, that Pij=Pi.P.j. If this 
is so, then by subtracting the m.d.i.s. for columns 
in (3.5) from the value in (3.4), we obtain the rn.dj .s. 

r e f ·· 
2 ~ ::8fij In~· 

;= 1 j= l .tiI ; 
n 

(3.6) 

This i~ the 2/ given in (3.1) for the contingency 
table, IS the llldependence component of the total 
informa.tion, and is asymptotically distributed as 
X2 with r (c- l) -(c- l )= (r - l)(c - l) degrees of 
freedom. 

We summarize the preceding discussion and anal
ysis in table 3.2. 

TABLE 3.2 

Component due to- Information D .F . 

TotaL _______ ___ __________________ __ . ____ _ 2 ~ ~ fii In .liL 
i= l j=l npij 

re-I 

Rows ____________________________ _____ 2 ; h ill .l!c... 
;=1 n p i. 

r - l 

Conditional (total less rows) .. ____________ 2 ; ~ f ii ill k r(e- I ) 
i= I j= 1 f i. '!!ii. 

Pi. 

For Pij=Pi.P .j, 

Colu.mns ____________ __________________ 2 ~ !.i In.l:L 
j= I np.i 

e-l 

ref .. 
Independence (conditional less columns) __ 2 . l: . l: hi In f· 'f' . 

l= l J= l ..2.:........:. 
(r- l )(c-1) 

n 

Because of the properties of the logarithm and the 
convexity of the information function , we have 
that the various information components are non
negative, their degrees of freedom are additive, that 

2 ± 12fil In ~~2 ±fi. In fi' (3 .7) 
;=1 j=1 npi. p.j ;=1 npi' 

and similar inequalities. Thus the right-hand side 
in (3.7) is the minimum value of the left-hand side for 
grouping the rows over the columns. 

W'e now illustrate the procedure with data from 
an unpublished preliminary report "A study of child 
behavior in relation to safety release devices for 
refrigerators," U.S. Department of Commerce, 
National Bureau of Standards. In an experiment, 
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the safety features of six devices were iuvestiO'fLted 
The subj ects were 201 children of both sexes r:n O' ing 
in age from 2 to 5 years. The r es ul t for each cllild 
was classified either as a success or ffLilure. I twas 
susp~ct~d th~t the .results might depend on the 
upbnngmg of the chIld, or the socioeconomic classI
fication o~ the parents. The total number of years 
of educatIOn of the parents WfLS used as a measure 
of socioeconomic status, and the results are sum
marized in tfLble 3.3. 

TABLE 3.3 

Parents' education, years 
Resul ts 

16-25 26-30 31-35 36-40 'rotal 
-----------~-----~------
Success ........................ .. 
Failure ........................ .. 

TotaL ......... . ......... . 

3t 
14 

35 
41 

24 
43 

7 
6 

97 
104 

--------------
45 76 67 13 201 

We find that 2(201 In 201) = 2131.929,22:2:]'j In ] 'J= 
1364.942, 22:],. ln ],.= 1853.527, nj. j lnj.j= 1630.989, 
and thus according to (3.1),21= 1364.942 + 2131.929 
- 1853.527- 1630.989 = 12.355. The classical X2 sta
tistic yielded 12.13. Since the probability of exceed
~ng t he observed value of 21 with 3 degrees of freedom 
I S about 0.007 , we may conclude that the resul ts 
are dependeo t on the socioeconomic status of the 
parents. 

A similar analysis may be used to test the homo· 
geneity .of ~wo or more samples of one-way tables. 
In considerlD g the various cri teria of classification 
of a con t.ingency table we must distinguish between 
those whICh fL ee random varifLbles and those which 
are nonrandom variables. The latter are t hose 
ove~ which we m~y test for homogeneity . Statisti
cal l11dependence IS a property of mndom vari fLbles. 
Both criteria of classification in table 3.3 are random 
variables since tbey were observed as cbftracteristics 
of a child selected at random. Had the children 
been. selected according to the parents' socioeco
nomic status t hen we would have been con cern ed wi th 
the homogeneity of the results over t he statuses. 
L~t us suppose that we have r independen t samples 

c~m slstU1g ot .n1,7I2, ... , n r independent observa
tIOns, respectIVely, each sample having been ran 
domly ~rawn froIl?- . s~)lne c-valued popul fLtion whose 
theoretlcal probabilItieS are unknown . The c-valued 
population may be ei ther a discre te distribution of 
c categories or a continuous distribution that has 
bef'n grouped into c classes. Let the observed 
fl:equencies for the ith sample (i= 1,2, .. . ,1') be 
gIven by fil,f,2, . . . ,j,c, where c is the number of 
categories involved. ' Ve have 

c 
2::, j ij=ni' for i = l , 2, ... ,r, r~2, c~2; 
j= 1 

r r 

2::, n i=n; 2::, ] ij-} j 
i=1 i= 1 

To test a null hypothesis t hat the samples are 
homogeneous, t hat is, are from the same but un
specified popuifLtion , against the alternfLtiv~ hypoth-

esis thftt at. least one pair of sa.mples is frolll diffe! 
ent populfLtlOns, we use t he m.d.i.s. 

A r c c 
21= 2:::8 2::,j'j In j ij+2n ]n n - 2 2::,]j ]n ] j 

.=1 ]= t j= 1 

r 

-2 2::, n i In ni 
i = 1 

(3.8) 

'-She .statistic in (3.8) is asymptoti cally distributed as 
x' with (1'- 1) (c-1) degrees of freedom under the 
null hypothesis that the r samples are from the 
same, but unspecified, population. 

The analysis for tbe test of homogen eity including 
the cas~ when the hypothesis specifies tb~ common 
populatIOn probabili ties, is summarized in table 3.4 
which is similar to table 3.2. In fact t he test 
statistics for independence and homog~neity are 
the same . 

T ABLE 3.4 

Component due to- Information D.F. 
--·--------------1---------1------
~l'o taL _____________________________________ 2 ~ ~ !ii In k 

i= l j= l niPi 
r(c-l ) 

Specified p'L............................. 2 ~ /; In JL 
j= 1 npi 

e- l 

Homogeneity ______________________________ 2 ~ ~ ! ii In "3:..l!i. 
i= 1 j= l n;f; 

(r - l )(e- l ) 

An illustration of t he use of (3.8) for the case 01 
two. samples may be found in Kuppermfill (1960). 
We Illustrate the use of (3.8) here usin o' data from the 
experiment described for table 3.3. "'In conductin o 

t he experiment care had been taken to assio'n t~ 
ea?h device fLpproximatc1y t he SfLme numb~r of 
children o[ the SfL me fige group [or efich sex. Thus, 
t hese two background variables were "balfLnced" so 
t hat any difference in the results could no t be 
attribu ted to the bias, if any, introduced by age and 
sex. For our conclusion to be valid in the test 
above ~or ir:dep~ndence between res ults and pfLrents' 
e~ucatw~, It will be necessary to examin e fLiso the 
clIstl'lbutwn of parents ' education a mong the devices . 
In ot~er words, are the distributions of parents' 
educatIOn among the six devices, as given in table 
3.5, homogeneous? 

TABLE 3.5 

Parents ' edu cation 
Device 

16-25 26-30 31- 35 36- 40 Total 
-----------

I .............................. .. 4 13 13 1 31 
2 . ______________________________ _ 6 14 8 4 32 
3 .............................. .. 4 16 16 5 41 
4 ..... _ ......................... . 15 14 18 3 50 
5 ............................... . 10 6 0 0 16 
6 .............................. .. 6 13 12 0 31 --------._-----

TotaL .............. _ ... .. 45 76 67 13 201 

We fmd that 2 "'22:]lj In f 'j= 970.016, 2"'2ni In 11, = 
1432.059, 2J:,]j In fj = 1630.989, and thus according to 
(3.8) 21 = 970.016 + 213l.929 - 1630.989 - 1432.059 = 
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38.897. The classical X2 statistic yielded 34.05. 
Since the probability of exceeding the observed value 
of 21 with 15 degrees of freedom is about 0.0007 we 
conclude that the distribution of parents' educ~tion 
among the six devices is not homogeneous, and 
therefore fu~ther analysis or experimentation is 
necessary before we finally conclude that the results 
success or failure, are dependent on parents; 
education. 

It is eviden t from the above example, that the 
addition or deletion of classes in one or the other 
classifications will only alter the marginal and grand 
totals, and further analysis could be made with few 
additional compu tations. This is illustrated in the 
following example. 

An instrument was designed to count the number 
of glass beads exceeding a certain diameter flowing 
between two electrodes. The beads were extremely 
small, having diameters between 2- 70 microns and 
were suspended in liquid. Tin'ee samples 'were 
measured by the instrument with the results shown 
in table 3.6. The homogeneity of the distribution 
of bead sizes in these samples is to be tested. 

TABLE 3.6 

C lass No. Bead size 
i Sa mple No. 

201 202 203 Total 
---------

I 29.7 micron < d • .. • ...• •. 62 71 82 215 
2 25.9-29.7 ...•.•••.. _ .....• 102 107 123 332 
3 20.6-25.9 .•........ _ ...•.. 892 1033 1122 3047 
4 16.3- 20.6 ....•.. • __ ... ... . 2503 2819 307 1 8393 
5 13.0-16.3 ........• .. ...... 2480 2959 3115 8554 
6 10.3- 13.0. __ . _ ..... _ ..... _ 2149 2385 2558 7092 
7 8.2- 10.3 .... _ .• __ •.•...•. _ 1740 1844 2105 5689 
8 6.6-8.2.. _ ....... __ ....... 1673 1588 1707 4968 
9 5.3-6.6.. ...... _ .•. ... ..• . 1190 1515 1451 4156 

10 4.3- 5.3 ................... 1070 1229 1121 3420 
11 3.6- 4.3 ................... 569 568 432 1569 

14430 1611S 16887 47435 

By using (3.8), the value of m.d.i.s. is easily (table 
look-up , addition, and sub traction) computed to be 
123.47 with 20 degrees of freedom. The null hy
pothesis of homogeneity of the samples is therefore 
rejected. 

However, the same samples were found to be 
homogeneous in their size-number distribution 
from results of microscopic measurements and counts 
and the discrepancy was thought to be caused by 
insensitivity of the instrument in registering and 
differen tiating beads below a certain size. This 
suggests the procedure of grouping the classes for the 
smaller sizes and testing the hypothesis of homo
geneity of the tin'ee samples for the reduced number 
of classes. Classes 10 and 11 were grouped together 
first as one class, giving a value of m.d.i.s. of 105.758 . 
Classes 9, 10, and 11 were then grouped and the 
valu e of m.d.i.s. calculated. The grouping proce
dure was continued and the results are shown in 
table 3.7 . 

Assuming that the microscopic method is the 
more reliable (though more tedious) one of the two 
tests, the analysis suggests that the instrument did 
not give reliable counts for beads with diameters 
less than 16.3 microns. 

TABLE 3.7 

Homogen eity of 3 sa mples 

11 classes ....•.. . .............•.. _ ... . 
1,2, ... ,9, (10+11) .................. . 
1,2, . . . , 8,(9+10+ 11) .. _ ............ . 
1,2, ... ,7, (8+9+ . .. + 11) ....... • _ 
1,2, ... , 6, (7+ 8+ .. . + 11) ... •• _._. 
1,2, . .. ,5,(6+7+ .. . + ll)._ ... __ __ 
1,2, ... ,4, (5+6+ ... + 11) .•. ------

Information 

123.47 
105.76 
82.67 
56.98 
33. 50 
25.30 
9. 60 

D .F . 

20 
18 
16 
14 
12 
10 
8 

Probabili ty 

< 0.001 
<.001 
<.001 
<. 001 
<. 001 
<. 005 
"". 25 

To illustrate the partition of a contingency table 
in to subcontingency tables and the test of homo
?:eneity within and between sub tables, we shall use 
the data in table 3.8. 

In designing an acceptance sampling plan for 
clinical thermometers, certain lots of the total 
61,000 thermometers were 100 percent inspected 
according to a tin'eefold classification of defects : 
external physical defects "P," mercury column 
defects "11," and calibration defects "C." Manu
facturer D delivered lo ts 1 to 4 at one time and lo ts 
5 to 8 at a later date. One of the problems in the 
preliminary investigations was to determine whether 
the distribution of defects of thermometers between 
lots within a delivery were the same; also , whether 
these distributions remained unchanged between 
deliveries within a reasonable period of time. In 
the inspection process, if a thel'lllOmeter was found 
to have "P" defects, it was set aside, and no further 
examination for "11" and "C" defects were made, 
etc. Thus, the tin'ee classifications were not neces
sarily mutually exclusive and the total number of 
individual defects may exceed the number of defects 
listed. However, since the test was made only for 
exploratory purpose, it was assumed that the number 
of thermometers having more than one type of 
defect is small and would not materially change the 
results of the analysis. 

T ABLE 3.8 

Defects 
Lots No defects Total 

P M C 

Group A : 
L ............... __ 156 40 21 1030 1247 
2_ ................. 146 24 19 1054 1243 
3_ ................ . 180 39 17 lOll 1247 
4 • . .. _ .. _ ..... _ .. _. 162 21 18 965 1166 

Group B : 
5. _ . .... _ .. _ ...... . 91 47 10 1188 1336 
6 .•..... _ ......•... 114 28 II 1083 1236 
7 __ ____ ____________ 103 39 13 1065 1220 
8 .•.............. _ . 100 31 9 992 1132 

------
TotaL .. . . _ .• __ . 1052 269 l1S 8388 9827 

The analysis of information for the data in table 
3 .8 is given in table 3.9 (cL Kullback (1959, pp. 173-
176)) , where nA, nB,lt,.f? are, respectively, the totals 
and marginal column totals for groups A and B, 
that is 

nA = nl + n2+ ... + n4, nB= n5+ 
Jt =j\j+j2i+ . .. +f4i1 f? =j5j+ 
n = nA+ nB,jj=Jt +J7· 
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TABLE 3.9 

Component clu e to- Information 

8 4 

Homogeneity, totaL . _________________ ._ . ___ _ 26~[i; ln n[i; 
;= 1 j= 1 nil; 

4 4 

Homogeneity within groll p A (i= l, ... ,4) . 2~ ~fi; ln ::J~ 
; = 1 j= 1 ' 

8 4 B 

Homogeneity within groupB (i=5, ... , 8). 2~ ~fi; ln ~':i~ 
i = 5 j= 1 11 

R 4 
iTomogeneity between groups A ancl B ...... 2 ~ ~I;. ln nl;" 

a = A j= 1 n·1; 

D.F. 

21 

We find t hat 2(9827 In 9827) = 180677.040 , 2(4924 
In 4924) = 83726.480, 2(4903 In 4902) = 83327.490 , 

B 
2~na ln n a = 167053.970, 

a = A 
8 4 

2~ ~jij lnjij= 129588.725 , 
; = 1 j =1 

4 4 

2~ ~ Ii; Infij= 64066 .128 , 
;= I j= 1 

8 4 

2~ ~jij lnjij= 65522.597, 
; = 5 j= 1 

8 

2~'I1i In n i= 139828.691 , 
;= 1 

4 

2~nt In n ;= 69737.424 , 
;=1 

8 
2~ni In n i= 70091.267 , 

;=5 
4 

2~jj In j j= 170340.147, 
j= l 

4 

2~H In .ft= 77642.028 , 
j= 1 

4 

2~ff In .ff = 79147 .393, 
j= 1 

B 4 
2~ ~j'j In f 'j= 156789.421. 
a =A j =1 

vVe remind the reader that all the information com
ponents are sums and differences of the numerical 
values listed above. An advantage that the m .d.i.s. 
has over X2 statistics in such examples is that new 
samples can be added, or old ones removed, with 
few extra calculations. This advantage is most 
marked if we are trying iteratively to separate our 
samples into distinct homogeneous subsets. 

The results of our computation are summarized 
111 table 3.10 . 

TABLE 3.10 

Component due to- Information D .F. 

Homogeneity, to taL......... .......................... 96.927 21 

H omogeneity , within groUI) A ......................... 14.166 
I [omogeneity , within group B ................... _..... 10.417 
Homogeneity, b etween group A and group B ... _ .. _... 72. 344 

We may conclude that, with respect to the dis
tribution of defects, the eight lots were not homo
O'eneous that the first Jour lo ts or the first deli very 
~rere ho'mogeneous, that the second four lots of t he 
second delivery were homogeneous, and t hat the 
first delivery and the sccond delivery were not 
homogeneo us. 

For two-way contingency tables with the same 
number of rows and columns arising from related 
classifications, it is often of interest to test a null 
hypo thesis of symmetry: that the events in cells 
symmetrically situated about the main diagonal 
have the same probability of occurrence. If Po is 
the probability of occurrence of the event in t~e 
ith row and .jth column, then the null hypotheSIS 
is that Pij= Pji for i = 1,2 , . .. ,1',j= 1,2, ... ,1', 
where l' is the number of rows and also the number 
of columns. 

If t he probabilities Pij arc specified, then the 
m.d.i.s. 

A r r f 
21= 2 ~ ~ JoI n...:....!J... , whcre pij= pji , (3.9 ) 

; = 1 j= l npij 

is asymptotically distributed as X2 with 1"2-1 d egr~~s 
o[ freedo m if thc null hypo t hesis that the probab llr
ties are as specified is truc. 

To tcst the null hypotbesis of symmetry without 
specified p ij we use the m.d.i .s. 

A r r . 2.f. . 
2I=2~~.rij l ll r .. +'JJ , (3 .10) 

z= l }= 1 • 1) 1'l 
;r'j 

. . . 11 l' 'b 1 2 ' b1' (1'- 1) winch IS fisymptotlCfi y C Istn utec fiS X Wl t ~ 

degrees of frccdonl undcr the null hypothesis or 
symmetry. 

An illustration or the application of (3.10) is given 
in Kullback (1959, pp. 179- 180) . 

4 . Three-Way and Higher-Order Tables 

We shall characterize each 0 bserva tion by three 
criteria of classification: row, column, and depth, 
with l' row categories, c column categories, ftnd d 
depth cfttegories, respectively. 

The number of hypotheses of in terest that may be 
tested in the case of three-way contingency tables is 
obviously greater than for the two-way contingency 
table. The statistical analysis proceeds, however, 
in a fashion similar to that developed in sections 2 
and 3, the basic procedure being that giv:n in section 
2 for sftmpling from a c-vftlued populatIOn. In the 
present case the population has 1'cd classes, and by 
specializing hypotheses we use the results of sections 
2 and 3 to obtain the appropriate m.d.i.s. The 
properties of the logarithm and convexity will assure 
that the m.d.i.s. and number of degrees or freedom 
are additive. 

Let j ijk be the frequency of occurrence or the 
observations in the cell in the ith row,.jth column, ft nd 
kth depth. We ftdopt the following notation: 
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L 

r ed c d 

:6 ::8 :6 f tjk= n, f t .. = ::8 ::8 f tjk , 
i =1 j=l k=1 j =1 k=1 

c r 

f u=::8 f ilk' .f. jk= ::8 f tjk , 
j =1 i=1 

r c r d c d 

::8 ::8ft} .= ::8 ::8ft.k=::8 ::8 .f. jk=n, 
; =1 j=1 ;=1 k =1 j= 1 k= 1 

re d 

::8 it. . = ::8 .f. j . = ::8 .f. .k = n . 
;=1 j = 1 k=1 

The t heoretical probabilities for the various cell 
entries and marginal totals are given by p's with 
corresponding subscripts . 

One of th e most importan t null hypo theses in con
nection with a three-way contingency table is that 
the three class ifica tions (row, column, fmd depth) 
are independ ent. This null h ypothesis is that 
P tjk = PI. .P. j. P . . k · The toLal m .d.i.s. is 

A r c d f 
21 = ::8::8 ~ f ijk In ~, 

i = 1 j= 1 " = 1 npijk 
(4 .1 ) 

which is asymptotically distributed as x2 with 
(red- I ) degrees of freedom und er the null hypothesis 
that the cell probabilities are as specified by Pij,,' 
If the hy pot hesis specifies the marginal probabilities 
and that the row, column, and depth classifications 
are independen t, then the statistic is 

1\ re d f .. 
21= 2::8::8::8fiJk ln ' Jk , (4.2) 

i= 1 j =1 k = 1 npi .. P. j.P . k 

which is asymptotically distributed as x2 with 
(Ted- I ) degrees of freedom. II the row marginal 
probabilities are specified as Pt .. , then the m.d.i.s. 

(4.3) 

is asymptotically distributed as x2 with (1' - 1) 
degrees of freedom. And similarly for the other 
marginal probabilities: 

c 
In h , Columns: 2 ~ .f. j e- l D .F., (4.4) 

j= 1 np.j. 

d 1 1.. k Depths: 2 ::81. k n -'--, d- l D.F. (4.5) 
k = 1 n p .. k 

B ecause of additivi ty (and the convexity property), 
we may subtract the sum of the last three information 
values from the total information to obtain 

whi ch IS the ind epen dence component when the 

marginal probabilities are not specified; this statistic 
is asymptotically distributed as x2 with (red-r-e 
-d+ 2) degrees of freedom. 

We summarize the preceding discussion in the 
analysis-oI-information table 4.1 (cf. table 3.2) . 

TABLE 4. 1 

Component due to-- Information 

TotaL ____ _ ~ ______ _______ ____________ 2;t; 1; ~ fiik In ~ 
i j k np iik 

Rows ....... . .. ... .. ............ 2 'E li .. In b 
i np i .. 

Conditional (given row totals) ... _ .. _ 2 'E 'E 'Elii' In ~ 
i j k Ii P ii' 

. p i .. 

For jJ i jk=pi.P .jk 

Columns ____ ______ __ ________ . __ . 2 'E J. j . ln .L!..:.... 
j np .j. 

Condi tion al (given rOw and column 
tota ls). 

Condi tional (de pth given column ). 

In dependence (row X (column , 
uepth) ) . 

Fol' P .jk=P.j.1J .. k in conditional 
(gin'l1 r ow a nd column totals) 

22:~ f.ik ln~ 
j k J. j. P .i' 

P .i. 

2 ~ ~ 2: j i jk In /lfi j~ 
I } k ~ I .J.J k 

D opt hs .... ________ .. ______ ..... _ 2 'E !.. , In ~ 
k np .. k 

In de pendence __ ____________________ _ 

D.F . 

rcd- I 

r-I 

r(cd - I ) 

c- I 

rcd-r-c+ 1 

c(d- I ) 

( r - I )(cd - I ) 

d-I 

rcd - r-c-d+2 

Many fur ther analyses can be made of data 
categorized by three criteria of classification. We 
shall mention only a few of the possible analyses here 
and refer the reader to chapter 8 in Kullback (1959) , 
where the subject is trea ted in detail. It is felt by 
the authors that these procedures should prove to be 
a useful practical statistical tool now that tables of 
n In nand 2n In n are available. 

We could test to see whether one classification is 
independen t of the other classifications. This is an 
analogue of the multiple correlation procedure. 
There are three such tests possible, of course. For 
instance, the conditional (given row and column 
totals) term in table 4.1 has been analyzed into two 
additive terms, 'with respective degrees of freedom 
e(d- l ) and (r- l)(ed- l ) . The independence row X 
(column , dep th) component is the m.d.i.s. for testing 
that the row classification is independent of the 
o ther two classifications. 

We can test for conditional independence, which 
means that for some particular category, say the 
kth , of the dep th classification we may test a null 
hypo thesis that the row and column classifica tions 
are independent. The procedure here is exactly as 
given in section 3 for the two-way contingency 
table. By summing with respect to k, we then get 
an analog of partial correlation. 

If we have T independ en t samples of a two-way 
cont ingency table (e X d), we may treat the data as 
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an TX cX d contingency table (three-way) with suit
able hypo theses and r estrictions. If we have TC 

independen t samples of a one-way con tingency table 
(el categories), we lllay again treat the data itS ~11l 
TX CX el contingency table. 

Suppose that we wish to test a null hypothesis 
that the T samples of a cX d contingency table arc 
homogeneous, subj ect to a fi.\.ed tot~tl for each c X cl 
table. The analysis is similar to that in table 3.4, 
'1here to test the homogeneity of r independent 
3amples from a discrete population of cd distinct 
categories we set 

j =(j , k), j = l , 2, . .. , c, k= l , 2, .. . , d. 

The m.d.i .s. for the test of homogeneity is, therefore. 

2 ± ± ± i ijk In . 17;!ijk 
;= 1 j= l k= l i i.}. jk 

with (r- 1)(cd- l ) degrees of freedom. We remark 
that the ]n.d .i.s . for this test is iden ticnJ to the 
m.d.i. s. for the test of independence b eLween the 
row and the other two classifications; t he inter
pretations of the results of these tests, however, 
are different. 

As an example of th e problem of conditional 
homogeneity, suppose that we have T independent 
samples of a cX d con tingency table, then for some 
category, say the jth , of the column classification we 
could test a null hypothesis tha t the T samples of 
the depth classification are homogeneous. By sum
ming over all j we obtain the m.d.i .s . for the test of 
condition al homogeneity of the depth classification 
for T samples, given the column classification . The 
analysis is given in table 4.2 . 

T A BLE 4.2 

Component due to-- In formation D.F . 

Col. , de pth homogeneity (over r 
samples) . 2:L:2: n/. 2 fiik ln~ 

i j k } t ... JI.: 
(r-J)(cd-1) 

2:L: n!,j. Col. homogeneity _______________ 2 .. !ii. ln !i.!.i. (r- 1)(c-1) 
I J 

Conditional homogeneity, dep th 2 ~L:2: c(r-1) (d - 1) 
given col. 1 j k 

/i,k 
!ii,ln(fiiIi')!!.i. 

We may carry the analogy between the analysis of 
information and the analysis of variance one step 
further and consider the conditional homogeneity 
componen t to be the sum of two components: one 
corresponding to the interaction of the depth 
classification with the row classification, and the 
other the in teraction of the row-depth classification 
with the column classification. If we let 

then 

c 

Yi.k= ~ i ij.J. jk!.f. j., 
j= l 

2 2: 2: i u In i u 
; I: Yi.k 

----------- -------

is the m.d .i.s. for the row-depth interaction. Since 
by (1.5) 

2 ~ 2: 2: i ijk In 
; j ,. 

the difference is 

2 2: 2: 2: i ijk In !iJk , 
i j l; i iJJ jk i i.k 

--c'Yik 
which is the m.d.i .s. for the interaction between the 
ro,v-dept11 and colu111n. rrhe analysis is given il1 

table 4.3 . 
TABLE 4.3 

Component due to-- In formation D .F. 

Conditional homogeneity, depth 
2 2:2:2: 

c(r-1)(d - 1) 
given col. 

i j k 
/iik In Jiik 

{Jii .}.ik)!!.i . 

Ho w interaction with depth ____ _ 
2 2:2: !i .• ln L!..... 

(r- l )(d - 1) 

i k Yi .1e 

How-de pth interacti on with 2 2:2:2: (r-1) (0 -1)(d-1) 
colunu1. i j k 

fiiJ: lu ]iik 
lii.!.ik ,b 

! .i . Yi.k 

Alternatively, it is also pos ible to analyze the 
conditional homoge nei ty component in table 4. 3 
algebraically into two other components; namely, 
the homogeneity co mponent of depth (with row) 
and the three-factor interaction co mponent among 
row, column, and depth as shown in table 4.4 . 

T A B LE 4.4 

Component due to-
I 

Informat ioLl D .F. 

Con ditional homogcnci ty I depth 2 2:2:2: c(r-1)(d- J) 
given col. i j k 

liik In Jiik 
(fii.!.i') !!.f. 

Depth homogeneity _______________ 2:2: nju 
2 . ; !i., 10 f;..f. .• (r-1)(d-1) , . 

'rhree-factor interactiol1 ___________ 2 2:2:2: 
i J k 

Jiik ln~ 
nhf.!i,k) .;k 

Ii../.i.!..' 

This thTee-factor interaction component may also 
be derived from the row-depth by column in teraction 
component in table 4.3. Note that th e row-depth 
interaction with column component will b ecome the 
three-fac toI' interaction component if the columns are 

homogeneous over the rows, that is, if f ==h}. j .. 'J . n 
Then 

Yi.k= 2:i ij ..!. jk= 2:.fi . ..!. jk=i ; ..f. .k 
j 1.1. j n n 

and the three-factor interaction component in table 
4.4 results. However , since the convexity property 
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is not used here, there is no guarantee that the 
conditional homogeneity component in table 4.4 is 
in fact larger than the depth homogeneity component. 
Therefore, the three-factor interaction component 
computed may turn out to be negative. In such 
cases the analysis in table 4.3 is the proper one to 
follow. 

The three-factor interaction problem has been 
investigated by Bartlett (1935), Norton (1945), 
Kastenbaum and Lamphiear (1959), Roy and Mitra 
(1956), Plackett (1962), and Darroch (1962). 

Kastenbaum and Lamphiear (1959) used the data 
shown in table 4.5 and concluded that the hypothesis 
of no three-factor interaction is tenable by an esti
mation process involving the solution of (1'- I)(c- 1) 
(d- l) sinmltaneous third-degree equations in as 
many unknowns. 

TABLE 4.5 

Litter sizes __ ___ ____ ____ __ _ 8 10 11 
__________ Total 

Treatment. _______________ A B A B A B A B A B 

--------------------
Number of depletion s: 

0 _____ _________________ 58 75 49 58 33 45 15 39 4 5 381 
L _____________________ II 19 14 J7 18 22 13 22 12 15 163 
2 or more_ _______ ______ 5 7 10 8 15 10 15 18 17 8 113 

TotaL ______________ 74!OI 73 83 66 77 43 79 33 28 657 

"The data represent a portion of an experiment 
performed at the Oak Ridge National Laboratory. 
For this experiment litters of mice of various sizes 
were treated in either one of two different ways, and 
the number of deaths per litter before weaning 
observed. 

"For each of the two treatments a chi-square 
statistic with 8 degrees of freedom was computed 
to test the hypothesis that the number of depletions 
is independent of litter size. This hypothesis was 
rejected for both treatments. In addition, for each 
of the five litter sizes, chi-square with 2 degrees of 
freedom was computed to test the hypothesis that 
the number of depletions is independent of the 
treatments. In each case, there was no reason to 
reject this hypothesis. From these two sets of tests, 
one may conclude first that the number of depletions 
is dependent upon litter sizes for both treatment A 
and treatment B, and, secondly, that the treatments 
do not significantly affect the number of depletions 
in any of the litter sizes. 

"The 'no-interaction' chi-square confirms these 
results. This chi-square, with 8 degrees of freedom, 
is found to be 3.158 and corresponds to a probability 
of greater than 90 per cent. From this result· we 
may conclude that the 2 X 3 X 5 table is homogeneous. 
That is to say, the significant interaction between 
the nUlnber of depletions and the size of litter is 
consistent for both treatments and the lack of inter
action between the number of depletions and tl'eat
men t is consistent for all litter sizes. )) 

I'Ve shall designate treatment as the row R , 
depletion as the column C, and litter size as the 
depth D classifications, and form the three marginal 
two-way tables 4.6, 4.7 , and 4.8 (i= I ,2, j = I ,2,3, 
k= l ,2,3,4,5) . 

TABLE 4.6 

" '" C 201' 
R "'" ____ mo,~ __ 

A__ ______ 159 68 62 289 
R __ __ __ __ 222 9.1 51 368 

381 163 113 657 

TABLE 4.7 

" 
'" D 

7 8 0 10 11 

~ --
A ________ 74 73 66 43 33 289 B ________ 101 83 77 79 28 368 

175
1
156 

--------
143 122 61 657 

TAB L E 4.8 

~"" D I 7 I 8 9 10 11 

--"---'----------
0 _________ 133 107 78 54 9 381 L ______ __ 30 31 40 35 27 163 
20r more_ 12 18 25 33 25 113 

------------
175 156 143 122 61 657 

We find that: 

2 n In n = 8524.817 , 

2 ~iiJnii .. = 7623.544, 2 ~ 1.j.ln 1. j.= 6476.312, 
, j 

2 ~i .. kln1. .k=7257.366, 
k 

2 ~ ~iij. lniiJ .= 6362.602 , 2 ~ ~ii.k In./ i.k 
i j i k 

= 5582.380, 2 ~ ~1.Jk In 1.J k= 5306.112, 
j k 

2 ~ ~ ~ i ijk Iniijk=4421.946, 
i j k 

2./Uk In il1k= 1853.498, 2 i21k In i 2Jk= 2568.448, 

2 fu . lniu ,= 2697 .530, 2./2J Ini2J,= 3665.072, 

2 ilk Inilk= 2370.676, 2 i2k In./u= 3211.704, 

2 i!.. lni!.. = 3275.195, 2 k.lniz .. = 4348.349 . 

The analyses are shown in tables 4.9 and 4.10, and 
the relevant hypotheses tested. Although each 
m.d.i .s. component corresponds to a particular 
~lYpothesis for the three-way table, only those of 
mterest to the problem and those with a valid physi
cal interpretation are so identified. 
HI: The three classifications are independent. H I is 

rejected. 
H 2 : The number of depletions is independent of the 

litter size. H2 is rejected. 
H 3: The number of depletions for each litter size is 

independent of treatment (or the number of 
depletions for each litter size is the same for 
treatment A and treatment B) . H3 is accepted. 
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H4 : Given the li tter size, the number of depletions is 
independen t of the treatment (this component 
can be fur th er analyzed in to 5 components with 
2 degrees of freedom each for each li tter size) . 
H4 is accepted. 

H5: There is no three-way interaction. H5 is ac
cepted. 

H 6: Given trel1tlll ent, the depletion is independent of 
li tter size. (This component can be further 
analyzed into 2 componen ts with 8 degrees of 
freedom el1ch for each treatment.) H6 is re
jected. 

Here we reach the same conclusions as those 
reached by K astenbaum and Lamphiear. The 
analysis is straightforward and the compu tation can 
be easily perfortllCd with the help of the 2n In n table. 

Component 
due to-

TABLE 4.9 

Inform a tion D.F. 

-----------.--------�-------

H , __________ 2~ ~ ~f,i, ln f . fn 'ffii'f 
l J k I •• I •• • J . .. It 

114.358 rcli - r -c-d+2=22 

-----
"" nl.i' 24 L _J/.i' In f-:--f = 97.251 

J k .1 . .. k 
(c-/)(d-I) = 8 

H , _________ _ " " " nfi' , 24 4 L.....J fiik lnf~f. = 17.107 
1 J k I ••• , It 

(r- I )(cd- I )= ]4 

7.341 ."" "fi., 2L..J L.....J!i.k In --= 
i k 1;.'/ .. , 

(r-l )(d - I )= 4 

H. ________ _ 2~ ~ ~fiik In ff'fik = 9.766 
1 J k ~~ 

d(r - 1)(c- l )= 10 

f., 
---------------------1------

2~ ~f,i ln f'.'ffii : = 6.509 
1 J 1 ••• J. 

(r - I )(c- l )= 2 

H 2~ ~ ~f'ik In ~= 3257 . • ---------- i j k IIfiiJi.kf.i'· (r -1)(c-l )(d- l )= 8 

kI;/ .. , 

TABLE 4.10 

Component Inforrll a iioll D.P . 
due to-

H, __________ 2~ 2:= '2:, fiik In f"f,f';f' = 114.358 
1 J k I .•• , • •• k 

rcd - r -c- d+ 2=22 

"" nf ' 2.L..,..J .L..,..J f i i. 1n f . f"·. = 6.509 
1 J '" .J. 

(r- I)(c- l )= 2 

(rc - l )(d - l )=20 22f ~ ~fiik In ;'<i/:i=107.849 

-------~---------I------

"" nfi., 2L.....J L.....Jfu 1nf- f = 7.341 
i k i .•.. k 

22f ~ ~fii' In f,~i~: , = 100.508 

fi .. 

"" nf·, 2~ y r.i' In I. if .. ' = 97.251 

II. __________ 2~ 2: ~riik In f ft f 3.257 
i j" 11 ij. l.t ·il: 

fi..!.i.!..' 

(r- I )(d - l )= 4 

r (c- l )(d - l ) = 16 

(c- l )(d - I )= 8 

(r- l )(c- l )(d -l)= 8 

It is of interest to compare the results of the anal
ysis in accordance with tbe type of analysis in table 
4.3. The values of y jk computed in accordance with 

r 

Y.jk= 'LJiJ..!i' k!fi.. are gl\Ten In table 4.11. 
i = 1 

y . jle 

'-....... 
8 II 

~ -----"'1·---1--- ---------
0_______________ 101. 64 
L ______________ 43.48 
2 or morc_______ 29.88 

90.23 
38.61 
27.16 

82. 76 
35.41 
24.83 

71. 32 
30.51 
20.17 

175. 00 156. 00 143. 00 122. 00 

35.06 
14. 99 
10. 96 

61. 00 

It is found that 2 ~ ~ f. jk In y '}k=5209.244. 
j k 

381.00 
163.00 
Jl3.00 

657. 00 

The results of the analys is with the computed 
values of y.}k are given in table 4.12. 

TABI,E 4. 12 

Component ci ue to- I nformaLion D.F. 

lIe__ _ ______ ______ _____ _________ _____ __ ____ ______ ________ 100. 508 16 

CD- illteraetion (Column interact '.-o-n "w--it-h·-d-ep-th-)-__ -_-__ -_II---9-6'-868- 11-
CD, R- inLeracLiol1 (Column--deptll interaction with row) _ __ _ _____________________ __________ _________ ______ 3. 640 8 

The procedure of this and preceding sections may 
be extended to the analysis of data in the Jorm of 
higher-order contingency tables, and would definitely 
be simpler in statistical practice than techniques 
using X2 statistics. For Jom-way contingency tables 
this has been done by Ku (1960). An example of 
a detailed analysis of a rom-way table is given m 
ICullback, Kupperman, and Eu (1962) . 

5. Markov Chains 

The statistical tests described thus far have all 
been derived on the assumption that the successive 
observations are independent in the probability 
sense. There frequently arise practical situations 
wherein this assumption is no longer valid, for 
example, observations resulting from realizations of 
the states of a simple stationary Markov chain. 
Statistical methods . in Markov chains using X2 and 
\]/2 statistics have been developed. For a recen t 
summary see Billingsley (1961) . . 

If the successive pairs of observ~LLions of the oc
cmrences of the states of a Markov chain are dis
tributed in a two-way contingency LabIe, with the 
fu's t state of the pair as the row category and the 
second (following) state of t he pair as the column 
category, then the number of entries in the i th row 
and the jth cohunn represent the number of observed 
occmrences of ... E tE } ... , and P {E jIE d is the 
conditional probability specified by the transition 
probabili ty matrix. Since tbe asymptotic multi
nomial behavior of a simple finite Markov chain 
lS well lrnovvn (see, for example, Bartlett (1955). 
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Rosen blatt (1962», the an alyses of the in[ol'nmtion 
compon en ts of the resulting squ are matrix formally 
parallel those of the contingency table discussions. 
liVe could , for instan ce, test 

(a) the hypothesis of a specified matrix of tran si
tion probabilities, 

(b) the hypothesis of an unspecified m atrix o[ 
transition probabilities, 

(c) the homogeneity of several re~tlizat i on s or 
M arkov chains or order 1, and 

(d) the hypothesis of 1Ltrl\:Ovity or order 1''2. 2. 
D evelopment of these tes ts together with worked 

examples are given in Kullback , Kupperm~tn , lwd 
Ku (1962) . 

The au thors express their appreciation to Dr. 
1. J. Good for his m any helpful sugges tions and his 
permission to publish the 2n In n table in the itP
pendix. 
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0.000 
46.052 

119.829 
204.072 
295. 110 
391. 202 

491. 321 
594.789 
701. 124 
809.966 
921. 004 

1034.106 
1148. 998 
1265.5M) 
1383.660 
1503. J9 1 

1624.056 
1746. 171 
1869.464 
1993.869 
21 J 9.327 

224.\. 785 
2373. 196 
2501. 516 
2630.707 
2760.730 

2891. 55'1 
:l023.148 
3155.482 
3288.531 
3422.269 

3556.675 
3691. 725 
3827.401 
3963.683 
4100.553 

4237.995 
4375. 992 
4514.530 
4G53.594 
4793.172 

4933.249 
5073.814 
5214.855 
5.156.362 
5498.323 

5640.728 
5783.569 
5926.835 
6070.517 
6214.608 

6359.099 
6503.982 
6649.250 
6794.895 
6940.910 

7087.289 
7234.025 
7381. 113 
7528.545 
7676.316 

782,1.420 
7972.852 
8121. 607 
8270.679 
8420.064 

8569. 757 
87 19.752 
8870.046 
9020.634 
9171. 512 

I 1 2 

0.000 2.770 
52. 754 59.638 

127.870 136.006 
212.907 221. 807 
:J04.513 313.964 
401. 046 410.929 

501. 527 511. 765 
605.301 615.840 
711. 901 n2.702 
820.976 832.009 
932.254 943. 494 

1045.516 1056.944 
J 160. 581 1172.181 
U7i. 302 1289.060 
1395. 550 1407.455 
1515. 219 1527. 260 

1636. 212 1648.381 
17.;8. 449 1770.138 
J881. 856 1894.258 
2006.368 2018. 878 
2131.929 21<14.540 

2258.484 2271. 193 
2:185.988 2398.789 
2514.397 2527.286 
2643.672 2656.646 
277a. 777 2786.832 

2904.680 2917.813 
:J036.348 3049.556 
3168.755 3 182.036 
3301. 874 3315.224 
3'135. 680 3449.098 

3570. 1St 3583.634 
, :1705.265 3718.811 

3841. 002 3854.610 
3977. 344 3991. 011 
4114.272 '11 27.906 

4251. 770 4265.550 
4389. 822 4'103.657 
4528.413 4542.301 
4667.529 4681. 469 
4807. 157 4821. 147 

4947. 284 4961. 323 
5087.897 5101. 984 
5228.985 5243.120 
5370.538 5384.718 
5512.544 5526.769 

5654.993 5669.262 
5797.876 5812. 188 
5941. 18.4 5955.538 
6084.908 6099.303 
6229.039 6243.475 

6373.570 6388.044 
6518.492 6533.005 
6663.797 6678.349 
6809.480 6824.068 
6955.532 6970. 157 

7101. 947 711 6.608 
7248. 718 7263.415 
7395.840 7410.572 
7543.307 7558.072 
7691. 111 7705.910 

7839.248 7854.080 
7987.713 8002. 577 
8136.500 8151. 396 
8285.604 8300.531 
8435.020 8449.978 

8584.743 8599.732 
8734.768 8749. 787 
8885.09'2 8900.140 
9035.709 9050.787 
9J86.616 9201. 722 

7 . Appendix 

Table of 2n In n for values of n from 1 to 10,000 

I 
3 4 

I 5 I 6 

6.592 11. 090 16.094 21. 501 
66.689 73.894 81. 242 88.723 

144.233 152.547 160.944 169.421 
230.770 239.793 248.874 258.013 
323.463 333.009 342.600 352.235 
420.851 430.810 440.807 450.8:J9 

.122. 035 532.337 542.670 553.034 
626.407 637.002 647.623 6.58. 271 
733.528 744.377 755.251 766.148 
843.064 854.139 865.237 876.355 
954. 754 966.033 977. 332 988.649 

1068.390 1079.853 1091. 334 1102.833 
1183.797 1195.430 1207.078 1218.743 
1300.833 1312.621 1324.424 1336.242 
1419.374 1431. 306 1443.253 1455.213 
1539.314 1551. 381 1563.462 1575. 555 

1660. 563 1672. 756 1684.962 1697. 18.0 
1783. 039 1795.351 1807.675 1820. 010 
1906.672 1919.096 193 1. 5:J2 1943.978 
2031. 398 2043.929 20.16. 470 2069. 021 
2157.162 2169.793 2182.434 2195. 085 

2283.910 2296.638 2309.37<1 2322. 120 
2411. 599 2424. 417 2437.245 2450.082 
2540. 184 2553.090 2566.005 2578.929 
2669.628 2682.618 2695.617 2708.623 
2799.895 2812.966 2826.044 2839. 131 

2930.953 2944.101 2957.257 2970.420 
3062.772 3075.991 3089. 224 3102.461 
3195.323 3208.617 3221. 919 3235.227 
3328.581 3341. 945 3355.3J5 3368.693 
3462.522 3;j75.953 3489.390 3502.834 

3.197. ] 23 3610.619 3624.121 3637.629 
3732.363 :17,15.922 3759. 486 3773.057 
2868.223 3881. 842 3895.467 3909.099 
4004.683 4018.361 4032.046 4045. 736 
'1141. 726 4155.462 4169.20<1 4182.951 

4279.336 429;1.128 4306.925 4320.728 
'H17.498 4431. 343 4445.195 4459. 051 
4556. 195 4570.093 4583.997 4597.906 
4695.414 4709.365 4723. :J20 4737.280 
4835.143 4 49.143 4863.149 4877. 159 

4975.368 4989.417 5003. 471 5017.530 
5116.077 5130.174 5144.276 5158.382 
5257.259 5271. 403 5285.551 5209.704 
5398.903 5413.092 5<127.286 5441. 485 
5540. 998 55.55.232 5569. 471 5583. 713 

5683.535 5697.813 5712.095 5726.381 
5826.50'1 5840.825 5855. 149 5869.478 
5969.896 5984.258 5998.624 6012.995 
6113.702 6128.105 6142.512 6156.9'23 
6257.914 6272.357 6286.80« 6301. 255 

6402.523 6417.006 643 t. 492 6445.982 
6547.522 6562.043 6576.568 6591. 097 
6692. 904 6707.463 6722. 025 6736.592 
6838.661 6853.257 6867.857 6882.460 
6984.7&; 6999.418 7014. 055 7028.694 

7131. 273 7145.941 7160.613 7175.289 
7278.115 7292.819 7307.526 7322.236 
7425.306 7440.044 7454.786 7469.531 
7572. 841 7587.613 7602.388 7617.167 
7720. 712 7735.518 7750.326 7765.139 

7868.915 78.83.754 7898.595 7913.440 
8.017.445 8032.316 804 7. 190 8.062.067 
8166.296 8181.198 8196. 104 8211.013 
8315.462 8330. 396 8345.333 8360.273 
8464.940 8479.904 8494.872 8509.843 

8614.724 8629. 719 8644.717 8659.718 
8764.809 8779.8.34 8794.862 8809.893 
8915. 192 8930.246 8945.304 8960. 364 
9065.868 9080. 951 9096.037 9111. 127 
9216.8.32 9231. 944 9247.059 9262.177 
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7 
I 

8 

27.243 33.271 
96.329 104.053 

177.975 186.603 
267.208 276.457 
361. 914 371. 635 
460.908 471. 011 

563.429 573.853 
668.946 679.647 
777. 068 788.011 
887.494 898.654 
999.985 1011.340 

1114.349 1125.882 
1230.424 1242. 120 
1348.075 1359.922 
1467.187 1479.175 
1587.661 1599. 780 

1709.410 1721. 652 
1832.357 1844.715 
1956.435 1968.902 
2081. 582 2094. 154 
2207.746 2220.416 

2334.875 2347.640 
2462. 927 2475.782 
259 1. 861 2604.801 
2721. 638 2734.661 
2852. 225 2865.327 

2983.591 2996.769 
3115.706 3 128.957 
3248.543 :J261. 865 
3382.077 339.1.4(i8 
3516.285 3529.741 

365 1. 144 3664 . 665 
3786.63« 3800.217 
39'22.736 3936.379 
4059.43 1 4013.133 
4196.703 421O.4G2 

4334.536 4348.349 
4472.910 4486.780 
4611.821 4625.740 
4751. 245 47G5.2 IG 
4891. 174 4905.194 

5031. 594 5045.662 
51n 494 5186.609 
5313.862 5328.024 
5455.687 5469. 95 
5597.961 5612.212 

5740.672 5754.966 
58.83.811 5898. 148 
6027.369 6041. 748 
6171. 338 6185.758 
6315. 7JO 6330.1G9 

6460.476 6474.974 
6605.629 6620.166 
6751. 162 6765.736 
6897.067 6911. 678 
7043.338 7057.985 

7189. 967 7204. 650 
7336.950 7351. 667 
7484.279 7490.031 
7631. 949 7646.735 
7779.954 7794.773 

7928.288 7943.140 
8.076. 947 8091. 830 
8225.925 8240.840 
8375.216 8390.162 
8524.817 8539.794 

8674.722 8689.729 
8824.927 8839.964 
8975.427 8990.493 
9126.219 9141. 314 
9277.297 9292.421 

9 

39.550 
111.889 
195.303 
285.758 
381. 398 
481. 149 

584.307 
690.373 
79 .977 
909.834 

1022.714 

1137.4:J l 
1253.832 
1371. 784 
1491. 176 
1611. 912 

1733.906 
1857.084 
1981. 380 
2106.135 
2233. 096 

2360. 413 
2'188.645 
26 17.750 
2747.69'2 
2878.437 

3009.955 
. 3142.2 16 

3275. 195 
3408.865 
3543.205 

3678. 192 
3813.806 
3950.028 
4086.840 
4224.225 

4362.168 
'1500.652 
4639. G6.5 
4n9.191 
'19 19.2J9 

5059.736 
5200.730 
5342.190 
5484.107 
5626.468 

5769.265 
5912.489 
6056.131 
6200.181 
6344.632 

6489.476 
6634.700 
6780.313 
6926.292 
7072.635 

7219.336 
7366. 388 
7513.786 
7661. 523 
78.09.595 

7957.994 
8106.717 
8255.758 
8405. 112 
8554.774 

8704. 739 
8855. 003 
9005.562 
9156.412 
9307.547 
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Tabl e oj 2n In n j01' valu~s oj n from 1 to 10,OOO- Continued 

0 1 2 3 4 5 
I 

6 7 
I 

8 
I 9 

71 9322.676 9337.808 9352.943 9368.081 9383.221 9398.364 9413.510 9428.659 9443.810 9458.965 71 72 9474. 122 9489.282 9504.444 9519.610 9534.778 9549.949 9565.123 9580.299 9595.478 9610.660 72 73 9625. 845 9641. 032 9656. 223 9671. 416 9686.611 9701. 810 9717.0ll 9732.215 9747.421 9762.630 73 74 9777. 842 9793.057 9808.274 9823.494 9838.717 9853.942 9869.171 9884.401 9899.635 9914.871 74 75 9930.110 9945.351 9960.595 9975.842 9991. 092 10006.344 10021. 599 10036.856 10052.116 10067.379 75 
76 10082. 644 10097.912 10113. 183 10128.456 10143.732 10159.010 10174. 291 10189.575 10204.861 10220. 1.\0 76 77 10235.441 10250.735 10266.032 10281. 331 10296.633 103ll .938 10327.245 10342. 554 10357.866 10373. 181 77 78 10388.499 10403. 818 10419.141 10434.466 10449.793 10465.123 10480.456 10495.791 10511 . 129 10526.469 78 79 10541. 812 10557.157 10572.505 10587.856 10603.209 10618. 564 10633.922 10649.282 10664.645 10680.0ll 79 80 10695.379 10710.749 10726.122 10741. 498 10756.876 10772.256 10787.639 10803.024 10818.412 10833.803 80 
81 10819. 195 10864.591 10879.989 10895.389 10910.791 10926.197 10941. 004 10957.014 10972. 427 10987.842 81 82 11003.259 11018.679 11034.101 11049.526 llOM.953 11080. :~83 11095.815 1ll11. 249 lll2ti.686 lll42.125 82 83 lI157. 567 11173.011 11188.457 11203.906 11219.357 11234.811 11250.267 11265.725 11281.186 11296.650 83 84 11 312. 115 11327.583 113·13.054 11358.526 11274.001 11389.479 11404.959 11420.441 11435.926 11451. 412 84 85 11466.902 11482. 3~2 11497.887 11513.384 11528.882 11544.384 11559.887 11575.393 11590.901 11606.411 85 
86 11621. 924 11637.439 11652.956 11668. 476 11683. 998 11699.522 11715.049 11730. 578 11746.109 11761. 6'12 86 87 11777.178 11792.716 11808. 257 11823.799 11839.344 11854.892 11870.141 11885.993 11901. 547 11917.104 87 88 11932.663 11948.224 11963.787 11979. 352 11994.920 12010.490 12026.062 12041. 637 12057.214 12072.793 88 89 12088. 374 12103.958 12119.544 12135.132 12150.722 12166.314 12181. 909 12197.506 12213.105 12228.707 89 go 12244.211 12259.916 12275.525 12291. 135 12306.747 12322.362 12337.979 12353.598 12369.220 12384.843 90 
91 124oo.469 12416.097 12431. 727 12447.360 12462.994 12478.631 12494.270 12509. gil 12.525.554 12541. 200 91 92 12556.848 12572.497 12.\88.149 12603.804 12619.460 12635.118 12650.779 12666.442 12682.107 12697. 774 92 93 12713.443 12729.115 12744.788 12760.464 12776.142 12791. 822 12807.504 12823.188 12838.875 12854.563 93 94 12870. 254 12885.947 12901. 642 12917.339 12933.038 12948. 740 12964.443 12980. 148 12995. 856 13011. 566 91 95 13027.278 13042.992 13058.708 130H. 426 13090.146 13105. 869 13121. 593 13137.320 l~lIi3. 048 13168.779 95 
96 13184.512 13200.247 13215.984 13231. 723 1~247. 464 13263.207 13273.953 13294. 700 13310.449 13326.201 96 97 13341. 9.14 13357. 710 13373.468 13389.227 13404.989 13120.7.13 13436.5 19 13452.287 13468.057 13483.829 97 98 13499.603 13515.379 13531. 157 13546.938 13562.720 13578.504 12594. 290 13610.079 13625.869 13641. 661 98 99 13657.456 13673.252 13689.051 13704. 851 13720.654 13~36. 458 13752.265 13768.073 13783.884 13799.696 99 100 13815.511 13831. 327 13847.146 13862. 966 13878.789 13894.613 13910.440 139'26.268 13942.098 13957.931 100 

101 13973.765 13989. 602 14005.440 14021. 280 14037.123 14052.967 14068.813 14081.662 14100. 512 14116.364 101 102 14132.218 14148. 074 14163.932 14J 79.792 14195.654 14211. 518 14227.384 14243.252 1425g. 122 14274.903 102 103 14290.867 14306.743 14322.620 14338.500 14354. 381 14370.264 14386.150 14402.037 14417.926 14433.817 103 104 14449.710 144ti5.605 14481. 502 14497.40J. 14513.301 14529.204 14545.108 14561. 015 14576.923 14592.833 104 105 14608.745 14624.609 14640.575 14656.493 14672. 413 14688.335 14704.258 14720.184 14736.1 11 14752. 040 105 
1Of, 14767.97 1 14783.904 14799.839 14815.776 14831. 715 14847.655 14863.597 14879.542 14895. 488 14911. 436 106 107 14927.386 14943.338 14959.291 14975.247 14991. 304 15007. 163 15023. 124 15039.087 15055.052 15071.019 107 108 15086.9S7 15102.9.58 15118.930 15134.904 15l50.880 15166.858 15182.837 15198.819 1.;214.802 15230.787 108 109 15246.774 15262.763 15278.753 15294.746 Hmo. 740 15326. 736 15342.734 1.1358.734 15374.735 Vi.390.739 109 110 15406.744 15422.751 15438.760 15454. ?il 15470. 783 15486.797 15502.813 15518.831 15.534.851 15550.873 110 

I 
~ 

111 15566.896 15582.921 155g8.948 15614.977 1563 1. 007 15647.040 15663.074 15679.110 15695.147 15711.187 111 112 15727.228 15743.271 157.19. 316 1.\ 771i. 36a 15791. 411 15807. 461 15823.513 1.18<9. 567 15805.622 15871. 680 112 113 15887.739 15903.800 15919.862 1593.0.927 15951. 993 15968.061 15984.1.30 16000.202 16016.275 16032.350 11.3 114 16048.426 16064.505 16080.585 16096.667 16112.751 16128.836 1r,144.923 Hil61. 012 161.77. 103 16193. 195 114 115 16209.290 16225.386 16241. 483 16257. 583 16273.684 16289.786 16305.891 16321. 997 16338. 105 16354.215 115 
116 16370.327 16386.440 16402.555 16418.671 16434.790 16450.910 16467.032 16483.155 16499. 281 16515.407 116 117 16531. 536 16547.666 16563. 799 16579.932 16596. 068 16612.205 16628.344 16644.485 16660.627 16676.771 117 118 16692.917 1670~. 064 16725.213 16741. 364 16757.516 16773. 670 16789.826 J6805.984 16822.143 16838. a04 118 119 16854. '166 16870. 631 16886.797 16902.964 16919. 134 16935.304 16951. 477 )(\967, 651 16983.827 17000.005 119 120 17016.184 17032.365 17048.548 17064.732 17080.918 17097. 106 17113.295 17129.486 17145.679 17161. 873 120 
121 17178.069 17194.267 17210.466 17226.667 17242, 869 172.09.073 1727.0.279 17291. 487 17307.696 17323. 907 121 122 17340. 119 173W.333 17372.549 17388.766 17404. 985 17421. 205 17437.428 17453.6.02 17469.877 17486.104 122 123 17502.333 17518.563 17.\34.795 17551. 029 17567.264 17583.501 17599.739 17615.979 17632. 221 17648.464 12.3 124 17664.709 17680.956 17697.204 17713.454 17729. 705 17745.958 17762.213 17778.469 17794.727 17810.986 124 125 17827.247 17843.510 17859.774 17876.040 17892.307 17908. 576 17924.847 17941. 119 17957.393 17973.668 125 
126 17989.945 18006.223 18022.503 18038.785 18055.068 18071.353 18087.640 18103.928 18120.217 18136.509 126 127 18152.801 18169.096 18185.392 18201. 689 18217.988 18234.289 18250.591 18266.895 18283. 200 18299. 507 127 128 18315.8 15 18332. 125 18348.437 18264.750 18381. 065 18397.381 18413.699 18430. 018 18446.339 18462.662 128 129 18178. P86 18495.311 18511.638 18527. 967 18544.297 18560.629 18576.962 18593.297 18609.633 18625.971 129 130 18642.311 18658.652 18674.994 18691. 338 18707.684 18724.031 18740.380 18756.730 18773.082 18789.435 130 
131 18805.790 18822.146 1R838.504 18854.863 18871. 224 18887.587 18903.951 18920.316 18936.683 18953. 052 131 132 18969.422 18985.793 19002. 166 19018.541 19034.917 19051. 395 19067.674 19084.054 19100.436 19116.820 132 133 19133.205 19149.592 19165.980 191 82.369 19198.761 19215. 153 19231. 547 19247.943 19264.340 19280.739 13.3 134 19297.139 19213.540 19.329.943 19346.348 19362.754 19379. 162 19395. 571 19411. 981 19428.393 19444.807 134 135 19{61. 222 19477. 638 19494.056 19510.475 19526.896 19543.319 19559.743 19576.168 19592.595 19609.023 1.35 
136 19625.453 19641. 884 19658.317 19674.751 19691.186 19707.623 19724. 062 19740. 502 19756.944 19773.386 136 137 19789. 831 19806.277 19822.724 19839. 173 19855.62.3 19372.075 19888.528 19904.983 19921. 439 19937.896 137 138 19954. 355 19970.815 19987.277 20003.741 20020. 205 20036.672 200.\3.139 20069.008 20086.079 20102.551 138 139 20119.024 20135.499 20151. 975 20168. 453 20184.932 20201. 413 20217. 895 20234. 378 20250.86.3 20267.349 139 140 202&~. 837 20.300. 326 20316.817 20333. 309 20349. 802 20366.297 20382.793 20399 291 20415.790 20432.291 140 

230 



Table of 2n In n for values of n {Tom t to to,OOO- Continued 

0 1 2 3 4 5 6 7 8 9 

- -----
141 20448.793 20465.296 20481.801 20498.307 20514.815 20531. 324 20547.834 20564.346 20580.860 20597.374 141 
142 206 13.891 20630. 408 20646.927 20663.447 20679.969 20696.492 20713.017 20729.543 20746.070 20762.599 142 
143 20779. 129 20795.66 1 20812.194 20828.728 20845.264 20861. 801 20878.339 20894.879 20911. 421 20927.963 143 
144 20944.507 20961. 053 20977. 600 20994. 148 21010.698 21027.249 21043.801 21060.355 21076.910 21093. 467 144 
145 21110.025 21126.584 21143. 145 21159.707 211 76.270 21192.835 21209. 401 21225. 969 21242.538 21259.108 145 

146 21275.680 21292.253 21308.827 21325.403 21341. 980 21358.559 21375. 139 21391. 720 2 1408. 303 21424.887 146 
147 2144 1. 472 21458. 059 21474. 647 21491. 236 21507. 827 21524.419 21541. 013 21557.607 2 1574.204 21 590.801 147 
148 21607. 400 21624.000 21640.602 21657.205 21673.809 21690. 415 21707. 022 21723.630 21740.240 21756.851 148 
149 21773.464 21790.077 21806.692 21823.309 21839.927 21856.546 21873.166 21889.788 21906.411 21923.035 149 
150 21939.661 21956.288 21972.917 21989.546 22006. 178 22022. 810 22039. 444 22056.079 22072. 715 22089.353 150 

151 22105.992 22122.632 22139.274 22155.917 22172.562 22189. 207 22205.854 22222.503 22239. 152 22255.803 151 
152 22272.455 22289.109 22305. 764 22322.420 22339.078 22355.737 22372.397 22389.058 22405. 721 22422.385 152 
153 22439.050 22455. 717 22472.385 22489.054 22505.725 22522. 397 22539.070 22555.745 22572.421 22589.098 153 
154 22605.776 22622.456 22639. 137 22655.819 22672.503 22689. 188 22705.874 22722.561 22739.250 22755.940 154 
155 22772.632 22789.324 22806.018 22822.714 22839. 410 22856.108 22872.807 22889.507 22906.209 22922.912 155 

156 22939. 616 22956.322 22973.029 22989. 737 23006.446 23023. 157 23039. 869 23056.582 23073.296 23090.012 156 
157 23106.729 23 123.447 23140. 167 23156.888 23173.610 23190.333 23207.058 23223.784 23240.511 23257.239 157 
158 23273.969 23290.700 23307. 432 23324. J66 23340.90 1 23357. 637 23374.374 23391. 113 23407.853 23424.594 158 
159 2344 1. 336 234.08.080 23474.824 23491.571 23508.3 18 23525.067 23541. 8 16 23558.568 23575.320 23592.074 159 
160 23608.829 23625.585 23642.342 23659.101 23675.861 23692.622 23709.384 23726. 148 23742.913 23759.679 160 

161 23776. 44 6 23793.2 15 23809. 984 23826.756 23843. 528 23860.301 23877. 076 23893.852 23910.630 23927.408 161 
162 23944. 188 23960.969 23977. 751 23994.534 24011. 319 24028. 105 24044.892 24061. 681 24078. 470 24095.261 162 
163 2411 2.053 24 128.846 24 145.641 24162.437 24179.234 24196.032 2<1212. 831 24229.632 24246. 434 24263.237 163 
164 24280.04 1 24296.846 243 13.653 24330. 461 24347.270 24364 . C81 24380.892 24397.705 24414. 519 24431. 334 164 
165 24448. 151 2<1464.969 24481. 787 24498.607 245 15. 429 24532.251 245<19.075 24565.900 24582.726 24599.553 165 

166 24616.382 24633.212 24650.043 24666.875 24683.708 24700.543 24717. 379 24734.215 24751. 054 24767.893 166 
167 24784.734 24801. 575 24818. 418 24835.262 24852. 108 24868.954 24885.802 24902. 651 24919. 50 1 24936.352 167 
168 24953.205 24970.059 24986.9 13 25003.770 25020.627 25037. 485 25054.345 25071. 206 25088. 068 25J04.931 168 
169 25 121. 795 25 138.66 1 25 155. 528 25 172. 395 25189.265 25206. 135 25223.006 25239.879 25256.753 25273.628 169 
170 25290.504 25307.38 1 25324.260 2534 1.140 25358.020 25374.903 25391. 786 25408.670 25425.556 25442.442 170 

171 25459.330 25476.219 25493. 11 0 255 10.001 25526.894 25543.787 25560.682 25577. 578 25594.476 25611. 374 171 
li2 25628.274 25645.174 25662. 076 25678.979 25695.884 257 12.789 25729.696 25746.603 25763.5 12 25780.422 172 
173 25797.333 25814.246 2583 1. 159 25848.074 25864.990 25881. 907 25898. 825 25915.744 25932.664 25949.586 173 
1i4 25966.509 25983. 432 26000.357 260 17.284 26034.211 26051.139 26068.069 26085.000 26 101. 932 26118. 865 174 
175 26135.799 26152.734 26 169.670 26186.608 26203.547 26220.487 26237.428 26254.370 26271. 3J3 26288. 258 li5 

176 26305.203 26322. 150 26339.098 26356.047 26372.997 26389.948 26406.900 26423.854 26440.809 26457.764 176 
177 26474. 72 1 26491. 679 26508.638 26525.599 26542.560 26559.523 26576.486 26593.45 1 266 10.4 17 26627.384 177 
178 26644.352 26661. 322 26678.292 26695.264 26712.236 26729.2 10 26746. 185 26763. 161 26780. J38 26797. 116 178 
179 268 14 . 096 26831. 076 26848.058 26865.041 26882.025 26899.009 269 15. 996 26932.983 26949.971 26966.960 179 
180 26983.951 27000.943 27017.935 27034.929 2705 1. 924 27068.920 27085.917 27102.916 27119.915 27136.916 180 

181 27153.917 27170.920 27187.924 27204. 929 27221. 935 272.38.942 27255.950 27272.959 272S9.970 27306.981 181 
182 27323.994 273<1 1. 008 27358.023 27375.039 27392.056 27409.07<J 27426.093 27443. Jl3 27460. 135 27477. 157 182 
183 27494. J 1 2751 1. 205 27528.231 27545.258 27562.286 27579.3 15 27596.345 276 J3.376 27630.409 27647.442 183 
184 27664.477 2768 1. 512 27698. 549 27715.587 27732.626 27749.665 27766.707 27783.749 27800.792 278 17.836 184 
185 27834.88 1 27851. 928 27868.975 27886. 024 27903.074 27920. 124 27937. 176 27954.229 27971. 283 27988.338 185 

186 28005.394 28022.451 28039.510 28056. 569 28073.629 28090.69 1 28107.753 28124.817 28141. 882 28158.948 186 
187 28176.014 28193.082 28210. J51 28227.22 1 28244.293 2826 1. 365 28278. <J38 28295.512 283 12.588 28329.664 187 
188 28346. 742 28363.820 28380.900 28397.981 284 15.062 28432.145 28449.229 28466.3 14 28483. 400 28500. 487 188 
189 28517.575 28534.665 28551. 755 28568.846 28585.938 28603.0:12 28620. ]26 28637.222 28654.3 18 28671. 4J6 189 
190 286 8.515 28705.615 28722.715 28739. 17 28756.920 28774.024 2879 1. J29 28808.235 28825.342 28842. 450 190 

191 28859.560 28876.670 28893. 781 289 10.893 28928.007 28945. 121 28962.237 28979. 353 28996.471 29013.589 191 
192 29030.709 29047.830 29064. 95 1 29082.074 29099. 198 29116.323 29133.449 29150.576 29167.704 29184.833 192 
193 29201. 963 292 19.094 29266.226 29253.359 29270. 493 29287.628 29304. 765 2932 1. 902 29339.040 29356.179 J93 
194 29373.320 29390.461 29407.604 29424. 747 29441. 892 29459.037 29476. J84 29493. 33 1 295JO.480 29527.629 194 
195 2954<1. 780 29561. 932 29579.085 29596.238 29613.393 29630.549 29647.706 29664.863 29682.022 29699. J82 195 

196 29716. 343 29733. 505 29750.668 29767.832 29784.997 29802.163 29819.330 29836.498 29853.667 29870.837 196 
197 29888. 008 29905. 180 29922.353 29939.527 29956.702 29973.879 2999 1. 056 30008.234 30025.4 13 30042.593 197 
198 30059.774 30076.957 30094. 140 30 111.324 30128. 509 30J45.696 30162.883 30180.071 30197.260 30214.451 198 
199 30231. 642 30248.834 30266.027 30283.222 30300.417 30317.613 30334.811 30352.009 30369.208 30386.409 199 
200 30403.6 10 30420.812 30<138. 015 30455.220 30472.425 30489.631 30506.839 30524.047 30541. 256 30558.467 200 

201 30575.678 30592.890 30610.103 30627.3 18 3C644.533 30661.749 30678.966 30696. 185 30713. 404 30730.624 201 
202 30747.845 30765.067 30782.291 30799. 515 30816.740 30833.966 30851.193 30868.421 30885.651 30902.881 202 
203 30920. 112 30937. 344 30954.577 30971. 811 30989. 046 31006.282 31023.519 31040. 757 31057. 996 31075. 236 203 
204 31092.477 31109. 719 3 1126.962 3 1144.205 31161. 450 311 78.696 31195.943 31213. 191 31230.439 31247.689 204 
205 31264.940 31282. 191 31299.444 31316. 698 31333.952 31351. 208 31368.464 31385. 722 3J402.980 31420.240 205 

206 3 1437.500 31454.762 31472.024 31489.288 31506.552 31523.817 31541. 083 31558.351 31575.619 31592.888 206 
207 31610. 158 31627. 429 31644. 701 31661.974 31679.248 31696.523 31713.799 31731. 076 31748. 354 31765.633 207 
208 31782.912 31800. 193 31817.475 31834.757 31852.041 31869.326 31886.611 31903.898 31921. 185 3J938.473 208 
209 31955.763 31973.053 31990.344 32007.637 32024.930 32042.224 32059. 519 32076.815 32094. 112 32111. 410 209 
210 :12128.709 32146.009 32163.310 32180.611 32197.914 32215.281 32232.522 32249.828 32267.135 32284. 442 210 

231 



r----- ----

Table of 2n 1n n for values of n (Tom 1 to 1O,OOO- Conti nued 

0 1 2 3 4 5 6 i 

21l 32301. i50 32319.060 32336.3iG 32353.681 323iO.994 32388.30i 32405.621 32422.936 
212 324i4.88i 32492.205 32509.525 32526.846 32544. 167 32561.490 32578.8 14 32596. 138 
213 32648. IIi 32665.445 32682. ii4 32iOO. 105 32717.436 32i34. 768 32752.101 32769.434 
214 32821.442 32838. i79 32856. 118 32873.457 32890. 797 32908.139 32925.481 32942.824 
21.., 32994.859 33012.206 33029.554 33046.903 33064.253 33081. 603 33098. 955 33116.307 

216 :l3168.370 33185.726 33203.084 33220.442 33237.801 33255. 161 33272.52 1 33289.883 
217 3334 1. 974 33359.339 33376.706 33394.073 33411. 441 33428.810 33446. lEO 33463.551 
218 335 15.669 33533.044 33550.420 33567.796 33585. 173 33602.552 33619.931 33637.311 
219 33689.457 33706.841 33724.225 33i41. 611 33758.997 33776.385 33793.773 33811. 162 
220 33863.336 33880. i28 33898. 122 33915.517 33932.913 33950.309 3396i. iG6 33985.105 

221 34037.305 34054.707 34072. 110 34089.514 34106.918 34124.324 34141. i30 34159. 138 
222 342 11 .365 34228. li6 34246. 188 34263.601 34281. 015 34298.429 34315.845 34333.261 
223 34385.516 34402.936 34420.356 34437.778 34455.201 34472.624 34490.049 34507.474 
224 34559.756 34577. 184 34594.614 34612.045 34629.4ii 34646.909 34664.342 3468 1. iii 
225 34i34.085 34i51. 523 34i68. 96 t 34i86.401 34803.841 34821. 283 34838. 725 34856. 168 

226 34908.503 34925.949 34943.397 34960.846 349i8.295 34995. 745 35013. 196 35030.648 
227 35083.009 35 100.465 35117.921 35135.3i9 35152.837 35liO.296 3518i. 756 35205.216 
228 3525i.604 35275.068 35292. 534 353 10.000 3532i.467 35344.934 35362.403 353i9.873 
229 35432.286 35449. i60 35467.233 35484. i08 35502.184 35519.660 35537.138 35554.616 
230 35607.056 35624.538 35642.021 35659.504 35676.989 35694.474 35711. 960 35729.44i 

231 35781.nJ 3 35i99.403 35816.895 35834. 38i 35851. 880 35869.3i4 35886.869 35904.364 
232 35956.856 359i4.355 35991. 855 36009.356 36026.858 36044.360 36061.864 36079.368 
233 36131. 886 36149.393 36166.902 36184.411 36201. 922 36219.433 36236.945 36254.457 
234 36307.00 1 36324.517 36342.034 36359.552 36377. 071 36394.591 364 J2. III 36429.633 
235 36482.202 3M99.727 36517.252 36534. 779 36552.306 36569.834 36587.363 36604.893 

236 3665i.488 366i5.02 1 36692.5M 36i10.090 3672i.626 36745. 162 36762. iOO 36780 238 
237 36832.858 36850.400 36867.943 36885.486 36903.030 36920.5i5 36938.121 36955.668 
238 37008.313 37025.864 37043.4 15 37060.966 37078.5J9 37096.072 37Jl3.62i 37131.1 82 
239 3718:l.853 3720 1. 41l 372 18.9iO 3i236.531 37254.092 37271. 653 37289.216 37306. i80 
240 37359.4i5 373i? 042 3i394.610 37412.178 37429.748 3i447.3J8 37464.889 37482.461 

241 37535. 181 37552. i5i 37570.333 3i587.909 3i605.487 3i623.066 3i640.645 3i658.225 
242 37710. 9iO 3i728.554 37i46. 138 37763. 723 37781. 309 37798.896 37816.484 3i834. 072 
243 37886.842 37904.434 3i922.026 3i939.620 3i957.214 379i4.809 3i992.405 38010. 001 
244 38062. i96 38080.396 3809i.997 3811 5.598 38133.201 38 150.804 38168.408 38186. 013 
245 38238. 832 38256.440 382i4.049 38291. 6.09 38309.269 38326.881 38344.493 38362.106 

246 384 14.950 38432.566 38450.183 3846i.801 38485. '120 38503.039 38520.659 38538.281 
247 38591. 149 38608. 773 38626.398 38644.024 38661. 651 38679.279 38696.907 38i14.536 
248 38i67.429 38i85.061 38802.694 :38820.328 38837. 963 38855.599 388i3.235 38890.873 
249 38943. i89 38961. 430 38979. Oil 38996. 713 39014.356 39032.000 39049. 644 39067 289 
250 39120.230 39m.8i9 39155.528 39li3. li8 39190.829 39208.480 39226. 133 39243. 786 

251 39296. i 51 393 14.407 39332.065 39349.723 39367.382 39385.041 39402. i02 39420.363 
252 394i3.35t 3949 1. 016 39508.68t 39526.347 39544.0 14 39561. 682 395i9.350 39597.019 
253 39650.031 39667. 704 39685.3ii 39703.051 39720. 725 39738.40 1 39i56.077 39i73.754 
254 39826. i90 39844.47 1 39862. 152 39879.833 3989i.516 39915. 199 39932.884 39950.568 
255 40003.628 40021. 3J6 40039.005 40056.695 40074. 385 40092.0i6 40109. i68 4012i.461 

256 40180.544 40198.240 40215.93i 40233.634 40251. 333 40269.032 40286. i31 40304.432 
257 4035i.538 40375.242 40392.947 40410.652 40428.358 40446.065 40463.772 40481. 481 
258 40534.61l 40552.322 405iO.034 4058i.747 40605.46 1 40623. 176 40640.891 40658.607 
259 40il1. 760 40729.479 40i47. 199 40764.920 40782.642 40800.364 40818.087 40835.811 
260 40888.987 40906.714 40924.442 40942. liO 40959.899 409i? 629 40995.360 41013.092 

261 41066.291 41084.02,\ 41101. i61 41119.497 4Jl3i.234 4 11 54.9il 411 72.710 41190.449 
262 41243.67 1 4J261. 413 41279. 156 41296.900 413 14.645 41332.390 41350.136 41367.883 
263 41421. 128 41438.8i8 41456.628 41474.380 41492. 132 41509.885 41527.638 . 41545.393 
264 41598.661 41616.418 41634. 1i6 41651. 935 41669.695 41687.455 Hi05.217 41722. 979 
265 41776 269 4li94.034 41811. 800 41829.566 41847.334 41865. 102 41882.870 41900.640 

266 41953.953 41971. 726 41989.499 42007.273 42025.048 42042 823 42060.600 42078.3n 
267 42131. il2 42149.492 42167.273 42 185.055 42202.83i 42220. 620 42238.404 42256. 188 
268 42309. 546 42327.334 42345. 122 42362.9Jl 42380. iOI 42398. 49 1 42416.283 42434.075 
269 4248i.455 4250.5.250 42523.046 42540.842 42558.639 425i6.437 42594.236 42612.035 
2iO 42665.438 42683.240 42i01. 044 42il8.847 42736.652 42i54.457 42i72.263 42790.070 

271 42843.495 42861. 305 428i 9. 115 42896.927 42914.739 42932.551 42950.365 42968. 1i9 
272 43021. 626 43039.443 4305i.261 430i5.08O 43092.899 43 U O. 719 43128.540 43146.362 
273 43199.83 1 43217.655 43235.480 43253.306 43271. 133 43288.960 43306. i 88 43324.61i 
274 43378. 108 43395.940 43413.773 43431. 606 43449. 440 4346i.27,\ 43485. 110 43502.946 
275 43556.459 43574.298 43592. 138 43609.9i8 43627.820 43645.662 43663.504 43681. 348 

2i6 43734.882 43i52.729 43iiO.5i6 43i88.424 43806.272 43824. 121 43841. 971 43859.822 
277 439 13.3i8 43931. 232 43949.086 43966.941 43984.797 44002.653 44020.511 44038.368 
278 4409 1. 946 44109.80i 44127.669 44145.531 44163.394 4418 1. 258 44199. 122 44216.98i 
279 44270. 587 44288.454 44306.323 44324. 193 44342.063 44359.933 44377. 805 44395.677 
280 44449.298 44467. 173 4448.,.049 44502.926 44520.803 44538. 68 1 44556.560 44574.439 
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32440.252 32457.569 
32613.463 32630.790 
32i86. 769 32804.105 
32960.168 329i? 513 
3313:!.661 33151. 015 

33307.246 33324.609 
33480 923 33498.296 
33654.692 33672.074 
33828.553 33845.944 
34002. t04 34019. 904 

341i6.546 34193.955 
343W.678 34368.097 
34524.900 34542.327 
34699.212 34716.648 
348i3.612 34891.05i 

3£048. 101 35065.555 
35222.6i8 35240. 141 
3539i.343 35414.814 
35572.095 35589.575 
35746.935 35764.423 

35921. 861 35939.358 
36096.8i3 36114.379 
36271. 971 36289.486 
36447. 155 36464.678 
36622.424 36639.955 

36797.778 36815.318 
36973.216 36990. i64 
37148. i38 37166.295 
37324.344 3734 1. 909 
37500.033 3i517.607 

3i6i5.806 37693.388 
37851. 661 37869 251 
38027.599 38045.19i 
38203.618 3822 1. 225 
38379. 720 38397.334 

38555.902 38573 .. \25 
38732. 166 38i49. i97 
38908.511 38926. 149 
39084.935 39102. 582 
39261. 440 39279.095 

39438.025 39455.688 
39614.689 39632.360 
39i91. 432 39809.1 11 
39968.254 39985.941 
40 145.155 40162.849 

40322.133 40339.836 
40499. 190 40516.900 
40676.324 40694. 042 
40853. 535 40871. 261 
4L030.824 41048.557 

41208. 189 41225.930 
41385. 630 41403.379 
41563.148 41580.904 
41740.741 41758.505 
41918.410 41936. 181 

42096. 154 42113.933 
422i3.9i3 42291. i60 
42451. 867 42469.661 
42629.836 42647. 636 
42807. 878 42825.686 

42985.994 43003.810 
43164. 184 43182.007 
43342.447 43360.277 
43520.783 43538.621 
43699. 192 43717.037 

438ii. 673 43895.526 
44056.227 440i4.086 
44234.853 44252.719 
444 13.550 44431.424 
44592.319 446 10.200 

211 
212 
213 
214 
215 

216 
217 
218 
219 
220 

22 1 
222 
232 
224 
225 

226 
227 
228 
229 
230 

231 
232 
233 
234 
235 

236 
237 
238 
293 
240 

241 
242 
243 
244 
245 

246 
247 
248 
249 
250 

251 
252 
253 
254 
255 

256 
257 
258 
259 
2 60 

261 
262 
263 
264 
26 

2 66 
7 26 

268 
269 
270 

27 1 
2 
3 
4 
5 

27 
27 
27 
27 

27 
27 
27 
27 
28 

6 
7 
8 
9 
o 



0 1 

281 44628.081 44645.964 
282 44806.936 44824.825 
283 44985.861 45003. 757 
284 45164.857 45182.760 
285 45343.923 45361. 834 

286 45523.060 45540.977 
287 45702.266 45720.191 
288 45881. 542 45899.474 
289 46060.888 46078.826 
290 46240. 303 46258. 248 

29] 46419. 787 46437.739 
292 46599.339 46617. 298 
293 46778. 960 46796.926 
294 46958.649 46976.6'£2 
295J 47138.407 47156. 386 

296 47318.232 47336.218 
297 47498. 124 47516. 117 
298 47678. 08'1 47696. 084 
299 47858. 111 47876. 118 
300 48038.205 48056. 218 

301 48218. 366 48236.386 
302 48398.593 48116.6 l9 
303 48578.886 48596.9 l9 
304 48759.2·16 48777.285 
305 48939.671 48957.717 

306 4912J. 162 49138.2 H 
307 4Y3 )0. 718 49318. 777 
308 49481. 339 49499.404 
309 49662. 025 49630. 097 
310 4980[2.776 4986), 85! 

311 m023.591 50041. 676 
312 50204. 471 50222.562 
313 50385. 4l5 5~403. 5 13 
314. 50566. 4'£2 5058'1. 527 
315 5074 7.494. 50765.6)4 

316 51923.629 50946. 746 
317 51109. 827 5 li27.950 
318 5 l29 1. 088 51309.2 18 
319 51472.4 12 51490.548 
320 5l653.799 51671. 941 

321 51835.248 51853.397 
322 520 16. 76a 52034.9 15 
323 52198.334 52216.494 
324 52379.969 52:398. 136 
325 52561. 667 52579.840 

326 52743.426 52761. 615 
327 52925.246 52943.431 
328 53107. 127 53 125. 319 
329 53289.070 53397. 267 
330 53471. 073 53489.277 

331 53653. 137 53671. 347 
332 53835. 261 53853.477 
333 54017.446 54035.667 
334 54199.690 54217.918 
335 54381. 995 54400 228 

336 54564. 359 54582.598 
337 54746.782 54765. 028 

l 
338 54929.265 54947.517 
339 55111. 808 M130.065 
340 55294.409 55312.672 

341 55477.069 55495.338 
342 55659.787 55678.063 
343 55842.565 5,\860.846 
344 56125. 400 56043.687 
345 56208.294 56226.586 

346 56391. 245 56409.543 
347 56574.254 56592.559 
348 56757.321 56775.631 
349 56940.446 56958.762 
350 5il23.628 57141.949 

65711 8- 62·--7 

Table of 2n In n for values of n from 1 to 10 OOO- Continued , 

2 3 4 5 6 7 

44663.847 44681. 730 44699.615 44717.500 44735.386 44753.272 
44842.715 44860. 606 44878. 497 44896.390 44914.282 44932. 176 
45021. 655 45039.552 45057.451 45075.350 45093.250 45111. 151 
45200.665 45218.569 45236. 475 45254.381 45272.288 45290. 196 
45379.745 45397. 657 45415. 570 45433. 483 45451. 397 45469.312 

45558. 896 45576.814 45594.734 45612.654 45630.575 45M8.497 
45738.116 45756.042 45773. 968 45791. 896 45809.824 45827.752 
45917.406 45935.339 45953.272 45971. 207 45989.142 46007.077 
46096.765 46114.705 46132.646 46150.587 46168.529 46186.471 
46276.194 46294.141 46312.088 46330.036 46347.985 46365.934 

46455.692 46<173.645 46491. 599 46509.554 46527. 510 46545.466 
46635.258 46653.218 46671.179 46689.141 46707.104 46725. 067 
46814.893 46832.860 46850.828 46868.796 46886.765 46904.735 
46994.595 47012.569 47030.544 47048. 519 47066.496 47084.472 
47174. 366 4il92.347 47210.329 47'£28.311 47246.294 47264.277 

47354.205 47372. 192 '17390.181 47408.170 47426.159 47444. 149 
47534.11 1 47552. 105 47570. 100 47588.096 47606.092 47624. 089 
47714.084 47732.085 '17750. 087 47768. 089 47786.093 47804.096 
47894.125 47912. 133 47930. Hl 47948. 150 47966.160 47984. 170 
48074.232 48092. 247 48110.262 48128.277 48146.294 48164.3ll 

48254.406 48272. 427 48200. 449 48308. 471 48326.494 48344.518 
48434.616 48452.674 48470. 703 48488. 732 48506.761 48524.792 
48614.953 48632.987 48651. 022 48669. 058 48687.094 48705. 131 
48795.326 48813.366 48831. 408 48849.450 48867. 493 48885.536 
48975.761 48993.811 49011.859 49029.908 49047. 957 49066.007 

49 156.263 49174 .322 49192.376 49210. 431 49'£28. 487 49246.5<14 
49336.837 49351. 897 49372.958 49391. 020 49409. 083 49427.146 
49517.471 49535.538 49553.605 49571. 674 49589.743 49607.812 
49698. l70 49716. 243 49734.318 49752. 392 49770. 468 49788.544 
49878. 934 49897,014 49915.094 49933.175 49951. 257 49969. 340 

50059.762 5~077. 848 50095.935 50U4. 023 50132. 111 50150.200 
50210.65t 50258.747 50276.841 50294. 935 503 13.029 5033 1.125 
50421. 6 11 51439. 710 50457. 810 50475.910 50494.012 50512. 113 
50612. 631 50620.737 50638.843 50656.950 50675.058 50693. 166 
50783.716 50801. 827 508 19.940 50838. 053 50856.167 50874. 281 

50964. 863 50982.981 51001.100 51019.220 51037. 340 51055.46 1 
5l14 6. 074 5U64.l98 5 li82. 324 5 l200.449 51218. 576 51236. 703 
5 1327.348 51345. 479 51a6a .610 5 138 1. 74 2 51399.875 51418. 008 
5 1508. 684 5 1526.822 51544.959 51563.098 51581. 237 51599.376 
51690.084 51708. 227 51726.371 5 l 744.516 5 l762.66 1. 51780.807 

5 1871. 5 16 51889. 695 51907.845 51925.996 5l944. 148 51962.300 
52053. 070 52~7 1. 226 52089.382 52107.539 ,\212,\. 697 52 14a.855 
5'£234. G5G 52252.8 18 52270.981 52289.144 52307. 308 52325.4i2 
52416.30-1 52434. '172 52'152.641 52470.810 52488.980 52507. 151 
52598. 014 52616. l 88 5263'1. 363 52652.539 52670.715 52688.892 

52779. 785 52797.965 52816. 146 52834. 328 52852.511 52870.693 
52961. 61.7 52979.804 52997. 99l 53016.179 53034.368 53052.557 
53143.5 U 53 161. 704 53179.897 53 198. 091 53216.286 53234.481 
53325.466 53H3.661 5336 1. 864 53380.064 53398.265 53416.466 
53507. 481 53525.686 5354:3. 891 53562.097 53580.304 53598.511 

5:j6g9.557 53707.763 53725.979 53744.192 53762.404 53780.618 
53871. 693 53889.910 53908.128 53926.346 53944. 565 53962.784 
54053. 890 54072.113 54090.336 54108.560 54126.785 54145. 011 
51236. 146 54254. a75 54272.605 54290.835 54309.066 54327.297 
54418. 463 54436.698 5<1454.933 54473.169 54491. 406 54509.613 

54600. 839 54619.080 54637.321 54655.563 54673. 806 54692.049 
54783.274 54801. 521 54819.769 54838.017 54856.265 54874.514 
54965.769 54984.022 55002.275 55020.529 55038.784 55057.039 
55148.323 55166.582 55184.841 55203.101 55221. 361 55239.6'£2 
55330.9a6 55349.201 55367.466 55385.731 554.03. 998 55422.265 

55513.608 55531. 878 55550.149 55568.421 55586.693 5.\604.966 
55696 338 55714.614 55732.891 55751.169 55769.447 55787.725 
55879.127 55897.409 5,\915.692 55933.975 55952. 259 55970.543 
56061. 974 56080.262 56098.550 5611 6.840 56135. 129 56153.419 
56244.879 56263.173 56281. 467 56299.762 56318.058 56336.354 

56427.842 56446.142 56464.442 56482.743 56501. 044 565 l9.346 
56610.863 56629.169 56647.474 56665.781 56684.088 56702.395 
56793.942 56812.253 56830.564 56848.877 56867. 189 56885.503 
56977. 078 56995.394 57013.712 57032.030 57050.348 57068.667 
57160.271 57178.593 57196.916 57215.240 57233.564 57251. 889 
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44/i1.159 44789.047 
44950.070 44967.965 
45129.052 4,)146.954 
45308.104 45326.014 
45487. '£27 45505. 143 

45666.419 45684.343 
45845.682 45863.612 
46025. 013 46042.950 
46204.414 46222.358 
46383.884 46401. 835 

46563. 423 46581. 381 
46743.030 46760.995 
46922. 706 46940.677 
47102.450 47120.428 
47282.261 47300.246 

47462.140 47480. 132 
47642.087 47660. 085 
478'£2.101 47840. 106 
48002.181 48020. 193 
48182.329 48200. 347 

48362.542 48380.567 
48542.822 48560.854 
48723. 169 48741. 207 
48903. 581 48921. 625 
49084. 058 49102.110 

49264.601 49282.659 
49445.209 49463.274 
49625.883 49643.953 
49806.620 '19824.698 
49987. '123 50005.507 

50168. 290 50186.380 
50349.22 l 50367. 3 17 
50530.216 50548.3 10 
50711. 274 50729.384 
50892.397 50910.512 

5 1073.582 51091. 70'1 
5 1254. 83 1 51272. 959 
51436. 142 5145·1. 277 
51617.517 51635. 657 
51798.95a 5 18 li. 10 1. 

5 1980. 45a 5 1098.606 
52162. 014 52 1.80. 174 
52343.637 52:36 1. 80:! 
52525.322 525 13.49·1 
52707.069 52725.247 

52888.877 52907. 061 
53070.7,16 53088. 937 
53252.677 53270.873 
53434.668 53452.870 
53616.719 53634. 928 

53798.832 ,)3817. 046 
53981. 004 53999.225 
541 63.237 54181.463 
54345.529 54363.762 
54527.881 54546. 120 

54710.293 5<1728.537 
54892.764 54911. 014 
55075.294 55093.551 
55257.884 55276. 146 
55440.5:32 55458.800 

55623.239 55641. 513 
55806.004 55824.284 
55988.828 56007. 114 
56171.710 56190.002 
56354.650 56372.947 

56537. 648 56555.951 
56720.703 56739. 012 
56903.816 56922. 131 
57086.987 57105.307 
57270.214 57288.540 

28 1 
2 

283 
4 
5 

28 

28 
28 

28 
28 
28 
28 
29 

29 

7 
8 
9 
o 

29 
1 
2 
3 
4 

29 
29 
29 

29 
29 
29 

6 
7 
8 
9 
o 

29 
30 

30 
30 
30 
30 
30 

30 

2 
3 
-I 
5 

Q 
30, 
30 
30 
31 

~1 
31 

8 
9 
o 
1 
2 
3 
4 

31" 
31 
31 

3 1 
3 l 7 

8 
9 

20 

31 
31. 
3 

32 
3" 
32 
32 

?2 
3 
4 

32 

32 
a2, 
a2 8 

9 
o 

32 
33 

331 
33 
33 
a3 
33 

33 
337 
33 
33 

8 
9 

340 

341 
342 
343 
344 
345 

346 
347 
348 
349 
350 



Table of 2n 1n n for values of n from J to JO,OOO- Colltinued 

0 1 2 3 4 5 6 7 8 9 

351 57306.867 57325. 194 57343.521 57361. 849 57380.178 57398.507 57416.837 57435.168 57453.499 57471. 830 351 352 57490. 163 57508.495 57526.829 57545. 162 57563.497 57581. 832 57600.167 576 18.503 57636.840 57655. 177 352 353 57673.515 57691. 854 57710.193 57728.532 57746.872 57765.213 57783.554 57801. 896 57820. 238 57838.581 353 354 57856.925 57875.269 57893. fil3 57911. 958 57930.304 57948. 650 57966. 997 57985.345 58003.693 58022.041 354 355 58040.390 58058.740 58077. 090 58095.441 58113.793 58132.144 58150. 497 58168.850 58187.204 58205.558 355 
356 58223.913 58242.268 58260.624 58278.980 58297.337 58315.695 58334.053 58352.412 58370.771 58389.131 356 357 58407.491 58425.852 58444.213 58462.575 58480.938 58499.301 58517. 665 58536. 029 58554 . 394 58572. 759 357 358 58591. 125 58609.492 58627.859 58646.227 58664.595 58682.964 58701. 333 58719.703 58738.073 58756.444 358 359 58774.816 58793.188 58811.560 58829.934 ,)8848.307 58866.682 58885.057 58903.432 58921. 808 58940. 185 359 360 58958.562 58976.939 58995.318 59013.696 59032.076 59050.455 59068.836 59087.217 59105.598 59123.981 360 
361 59142. 363 59160.746 59179. 130 59197.514 59215.899 59234.285 59252.671 59271. 057 59289.444 59307.832 361 362 59326.220 59344.609 59362. 998 59381. 388 59399.778 59418.169 59436.561 59454.953 59473.345 59491. 739 362 363 59510. 132 59528.527 59546.921 59565.317 59583.713 59602.109 59620.506 ,,9638.904 59657.302 59675.700 363 264 59694. 100 59712.499 59730.900 59749.300 59767.702 59786.104 59804.506 59822.909 59841. 313 59859.717 364 365 59878. 122 59896.527 59914.933 59933.339 59951. 746 59970.153 59988. 561 60006.970 60025.379 60043.789 365 
366 60062.199 60080.610 60099.021 60117.433 60135.845 60154.258 60172. 671 60191. 085 60209.500 60227.915 366 367 60246.330 60264.747 60283.163 60301. 581 60319.998 60338.417 60356.836 60375.255 60393.675 60412.096 367 368 60430.517 60448.938 60467.360 60485.783 60504.206 60522.630 60541.054 60559.479 60577. 905 60596.331 368 369 60614.757 60633.184 60651. 612 60670.040 60688.469 60706.898 60725.328 60743.758 60762.189 60780.620 369 370 60799.052 60817.484 60835.917 60854.351 60872. 785 60891. 220 60909.655 60928.090 60946.527 60964.963 370 
371 60983.401 61001. 838 61020.277 61038. 716 61057.155 61075.595 61094.036 6ll12. 477 61130.918 61149.361 371 372 61167. 803 61186.247 61204.690 61223.135 6124l. 579 61260.025 61278.471 61296.917 61315.364 61333.812 372 373 6J 352.260 61370.708 61389.157 61407.607 61426.057 61444.508 61462.959 61481. 411 61499.864 61518.316 373 374 61536.770 6155.5.224 61573.678 61592.133 61610.589 61629.045 61647.502 61665.959 61684.416 61702.875 374 375 61721. 333 61739.793 61758.252 61776.713 61795.174 61813.635 61832. 097 61850.560 61869. 023 61887.486 375 
376 61905.950 61924.415 61942.880 61961. 346 61979.812 61998. 279 62016.746 62035.214 62053.682 62072. 151 376 377 62090.620 62109.090 62127.561 62146.032 62164.503 62182.975 62201. 448 622 19.921 62238.395 62256.869 377 378 62275.343 62293.819 62312.294 62:;30.771 62349.247 62367.725 62386.200 62404.681 62423. 160 62441. 639 378 379 62460. 119 62478.600 62497.081 62515.562 62534.045 62552.527 62571. 010 62589.494 62607.978 62626.463 379 380 62644.94R 62663.434 62681. 920 62700.407 62718.894 62737.382 62755.871 62774.360 62792. 849 62811. 339 380 
381 62829. g3G 62848. 321 62866.812 62885.304 62903.797 62922. 290 62940.784 62959.278 62977.773 62996.268 381 382 63014.764 63023.260 63051.757 63070.254 63088. 752 63107.250 63125.749 63144.248 63 162.748 63181. 249 382 383 63199.750 63218.251 63236.753 63255.256 63273.759 63292.263 63310.767 63329.271 63347.776 63366.282 383 384 63384. 788 63403.295 63421. 802 63440.310 63458.818 63477. 327 63495.836 63514. 346 63532.857 63551. 367 384 385 63569.879 63588.391 63606.903 63625.416 63642.930 63662. 444 63680.958 63699.473 63717.989 63736.505 385 
386 63755.021 63773.538 63792.056 63810.574 6?829.093 6384 7.612 63866.132 63884.652 63903.173 63921. 694 386 387 63940. 216 63958.738 63977.261 63995.784 64014.308 64032.832 64051. 357 64069.883 64088.408 64106.935 387 388 64125.462 64143. 989 64162.517 64181. 046 64199.575 64218.104 64236.634 64255.165 64273.696 64292.227 388 389 64310.759 64329.292 64347.825 64366.359 64384. 893 64403.427 64421. 963 64440.498 64459.034 64477. 571 389 390 64496.108 64514.646 64533. 184 64551. 723 64570.262 64588.802 64607.342 64625. 883 64644.424 64662.966 390 
391 64681. 509 64700.051 64718.595 64737.139 64755.683 64774.228 64792. 773 64811.319 64829.866 64848.412 391 392 64866.960 64885.508 64904.056 64922.605 64041. 155 64959.705 64978. 255 64996.806 65015.358 65033.910 392 393 65052.462 65071. 015 65089.569 65108. 123 65126.678 65145.233 65163.788 65182.344 65200.901 65219.458 393 394 65238.016 65256.574 65275.132 65293.692 65312.251 65330.811 65349.372 65367.933 65386.495 65405.057 394 395 65423.620 65442. 183 65460.747 65479.3ll 65497.876 65516. 441 65535.006 65553.573 65572. 139 65590.707 395 
396 65609.274 65627.843 65646.411 65664.981 65683. 550 65702. 121 65720.692 65739.263 65757.835 65776.407 396 397 65794.980 658J3.553 65832.127 65850.701 65869.276 65887.851 65906.427 65925.003 65943.580 65962.157 397 398 65980. 735 6.'999.314 66017. 892 66036. 472 66055.052 66073.632 66092.213 66110.794 66129.376 66147.958 398 399 66166.541 66185.124 66203. 708 66222.293 66240.877 66259.463 66278. 049 66296.635 66315.222 66333.809 399 400 66352.397 66370.985 66389.574 66408. 164 66426. 753 66445.344 66463. 935 66482.526 66501.ll8 66519.710 400 
401 66538.303 66,556.896 66575.490 66594.085 66612. 679 66631. 275 66649.871 66668.467 66687.064 66705.661 401 402 66724.259 66742.857 66761. 456 66780.055 66798.655 66817.255 66835.856 66854.458 66873. 059 66891. 662 402 403 66910.264 66928. 868 66947. 472 66966.076 66984.681 67003.286 67021. 892 67040.498 67059.105 67077. 712 403 404 67096.320 67114. 928 67133.537 67152.146 67170.756 67189 366 67207.977 67226.588 67245.200 67263.812 404 405 67282. 424 67301. 038 67319.651 67338. 265 67356.880 67375.495 67394.111 67412.727 67431. 344 67449.961 405 
406 67468.579 67487.197 67505.815 67524.434 67543.054 67561. 674 67580.295 67598.916 67617.537 67636.159 406 407 67654.782 67672.405 67692.029 67710.653 67729. 277 67747.902 67766.528 67785. 154 67803. 780 67822.407 407 408 67841. 034 67859. 662 67878.291 67896.920 67915.549 67934.179 67952.809 67971. 440 67990.072 68008.704 408 409 68927.336 68045.969 68064. 602 68083.236 68101. 870 68120.505 68139.140 68157.776 68176.412 68195.049 409 410 68213.686 68232.324 68250. 962 68269.601 68288.240 68306.880 68325.520 68344. 161 68362.802 68381. 444 410 
411 68400.086 68418.728 68437.371 68456.015 68474.659 68493.304 68511.949 68530.594 68549.240 68567.887 411 412 68586.534 68605.181 68623.829 68642.477 68661.126 68679.776 68698. 426 68717.076 68735.727 68754.378 412 413 68773.030 68791. 682 68810.335 68828. 988 68847.642 68866.296 68884.951 68903.606 68922.262 68940. 918 413 414 68959.575 68978.232 68996.890 69015.548 69034.206 69052.865 69071. 525 69090. 185 69108.845 69127.506 414 415 69146.168 69164.830 69183.492 69202.155 69220.819 69239.483 69258. 147 69276.812 69295.477 69314.143 415 
416 69332.809 69351. 476 69370.143 69388.811 69407.479 69426.148 69444.817 69463.487 69482. 157 69500.828 416 417 69519.499 69538.170 69556.842 69575.515 69594.188 69612.86l 69631. 535 69650.210 69668.885 69687.560 417 418 69706.236 69724.912 69743.589 69762.267 69780. 944 69799.623 69818.302 69836.981 69855. 660 69874.341 418 419 69893.021 69911 .702 69930.384 69949.066 69967.749 69986. 432 70005.115 70023.799 70042.484 70061.169 419 420 70079. 854 70098.540 70ll7.227 70135. 913 70154.601 70173.289 70191. 977 70210.666 70229.355 70248. 045 420 

234 
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Table of 2n In n fo r values of n j'Tom 1 to 10,OOO- Con tinu ed 

0 I 2 3 4 5 6 7 8 9 

421 70266.735 70285.426 70304. 117 70322. S08 7034 1. 500 70:!60. 193 70378.886 70397.5SO 70416.274 70434.968 421 
422 70453.663 70472.358 70491. 054 70509.751 70528. 448 70547. 145 70565. 843 70584.541 70603.240 70621. 939 422 
423 70640.638 70659. :139 70678.039 70096.740 707 15.442 70734 . 144 70752.846 70771. 549 70790. 253 70808. 957 423 
424 70827.661 70R4(\.3GG 70865.071 70883.777 70902. 484 70921.190 70939. 898 70958.605 70977.313 70996.022 424 
425 71014. 731 71033. 441 71052. 151 71070.861 71089.572 7 U08.284 71126.996 71145. 708 71164 . 421 71183. 134 425 

426 71201. 848 71220.562 71239.277 7 1257.992 71276. 708 71295.424 7l:l14. 141 71332.858 71351. 57G 71370.294 426 
427 71389. 0 12 71407. 731 71426.451 7144,'. 170 71463.891 7 1482.612 71W l. 333 71520. 055 71538.777 71557. SOO 427 
428 71576.22:l 71,'94 . 947 71613.67] 71632. 395 71651.120 71G69. 846 71688.572 71707. 298 71726. 025 71744.753 428 
429 7176a.489 71782.209 71800.938 71819.667 71 838. 396 71857. 127 71875.857 71894.588 7191 3. 320 71932. 052 429 
430 71950.785 7l969. 518 71988.251 72006.985 72025.7]9 72044. 454 72063. 189 72081. 925 72100.661 7211 9.398 430 

431 7213". 135 721,\6.873 72175.611 72 194.349 72213.088 72231. 828 72250. 5f\~ 72269. 308 72288. 049 72306, 790 431 
432 72320.532 72344.274 72363. 017 72381. 7flO 72400. S04 72410.248 72437.993 72456.738 72475.483 72494.229 432 
433 721i 12.976 7253 1.722 72550. 470 72569.218 72587. 966 72606. 715 72625. 404 72644.213 72662. 964 72681. 714 433 
434 72700. '1M 72719.217 72737. 969 7275(;. 721 72775. 474 72794.227 72812.98 1. 72831. 73.\ 72850. 490 72869.245 434 
435 72888.00 1 72906. 757 72925.5]3 72944. 270 72963.028 72981. 786 73000. 544 73019.303 73038.062 73056.822 435 

436 73075. !j~2 73094.343 731 13. 104 73131. 86" 73150.628 73169.390 73 188. 153 73206.917 73225, 681 73244.445 436 
437 73263.210 73281.97;; 73300. 741 73319.507 73338.274 73357. 04 1. 73375.808 73394.576 7341~ . 345 73432. 11 4 437 
438 73450.883 73469. 653 73488. 423 73:;07.194 73525.965 73.\44.737 73563. 509 73582.281 73601. 054 73619. 8~8 438 
439 7363~. G02 nr.57.376 n675. 151 73691 . 926 737 13.702 73732. 478 73751. 25,\ 73770.032 73788.810 73807.588 439 
440 73826.366 73845.145 73863.925 73882. 705 73001. 485 73920 266 73939.047 73957.829 73976.611 73995.393 440 

441 74014 . J7(i 74032.9(iO 74051. 744 74070.528 7'1089. 313 7410S.09S 74l2(,. 884 74 145. 670 74164.457 74183.244 44 1 
442 74202.032 74220.820 74239.608 74258.397 74277. l S6 74295.976 74314. 7G6 74333.557 74352.348 74371. 140 442 
443 74389.932 74408.725 74427.518 74446.3 11 74465. 105 74483.899 74502.694 7452 1. 489 74540.285 74559.081 443 
444 74577. 878 7459n.675 746 15. 472 74n34.270 7'1653.059 74671. 867 74690. 667 74709.466 74728. 267 74747. om 444 
445 74765.868 74784.670 7480:j .472 74822.274 74841. 077 74859. RBI 7487R 684 74897.489 74916.293 74935.09S 445 

446 74953.904 74972.7 10 74991.517 750 10.323 75029. ] 31 75047.939 7;;066.747 7,\085. 5.\6 75104 . 3G.5 751Z:1. 174 446 
447 7514 1. 985 75HiO.795 75 179. (i06 75 198.4 17 75217.229 7523(;' 042 752[14.854 75273.667 75292.481 7,\311. 295 447 
448 75330. ltO 75348,925 75367. 740 7538(;.55G 75405.372 75424. 189 754'13.006 7541\1. 824 75480. (i42 7M99.4nl 448 
449 75518.2SO 7,\537.099 75555.9 19 75.174.739 75593.560 75(i I2.381 756:11. 203 75650.025 75M8. S48 75687. Gil 449 
4SO 75706.494 75725. 318 75744. 142 757H2. 9()7 7578 1. 792 75800.618 75819.444 75838. 271 75857.098 75875. 925 4SO 

451 75894.753 709 13 581 75932.4 10 75951. 239 75970.0G9 75988. S99 76007.729 7(i026.5no 7(;04,\ . 392 7(j()(j4.224 451 
452 76083.05C. 76101. 889 7(i I20.722 7(il:J9. 5f,6 7G I58.390 76177. ~24 76196.059 7H2 1 'I. 895 7Ii233. 7:11 76252.567 452 
453 71\271. 404 76290.241 76309.078 76327.916 76346.755 76365. 594 76384. 43:j 764Q:l.273 76422. 11 3 76440.9.\4 453 
451 764.,9. 79., 7"47X. 637 76407.479 765 16.321 76535.164 76.\ii4 .007 76572.851 76591. 695 76610.540 76629.385 454 
455 ;664S.23 1 76667.077 76685.923 7G704.770 7ni23.617 75742. 465 76761. :ll3 76780,162 76799.0 11 76817.860 4.\5 

456 7683G.71O 76855.561 7687'1. 412 70893.263 76912. 115 76930.967 76949. 819 7(i96~. C,72 7fj987.526 77006.3BO 456 
457 77025. 2~4 77044, 089 77062. 944 77081. 799 77100.6.\6 77 11 9. ii12 77138. :l69 771 57. 'l2(i 77 176. 084 77194.942 457 
458 77213. SO l 77232.660 77251. 520 77270.380 77289.240 77308. 101 77:l26.962 7734.\. 824 773(;4. 68(i 77383. 549 458 
459 77402.4 12 77421. 276 77440. la9 774,,9.004 77477. Rf)9 7749(i.734 77515. 599 7i5:H. 4(j() 77553.332 77572. 190 459 
460 77591.067 77609.934 77(;28. S03 77647. 671 77666.540 77(;85, 'lI O 77704.280 77723. 151 77742.021 77700.893 460 

461 77779.764 77798.637 77817. 509 77S3n. 382 778.55.2!5G 77874.130 77893.004 779 11. 879 77930. 754 77949. 630 461 
462 77968. S06 77987.382 7800n. 2,'9 7802.\. 1:17 78044.0 14 78062.89a 780RI. 77 1 78100. (l51 7811 \1.530 7813S.41O 462 
463 78157. 290 78176. 17l 7SI95. 0r.3 78213.934 78232. 816 7825 1. 699 78270. :;82 78289.46[. 7830R 349 78327 . 234 463 
464 7~46.l1S 783n5.003 78383. S.~9 78402.775 78421. 661 784'10.548 78459.4a(; 78178.323 78407.212 78516. 100 464 
465 78534.989 78553.879 78572.769 78591. 659 78610.550 78629. 441 786'18. 332 78667.224 786S6. 11 7 78705. 010 465 

466 78723.903 78742.79; 7876J.(i91 78780 .. \86 78799.481 78818. 37fi 78&17.272 78856.168 78875. 00" 78893.002 466 
467 78912. 860 78931. 758 78950. G57 78969.555 78988. 455 79007.354 79026.255 79045. 155 79064 . 056 79082.958 467 
468 79101. SflO ;0120.762 79139. H65 79158. 568 79177. 472 7919(;.376 792t5.280 79234 . 185 79253.090 70271. 99G 468 
469 7m90.902 79309. R09 79328. 716 79347. 6~3 79366.531 79385.439 79404.:1·18 79423.257 794,12. 167 79461. 077 469 
470 79479.987 79498,898 79517.809 79536. 721 79555.603 79574. 546 79593. 459 79612. 372 7963 1. 286 79650.200 470 

471 79669. 115 79688, 030 79706.94.\ 79725.861 79744. 778 79763.1\95 79782.012 79801. 529 79820. 447 79839. 366 471 
472 79858.28[, 79877. 2M 79896. 1. 4 7991 5. 044 79933.96:; 79952.88(j 7997 1. S07 79990. 729 80009.65 1 S0028. 574 472 
47:l 80047. 497 80066. 421 8008.1.345 S0104.269 80123. 191 S0142. 119 80 16 1. 045 89179.971 80198. 898 80217. 825 473 
474 80236. 752 S0255. 6SO S0274. (i08 802P3.537 80312. 456 8033 1. 395 S0350.320 80;jfm.255 80388. 186 80407. 117 474 
475 80426. 049 80444 . 981 80463.913 80482.846 80501. 780 80520. 713 S0539.647 S0508.582 80,\77.517 SO,)06. '152 475 

476 80615.388 800a4. :32·j S0653. 2il1 80672. 198 80691. 135 80710. 073 80729.0 12 S0747.950 &l7(l6.889 S07&\. 829 476 
477 SOS04.769 80823.709 S0842.6SO Ra8()].592 80SSO.533 ~0899. 475 80918.4 18 80937. 361 80956. 304 S0975.248 477 
478 Ra99·l.192 81013. 137 810:12. 082 8105 1. 027 8106g. 973 81088.919 8 11 07. 866 81.1 26. 813 811 45.761 81164. 709 478 
479 811 83.657 81202.606 8122 1. 5.\5 81240. 504 81259.454 81278.405 81297. 356 81316.307 81335.2.\9 81354.2 11 479 
4811 813n 163 81392. 116 814 11. 070 81430.024 81448. 978 81467.932 814'l6. ~S7 81505.843 81524.799 81543.755 4SO 

481 8 1562.712 81581. 669 81600. 626 81619.584 81038. M3 81657.501 8 1676. 461 R1695.420 81714.380 81733.341 481 
482 8.1752. :102 RI771.263 81790.224 81899. 187 81828. 149 81847. 112 81866. 075 81885. 039 ~ 1 904. 003 81922. 968 482 
483 8 1941. 933 81960.89S 81979.864 81998. 830 82017 . 797 82036.764 82055.731 82074. 699 82093.668 82112.636 483 
484 82131. (i06 82150.575 82169.545 821 RB .• \ 15 82207.4Sii 82226. 457 8224.5,429 82264.401 82'283.373 82302.346 484 

,485 82321. 320 82340.293 82359.267 82378.242 82397. 217 82416. 192 82435. 168 82·154.14<1 82473. 121 82492. om 485 

486 82511,075 82530. 053 82549. 031 82[;68. 009 82586.989 82605.968 82624 .948 82643. 928 82662. 909 82681. 890 486 
487 82700.871 82719.853 82738.83(i 82757.818 82776. SOl 82795.785 82814.769 82833.753 82852.738 82871. 723 487 
488 82890.709 82909.695 82928.681 82947, 668 82966.655 82985.643 83004. 631 83023. fo19 8:1042.608 83061. 598 488 
489 83080.587 83099.577 83118.568 83137. 559 83156.550 83175.542 83194.534 8321:l.527 83232.520 83251. 513 489 
490 83270.507 83289.501 ~3308. 495 83327.490 83316.486 83365. 482 83384.478 83403.475 

I 
83422.472 I 83441. 4G9 490 
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Table of 2n In n for values of 11 from t to to,OOO- Contin ued 

0 1 2 3 4 5 6 7 8 9 

491 83460.467 83479.465 83498. 464 83517.463 83536.462 83555.462 83574.463 83593.463 83612. 464 83631.466 491 
492 83650.468 83669. 470 83688.473 83707.476 83726.480 83745.484 83764.488 83783.493 83802.498 83821. 503 492 
493 83840.509 83859.516 83878.523 83897.530 83916.537 83935.545 83954. 554 83973.563 83992.572 84011. 582 493 
494 84030. 592 84049. 602 84068. 613 84087.624 84]06.636 84125.648 84144.660 84163.673 84182.686 8420 1. 700 494 
495 84220.714 84239.729 84258.744 84277.759 84296.775 84315. 791 84334.807 84353.824 84372.841 84391. 829 495 

496 84410.877 84429.896 84448.915 844.67.934 84486.954 84505.974 84524.994 84544. 015 84M3. 037 84582.058 496 
497 84601. 081 84620.103 84639.126 84658. 149 84677.173 84696. 197 84715.222 84734.247 84753. 272 84772.298 497 
498 84791. 324 84810.351 84829.378 84848.405 84867.433 84886.461 84905. 490 84924 . .519 84943.548 84962.578 498 
499 84981. 608 85000.639 85019.670 85038.701 85057.733 85076. 765 85095. 7~8 85114.831 85133.864 85152.898 499 
500 85171. 932 85190.966 85210.001 85229.037 85248. 073 85267.109 85286. 145 85305.182 85324. 220 85343.258 500 

501 85362.296 85381. 334 85400.373 85419. 413 85438. 452 85457.493 85476.533 85495.574 85514.616 85533.657 501 
502 85552.699 85571. 742 85590.785 85609.828 85628.872 85647.916 85606.961 85686.006 85705. 051 85724. 097 502 
503 85743.143 85762. 190 85781. 237 85800. 284 85819.332 85838.380 85857.428 85876.477 85895.527 85914.576 503 
504 85933.626 85952.677 85971. 728 85990. 779 86009.831 86028.883 86047.936 86066.988 86086. 042 86105.095 504 
505 86124.150 86143.204 86162.259 86181. 314 86200.370 86219. 426 86238.482 86257. 539 86276.596 86295.654 505 

506 86314. 712 86333.771 86352.829 86371. 889 86390.948 864 10. 008 86429. 069 86448. 130 86467.191 86486.252 506 
507 86W5.314 86524.377 86543.440 86562.503 86581. 566 86600.630 86619.695 86638.759 86657.825 86676. 890 507 
508 86(;95. 956 86715. 002 86734.089 86753. 156 86li2.224 86791. 292 86810.360 86829.429 86848. 498 86867. 567 508 
509 86886.637 86905. 707 86924. 778 86943.849 86962.920 86981. 992 87001. 064 87020.137 87039.210 87058. 284 509 
510 87077. 357 87096.431 87115.506 87134. 581 87153.656 87172.732 87191. 808 87210.885 87229.962 87249. 039 510 

511 87268. 117 87287.195 87306.273 87325.352 87344.432 87363.511 87382.591 87401. 672 87420.753 87439.834 511 
512 87458.915 87477. 997 87497.080 875 16. 1.63 ~7535. 246 87554.329 87573.413 87592.498 87611. 583 87630.668 512 
513 87649.75J 87668.839 87687.925 87707.012 87726.099 87745. 187 87764.275 87783.363 87802.451 87821. 540 513 
514 87840.630 87859.720 87878.810 87897.900 87916.991 87936.083 87955. 175 87974.267 87993.359 88012.452 514 
515 88031. 545 88050.639 88069.733 88088.828 88107. 923 88127. 018 88146. 113 88165.210 88184. 306 88203.403 515 

516 88222.500 88241. 598 88260.695 88279.794 88298.893 883 17.992 88337.091 88351l.l91 88375. 291 88394. 392 516 
517 884 13.493 88432.595 88451. 696 88470. 799 88489.901 8850P.001 88528.108 88547. 211 88M6.316 88585.420 '517 
518 88604.525 88623.630 88642.736 88661. 842 88680.949 88700.055 88719. 163 88738.270 88757.378 88776.487 518 
519 88795.596 88814. 705 88833.814 88852. 924 88872. 035 88891. 145 88910.256 88929.368 88948.480 88967.592 519 
520 88986. 705 89005.818 89024.931 890H . 045 89063. 159 8G082. 273 89101. 388 89120. 504 89139.619 89158. 736 520 

521 891li.852 89 196.969 892LG.086 89235.204 89254.322 89273. 440 89292.559 89311. 678 89330.798 89349.918 521 
522 89369.038 89388. 159 89407.280 89426.401 89445.523 89464. 645 8948J.768 89502.891 89522.014 89541. 138 522 
523 89560.262 89579.387 89598.512 89617. 637 89636.763 89655.889 89675. 015 89694. 142 89713.269 89732.397 523 
524 89751. 525 89770. 653 89789.782 89808.911 89828.040 89847. 170 89866.300 89885. 431 89904 . 562 89923.693 524 
525 89942.825 89961.957 8998 1. 090 90000.223 90019.356 90038.490 90057.624 90076.758 90095.893 90115. 028 525 

526 90134 . 164 90153.300 90172. 436 90191. 573 90210.710 90229. 847 90248.985 ~0268. 124 90287. 262 90306.401 526 
527 90325.541 90344.680 90363.821 90382.961 90402.102 90421. 243 90440.385 90459.527 90478.669 90497.812 527 
528 90516.955 90.536.099 90555. 243 90574.387 90593.532 90612.677 90631. 822 90650.968 90670. 114 90689. 261 528 
529 90708.408 90727.555 90746. 703 90765. 851 90784.999 90804. 148 90823.298 90842. 447 90861. 597 90880.747 529 
530 90899.898 90919.049 90938.201 90957. 353 90976.505 90995.658 91014.811 91033.964 91053. 118 91072. 272 530 

531 91091.426 91 110. 581 91129.736 91148.892 911 68.048 91187.204 91206.361 91225.518 91244.676 91263.834 531 
532 91282.992 91302. 151 91321. 310 91340. 469 91359.629 91378.789 91397.950 91417. 110 91436.272 91455.433 532 
533 91474.595 91493. 758 915 12. 921 91532. 084 91551. 247 91570. 411 91589.575 91608. 74.0 91627. 905 91647. 071 533 
534 91666. 236 91685.402 91704.569 91723.736 91742. 903 91762.071 91781. 239 91800.407 91819.576 91838.745 534 
535 91857.915 91877. 085 91896.255 91915.425 91934.596 91953.768 91972. 940 91992. 112 92011. 284 92030.457 535 

536 92049.630 92068.804 92087.978 92107. 152 92126.327 92145.502 92164.678 92183.854 92203.030 92222. 206 536 
537 92241. 383 92260. 561 \)2279.738 92298.917 92318. 095 92337.274 92356. 453 92375. G33 92394.813 92413.993 537 
538 92433.174 92452.355 92471. 536 92490.718 92509.900 92529.083 92548.266 92567. 449 92586.633 92605. 817 538 
539 92625.001 92644. 186 92663.371 92682. 557 92701. 742 92720. 929 92740. 115 92759.302 92778.490 92797. 678 539 
540 92816. 866 92836. 054 92855. 243 92874.432 92893.622 92912. 812 92932. 002 92951 . 193 92970.384 92989. 575 540 

541 93008.767 93027.959 93047. 152 93066.345 93085.538 93104.732 93 123.926 93143. 120 93162.315 93181. 510 541 
542 93200.706 93219.902 93239.098 93258. 295 93277.492 93296. 689 93315.887 93335.085 93354. 283 93373. 482 542 
543 93392. 681 9341 I. 881 93431. 081 93450.281 93469.482 93488.683 93507.884 93527.086 93546. 288 93565. 491 543 
544 93584.694 93603.897 930,23.100 93642.30. 93661. 509 93680.713 93699.919 93719.124 9373S.330 93757. 536 544 
545 93776. 743 93795.950 93815. 157 93834.364 93853. 573 93872. i81 93891. 990 93911. 199 93930. 408 93949.618 545 

546 93968.828 93988. 039 94007. 250 94026.461 94045.673 94064.885 94084. 097 94103.310 94122.523 94141. 737 546 
547 94160.951 94180. 165 94199.380 94218.595 94237.810 94257.026 94276. 242 94295.458 94314.675 94333.892 547 
548 94353. 110 94372. 328 94391. 546 94410.765 94429.984 94449. 203 9H68.423 94487. 643 94506.863 94526.084 548 
549 94545.305 94564.527 94583.749 94602.971 94622.194 94641. 417 94660.640 94679.864 94699.088 94718.312 549 
550 94737.537 94756.762 94775.988 94795.214 94814.440 94833.667 94852. 894 94872. 121 94891. 349 94910.577 550 

551 94929. 805 94949.034 9496R.263 94987. 493 95006. 723 95025. 953 95045. 184 95064.41 5 95083.646 95102. 878 551 
552 95122.110 95141. 342 95 160. 575 95179.808 95199.042 95218. 276 95237.510 95256. 745 95275.980 95295.215 552 
553 9531.4.451 95333.687 95352.923 95372.160 95391. 397 95410.635 95429.872 95449. 111 95468.349 95487. 588 553 
554 95506.827 95526. 067 95545.307 95564.548 95583.788 95603. 029 95622. 271 95641. 513 95660.755 95679.998 554 
555 95699. 241 95718.484 95737. 727 95756.971 95776. 216 95795.461 95814. 706 95833. 951 95853. 197 95872.443 555 

556 95891. 6CO 95910.936 95930.184 95949. 431 95968.679 95987.928 96007.176 96026.425 96045.675 96064 .925 556 
557 96084.175 96103.425 96122.676 96141. 927 96161. 179 96180.431 96199.683 96218.936 96238.189 96257.442 ,S57 
558 96276.696 96295.950 96315.204 96334.459 96353.714 96372. 970 96392. 225 9641 1. 4 2 9(;430.738 96449.995 558 
559 96469.252 96488.510 96507.768 96527.026 96546.285 96565. 544 96584.804 96604.063 96623.324 96642.584 559 
560 96661. 845 96681. 106 96700. 368 96719.630 96738.892 96758. 155 96777. 418 96796. 681 96815. 945 96835.209 560 

236 



Tabl e of 2n In Jl fOI' values of n from 1 to 1O,OOO- Co nti nued 

0 1 2 3 4 5 6 7 

MH 96854.473 96873. 738 96893.003 96912.269 96931. 535 96950.801 96970.067 96989.334 
56:! 97047. 137 97066.406 97085.674 97104.943 97124.213 97143.482 97162. 753 97182. 023 
563 97239.837 97259. 109 97278.381 97297.653 97316. 92G 97336.200 97355.473 97374.747 
564 97432.5iZ 97451. 84 7 97471.123 97490.399 97509.676 97528.953 97548.230 97567.507 
565 97625.342 97644.621 97663.901 97683. 180 97702.460 97721. 74 1 97741. 022 97760.303 

5(,6 97818.148 97837.431 97856.714 97875.997 97895.280 979H. 564 97933.849 97953. 133 
567 28010. 989 98030.275 98049. 562 98068.849 98088. 136 98107.423 98126. 7-11 98145.999 
568 28203 866 98223.1 55 98242.445 9826 1. 736 9828 1. 026 98300.317 98319.609 98338.900 
5(j9 £8396.778 98416. Oil 98435. 364 98454 658 98473.952 98493.247 98512.542 98531. 837 
570 98589. 725 98609. 021 98628.318 98647.615 98666.913 98686.2ll 98705.509 98724. 808 

571 98782 706 98802.007 98821. 307 98840.608 98859. 909 98879.211 98898.512 98917.815 
572 98975.723 98995.027 99014.331 99033 635 99052.940 99072. 245 99091. 550 99ll0.856 
573 99Hl8.775 99188. 083 99207.390 99226.698 99246. 006 99265.314 99284.623 99303.933 
574 99361. 862 99381. 173 99400.484 99419.795 99439. 107 99458. 419 99477. 731 99497.044 
575 99554.984 99574.298 99593.612 99612. 927 99632.242 99651. 558 99670.874 99690.190 

576 99748.140 99767.458 99786.776 99806.094 99825.413 99844. 732 99864.051 99883.371 
577 99941. 332 99960. 653 99979.974 9U999.296 100018.618 100037.940 100057.263 1000i6.586 
578 100134. 558 100153.882 100 173.207 100192. 532 100211. 858 100231. 183 100250.510 100269.836 
579 100327. 8 18 100347.146 100366.474 100385.803 100405.132 100424.461 100443. 791 100463.121 
580 10052 1. 1 I 3 100540. '144 100559.776 100579.108 100598.4<11 100617.773 100637.107 100656.440 

581 1007 14.443 J 00733. 77i 100753.113 100772.448 100791.784 100811. 120 100830.457 100849. 79'1 
582 100907.806 100927. 145 100946.483 100965.822 100985. 162 101004.501 101023.84 1 101043.182 
583 101 101. 205 1011 20.546 101l39.888 !OI 159.231 101178.57<1 10 1l97.917 101217. 260 101236.604 
584 101294.637 10 13 13.982 101333.328 101352.674 101372.020 101391. 366 101410.713 101430.060 
585 101488.10·1 10 1507. 453 101526.802 101546.151 101565.500 101584. 850 101604.201 101623.55 1 

586 101681. 605 101700.957 101720.309 10 1739.662 101759.015 10 1778.368 101797.722 1018 17.076 
587 IOJ 875. 140 10 1894. 496 101913.85 1 101933.207 1019.12.56<1 101971. 921 101991. 278 102010.635 
588 102068.7 10 102088.068 102 107. 427 102126.787 102146.147 102165.507 102184.867 102204.228 
589 102262.3 13 102281. 675 10nOI. 037 102320.400 102339.7&1 102359. J27 102378.491 102397.855 
590 102455.950 102475.316 102494.681 102514. 0·18 102533.414 102552.781 102572.149 102591. 5IG 

591 102649.62 1 102668.990 102688 3.19 102707.729 102727.099 102746.469 102765. 840 ]02785.21 I 
592 1028'13.326 ]02862.698 102882.07 1 102901. 44 '1 102920.817 102940.191 102959.565 102978.940 
593 103037.06.1 103056. 4'10 103075.81 G 103095.193 .1031 14.570 103133.947 103 153.324 103172.702 
594 103230.837 103250.216 103269.596 103288.975 103308.356 103327.736 103347.1 17 103366. '198 
595 103424.643 103444.026 103463.409 103482.792 103.102. I 75 10352 1. 559 1035<10. 943 103560.328 

596 1O:J(i IR.48:l I 0:l637. 869 I 03(lS 7. 2;'5 103676.64 I 103696.028 103715. 415 10373'1. 803 10375'1. 19 1 
597 103812.356 103831. 745 103851. 13,1 103870.525 103889.9 15 103909.30.1 103928.69G 103948. 088 
598 104006.263 104025.656 10'104.1. 0,18 104064.442 104083.83.1 104103.229 104122.623 .10 1142.018 
599 104200.203 1042 19. 599 104238.995 10·1258. 392 104277. 789 104297.186 104316.583 101335. 981 
liOO 10·1394. 177 104413.576 104432.97(; 1044.12. :l75 104471. 776 104491. 176 1~1 5 1 0. 577 104529.978 

(iOI 1041188. 184 104607.586 104. (,2(;.989 I 0·l(i4 G. 392 104665.796 104685.200 10470'1. 60·1 104724.009 
(i02 1 U-I7HZ. 224 I 0·180 I. (;:30 104821. 036 1048-10. '143 104859.849 1 0~879. 257 10·1898. 664 ]04918. 072 
fi03 I 0497G. 298 J 04995.707 1050 1.1. lI(i 10.1034 .526 10.1053. 936 105073.347 105092.758 105112. 169 
(i04 105 170.40·1 10.1189.817 105209.229 105228. (H3 105248.051i 10.5267.470 105286. 884 10530(,. 299 
W5 1053(i4.5·14 105383.960 I ()5403. 37G 105422.792 105442.209 105461.621i 105<181.044 105500. '161 

(,06 105558. il7 105578. 136 105,,97 . . 155 10.1GI6.975 10563G.395 1056.15.8 15 105675.23G 105G9·1. 657 
fi07 10117.\2.922 105772. :{45 105791. 7(i8 10.181 I. .191 105830.614 105850.03H 105869.462 105888.886 
(i08 105947. 161 105906.587 105986.013 106005.439 106024.866 106044. 29:1 100063.720 100083. 1'18 
609 106141.433 106160.862 100180.291 101i199.721 J062 19.151 106238.581 106258.012 100277.44J 
(1 10 106335.737 106355. 170 10(m,1. (i02 106394.035 1064 13.468 106432.902 106452.336 .1 0647 1. 770 

611 106530.075 1065'19. 510 106568. 9'16 101i588.382 106607. 8 19 106627. 2M 106646.693 106666. 130 
612 106724.445 106743.883 J 06763. 32:1 106782.7G2 106802.202 106821 . 642 106841. 082 106860.523 
613 10691 8.847 100938.289 IOG957.732 l()li977. 174 106996.617 107016.061 107035.505 107054.949 
6 14 I Oil 13. 283 107 132.728 107152. 174 10717 1. 620 107191. 066 J0721O.5 12 107229.959 107249. 407 
615 107307.750 107327. 199 107346.648 107366.097 107385.547 107404.997 107424. 4.J7 107443.897 

li l li 107502.251 ]07521. 703 107541. 155 J07560.607 107580.060 107599. 5 13 .1 076 18.967 107638.420 
617 107606.784 ]07716.239 107735. G94 ] 07755. 150 107774.606 107794.062 107813.519 107832. 976 
(il 8 107891. 349 107910.807 ] 07930.266 107949.725 107969.1 84 107988.644 108008. J04 108027. 564 
(H9 108085.947 ]08105. 408 108124.870 108 144.332 108163.795 108 183.258 108202.721 108222.184 
629 108280.577 J08300.041 108319.506 1083:l8.972 108358.438 108377. 904 108397.370 108416.837 

621 J08475.239 ]08494.707 10851 4. 175 108533.644 108553.1 13 108572.582 108592.052 108611 .522 
622 108669. 933 ]08689. 404 108708.876 108728.348 10874 7.820 108767.293 108786. 765 108806.238 
623 ] 08804.660 108884. 134 J08903.609 J08923. 084 108942.559 108962. 035 108981. 5 11 109000.988 
(,24 109059.418 109078.896 109098.374 109 11 7.852 109137.331 1091 56.810 109176.289 109195. 769 
625 109254. 209 109273. 690 109293. 17l 109312.653 109332.134 109351. 617 109371. 099 109390.582 

626 J 09449. 032 109463.5.1 6 109488.000 109507. 485 109526.970 109546.455 109565.94 1 109585.427 
627 109643.887 109663.374 109682.861 109702.349 109721.837 109741. 326 109760.8 15 109780.304 
628 109838. 773 109858.264 109877.754 109897.245 109916.737 109936.228 109955.720 109975.213 
629 1.1 0033.692 110053. 185 J J0072. 679 11 0092. 173 110111. 668 .1101 31.1 63 110150.658 11 0170. 153 
630 110228.642 11 0248. 139 11 0267.636 110287. 133 ) 10306. 63 1 110326. ] 29 110345.627 110365. 126 
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8 0 

97008.602 97027.869 
97201. 294 97220.565 
97394.022 97413.297 
97586.785 97606. 064 
97779.584 97798.866 

97972.418 97991. 704 
98165.288 98184.577 
98358.192 98377. 485 
98551.132 98570.428 
98744.107 98763.407 

98937. 117 98956.420 
99130. 162 99149.469 
99323.242 99342.552 
995 16.357 99535.670 
99709.506 99728.823 

99902.691 99922. Oil 
100095.910 100115.233 
100289.163 100308.490 
100482.451 100501. 782 
100675.774 100695. 108 

100869.131 100888.468 
101062.522 101081. 863 
101255.948 101275.292 
10l<J49.408 101468.756 
101642.902 101662.254 

10 1836.431 101855.785 
102029. \193 102049.351 
102223.589 102242.951 
102417. 220 102'136 .• 185 
102610.884 102630.252 

10280-1. 582 102823.954. 
102998.314 103017. 639 
103192.080 J03211. 458 
103385.879 103405.261 
103579.712 103599.09 

103773. 579 103792.967 
103967.479 103986.871. 
104lGi. 4 13 I ~I 180.808 
104355.380 10'13R 778 
10·1549.380 104568. 782 

10474:l.4 13 104762.819 
104937.480 I 0·1956. 889 

.1 05 13 1. 580 105150.992 
105325. 713 105345.128 
105519.879 1055:19.298 

105714.079 1057:l3.500 
105908.3 11 105927.736 
106102.576 JOO I22.004 
106296.874 106316.305 
106491. 205 106MO.039 

106685.568 106705.006 
J06879.964 J06899.406 
107074 . 393 107093.838 
107268.854 )07288.302 
107463. 348 107482.799 

107657.875 107677. 329 
107852.433 J 0787 I. 891 
1080·17.025 108066.485 
]08241. 648 J 08261. 112 
108436.304 J08455.771 

108030.992 108650.462 
108825.712 108845.186 
109020.464 109039.941 
109215. 249 109234. 729 
109410.005 109429.548 

109604.913 109624.400 
109799.793 109819. 283 
109994.705 nOOl4. 198 
1101 89.649 110209.145 
11 0384.625 110404. 124 

561 
56? 
563 
564 
565 

566 
567 
568 
569 
57 

571 
572 
573 
57 
575 

576 
577 
578 
579 
580 

581 
582 
583 
584 
585 

58G ) 
7 

88 
9 
o 

58 
5 
58 
59 

591 
59 
59' 
59 
59 

59( i 
7 
8 
9 

59 
59 
59. 
GOO 

G() I 
2 
3 
I 

liO 
60 
(,0· 
6() 

G 
1i0 

00 
7 
8 

09 
o 

60 
Ii 
6 1 

(; 1 
6 1' 
61' 
6 1 
61 

6 1 
61 
Gl 
61 
62 

6 
7 
8 
9 
o 

62 
62 
62 
62 

I 
Z 
3 
4 

62" 

626 
62 
628 
629 
630 



Table of 2n In n f01' values of 11 from 1 to 1O,OOO-Continued 

0 1 2 3 4 5 6 7 

631 110423. 624 110443. 124 110462.624 110482. 125 110501. 625 110521.127 110540.628 110560. 130 
632 110618.637 110638.141 110657.644 110677. 148 110696.652 110716. 156 110735.661 110755.166 6.13 110813.683 J10833. 1S9 110852.696 110872. 203 110891. 710 110911. 217 110930.725 110950.233 
6.34 111008.760 111028.269 111047.779 1U01i7. 289 111086. 799 111106. :lJO 111125.821 111145.332 
635 111203.868 111223.381 111242.894 111262.407 111281. 920 111301. 434 111320.948 111340.463 

636 111399.008 111418.524 111438.040 111457.556 111477. 073 111496.590 111516. 107 111535.625 
637 11l594. 179 111613.698 111633.217 111652.737 111672.257 111691. 777 111711. 297 111730. 818 
638 111789.382 111808.904 111828.427 111847.949 111867.472 111886.995 111906.519 111926.043 
629 111984. 616 112004. 141 112023. 667 112043. 193 112062.719 112082.245 112101 772 112121. 299 
640 112179. 882 112199.410 11 2218.939 11 2238. 468 112257.997 112277. 526 112297. 056 112316.586 

641 112375. 178 112394.710 11 2414. 242 112433. 774 11 2453.306 112472. 839 112492. 371 11 2511.905 
642 112570.506 Jl2590.041 112609.576 112629. 111 112648.646 112668. 182 112687.718 112707.254 
643 112765.865 112785.403 ll2804.941 11 2824. 479 112844. 018 112863.557 112883. 096 11 2902.635 
644 112961. 256 112980.796 113000.337 113019. 87n 113039.420 113058.962 113078.505 113098.047 
645 113156.677 113176. 221 113195. 765 113215.309 113234.854 113254.399 113273.944 113293.490 

646 113352. 129 113371. 676 113391. 223 113410. 771 113430.318 113449.867 113469. 415 113488.964 
647 113547.612 113567. 162 113586.712 113606. 263 113625.814 113645.365 113664. 917 113684.469 
fl48 113743. 126 113762.679 113782.233 113801. 786 113821. 340 113840.895 113860.449 113880.004 
649 11 3938. 671 113958.227 113977. 784 113997.341 114016.898 114036.455 114056.013 114075.571 
650 114134. 247 114153.806 114173.366 114192.926 114212. 486 114232.046 114251. 607 114271. 168 

651 114329.853 114349.416 114368.978 114388.541 114408.105 114427.668 114447. 232 114466.796 
652 114525.491 114545.056 114564.622 114584.188 114603.754 114623.321 114642.888 114662.455 
653 114721. 159 114740. 727 114760. 296 114779. 865 114799. 434 114819.004 114838.574 114858. 144 
654 114916.857 114936.429 114956.000 11497.1. 1i73 114995.145 115014.718 111i034. 291 115053.864 
655 115112.586 115132.161 115151. 736 115171. 311 115190.886 115210.462 115230.038 115249. 615 

656 115308.346 115327.924 115347.501 115367.080 115386.658 115406.237 11 5425.816 11 5445.396 
657 115504. 136 115523. 717 115543. 298 115562.879 115582.461 115602. 043 11 5621. 625 115641. 207 
658 115699.957 115719.540 115739. 124 115758. 709 115778.293 115797.878 115817. 464 115837.049 
659 115895.808 115915.394 ll5934.981 115954.569 115974.157 115993. 745 116013.333 116032.921 
660 116091. 689 116111. 279 116130. 869 116150.459 116170. 050 116189.641 116209. 232 116228.824 

661 116287. 601 116307. 193 116326.787 116346.380 116365.974 116385. 568 11 6405. 162 116424.757 
662 116483.543 116503.138 116522.735 116542.331 116561. 928 116581. 525 116601.122 116620.720 
663 116679.515 116699. 114 116718. 713 11 6738.312 116757.912 116777.512 116797. 112 116816.713 
664 116875.517 116895. 119 116914.721 116934.323 116953 . 926 116973.529 116993. 133 117012.736 
665 117071. 549 117091.154 117110.759 117130.365 117149.971 117169.577 117189.183 117208.790 

666 117267.612 117287. 220 117306. 828 117326. 436 117346.045 117365.654 117385.264 117404.873 
667 117463.704 117483.315 1171.,02. 926 117522.538 117542. 150 117561. 762 117581.374 117600.987 
668 117659.827 117679.441 117699. 055 117718. 669 117738.284 117757.899 117777. 515 117797.130 
669 117855.979 117875. 596 117895.213 117914.831 117934.449 117954.067 117973.685 117993.304 
670 11 052.162 118071. 781 118091. 402 118111. 022 118130.643 118150.264 118169.885 118189.507 

671 118248.374 118267.997 118287.620 118307. 24~ 118326.867 118346.491 118366. 115 118285.740 
672 Jl8444.616 118464. 242 ll8483.868 118503. 494 118523. 121 1l 8542. 748 118562.375 118582.003 
673 118640.887 118660.516 118680. 145 118699. 775 118719.404 118739.034 118758.665 118778.295 
674 118837. 189 118856.821 118876. 453 118896. 085 118915.718 118935.351 11 8954.984 118974.618 
675 119033.520 119053. 155 119072.790 119092.425 119112. 061 119131. 697 119151. 333 119170. 969 

676 119229.881 119249.518 119269.156 119288.795 119308.433 119328. 072 119347.711 119367.351 
677 119426. 271 119445.912 119465. 553 119485. 194 119504.836 119524.477 119544.120 119563.762 
678 119622. 691 119642. 335 119661. 979 119681. 623 119701. 267 119720. 912 119740.557 119760.203 
679 119819. 140 119838.787 119858. 43,1 119878.081 119897. 728 119917.376 119937.024 119956.673 
680 120015. 619 120035. 269 120054.919 120074. 569 120094. 219 120113.870 120133.521 120153.172 

681 120212.128 120231. 780 120251. 433 120271. 086 120290. 739 120310.393 120330. 047 120349. 701 
682 120408.665 120428.321 120447. 976 120467 632 120487.288 120506.945 120526.602 120546.259 
683 120605. 232 120624.890 120644. 549 120664.208 120683.867 120703.527 120723. 186 120742. 846 
684 120801. 828 120821. 490 120841. 151 120860.813 120880.475 120900. 137 120919.800 120939.463 
685 120998. 454 121018. 118 121037.782 121057. 447 121077.112 121096.777 121116.443 1211 36.109 

686 121195.108 121214. 776 121234.443 121254. 111 121273.779 121293.447 121313. ll5 121332.784 
687 121391. 792 121411. 462 121431.133 121450.803 121470.474 121490. 145 121509.817 121529. 488 
688 121588.505 121608.178 121627. 851 121647.525 121667.199 121686. 873 121706. 547 121726.222 
689 121785.247 121804. 923 121824.599 121844.276 121863.952 121883.629 121903.306 121922.984 
690 121982.018 122001. 697 122021. 376 122041. 055 122060.735 122080. 415 122100.095 122119. 775 

691 122178.818 122198.500 122218. 182 122237. 864 122257.546 122277. 229 122296.912 122316.596 
692 122375.647 122395.332 122415. 017 122434.702 122454.387 122474.073 122493.759 122513.445 
693 122572. 505 122592.192 122611. 860 122631. 568 122651. 256 122670.945 122690.634 122710.323 
694 122769. 392 122789.082 122808. 773 122828.463 122848.155 122867. 846 122887.538 122907.230 
695 122966.307 122986.001 123005.694 123025. 388 123045. 082 123064.776 123084.471 123104.165 

696 123163. 252 123182.948 123202.644 123222.341 123242.037 123261. 735 123281. 432 123301 . 130 
697 123360. 225 123379.924 123399.623 123419.322 123439.022 123458.722 123478.422 123498. 123 
698 123557.227 123576.928 123596.630 123616. 333 123636.035 123655.738 123675.441 123695. 145 
699 123754.257 123773.962 123793.666 123813. 372 123833. 077 123852.783 123872. '189 123892. 195 
700 123951. 316 123971. 023 123990.731 124010. 439 124030.148 124049. 856 124069.565 124089.274 
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110579.632 110599.135 
110774.1)71 110794.177 
110969.742 110989.251 
111164.844 111184.356 
111359.978 111379.493 

III 555. 143 111574 .661 
I II 750. 339 111769. 861 
111945.567 111965.092 
112140.826 112160.354 
112336.117 112355. 647 

112531. 438 112550.972 
112726.791 112746.328 
112922. 175 112941. 71 5 
113117.590 113137.133 
113313.036 113332. 582 

113508.513 113528.062 
113704.021 113723. 573 
113899. 560 113919. 115 
114095. 129 114114. 688 
114290.730 114310.291 

114486.361 114505.926 
114682.023 114701. 590 
114877. 715 114897.286 
11.\073.438 115093.012 
115269.192 115288.769 

115464.976 115484.556 
115660. 790 115680. 373 
115856.635 115876.221 
116052. 510 116072. 099 
116248.416 116268. 008 

116444.352 116463.947 
116640.318 116659. 916 
116836.314 116855.915 
117032.340 ll7051. 945 
117228.397 117248.004 

117424.483 117444.094 
117620.600 117640. 213 
117816.746 117836.363 
118012.923 118032.542 
118209.129 118228.751 

118405.365 118424.990 
118601. 631 11 8621. 259 
118797.926 118817. 557 
118994. 251 119013.886 
119190.606 119210.243 

119386.991 119406.631 
119583.405 Il9603.048 
119779. 848 ll9799. 494 
119976.321 119995.970 
120172. 824 120192.475 

120369.355 120389. 010 
120565.916 120585.574 
120762.507 120782. 167 
120959. 126 120978. 790 
121155. 775 1211 75.442 

121352.453 121372.123 
121549. 160 121568.833 
121745. 897 121765.572 
121942.662 121962.340 
122139.456 122159.137 

122336.279 122355.963 
122533. 131 122552.818 
122730. 012 122749.702 
122926.922 122946.615 
123123. 861 123143.556 

123320.828 123340.526 
123517. 824 123537.525 
123714. 849 123734.553 
123911. 902 123931. 609 
124108.984 124128.693 

I 631 
632 
633 
634 
635 

636 
637 
638 
639 
640 

641 
642 
643 
644 
645 

646 
647 
648 
649 
650 

651 
652 
653 
654 
655 

656 
657 
658 
659 
660 

661 
662 
663 
664 
66-

66 
66 
66 
66 
67 

6 
7 
8 
9 
o 

671 
6T 2 

3 
4 
5 

67 
67 
67 

67 
67 
67 
67 
68 

68 
68 

6 
7 
8 
9 
o 

6 
68 
83 

4 
5 68 

6 86 
7 
8 
9 

90 

68 
68 
68 
6 

69 1 
92 
3 

94 
5 

6 
69 
6 
69 

6 
69 
96 

7 
8 
9 

69 
69 
7 00 
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Table oj 2n In n fOT values of n from 1 to to,OOO -Continued 

0 1 2 3 4 5 6 7 8 
--- ---

701 124148.404 124 168.1 14 124 187.824 J24207.535 J24227.247 124246.958 124266.6iD 124286.382 124306.094 
702 124345.520 124365.233 124384. 946 J24404.660 124424.374 124444.088 124463.803 124483.5J8 124503.233 
703 124542. 66<\ 124562.380 124582.097 J24601. 813 124621. 530 124641. 247 124660.965 124680.682 124700.400 
704 J24739.837 124759.556 124779.275 124798.995 124818.7 14 124838. 134 124858. 155 124877.875 124897.596 
705 J24937.039 124956. 760 124976.482 124996.205 125015.927 125035.650 125055.373 125075.097 12W94.820 

706 125 134.269 125153.993 125173.718 125193. 443 125213.168 125232. 894 125252.620 125272.346 125292.073 
707 12533 1. 527 125351. 254 125370.982 125390.710 125410.438 125430. 166 125449.895 125469.624 125489.354 
708 125528.813 125548.543 125568.274 125588.005 125607.736 125627.467 J25647. 199 125666.931 125686.663 
709 125726. 128 125745.861 125765.594 125785.328 125805.062 125824. 796 125844.530 125864.265 125884.000 
710 125923.471 125943.207 125962.943 125982.679 126002.416 126022.153 126041. 890 126061. 628 126081. 365 

711 126120.842 126140.581 126160.319 126180.059 126199.798 J26219 .. )38 126239.278 126259.018 126278. 759 
il2 126318.24 1 126337.983 126357.724 126377. 466 126397.209 126416.951 126436.694 126456.437 126476.181 
il3 126515.668 126535. 413 126555. 157 126574.902 126594 647 126614.393 126634.138 126653.884 126673.630 
714 1267 13.124 126732.871 126752.618 126772.366 126792.114 126811.862 126831. 610 126851. 359 126871. 108 
715 126910.607 126930.357 126950. 107 126969.858 126989.608 127009.359 127029. 111 127048.862 127068.614 

716 127108.1 18 127127.871 127147.624 127167.377 1271 87.131 127206.885 J27226.639 127246.393 127266 148 
717 127305.658 127325.4 13 127345. 169 127364.925 127384.681 127404.438 127424.195 172443.952 127463.709 
718 127503. 225 127522.983 127542.742 127562.500 127582.260 J 27602.019 127621. 779 127641. 538 127661.299 
719 127700.820 127720.581 1277'10.342 127760.104 127779. 866 127799.628 127819.390 127839. J53 127858. 916 
720 127898.4'13 J 27918.207 127937.971 127957.735 127977.500 127997.265 128017.030 128036.795 12>056.561 

721 128096.093 128 11 5.860 128135.627 128155.394 1281 75.161 128194. 929 128214.697 128234.465 128254.234 
722 128293. 772 1283 13.541 128333.3 11 128353.081 128372.851 128392.621 128<1 12.392 128432. 163 J28451. 934 
723 128491. 478 128511.250 128531. 022 128550. 795 128570 .. )68 128590.341 1286 10. 115 128629.888 1286<\9.662 
724 128689.211 128708.986 .128728.761 128748.537 128768. 3J3 128788.089 128807. 865 128827.641 128847.418 
725 128886. 973 128906.750 128926.528 128946.307 J28966.085 128985.864 129005.643 ]29025.422 129045.202 

726 129084.762 129104. 542 129 12'1. 323 129144. J04 129 163.885 129183. 666 129203.448 129223.230 129243.013 
i2i 129282. 578 129302.361 129322.145 129341. 928 129361. 712 129381. 497 129401. 281 129421. 066 129440.851 
728 129480.422 129500.208 129519.994 129539.781 129559.567 J29579.354 129599.142 1296 18. 929 129638.7 17 
729 129678.294 129698.082 129717.871 129737.660 129757.450 129777. 2'10 J29797.030 1298 16.820 129836.610 
730 129876. 192 129895.984. 129915.776 129935.567 129955.360 129975.152 129994.945 13001<1.738 130034.531 

731 130074. 119 130093.913 130113.707 130133.502 J30 153.297 130173.092 130 192. 888 1302 12.683 130232. 479 
732 130272. 072 13029 1. 869 1303 11. 666 130331. 464 13035 1. 261 130371. 059 130390.858 130410.656 130'130. '155 
733 130470.053 130489.853 130509.653 130529.453 130549.253 130569. OM 130588.855 130608.656 130628.458 
734 130668.062 130687.864 130707. 667 130727. 469 130747.273 130767.076 130786.880 130806.684 130826.488 
735 130866.097 130885.902 130905.707 130925.513 130945.319 130965. 125 130984.931 131004.738 131024.545 

736 13 1064.160 131083.968 131103.776 131123. 584 13 11 43.393 13lJ 63.201 131 183.0 10 13 1202.820 131222.630 
737 13 1262.250 131282.060 131301. 871 13132 1. 682 131341. 493 J31361. 305 131381.117 13 1400.929 131420.741 
738 13 1460.367 131480. 180 131499.993 131519.807 131539.62 1 131559.435 J31579 .250 131599.065 131618.880 
739 131658.511 131678.327 131698. 143 131717.959 13.1 737.776 131757.593 131777. 410 131797.228 131817.046 
740 131856.682 131876.50 1 13 1896.319 131916.139 131935.958 131955.778 131975.598 131995.4J 8 132015.238 

741 1320M.880 132074.702 132094.523 1321 14. 345 JJ2134. 167 1321 53.989 132173.812 132193.635 132213. 458 
742 132253. 105 J32272.929 132292.754 1323 12.578 132332. 403 J32352.228 132372.053 132391. 879 1324 11.705 
743 132451. 358 J32471. 184 132491. 011 1325 10.838 132530.666 132550.494 132570.322 132590. 150 132609.979 
744 132649.637 132669.466 132689.296 132709. 126 132728.956 132748.786 1:;2768.6 17 132788.448 132808. 279 
745 132847.943 J32867.775 1<12887.607 132907.440 132927.273 132947. J06 132966.939 1<12986.773 133006.607 

746 133046.275 133066. 110 133085.945 133 105.78 1 133125.616 133145. 452 133165.288 133185.124 J33204.961 
747 133244.6J5 133264.472 1<13284.310 133304. 148 13332<1.986 J33343.825 133363.664 133383.50J J33'103. <142 
748 133443.021 133462.862 133482.702 133502.543 133522.383 133542.225 133562.066 J3358J .908 133(iO I. 75O 
749 133641. 435 133661. 277 1<13681. 120 133700.964 133720.807 133740.65 1 133760.495 133780.340 J33800. 184 
750 133839.874 133859.720 133879.566 133899.412 1339 19.258 133939. 101 133958.951 133978.798 133998.645 

751 134038.34 1 134058.189 134078.037 134097.886 134117. 735 134137.584 134157. 434 134177.283 134197.133 
752 134236.834 134256.685 134276.536 134296.387 IJ43 16. 239 .134336.091 134355.943 134375.795 134395.648 
753 134435.354 134455.207 134475.061 134494.9 15 134514.679 134534.624 134554. 478 134574.333 134594. 189 
754 134633.900 134653.756 134673.612 134693.469 134713.326 134733.183 134753. 041 134772.898 134792.756 
755 13'1832.473 J34852.332 134872. 191 134.892.050 1349 11. 909 134931. 769 134951.629 134971. 490 134991. 350 

756 135031. 072 135050.933 135070. 795 135090.657 13511 0.519 J35130.382 135150 244 135170.107 135189.971 
757 135229.698 135249.562 135269. 426 135289.291 135309. 156 135329.021 135348.886 135368.752 135388.617 
758 135428.350 135448.217 135468. 084 135487.951 .1 35507.818 135527.686 135547.554 135567.422 135587.291 
759 135627.029 135646.898 135666. 767 135686.637 135706.507 135726.378 135746.248 135766.119 135785.990 
760 135825.733 135845.605 135865.478 135885.350 135905.223 135925.096 135944.969 135964.843 135984.716 

761 136024.465 136044.339 136064.214 1360S4.089 136103.965 136 123.840 136143.716 136163.592 136183. 469 
762 136223.222 136243.099 136262.977 136282.855 136302.733 136322.611 . 136342.489 136362.368 136382.247 
763 J36422.006 136441. 886 136461. 766 136481. 646 . 136501. 527 13652 1. 408 13654 1. 289 136561. 170 136581. 052 
764 136620.816 136640.698 136660.581 136680.464 136700.347 136720.231 136741. 114 136759.998 136779. 883 
765 136819.652 136839.537 136859.422 136879.308 136899. 194 136919.080 136938.966 136958.853 136978.740 

766 137018.514 137038.402 137058.290 137078. 178 137098. 067 137117.955 137137.844 137157.734 137177. 623 
767 137217.403 137237.293 137257. 184 137277. 074 137296.965 137316.857 137336. 748 137356.640 137376.532 
768 1374 16.317 137436.210 137456. 103 137475.997 137495.890 137515.784 137535.678 137555.573 137575.468 
769 137615.258 137635. 153 137655.049 137674.945 137694.841 137714.738 137734.635 137754.532 137774.429 
770 137814.224 137834. 122 137854.021 137873.919 137893.818 137913.717 137933.617 137953.516 137973.416 
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124325.807 
124522.948 
124720.119 
124917.317 
125114.544 

125311.800 
125509.083 
125706.395 
125903.735 
126JOI . l 04 

126298.500 
126495.924 
126693.377 
126890.858 
127088.366 

127285.903 
127483.467 
127681. 059 
127878.679 
128076. 327 

128274.003 
128471. 706 
128669.437 
128867. 195 
129064.982 

129262.795 
129460.636 
12%58. 505 
129856.401 
130054.325 

130252.276 
130450.254 
130648.260 
130846.292 
131044.352 

131242.439 
J31440.554 
131638.695 
1318<16.86<\ 
132035.059 

132233.282 
132431. 531 
132629.808 
J32828. Jll 
133026.441 

133224.798 
133'123. 182 
13362L 592 
J33820.029 
134018.493 

134216.983 
l J '1415.501 
134614.044 
1348 12. 614 
135011. 211 

135209.834 
135408.484 
135607. 160 
135805.862 
136004.590 

136203. 345 
136402. 126 
136600.934 
136799.767 
136998. 627 

137197.513 
137396.425 
137595.363 
137794.326 
137993.316 

70 1 
2 
3 
4 
5 

70 
70 
70 
70 

70 6 
7 
8 
9 
o 

70 
70 
70 
71 

711 
71 
71 
71 
7J 

71 
71 
7J 
71 
72 

2 
3 
4 
5 

6 
7 
8 
9 
o 

721 
72 2 

3 72' 
7 24 

5 72 

72 
72 
72 
72 
73 

6 
7 
8 
9 
o 

73 
73 
73 
73 
73 

73 
73 
73 
73 
74 

74 
74 

1 
2 
3 
4 
5 

6 
7 
8 
9 
o 

74' 

1 
2 
3 
4 
5 

74 
74 

74 
74 
74 
74 
75 

6 
7 
8 
9 
o 

75 
75 
7' 

1 
2 

53 
54 
5 

7 
75 

75 6 
7 75 

7 58 
9 
o 

75 
76 
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2 
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76 
7 
7 
76 

76 
76 

6 
7 
8 
9 
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Table of 2n In n for values of n /Tom 1 to 10,OOO - Con t inu 8d 

0 I I 2 3 4 5 6 7 

771 138013.217 138033.117 138053.018 138072.920 138092.821 138112.723 138132.625 138152.527 772 138212.235 !3S~32. 138 138252 042 138271. 946 1~829J. 850 138311.754 138331. 659 138351. 564 
773 1384 11. 280 138431. 185 138451. 092 138470.998 138490.905 138.\1O.8tl 138530.719 138550.626 
774 138610.350 138630.258 138650.167 138670.076 138689.985 138709.895 138729.804 138749.714 
775 138809. 14(\ 138829.357 138849.268 138869.180 138889.091 138909.004 138928. 916 138948.828 

776 130008.568 139028.481 139048.395 139068.309 1390 224 139108.138 139128.053 139147.968 777 139207. il5 139227. 6~.1 139247.548 J39267.465 J39287.382 139307.299 139327 216 139347.134 
778 139406.889 139426.807 139446.726 139466.646 139486.565 139506.485 139526.405 139546.325 779 139606.088 13962G.009 139645.931 139GB5.852 139685.775 139705.697 13972.5.620 139745.542 
780 139805.313 139825. 236 139845.161 139865.08.5 139885.010 139904.935 139924.860 139944.785 

781 140004.563 140024.489 140044. 416 140064.343 140084.270 140104.198 140124. 125 140144. 053 7S2 140203. Sa9 140223.768 140243.697 140263.627 140283.556 140303.487 140323.417 140343.347 783 140'103. 140 140423.072 140443.004 140462. 936 140482.868 140502.801 140522.734 140542.667 784 140002. 46~ 140622.402 140642.336 140662.271 140682.206 140702.141 140722. 076 140742.012 785 140801. 820 140821. 757 H0811. 694 140861. 631 140881. 568 140901. 506 140921. 444 140941. 382 

786 141001.198 141021. 138 1411)41. 077 141061. 017 141080.957 141100.897 141120.837 141140.778 787 141200.602 141220.544 141240.486 141260. 428 1412llO.370 141300.313 141320.256 141340.200 7M 141400.031 141419.975 141439.920 141459 865 141479.810 141499.755 141519.700 141539.646 789 141599.485 141619.432 141639.379 141659.326 141679.274 141699.222 141719. 170 141739. 118 790 141798.965 141818.914 141838.864 141858.814 141878. 764 141898.714 141918.665 14193S.616 

791 141998. 470 142018.422 14~038. 374 142058. 326 142078.279 142098.232 142118. 185 142138.138 792 142198. 000 142217.95.0 142237.909 142257.864 142277.819 142297.775 142317.731 142337.686 793 142397.556 1424 17.513 142·137.470 142457.427 142477. 385 142497.343 142.517.301 142537.260 794 142597. 137 142617. 096 142637.056 142657.016 142670.976 142696.936 142716.897 142736.858 795 142796.743 142816. 7~4 142836.667 142856.629 142876.592 142896.555 142916.518 142936.482 

796 14299C,.374 143016.338 143030.303 143056.268 143076.233 143096. 199 143116.164 143136.130 797 143196.030 143215.997 143~35. 964 143255.932 143275.899 14329.1. 867 143315.836 143335.804 798 143395.711 14341".681 143435.650 143·1.\5. 620 143475.591 143495.561 143515.532 143535.503 799 14359.5. 4 18 143615.390 14~63". 362 1·13655.334 143675.307 143695. 280 143715.253 143735.227 800 143795. 149 143815. 124 143835. 098 1438.\.5.073 143875.049 143895. 024 143915.000 143934.976 

801 143994.905 144014.882 144034.8(;0 144054.837 144074.815 144094.793 144114.771 144134.750 802 144194.687 141214.666 144234.646 144254.626 144274. foO (i 144294.587 144314.568 144334. 549 803 144394.493 144414.4.75 14443·\. 457 144454.440 144474.423 144494.406 144514.389 144534.372 804 144594.324 144614.309 144634.294 144654.279 144"74.264 144694.249 144714.235 144734.221 805 144794.181 144814. 168 144834.155 144854. 142 144874. 130 144894. 118 144914.106 144931.095 

806 144994. 062 145014.051 145034.041 14.5054.031 145074.021 145094.011 145114.002 145133.993 807 145193.967 145213.959 145233.951 145253.944 145273.937 140293.929 145313.923 145333.916 808 145393.898 145413.892 145433.887 145453.882 145473.877 145493.872 145.113.868 14.5533.864 809 145593. R5~ 145A13.850 145633.817 145653. 845 145673.842 145693.840 145713.838 145733.837 810 145793.833 145813.833 145833.832 145853.832 145873.832 145893.832 145913.833 14.5933.834 

811 145993.838 146013.840 146033.842 146053.844 146073.847 146093.850 146113.853 146133.856 812 146193.867 146213.872 146233.876 146253. 8~1 116273. 886 146293.891 146313.897 146333. \)1)3 813 146393.921 146413.928 146433.935 146453.942 146473.950 146193.958 14651:\. 966 146533.974 814 116594.000 146614.009 146634.019 146654.028 146674. 038 146694. 048 146714.059 146734.070 815 146794.103 146814.115 146834. 127 146854. 139 146874.151 146894.164 146914.177 146934. 190 

816 14f>\)tJ4.2:11 147014.245 147034.259 1470[;4.274 147074.289 147094.304 147114.319 147134.335 817 147194.383 147214.400 147234.416 147254.434 147274.451 147294.468 147314.486 147334. 504 818 147394.5r,(J 147414.579 1-17434.598 147454. GI S 147474.637 147494.657 147514.678 147534.698 819 147.194.761 147614.782 147634.804 147654.826 147674.848 147694.871 147714.893 147734.916 820 147794.987 147815.010 147835. 035 147855.059 147875.084 147895. 109 147915. 134 147935. 159 

821 147995.237 148015.263 148035.289 148055.316 148075.343 148095.371 148115.398 148135.426 822 148J95.511 148215 . .140 148235.569 148255.598 148275.627 148295.657 148315.687 148335.717 823 148395.810 ]<]8415.84 1 148435.872 148455.904 148475.936 148495. 9GB 148.516.000 148536.033 824 14859f>.133 148616. 166 148636.200 1481',,5(\.234 148676.269 148696.303 148716.33S 148736.373 825 148796. 480 148816.516 148836. 5.52 148856.589 148876.625 148896.663 148916.700 148936.737 

826 148996.851 1490lG.8OO 149036.928 149056.9G7 149077. 007 149097. 046 149117.086 149137. 126 827 149197.247 149217.288 119n7.329 149257.370 149277. 412 149297. 454 149317.496 149337.538 828 149397.667 149117.710 149437.754 149457.798 149477.84? 149497.886 149517.930 149537.975 829 149598.111 149618. 157 149638.203 149658.249 149678.295 149698.342 149718. 389 149738. 436 830 149798.579 149818.627 149838.676 149858.724 149878.773 149898.822 149918. 872 149938. 921 

831 149999. 071 150019.122 150039. 173 150059.224 150079.275 150099.326 150119. 378 150139.430 832 150199.588 150219.641 150239. 694 150259.747 150279.801 150299.855 150319.909 150339. 963 8a3 1[,0400.128 150420.183 150440.239 150460.295 150480.351 150500.407 150520.464 150540. 521 834 150600. 692 150620. 750 150640. 808 150660. 8M 1.\0680.925 150700.984 150721. 043 150741.102 835 150801. 281 150821. 341 150841. 401 150861. 462 150881. 523 150901. 584 150921. 645 150941. 707 

836 151001. 893 151021. 956 151042.018 151062.081 151082. 145 151102.208 151122.272 151142.336 837 151202.529 151222.594 151242.659 101262.725 151282.790 151302.856 101322.922 151342.989 838 151403.189 151423.257 151443.324 151463.392 151483.460 151503.528 151523.597 151543.66f> 839 151603.873 151023.943 151644.013 151664.083 151684.154 151704.224 151724.295 151744.366 840 151804.581 151824.653 151844.726 151864.798 151884.871 151904. 944 151925.017 151945.091 

240 

8 9 

138172. 429 138192.332 
13R371. 469 138391. 374 
138570.53'1 138590.442 
J38769.625 138789 535 
138968.741 138988.654 

139167.884 139187.779 
139367.052 139386.970 
139566.246 139586.167 
13976;;.466 139785.389 
139964. 711 139984.637 

140103.982 140183.910 
140363.278 140383. ~09 
140562.600 140582.534 
140761. 948 140781. 884 
140961. 321 140981. 259 

141160. 719 141180.660 
141360.143 141380. 087 
141559.592 141579.539 
141759. 067 141779.016 
141958.567 141978.518 

142158. 092 142178.046 
142357.643 142377. 599 
142557.218 142577.177 
142756.819 142776.781 
142956.4.45 142976.409 

143156.097 143176.063 
143355.773 143375.742 
143555.474 143575.446 
143755.201 143775.175 
143954.952 143974.929 

144154. 729 144174.708 
144354.530 144374.511 
144554.356 144.574. 340 
144754.207 144774. 194 
144954.083 144974.072 

145153.984 145173.976 
145353.9 10 145373.904 
145553.8GO 145.173. 857 
145753.835 145773.834 
145953.835 145973.836 

146103.859 Wil73.863 
146353.909 146373.915 
]<]6553.982 146.573.991 
146754.081 146774.092 
146954.203 116974.217 

147154.351 147174.367 
147354 . . 123 147374.541 
147554.719 147571.740 
1477.\4.940 14777-1.963 
147955. 185 147975.210 

148155.454 148175.482 
14835.5.748 148375.779 
148556. 0rm 148076. 099 
148756.408 148776.444 
148956.775 148976.813 

149157.166 149177.206 
149:157.581 149377.624 
149558.020 149578.065 
149758. 484 149778.531 
149958.971 149979.021 

150159.482 150 179.535 
150360.018 150380. n73 
150,560.578 150580.635 
150761.161 150781. 221 
150961. 769 150981. 831 

15lt62. 400 151182.465 
151363.055 151383.122 
151563.735 151583.804 
151764. 438 151784.509 
1.11965. 165 151985.239 

iii 
772 
773 
774 
77.5 

?i6 
777 
7iR 
779 
780 

781 
782 
783 
784 
785 

786 
787 
788 
789 
790 

7Pl 
792 
79:1 
794 
79.1 

796 
797 
798 
799 
800 

801 
802 
803 
804 
805 

806 
807 
808 
.<;09 
810 

811 
812 
813 
814 
815 

816 
817 
818 
819 
820 

821 
822 
823 
824 
825 

82 
827 
828 
829 
83 

831 
83' 2 

3 
4 
5 

83 
83 
83 

83 
8:1 
83 
83 
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0 1 
- ---------

841 152005.313 152025. 387 
842 152206.068 152226. 145 
843 152406.847 152426.927 
844 152607. 650 11\2627.732 
845 152808. 477 152828.56 1. 

846 153009.327 153029.4 14 
847 153210.201 153230.290 
848 153411099 153431. 190 
849 153612.020 153632. 113 
850 1538 12.964 153833.060 

851 154013.933 154034.031 
852 154214.924 154235. 025 
853 154415.939 154436.042 
854 154616.978 15<1637.083 
855 154 18.040 154838.148 

856 155019. J26 155039.235 
857 155220.2a4 155240.346 
858 15542 1. 366 155441. 481 
859 155622.522 155642.639 
860 15582a.70 1 155843.820 

86 1 1E·6024. 903 156045.02,1 
862 156226 128 156246.252 
863 156427.376 156447.502 
864 156628.648 156648.776 
865 156829.942 ]56850.073 

866 157031.260 J57051. 393 
867 157232.601 157252.737 
868 157433.965 J57454. 103 
869 157635.352 157655.492 
870 157836.762 157856.905 

87 1 158038. 195 158058.340 
872 158239.651 1582,,9.798 
873 15844 1. 130 158461. 280 
874 158042.632 158662.784 
875 158844. 157 158864.311 

876 159045.705 J59065.86 1 
877 159247.275 159267. 433 
878 159448.868 159469.029 
879 159650.484 159670.647 
880 159852. 123 159872.288 

881 160053.785 160073.952 
882 160255.469 160275.638 
883 160457.176 160477. 348 
884 160658.905 160679.079 
885 160 60.657 160880.834 

886 161062.432 16 1082.611 
887 161264.229 16 128'1.4 10 
888 161466.049 161486.233 
889 161667.892 161688.077 
890 161869.757 161889.944 

891 162071. 644 16209 1. 834. 
892 162273. 554 162293.746 
893 1624 75.486 162495.680 
894 162677. 44 1 162697.637 
895 162879.4 18 162899.617 

896 163081. 417 163 10 1. 618 
897 163283.439 163303.642 
898 163485.483 163505.688 
899 163687.549 163707.757 
900 163889.637 163909.847 

901 164091. 748 164 ] 11. 960 
902 164293.881 J643 14.095 
903 164496.036 1645 16. 253 
904 164698.213 164718.432 
905 164900. 413 164920.634 

906 165 102.634 165122.857 
907 165304.878 165325. 103 
908 165507. 143 165527.371 
909 165709. 43t 165729.661 
910 165911. 740 165931. 972 

Table of 2n In 11 Jor values oJ Jl {rom 1 to 10,OOO- Con t inu ed 

2 3 4 5 _~ __ 1 ___ 7 _J __ 8 _ _ 9 _ ----- ----------
152045.462 152065.537 152085.612 152105.688 152 125.763 152 145.839 152 165.9 15 152185.992 
152246.222 152266.300 152286.377 152306.455 152326.533 152346.611 J52366.690 152386.768 
152447.006 152467.086 152487.166 152507.246 152527.326 152547.407 152567. 488 152587. 569 
152647. 814 152667.896 152687. 978 152708.061 152728. 143 152748.226 152768.310 152788.393 
152848.645 152S68.730 152888.814 152908.899 152928.984 152949.070 152969. 155 152989.241 

153049.500 153069.587 153089.674 153109.761 153129.849 1.03149.936 153170.024 153190. 113 
153250.379 153270.468 153290.557 153310.647 153330.737 153350.827 153370.917 153391. 008 
153451 281 15347 1. 373 153491. 464 153511. 556 153531. 648 153551. 741 153571. 834 153591. 927 
153652.297 153672.3Cl 153692.395 153712.489 153732.584 153752.679 153772. 774 153792.869 
153853. 156 153873.252 153893. 349 153913.446 153933.543 153953.640 153973.737 153993.835 

154054. 129 154074.228 154094.326 1.\4114.426 154134.525 154154.624 154174.724 154 194. 824 
154255. 125 154275.226 154295.328 154315.429 154335.531 154355.632 154375.735 154395. 837 
154456. 145 154476.249 154496.352 154516.456 154536.560 154556.664 154576.768 154596.873 
154657. 189 154677.294 15<1697. 400 154717. 506 154737.612 154757.719 154777. 826 154797.933 
154858.255 154878. 363 154898.471 154918.580 154938.689 154958. 797 154978.907 154999.016 

155059.345 155079.456 155099.566 155119.677 155139.788 155159.899 155180.0ll 155200. 122 
155260.459 155280.571 155300.684 155320. 797 155340.9ll 105361. 024 155381. 138 155401. 252 
155461.596 155481. 7ll 155501. 826 155521. 941 155542.057 155562.173 155582.289 155602.405 
155662.756 155682.873 1.\5702. 991 155723.108 155743.226 155763.345 155783. 463 155803.582 
155863.939 155884.059 155904. 179 155924. 299 155944.419 155964.5<10 155984.660 156004.781 

156065. 146 156085.268 156105.390 156 125.5J2 156145.635 156165. 758 156185.881 156206.004 
156266.376 156286.500 156306.624 156326.749 156346.874 156366.999 156387. 125 156407.250 
156467.629 156487. 755 156507.882 156528. 009 156548. 136 156568. 264 156588.392 156608.520 
156668.905 156689.034 156709. 163 156729.292 156749.422 156769.552 156789.682 156809.8 12 
156870.204 156890.335 1569 10.467 156930.599 156950.730 156970.863 156990.995 157011. J27 

157071. 527 157091. 660 157111. 794 157J31.928 157152.062 107172. 197 157192.331 157212.466 
] 57272.872 157293.008 1573J3.144 157333.280 157353.417 157373.554 157393.691 1574 J3.828 
157474.241 157494.379 157514.517 157534.656 157554.795 157574.934 157595. 073 1576 15.2 1a 
157675.632 157695.773 157715.9.14 157736.054 J57756. 196 157776.337 157796.4 79 1578J6.620 
J57877. 047 157897. 190 157917.333 157937. 476 J57957.619 157977. 763 157997.907 158018.051 

158078.485 158098.630 158118.775 158 138.921 158159.066 15 179.212 J58199.358 15 219. 505 
158279.945 158300.093 158320.240 158340.388 158360.536 158380.684 158400. 833 158420.981 
158481. 429 15850 1. 579 158521. 728 158541. 878 J58562.029 158582. 179 1 602.330 158622.48 1 
158682.935 158703.087 158723.239 158743.392 158763. 54'1 158783.697 158803.850 158824.004 
15 84.465 158904.6 19 158924. 773 1589<14.928 158965.083 158985.238 159005.393 159025.549 

159086.0 17 159106.173 159 126.330 159 146.487 159 166.644 159J86.802 159206.959 159227. 11 7 
159287.592 159307.751 159327.910 159348.069 159368.228 159388.388 1:;9408.548 159428.708 
159489. 190 159509.351 159529.5 12 159549.673 159569.835 159589.997 159610. 159 159630.322 
159690.810 159710.974 159731. 137 159751.301 159771. 465 15979 1. 629 15981 1. 79'1 159831. 958 
159892.454 159912.619 159932.785 159952.951 159973. 117 159993.284 160013.450 160033.6 17 

160094.120 160114.287 160 134.456 160154.624 160174.792 160194.961 16021 5. 130 160235.299 
160295.808 J60315.978 Hi0336. 149 160356.3 19 160376.490 160396.661 J60416.832 160437.004 
160497.520 160517.692 160537.865 160558.038 160578.2Jl 160598. 38'1 160618.557 160638. 73 1 
160699.25<1 1607 19. '128 160739.603 160759. 778 160779.954 160800. 129 J60820.305 160840.48 1 
16090 1. 010 160921. 187 160941. 365 160961. 542 160981. 7J9 161001. 897 161022.075 161042. 254 

161102.790 161122.969 161143. 148 161163 328 161183.508 16 1203.688 16 1223.868 16 1244.049 
J6130'1. 592 J61324 .773 161344.955 161365. J37 161385.3 19 161405.501 16 1425.684 16 1445.866 
161506.4 16 J6 1526.600 161546.784 161566.968 1fi 1587. 152 161607.337 J61627.521 161647.706 
161708.263 16 1728.449 161748.635 161768.82 t 161789.008 161 09. 195 161 829.382 161849.569 
161910. 132 161930.320 161950.509 161970.697 161990.886 1620 11. 075 162031. 265 162051. 454 

1621 12.024 162132.215 162 152.405 162172.596 162 192.787 1622 12.978 J62233.170 162253.362 
162313.938 162334. 13t J62354.324 162374.517 162394.710 1624 14.904 162435.098 162455.292 
162515.875 162536.070 162556.265 162576.460 162596.656 162616.852 162637. 048 162657.244 
162717.834 162738.031 162758.229 162778. 426 162798.624 1628 18.822 162839.020 162859.219 
162919.816 162940.015 162960.215 162980.414 163000.61 5 163020.815 163041. 015 163061. 216 

163 121. 819 163142.021 163162.223 163182.425 163202.627 1632"22.830 1fJ3243.032 163263.235 
163323.846 163344.049 163304.254 163384.458 163404.662 163424.867 163445. 072 163465.277 
.16:1525.894 163546.100 163566.306 163586.513 163606.720 J63626.927 163647. 134 163667.341 
163727.965 163748.173 163768.382 163788.590 163808.799 163829.008 163849.218 163869 427 
163930.058 163950.268 163970. 479 163990. 690 164010.901 104031.112 164051. 324 164071. 536 

164132. 173 164152.386 164172. 599 164192. 812 164213.025 104233.239 164253.453 164273.667 
16433<1. 3 10 164354.525 164374. 740 164394.956 J64415.171 164435.387 164455.603 164475.8 19 
164536.470 164556.687 164576.904 164597. 122 164617.340 164637. 558 164657.776 164677. 994 
164738.651 104758.871 164779.090 164799. 310 164819.530 164839.750 164859. 971 164880. 192 
164940.855 164961. 077 164981. 298 16500 1. 52 1 165021. 743 16504 1. 965 165062. 188 16W82.4 11 

165143.081 165163.305 165183.529 165203.753 165223.977 165244.202 165264.427 165284.652 
165345. 329 165365.555 165385.781 165406.008 165<126.234 165446.46 1 165466.688 165486.916 
165547.599 165567.827 165588.055 165608. 284 165628.513 165648. 742 165668.971 165689.201 
165749.891 165770. 121 165790. 352 165810.583 165830.814 165851. 045 J65871. 277 16589 1. 508 
165952. 205 165972. 437 165992. 670 166012.903 166033. 137 166053.370 166073.604 166093.838 
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84 1 
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844 
845 

846 
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T able of 2n In n for val1tes of n from 1 to 1O,OOO- Cont inued 
I 

1 __ 2 _1 ____ 3 _ 1 1 0 1 4 5 I 0 7 8 9 
--- --.-- -----------

911 166114.072 10G1 ~4. 306 166154 .. 541 160174.776 11\6195.011 166215.246 1M235.481 166255.717 166275.953 If,6290. 189 911 
9 12 1003 16.425 166336.662 1663.56. 899 166377. 136 166397.373 160417. 010 1fi6437.848 If>G458.086 16647S.324 16649R. 562 912 
913 166518. SO l 1G6.539.040 166559.279 166"19.518 166599.757 166019.997 166e40.237 10liOGO.477 166680.717 166700. 9.58 013 
914 166721.198 166741. 439 11ii76l. 680 166781. 922 166802.1G3 166822.105 166842.617 166862.889 166883. 132 1116903. 375 914 
915 166923.617 166943.81\1 166964.104 166984.348 167004.59[ 107024. 835 107045.080 167065. 324 107085.509 107105.813 915 

916 1117126.059 167146.304 167166.549 167180.795 167207.041 167227.287 167247.534 167267.780 167288. 027 167308.274 916 
917 167328 .• 522 167348.769 167369. OJ 7 167389.265 l6'1409. 513 167429.761 167450.010 167470.259 167490.508 167.\1 n. 757 917 
918 167531. 006 16755l. 256 16757l. 506 .1 67501. 7.56 167612. 006 167032.257 167652.508 167672.759 167693.010 167713.261 918 
919 167733.513 167753.765 167774. 017 167794.260 167R14.522 167834.774 111785.5. 027 167875.280 167895.534 167915.787 919 
g20 167936.041 11,7956.295 167976.549 167996.804 168017. 059 168037.313 168057.569 168077. 824 168098.079 16811B. ~35 920 

921 168138.591 168158.847 168179.101 168199.360 158219. 617 168239. R74 168260.132 168280. 389 168300.647 168320.905 921 
922 168341. 163 168361. 421 168381. 680 168401. 939 168422.198 168442.457 168462.716 11\8482. 976 168503.2:36 168523.4% 922 
923 168543.756 168564.017 11\8584.278 168604.539 168624. 800 168645.061 168665. 323 163685.585 168705.847 168726. 109 923 
924 1(\8746. 3il 168766. 634 168786. 897 16;;so7. 160 168827.424 168847.687 16R867.951 168888. ~15 168908.479 168928.744 924 
925 168949. 008 168969.273 168989. 538 169009.803 169030. 069 169050. 335 169070 601 169090. 867 169111. 133 169131.100 925 

926 169151. 1\67 169171. 934 109192.201 169212.468 169232. 736 169253. 004 169273. 272 169293.540 169313. 809 169334.078 92f) 
927 1693M. 347 169374. 616 169394. 885 169415.155 169435. 12;; 169455.695 169475. 96.5 169496.235 1695 16.506 169536.777 927 
928 169557. 048 169.577.320 160597. 591 169617.8(\3 169638.135 169658.407 169678.679 16969g. 952 169719.225 169739.498 928 
929 169759.771 169780. 045 169800.318 169820.592 169840.867 169861. 141 169881. 415 169901. 690 169921. 965 160942. 240 929 
930 169962. 516 169982.792 170003.067 170023.343 170043.620 170063. 896 170084.173 170104. 450 170l24. n7 170145.00·1 930 

931 170165.282 170185. 560 170205.838 170226.116 170246.395 170266.673 170280.952 170307.231 li0327. 51O 170347.790 931 
932 l70368.070 170388. 35G 170408. 630 170428.910 170449. WI 170469.472 170489.753 170510.034 170530.315 170550.597 932 
933 170570. 879 170591.161 17061.1. ·143 1706.11. 726 170652.008 170672.291 170692.575 170712. 858 170733. 141 170753. 4~5 933 
934 170773.709 170793.994 170814.278 170834.563 170854.847 170875.133 170895.418 170915.703 170935. 989 170956.275 934 
935 170976.561 170996. 848 171017. 134 171037. ~21 171057. 708 171077. 995 171098.283 171118. 570 171138.858 171159. 146 935 

936 171179.435 171199.723 1.71220.012 171240.301 171260.590 171280. 879 171301. 169 171321. 459 171341. 749 171362. 039 936 
937 171382. 329 171402.620 171422.9n 171143. 202 171463. 493 171483. 785 171504.076 171524.368 171544.6GO 171504.953 937 
938 171585. 245 171605. 538 171625.831 171646.124 171M6.418 171686.711 171707. 005 171727. 299 171747.593 171767. 888 938 
939 171788. 183 171808.478 171828.773 171849.068 171 869.364 171889. 659 171909.905 171930.251 171950.548 171970. 844 939 
940 171991.141 172011. 438 172031. 736 172052.033 172072.331 172092.629 172112. 927 172133.225 172153.524 172173. 822 940 

941 172194. 121 172214. 420 172234. 720 172255.019 172275.319 172295. 619 172315.919 172336. 220 172356. 520 172376.821 941 
942 172397. 122 172417.424 172437.725 172458.027 172478. 329 172498.631 172518. 933 172539.236 172559. 509 172579. 842 942 
943 172600.145 172620.448 172640.752 172661. 056 172681. 360 172701. 664 172721. 968 172742. 273 172762. 578 172782. 883 943 
944 172803. 188 172823.494 172843.800 172864. 106 172884. 412 172904.718 172925. 02.3 172945. 332 172965.639 172985.946 944 
945 173006.253 1.73026. 561 173046. 869 173067.177 173087.485 173107. 794 173128. 102 173148. 411 173168.720 173189.030 945 

946 173209. 339 173229.649 173249.959 173270.269 173290.580 173310.890 173331. 201 173351. 512 173371. 823 173392.135 945 
947 173412. 446 173432. 758 173453.070 173473. 383 173493.695 173514. 008 173534.321 173554.634 173574. 947 173595. 261 947 
948 173615. 575 173635.8g9 173656.203 173676.517 173696. 83l 173717. 147 173737. 462 173757. 777 173778.092 173798.408 948 
949 173818.724 173839.040 173859.3.56 173879.673 173899. 9~0 173920. 307 173940.624 173960.941 173981. 259 174001. 576 949 
950 174021. 894 174042. 213 174062. 531 174082. 850 174103. 168 174123. 487 174143.807 174164. 126 174184. 446 174204.766 950 

951 174225.086 1742~5. 406 174265.727 174286.047 174306.368 174326.689 174347. 011 174367. 332 174387. 654 174407.976 951 
952 174428.298 174448.621 174468. 943 174489. 266 174509. 589 174529.012 174550. 236 174570.560 174590.883 174611. 208 952 
953 174631. 532 174651. 856 174672.181 174692.506 174712. 831 174733. 1f>6 174753.482 174773.808 174794. 134 174814. 4GO 953 
954 174834. 786 174855. 113 174875. 440 174895.767 174916.094 174936.421 174956. 749 174977. 077 174997.405 175017.733 954 
955 175038.062 175053.390 175078. 719 175099.048 175119. 378 175139. 707 175160.037 175180.367 175200. 697 175221. 028 955 

956 175241. 358 175261. 689 175282.020 175302.3r.l 175322.683 17.5343.014 175363.346 175383.678 175404. 010 175424. 343 956 
957 175444. 675 175465.00E 175485. 341 175505. 675 175526.008 175516.342 175566.676 175587.010 175G07.344 175627.679 957 
958 175648. 014 175668. 3i 9 17568S.684 175709.019 175729. 355 175749. 691 175770.027 175790. 363 175810.699 175831. 036 958 
959 17585l. 373 175871. 710 175892.047 175912.385 175932. 722 175953.060 175973. 398 175993. 737 17G014.075 17G034.414 959 
gGO 171>054. 753 17G075.092 176095.431 176115.771 176136. 111 176156.451 176176. 791 176197.131 176217. 472 176237. 812 960 

9li1 176258. 154 176278.495 176298.836 1.76319.178 176339.520 176359.862 176380. 204 176400. 546 176420.889 176411. 232 961 
962 176461. 575 176481. 918 176502.262 176522.606 176542. 950 176563.294 176583. 638 17"003. 983 17f1624. 327 176644.672 962 
963 176605.017 176685.363 176705. 708 176726. 054 176746. 400 176766.746 176787.093 176807. 440 176827.785 176848.133 963 
964 176868.481 176688.828 176909. 176 176929.524 176949.872 176970.220 176990. 568 177010.917 17703l. 266 177051. 615 064 
965 ]7707l. 965 177092. 314 177112.664 177133. 014 177153.364 177173.714 177194. 065 177214. 416 177234. 767 177255.118 965 

966 177275.469 177395.821 177316. 173 177336. 525 177356. 877 177377.229 17n97. 582 177417.935 177438.288 177458. 641 966 
P67 177478. 994 177409.348 l77519. 702 177540.056 1775GO.41O 177580.765 177GO!. 120 177621. 475 177641. 830 177662. 185 967 
968 177682.540 177702.896 177723. 252 177743.608 177763.965 177784. 32 1 177804.678 177825.03" 177845. 392 177865.750 968 
960 177886. 107 177906.465 177926.823 177947. 181 177967. 540 177987. 898 ti8008. 257 178028.616 17'>048. 975 178069.335 969 
970 178089. 694 178EO. 054 178130. 414 178150.775 178171.135 178191. 496 178211. 857 178232.218 178252 .• 579 1.78272. 941 970 

971 178293.302 178313.664 178334. 026 178304.389 178374. 751 178395.114 1784l!i.477 178435. 840 178456.204 178476.567 971 
972 178496.931 178517.295 178537.659 178558.023 178578. 3S8 178.598. 753 178619. 11.8 178639.483 178659. 849 178580.214 972 
973 178700.580 178720.946 178741. 312 178761. 679 178782.0t5 178802.412 178822. 779 178843.147 178863.514 178883.882 973 
974 178904. ~50 178924.618 178944.986 178965. 355 178985. 723 179006. 092 179026.461 179045.831 179067.200 179087.570 974 
975 179107.940 179128. 310 179148. 680 179169.051 179189. 422 179209.793 179230. 164 179250. 535 179"70.907 179291. ~79 975 

976 179311.651 179332.023 179352.395 179372.708 179393.141 179413.514 17943~. 887 179454.260 179474.634 179495.008 976 
977 179515. 382 179535. 756 179556. 130 179576. 505 179596. 880 179617. 255 179637.630 J79658.006 179678.381 1791)98.757 977 
978 179719.133 179739. 510 179759.886 179780.263 179800. 640 179821. 017 179841. a94 179861. 772 179882. 149 179902.527 978 
979 179922.906 179943.284 179963.662 179984.041 180004. 420 180024.799 180045.179 180065.558 180085 938 180106.318 079 
980 180126.698 180147. 078 180l67.459 180187.840 180208. 221 180228. G02 180248. 983 180269.365 180289.747 180310.1:29 980 
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Table of 2n In n f o?' values of n Fom 1 to 10,OOo-Continued 

0 1 2 ~ 4 5 6 7 8 9 

981 180330.51l 180350.893 1803iJ .276 18039 1. 659 18041 2.0'12 1804~2. 425 I 0452.809 180473. 192 180493.576 180513.960 981 
982 IS0534.344 I S0554.729 180575. 11 4 180595. 49S 18061.5. 88~ 180636.269 IS0656.654 180677. 040 180697.426 IS0717. 812 982 
983 180738. 198 180758.585 180778.97 1 180799.358 180819.74.5 180840. 133 180860.520 180880.908 180901. 296 18092 1. 684 983 
984 180942.072 180962.461 180982.849 181003.238 181023.627 181044.017 181064.406 181084.796 18 11 05. 186 ISLJ 25.576 984 
985 181145.967 18 U66.357 181186.748 181207. 139 181227.530 181247.92 1 181268.3 13 181288.705 181309.097 181329.489 985 

986 1813'19. 881 181370.274 181390.667 1814LJ .060 181431. 453 181451. 846 181472.240 181492. 6~4 181513.028 18 1533.422 986 
987 181553.816 181574.211 181594.606 181615.001 181635.396 181655.791 181676. 187 181696.583 18 1716.979 181737. ~75 987 
988 181757.771 181778. 168 181798. 565 181818.962 181839.359 181859.757 181880.154 181900.552 181920.950 18194 1. ~48 988 
989 18196 1. 747 181982.146 182002.544 182022.943 182043.343 182063. 742 182084. 142 182104. 542 182124. 9'12 182145.342 989 
990 .1 82165.743 182186. 143 182206.544 182226.945 182247.347 182267.748 182288. 150 182308.552 182328.954 182349.356 990 

99 1 182369.758 182390. 161 182410. 564 182430.967 182451. 371 182471. 774 182492.178 182512.582 182532.986 182553.390 991 
992 182573. 795 182594. 199 182614.604 182635.009 182655.415 182675.820 182696.226 182716.632 182737.038 182757.4<\4 992 
993 182777.851 182798. 258 182818.664 182839.072 182859.479 182879.886 182900.294 182920.702 182941. 110 182961. 519 993 
994 182981. 927 183002.336 183022.745 183043. 154 183063.563 183083.973 183104.383 183124.793 183145.203 183 165. (j 13 994 
995 183186.024 183206. 434 183226. 845 183247.257 183267.668 183288.079 183308.491 183328.903 183349.315 183369.728 995 

996 183390. 140 1834 10.553 183430.966 183451. 379 18347 1. 793 183492.206 183512.620 183533.034 183553.448 183573.862 996 
997 183594.277 183614.692 183635 . .107 183655.522 183675.937 183696.353 183716. 769 183737. 185 183757.60 1 183778.017 997 
998 183798.434 183818.85 1 183839.267 183859.685 183880. 102 183900.520 1.83920.937 183941. 355 183961. 774 183982. 192 998 
999 184002.611 184023.029 J84043.448 184063.867 184084.287 184104. 706 184125. 126 J84145.546 184165. 966 184186.387 999 

2 ( 10000 In 100(0) = 184206.807 

(P ,lPCl' 66B4-87) 

r 
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Selected Abstracts 

Stro ng blast waves in spherical, cylindrical and plane 
s hocks, D. L. J oncs, Phys. oJ Fluids 4, No.9 (S ept. 1961). 
The integrated energy parame te r B for blast wayc analysis 
is calculatcd for m onatom ic a nd diatomic gases. Three 
geo metries; spherical , cylindrical and pla ne; are co nsidered. 
Where possible, compa rison is made wi t h pre\·iously pub
lished values of n. 

Approximations to the mome nts of the sample median, 
M. M . Siddiqui, An'~. Math . Stat. 33, No.1, 157- 168 (Mar. 
196:3). 
In t his paper a num cr.ieal study of Chu a nd Hotelling's 
meth od of a pproxima t in g to t hc mom ents of thc sample 
median will bc made. Wi t h an in t rodu cto n " outlin c of t heir 
met hod in Section 2, ,,·e \I·ill procecd t o ariply i t to various 
dist ribu t ion s, a nd wi ll evaluate t he dcgrce of accu racy Lhat 
can be con ve nientl.v obtaincd by means of it in each particu
lar C:1se. The numc ri cal res ults will be p rese nted in tabula r 
form. 

Kinet ic equation for plas mas with collec tive a nd collisional 
corre lations, C. M . Tchcn, P roc. Fifth Con/. on Tonization 
Phenomena in Gases , M unich, pp . 8:35- 841 (X orth Holland 
P ubl. Co., A msterciam, The Netherlands, 1961). 
A ki nC' t ic equ a Li on for p las mas is derived from the so-called 
BBGKY eq ua tions. The effects of the do uble a nd t rip le 
correlations a re' in vestigatcd . E mphasis is givc n to t he 
fo rmul ation of t hc long ra nge collect ive forcC', t he collision 
for ce of s horte r range, t he mixing force bc l"\I·C'e n the two 
rangcs, a nd Lhe shielding mecha nis m. A consiste nt study is 
advanced about Lhe' Lime devclopnlE'nL of Lhe double correla
t ion fun ctio n. In v iPII" of appl icat ions to p las ma osci ll ations, 
t he d istribu l ion fun ctions a re pC'rl urbcd . The unperturbcd 
double co rrC' lat ion a nd its per turbation a rC' found , t he latter 
as the w lu t ion of a singula r in tegral equ ation. 

Propagation of solar particles and th e interplan etary magnetic 
fi eld , C. S. Warwick, J . Geophys. R eseal·ch 67, No.4, 1333-
1346 (Apr. 196:3). 
Effects on t he propagation of cos mi c-ray parti cles and of 
solar protons associated with P CA (polar cap absorp tion) 
indi cate t he p resence of a n in te rplanetary magnetic fi eld. 
The effect of t his fi eld is g reatcst fo r par ticles of energy of 
about 109 eV, indicatin g t hat particles of lower energy, 
associated with PCA, propagate no t as individual p articles, 
but as a group wi th kinet ic energy de nsity compa rable to t he 
m agnetic energy density of regions of the interplanetary field . 
A model of t his fi eld is proposed to cxplain various character
istics of the solar particles. This model is found to account 
for t he m ain features of sola r modulation of galaetic cosmic 
rays. 

Modula r for ms whose coefficients possess multiplicative 
properties (II) , M . NOII"man, Ann. oJ ·Math. 75, :342- :350 
(M ar. 1962). 
By m eans of t he ellip t ic modul::t r fun ct ions ma ny number 
t heor eti c identities a re obtain ed . Fo r exa mple, if r.(n) 
denotes t he number of rc presen ta tions of n a s t he sum of s 
squa res, a nd p is a n odd prime, t hen it is shown t hat 

(11-1)(8-1) 8-3 

4 2 (n) a = 1 + p.-L ( - 1) p p' 

(;}s t he Lege ndre-J acobi symbol, and s= ] , 3, 5, 7. 

A calculus fo r factorial arrangements, B . Kurkjian a nd :\[ . 
Zelen , Ann. Math. Stat. 33, 600- 619 (J une 1962). 
This paper in t roduces a specia l calculus for factorial exper·i
men t designs. The calculus applies to the general case of 
asym metric factorial arrangemen ts and is not restric ted to 
sy mmetric factori al designs as is t he cUrl·e nt theo ry w hich 
relies on the theory of fin ite projective geometry. The co n
cise notation a nd operations of this calculus poin t up t he 
relations hip of treatment combinations to interact ions an d 
the e ffect of paLterns of arrangemenLs on t he distribution o f 
rclevant quantities. One a im of t he calcu lus is to earry ou t 
co mpl ex manipu lations a nd operations with relative easc. 
The calculus ena bles ma ny la rge order a ri t hme tic operatio ns, 
necessary for analyzi ng facto rial designs, to be par tly carr- ied 
out by logical operations. This should be of importance in 
progra mming t he a nalys is of factori a l dcsigns on high s peed 
compu tcrs . 
Some of t his work is rclated to the work of B ose a nd B ose 
a nd Co nnor on t he a nalys is of fractio na lly r eplicated designs 
of th e mixed 2m 3 n scries. In t heir wor k t hey have also COIl
s t ru cted a kind of calculus for simplifying t he solution of 
t reat ment est imates . 
The p r·in cipa l new results of t hi~ pa per, asid e frolTl. t hc nell" 
no tation , is t hc develop men t of the polynomial regression 
m odel. Tn pa r t icula r, t he URe of t he calculus e na bles one to 
write t he in verse matrix of t he normal equations as a palti
t ioned matri x which only requ ires inverLin g matrices of smaller 
order. 

A no te o n normal matrices, M . :Wa rcus a nd N. Khan , Can. 
ilf alh. Bull. 4 , 23- 27 (1961). 
1 I. is proved t hat only norm al maLrices A have the foll oll"ing 
property: The eigenvalues of a linear fun ction of A and A * 
are orthogonally related to t he same li ne>,r function in the 
eige nvalues of A . 

The evolution of concepts a nd languages of computing, R . D . 
.Elboum and W . H . Ware, P roc. IRE 50, No.5, 1059- 1066 
(May 1962). 
Digita l computcrs are ope ning exciting new possibili t ies for 
progress in la nguage translation , information retrieval, 
psychological modelin g, p roble m solvin g and t heore m prov
ing. These have resulted no t because of t heir microsecond 
arithmetic speed but beca use of t heir a bility to ma nipUlate 
sy mbols : to read , write, store, compare, and replace symbols 
a nd to follow different cou rses of action according to differ
ences between symbols. Thus, language in a geneml se nse is 
a common aspect of t hese applications. 
Programmers have been extending the usefuln ess of com
puters t hrough t he evolu t ionary developmen t of most a rt 
fully co nceived languages. R ecently, mathemati cians and 
logicians have bee n proving t heorems a bou t formal languages, 
while li nguists have been discoverin g la ws t hat huma ns in
stinctively observe whenever t hcy use natural language. 
Fruitful cross-pollination a mon g t hese c ndeavors now prom
iscs greatly accelerated progress in determinin g whether 
sy mbol manipu la tion is for information processing a pplica
t ions what num erical a nalys is is for a rit hmetic appli cations. 
This pap er fi rst r eviews t he evolution of progra mming lan
guages from t he early days when all programming was done 
in machine languages, t hrough symbolic coding syste ms, in
terpreters, assemblers, generators, a nd compilers, Lo the re
cently developed list processin g la nguages. Then the appli
catioils of t hese languages to game play ing, proble m solving, 
theorem proving, and behav ior and biological modeling have 
been described briefly. Finally, in an ticipation of extendin g 
t he capabi li ty of compu ters to accept, use a nd ge nera te 
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natural languages, the paper concludes wi t h an in troduction 
to some of t he contemporary work on formal la nguage t heory, 
in cludin g a discussion of six fa milies of abstract languages and 
t heir practical implementa t ion. 

Displacement and s train-energy distribution in a longitudi
nall y vibrating cylindrical rod with a viscoelastic coating, 
P. H ertelendy, J . A ppl. Mech. 29, S eries E , 47- 52 (Mar. 
1962). 
A numeri cal solut ion b y R. M . D avies of t he P ochha mmer 
frequency equation is used to determine t he displacement and 
stra in e nergy di stribu t ion across t he cross-section of a n 
in fini te elastic circular cylindrical rod for a number of wavc 
lengths of t he fi rst. seco nd , and t hird modes of sy mmetrical 
longit udinal wave propagation . 'Wit h t hese results t he e ffect 
of a t hin uniform layer of viscoelastic material is in vesti
gated . The four viscoelastic parameters of t he coating a re 
redu ced to one in the defi nition an d co mputation of upper 
a nd lower bounds of t he loss facto;', a nd t he appli cation of 
resul ts to experimental work is di scussed . 

1'chebycheJl' a pproximation by functions unisolvent of vari 
able degree, J . n . ni ce, T rans. Am. lVIath. Soc. 99 , 298- 302 
(1961). 
The defini t ion of unisolven ce (T. S. Motzkin, Bull . Ame r. 
Math . Soc. 22 (1949) 789- 793) may be generali zed so as to 
include a mu ch larger class of fun ctions a nd to preser ve t he 
results of unisolvent functions. Let F be a fun ction of N + 1 
real variables, x1:[O, l ) and (ai, a2, ... , an) 1:p where p is a 
subset of En. Let a denote the point (aba2 •... , a n) . 
F urt her let F be a continu ous fu nction of all of i ts varia bles 
and let F (a,x)= F(a',x) for all x1:[O, l ) imply t hat a = a'. 
F is said to be unisolvent of degree N at a point a *1:p if i) 
t here is no a1:p su ch that F(a,x;) = F(a*,x;) for n d istinct 
x;, ii ) given n distinct x; and 1: > 0 t hen t here exists 
o(a *bX, ... , xn ,1:) > 0 such t hat for any set I y;jF(a *,Xi) - y;j 
< oj t he re is a'1:p fo r which F(a',x;) = y; and m ax:lF(a',x) 

x1:[O,1 ) 
- F (a*,x) 1< :1; . This class of fun ctions includes r ational 
functions, linear com binations of exponent ials with variable 
exponent and many other elementary fun ctions. Existence 
a nd uniqueness a re discussed a nd a t heorem on t he characte r
izatio n of best T chebycheff approximations is established. 
'them'em: Let F be unisolvent of degree n at a* and let f (x) 
be a fun ction continuous on [O, l). T hen a necessary and 
sufficient condi tion t hat F(a*,x) be a best approximation to 
f (x) is t hat max IF (a*,x) - f (x)1 be assumed at least N+ l 

x:1;[O,1] 
t imes wi th alternatin g sign. 

B est approximations and interpolllting functions, J . R. nice, 
T rans . Am. M ath . S oc. 101, 477- 498 ( Dec. 1961). 
A function F(a,x) dependin g on n parameters is said to be an 
inte rpolating fun ction of .r(x) if F(a,x) in terpolates f(x) in at 
least n poin ts . Interpolating functions are often used as 
approximations to f(x). Motzkin and Walsh have recently 
in vestigated t he extent of t he relationship between best 
poly nomial a pproximations in an L p norm and in terpolating 
p oly nomials. In t his paper t his relationship is investigated 
more deeply a nd in mu ch more genera l situations. The 
ge neral problem is lo say when a best approximation is also 
a n interpolating fun ction and when an interpola ting fun ction 
is a best approximation in a given norm. n esults a re obtained 
for va risolvent approximating fu nctions as well as a pproximat
ing fu nctions of the form :1;k. a;<t>Jx). The norms considered 
a re more general t hen t he weigh ted Lp norms. 

On the theory of diffraction grating interferometers, H . 
Mendlowi tz and J . A. Simpson, J . Opt. S oc. Am. 52, iV O. 5, 
520- 524 (M ay 1962). 
One-dimensional d iffraction grating t heory is developed in 
vector notation . First order expressions a re derived for t he 
effects of t he ro tat ion of t he grating about an arbi t rary axis 
upon t he diffracted beam . These results are a pplied to t he 
t hree-grating-in terferometer whose characteristics are given 
in some detail. Genera lization to moire patterns or to any 
n umber of gratings wit h arbitrary separations is indicated. 

Traces of products of angular momentum matrices, I. Car
tesian basis, E. Ambler , J . C. Eisenstein , and J . F. Schooley, 

J . Math. Phys. 3, N o. 1, 118-130 (J an.- Feb. 1962). 
Closed formul as a re given for evaluatin g Tr J ~JgJ~ ... where 
a, b, c ... are equal to x, y or z and p , q , r ... are non-neg
ative integers for whi ch p + q + r + . . . S 10. All possible 
combina tions of t he angula r moment um components for 
p + q + r + . . . S q are in cluded . N umerical values of t he 
t r aces a re give n for J= ;,~, 1, ... 10. The procedures used 
in evaluatin g the traces are described. 

Digi tal pattern recognition by mom ents , F . L . Al t, J . A ssoc. 
Comp1ttinq Mach. 9, No.2, 240- 258 (A pr. 1962). 
To ident ify plain black-a nd-whi te patterns such as alphabetic 
ch aracters, by means of a digital computer, t he first few 
momen ts of each pattern are compu ted and compared to 
those of prototype patterns. Certain combinations of the 
moments a re used which a re invaria nt under frequently used 
t r ansformations of patterns. E xperimen ts in di cate t hat 
su ch a p l'ocess, using a modest n umber of sample poin ts on 
each patter n, and comp uting moments on ly up to t he sixth 
order, is adequate to different iate, e .g., bet,veen any two 
characters of t he alpha bet. The general problem of classify
ing items characteri zed by a fini te set of nu mbers (in t his 
case, patterns cha racte rized by the set of moments up to 
order 6) is discussed and a tentative solution proposed . 

Other NBS Publications 

Journal of Research 66A (Phys. and Che rn .) No.5 (Sept.
Oct. 1962) 70 cents. 
Calorimetri c calibration of an ioniza.tion cha mber for deter mi

nat.ion of X-ray to ta l beam energy. J . S. Prui tt and 
S. R . D omen . 

Zinc oxide as a standard substance in t he solution calorimetry 
of p ortland cement. E. S. Newman. 
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