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Mill's Ratio for Multivariate Normal Distributions 1 
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(May 23, 1962) 

Two easily a pplied inequali ties are given for t he "tail probabili t ies" of multi\~ ariate 
normal distributions. 

A basic integral arising in statis tics is of the form: 

_ IM II/2 r'" r"'. [ 1 'J . F (a ,M)- (27r )nI2 Jo · ·· .1 0 ex p -2 (x + a)M (x+ a). elx! ... dXn (1) 

where a and x are n component row vec tors, M is an n X n positive defiuite symmetric matrix 
with determinant IM I and "'''means tran spose. In particular (1 ) arises in eval uating 
Pl'(X ~ b) wh ere X is a, n l,ll do lll v11ri11ble wit 11 a multi v<Lri11 te normal dis tributioll , ,md b is a vector 
of constan ts . hI t his not c in cqllnli ties (upper nnd lower bounds ) ar C:1prcsen tcel for F (a,M ). 

Let 
IM I1I2 (1 ') f( x ,M )= (27r )n/2 C'xp -2 xMx , 

thell 

F(a ,M) =}(a ,M ) Sa'" .!o'" exp (- aMx ') X cxp ( -~ XMX') d.rl ... d.t l/ ' 

ASS ILJne throughou t th e following, 

n 
..:1 = aM> O, i.c., t. i= L; aJmji>O for i = l , ... , n. 

j=! 

Tbe roll o \l~ ill g clcillciltary in equnliti cs are r equired 

2r+ 1 2r 

(2) 

(3) 

2:= (-c)k/k!<e-c< L; (- cY/k! for 1'= 0, ] , . . . (4) 
k=O k=O 

11l1 ci c> O. III particular , (4) will bc used with c= ;fxMx', th e last quantity being posi tive 
whenever x ~o , i .e., at least one Xi~ O , since M is positive definite. 

Now using the right-hand side of (4 ) with 1'= 0 in (2) one obtains 

F(a,M ) < }(a ,M ) r"' ... r'" exp (-± t. iXi) dx] , .• . , dxn • (5) Jo .1 0 1=1 

After evaluating the integral in (5) one has 

(I) 

I ow using the left -hand side of (4) with 1'= 0 in (2) one obtains 

1'" 1'" ( 1 n n ) ( " ) F(a ,M»J(a,M ) . . . 1--2 L; L; Xim ijXj X exp - ~ t. iXj dXl , ... , dxl1 • 

o 0 1 1 .=1 
(6) 

1 Work supported in part by th e Office of Nava l Research . 
2 Present address: Uni\7 crs ity of J\ifinncsota, A1inllcapo1is, IVl inn. 
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After evaluating the integral in (6) one ob tains 

(II) 

wh ere 00 = 1 if i = j and Oij= O if i~j. 
Inequalities similar to (I) and (II) can be obtain ed by using 1'> 0 in (4) . These in equalities 

would be complicated no tation ally. In particular, however, Feller [1, pp. 166, 179] 3 presents 
these inequalities (for general 1') when n = 1 and mil = 1. P61ya [2] has consider ed the case of 
1'> 0 for th e integrand in (1) for a different region of integration. P61.pt's sequence of inequali­
ties has th e desirable property of improving as r increases un til th e sh arpe.st form is obtain ed 
and th en of becoming successively weaker. Ruben [3] h as consid ered the special case where 
m ii= l for i = l, . .. , nand m ij= m for i~j. His results appear to be complicated. 

If th e case considered by Ruben is specialized in th e following mann er: n = 2 and a[ = a2 = a, 
then one obtains fro m using (4) in (2) th e following 

F(a M ) <j(a M ) ..J; /::;.2( -2/::;.2) -i ['"' (i) (2u +v) !(2w+ v) !(2m) ' ] 
, ::> , t=5 L...J u !v!w! ' (III) 

where > «) jf i* is odd (even ), /::;. = I + m, and 1:{il is over all u,v,w~O such that u + v+ w = i. 
It is not clear that the inequalities in (III) h ave tIle desirable feature of th e P61ya bounds. 

Example 1. Assume X h as a bivariate normal distribution with mean vector zero, and 

variance covariance matrix M -l= 1 1 /~ ~ /2 1 · Approximate Pr (X ~ (3,3)). The illtegral ex­

pression for th e desired probability is 

In this integral make the following ch ange of variables Yl = Xl-3 and Y2=X2-3. The integral 

I 4/3 - 2/31 then becomes F(a,M) where a =(3,3), M = -2/3 4/3' and IM I= 4/3. ~ote/::;.[ = /::;. 2 = 2. 

~ow using (I ) one obtains 

and from (II) one obtains 

Pl'(X ~ (3,3» > 0.000114 (1_16/3;4/3)=0.000057. 

From [5] one finds the corr ect value to be 0.000082. 
In this example th e ratio of th e upper to th e lower bound is 2. If one considers the same 

problem, with positive correlations of 1/2 replaced by - 1/2 the corresponding ratio is 54/49. 
Since th e probabilities are smaller with n egative th an with positive correlations, this is not a 
surprising result. 

1
4/3 

Example 2. Assume M = 2/3 2/31 4/3 so that IM I = 4/3, also assume a = (2,2) so that..:1 = (4 ,4) 

then 
0.0000039> F(a ,M) > 0.0000031. 

3 Figures in brackets indicate the literature references at the end or this paper. 
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T o co mpa re t he ,tCC Llmc,\' o f Lh e res ulls for th e bivariate case ,vith th e univaria te case, consider 
th e followin g univariate eXlIlllple wll er e Lh e tr ue vltlu e is abou t th e sam e as in th e abo\"e bivari ate 
example. Let n = l , ml l= l , a lld a= 4.5, th en one obtains 

O.00000:355> F(4.5 , 1» 0.00000337. 

Th e correct valu e, from [4], is 0 . 00000:339~ . 

In the presen t n o ta tion , th e general r es ult I' o r th e un ivari ltt e case g i ven by Fell er [ I , p. 179J 
IS 

I >- - I . R (- J) 7(2r)! 
F(a ,l ) < a 1(a, 1) L; ')7, ! 27 I 

7=0 ~ I .a 

wh ere a> O a nd >« ) if R is odd (eyen). 

Example 3 . If m u= 1 for i = 1, ... , n ltnd m ,j=m for irfj, lind a = (a, . .. , a ), th en lM I= 
(l - m)n- l[1+ (n - 1)m] and Ll i= a[1 +(n - l)m] . (To preserve th e positive de fini te char acter 
of M i t is n ecessar y t hat 1+ (n- 1)m > 0, i .e. , m>- (n - l) - l and m < l. ) No w using (1) and 
(IT), one obt a in s 

ll nd 

where Ll = l + (n - 1)m. Co ns id er the Cllse wi l h 11 = :~ , m = l j:3 a nd a= 5(:3 /2 )1 /". (TlIis Ilunl eri­
cal example co rresponds to fillding tll e p ro bn bilit~~ tlm t It tri va ri a te ll o]")ll a l v ari lt ble willI Ill oan 
vec tor zero , and co yariitnce Ill a tri x hav ing J 's on Lh e diagonltlltlld ] /2's o f]' l he diago lwllws each 
compon en t larger limn 5.) ]n t his case th e r a li o o f t he upper hound Lo th e lower bo un d 
of F(a ,M ) is 25/13. If one consid ers a= 9 (3 /2 )1/2 tll e co rrespo nd ing m lio is 27/23. 

Wi th tIl e previous no t lttion ltnd res tr ictions, co nsid er 11 lI ew in tegml, GCa ,M ) 
ob tain ed from Ill odif\illg F (a ,M ) hy r ephcin g: th e upper lillli ts o f int egra tion h~" ones, I. e., 

(7) 

Th en evnlu a t in g l he in tegra,] itil ltlogous to (5), on e ob Ut ill s • 

crv) 

From th e a nalogue of (6), one ob tains 

R esults CI V) an d (V) were ob tain ed by Proressor Olkin . 

A flrst dra ft o f t his pltpe!" was prep ar en in 1954 while th e a uth or was at th e Nation al Burea u 
of Stannltrds. That work was st imulated b~" Dr. B enj amin E ps tein in conversation s 011 tb e 
distribu t ion of extreme values for dep endent vH.riables. Professor Ingr am Olkin sngges t ed 
ch anges in th e orig in al d raft which h ave beell in corpol'n,ted at this tim e. During the SLllllill er 
of 196 1, unde l' ft Nat ional Science Foundation U nd ergr aduate R esearch Program , TllOlllltS 
Kieran did some a ddi tional numerical a nalysis for th e manuscrip t. 
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