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Interferometers permitting the measuremen t of shape a nd altered distribution of fringes 
a re usually used t o compare eit her an unknown wave front with a known one or an unknown 
surface with a standard reference surface. Any error in t he r eference surface introduces a 
corresponding errol' in t he results sought. This paper describes an absolute measuring 
interferometer a nd the associated mathema ti cal operations necessary for an alysis of t he da ta. 
The referen ce surface is purely mathematical in nature a nd is t herefore free from error. 
D eviations of co nverging wave fron ts from perfect spheres, paraboloids or ellipsoids a re 
readily measured wi thout t he use of tangible reference surfaces. 

The equation of t he r eference surface may contain one or more para mete rs whose value 
is sought . Thus, t he eccen tricity of t he conicoid t hat bes t fi ts a mirror a nd deviations of the 
surface from t he t rue mathematical curve a re obtained simultaneously . The sensit ivi ty of 
t he test can be varied so t hat when testing la rge aspherical ele ments which depart very far 
fro m spheres t he n umber and wid th of t he fringes can be adjusted to any desired values. 

1. Introduction 

M any tests made by interferometry consist in 
measuring the variat ion in separation of two wave 
fronts. Usually, the shape of one of the wave fronts 
is known so that the variation in t he observed 
separat ion is a measure of t he absolute shape of t he 
unknown. The shape of the wave front is a fun ction 
of the optical elements (lenses, mirrors, etc.) that 
produce it. Consequently, the aberrat ions of lenses, 
the shapes of mirror surfaces, the variations in densi­
t ies of fluids, etc., are obtainable from the measure­
ment of wave-front shapes . 

Usually I,he Imown W,Lve l'ront is produced by a 
mirror of know shape called t he reference surface 
and the unlmown wave front which is produced 
by the specimen is compared wit h it . If the reference 
smJace is imperfect, any enol' in i ~ is reflected int o, 
01' t r ansferred to , t he measured shape of the un­
known. 

This paper describes a method of comparing wave 
fron ts against a reference smface which is pmely 
mathematical in nature. Since t he Koesters double­
image prism, which is t he basic elemen t of t his 
interferometer , can be made wit h a high degree of 
perfection [1] 1 the results are practically free from 
instrumental error and the necessity for making 
reference minors and lenses of various foci is elimin­
nated. The interferometer is quite stable, compact , 
and is easily operated by nontechnical personnel. 

This method of analyzing interferom eter data, with 
the necessary modifications required t o adap t, it to 
t he wave-front -shearing interferometer (== WSI), 
has been described in part 1 of this series of papers [2]. 

I Figures in brackets indicate the literature references at the end of this paper. 
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Without t his development, neit her t he WSI nor t he 
wave front r eversing interferometer ( == WRI) , will 
yield unique results except when applied to Wfl,ve 
fron ts which are known (from some other t ype of 
tes t or source of information) to have revolut ion 
symmetry. 

2. Description of the Method 

To describe the principles used in this method of 
analysis its application to the testing of a simple lens 
will be used for illust ration. The operations de­
scribed here apply, \vi thout change, to the testing of 
lenses by autocollimation (one conj ugate at infini ty), 
the testing of mirrors, and to all other tests where 
the results sough t can be ob tained from a knowlcdge 
of wave-front shapes . This t reatment is applicable 
to three dimensional sp ace but for simplification the 
mathematics will be limited to a plane. 

2 .1. Symbols and Abbreviations 

The discussions and t reatment of this problem 
require a considerable number of symbols. To 
provide a ready referencc, all quantities used are 
defined below. 

a = dia meter of t he circular aperturf) of 
t he len~ or mirror under test. 

B = dividing plane of t he double-image 
prism. . 

C and Cf = images of conic section. 
CJ, C2, and C; = arcs of reference curves rep resenting 

known wave frontE; (i.e., a rcs of 
circles if a corrected lens or spherical 
mirror is considered and a rcs of 
It conic section if a com coid is being 
considered) . 

D = posit ion of small, monochromatic light 
source. 

E = ce nter of curvature of prism base. 
e=eccentricity of conic section . 



F = ideal image poiut (conjugate of D in 
fi g. J). 

FI, F 2, F' = images of F (F I and Fz are imaged by 
t hc outer pbne surfaces of t IlE' prism 
and F' is imaged by t he dividing 
plane B .) 

Fe and F; = centers of curvature of conic section 
corresponding to points of extreme 
curvature. 

hand k= coordinates of F;. 
hand k = components of t he line from F t.o E, 

perpendicular a nd parallel to the 
dividing plane, respectively . 

N •.• = observed order of in terference at P,. 
p , and P . = any chosen pair of superimposed re­

ference points. (These points are 
equally distant [opticallYl from t he 
light source and, t he refore, fall on 
t he same wave front. , Their posi­
t ions on the wave front are indicated 
to a sufficient approximation by 
spots on the lens surface, by beads 
on a thin wire or string, or by lines 
on a scale .) 

R = radius of curvature of a conic section; 
minimum for eZ positive and maxi­
mum for eZ negative. 

S = separation of reference curves CI and 
C; (or C and C') along t he line of 
sight from E throul!;h P,. 

T , T' , T I, T;, T 2, T~ = reference points on a conic section. 
tt and v = coordinates of E. 

V and V' = perihelion of conic section . 
W, WI, TV2, and Hr; = respectively. the wave front before it 

is incident on the lens or mirror, 
t he part of the transmitted wave 
front that lies above the dividing 
plane, t he transmit.ted part t hat 
lies below the dividing plane a nd 
t he image of Wz with respect to t he 
dividing plane. 

"VSI = w,we-front-sheari ng interferometer. 
WRI = wave-front -reversing interterometer . 

x and y = coordinates of T . 
a = angle between the dividing plane and 

the opti cal axis. 
(3 = angle between t he dividing plane and 

t he radius vector to p, . 
5, = separations between CI and TVI along 

t he radius vector to p, . 
5. = separation between C2 and Hrz along 

t he radius vector to p ., (or separa­
t ion between C; and W; along t he 
radius vector to P,). 

€ = angle between two images of conic 
section. 

,. = angle between CI and C; at their 
point of mtersection with the divid­
ing plane. 

A= wavelength of light. 
)L = distance from t he extens ion of the 

dividing plane to the axial cen ter 
of t he le ns (fi g. 1) . It is positive 
when t he dividing plane is above the 
axis of t he lens and negative when 
below. 

v and cr = distances from P , and p ., respectively, 
to the optical axis. These distances 
aro measured along the arc of the 
reference curve, CI C2• They are 
positive when t he corresponding 
points are above the axis of the lens 
and negative when below. 

p, P; Pel , and Pe2= radiu s vectors from E to T, T ', T I , 
and T h respectively . 

p, and p.=radius vectors from E to P , and p •. 
respecti vely. 

q, = t.he sml1 of the squares of the devia­
tions (defin ed by eq (13). 

2 .2 . Apparatus 

A simple interferometer for testing lenses, without 
a reference surface or element for comparison, is 
shown in figure 1. It consists of a small monochro­
matic light source at D, the lens to be tested and !:l, 

double-image prism [1] . The lens received the 
diverging wave front, W (spherical when three dimen­
sional space is considered and circular for two dimen­
sional space) and changes it into a converging wave 
front. If the lens were perfectly corrected for the 
indicated position of the so urce, the converging wave 
front would be an arc of a circle (curve 0 102) and the 
light would form a perfect image (a iry disk) of the 
source at the ideal image point F. The wave front 
produced by an imperfect lens (greatly exaggerated) 
is indicated by curve W 1W 2 and its deviation from 
the ideal wave front, 0102, is a measure of the abbera­
tions of the lens . The circle tha.t represents the ideal 
wave front exists in mathematical form only and its 
parameters are adjusted statistically or otherwise 
chosen so that it fits the real wave front in accordance 
with some arbitrarily selected specification. Metbods 
of choosing the reference circle will be des crib ecl later. 

In practice the prism is mounted so as to pivot 
about E, and E is placed neal' F. The semi-reflecting 
dividing pJDne, B, is adjusted so that its extension 
cuts the circular lens along a chord at a chose n dis­
tance, }J- , from the axis of the lens. Each new adjust­
ment of the prism (change in value of }J-) introduces 
and additional arbitrary value for ~" . The quantity 
}J- is positive when the dividing plane is above the 
axis of the lens and negative when below. 

The effect produced by this prism on the wave­
front is as follows: the wave front VV, after division 
by wave-front division into two parts, TV] above the 
dividing plane and W2 below, is further subdivided by 
amplitude division at B into two beams each, making 
four beams altogether, two arriving at each of the 
points FI and F2. One of the beams that arrives ftt 
each of these points suffers two reflections and the 
other a single reflection. Consequently, a mirror image 
of everything seen below the dividing plane appears 
above it ftnd vice versa. The arc O2 (fig. 2A) appears 
as 0/ . The center of curvature of O2 , [3] located atF, is 
imaged at F' which is the center of curvature of O2'. 

The part W2 of the wave front below the dividing 
plane appears as W2', so that Wl and W2 appear 
inverted with respect to each other and superimposed 
in the over19pping region W 2', where fringes of inter­
ference (fig . 2B) are observed. 
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The two halves of the prism are slightly rotated 
about an axis normal to the dividing plane (as de­
scribed in references 1 and 6). A wave front having 
symmetry with respect to the dividing plane would 
therefore give rise to straight fringes normal to the 
line representing the dividing plane in the field of 
view. If the two halves of the prism are not ro­
tated relative to each other the fringes are straight 
and parallel to the dividing plane. 

2.3 . Equations of Observa tion 

The separation of wave fronts, WI and W2' (fig. 
2A), is the optical path difference Pv - p. which is 



FIGURE 1. Optical a1Tangement for testing a lens for a finite object di~tance. 
This arrangement requires the use of polarized light because of polarized eflects in tbe prism. 

FIGURE 2. A. Illustration of image formation 
by the double-image prism. 

B. I nterference fringes obtained 
with the assembly of figure 1. 

equal to the prod uct 'AN,~. The corres ponding Eepa­
ration of the reference circle 0 1 and C2' at p , is, 
approxim.ately [2]. 

S= (lI- jJ.)E~= E~ ( !J.- (]"). (1) 

The t wo quantities in parentheses are the distances, 
along the circle, from P, and PeT, respectively, to the 
dividing plane. Since P eT, in fi gure 2, is beloW" the 
axis of the lens, (]" is a neg~Ltive quantity. 

It is apparent from figure 2A that the relation 
between the foul" separations, 0" 0" S, and 'AN,,, is 
given by the equation 

o.+S= o"+ 'AN,,,. (2) 

See section 2.1 for definitions of these quitntities. 
On substituting for Sits value from eq (1) and trans­
ferring terms we have 

o,-o"= 'AN,,,- E~(lI- jJ.) (3) 

which are the basic equa.tions of observation, provid­
ing relationships between the deviations of the wave 
front from the abstract curve 0 102 • 

2 .4. Distribution and Number of Reference Points 

If the surfaces of the lens are figures of r evolution, 
the optic axis is well defined, a.nd can be accurately 
located by observing the fringe pattern while chang­
ing the value of J.L . When the dividing plane coin­
cides with the optic axis the fringes will be straigh t 
regardless of aberrations in the lens. If the lens 
surfaces are not figures of revolu tion the changes in 
curvature and spacing of the fringes will indicate the 
most probable position of the axis. 

The reference points are chosen in the aperture of 
the lens, along a traigh t line normal to the dividing 
plane of the prism and through the optical axis, 
regardless of wbether the axis is or is not centered in 
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the aperture of the lens. The positions of these 
points are measured from the optical axi.s. They 
are po i tive when above and negative when below 
the axis The points are equally spaced and their 
separation is defined as unity. An odd or an even 
number of reference points, symmetrically placed 
above and below the itxis, mity be used An odd 
set, therefore, would be located at inte~ral units of 
length from the axis, itS in figure 3- A, while an even 
set would be placed <tt odd integral hillf units of 
length from th e axis, as shown in fi gure 3- B. If a 
point at the center is desired one must choose itn odd 
number of poin ts. Figure 3- C illustnttes the ar­
mngement of fl n odd set when the optic axis is not 
centered in the aperture. The interferometer is 
sufficiently sensitive to detect deviations of the po­
sition of the axis from the cen ter of the aper ture in 
most lenses . 

Any number of points may be selected along the 
principal diameter (the diameter that is normal to 
the dividing plane) by adjusting the separation of 
adjacent points. If the mirror or lens to be tested 
is unsymmetrical and/or irregul ar tbe test should be 
m ade witb more points than when a smoo th wave 
front is formed. 

Even when t.he wave front is smoo th and ymmet­
rical about th e axis, many reference po ints will 
sometimes be r equired . The number of fringes in 
the field of view' depends upon three qL1anti.ties. 
These are: (a) Th e magnitude of the wedge that is 
buil t into the prism, (b) the angle between the wave 
fronts at the dividing plane, and (c) the relative 
shapes of the two images, WI and W2 ', of the wave 
front. The effects of these three quantities are more 
fully described as foll ows: 

(a) The built-in wedge of the prism produces an 
invariant wedge between the wave-front images . Its 
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FIGURE 3. A, B, and C are, respectively, the distribution of the reference points when the num­

ber is odd, when the number is even, and when the optic axis is not centered in the lens. 

vertex is perpendicular to the dividing plane. Since 
the component of this wedge, along the line of refer­
ence points, is zero, its effect on the interference at 
the reference points is to add a constant to the 
observed orders of interference at an reference points. 
If the vertex of the built-in wedge is adjusted to 
coincide with the line along which the reference 
points are to be selected, this wedge does not affect 
the order of interference at the reference points. It 
does, however, ensure that the fringes never get too 
broad for precision readings. 

(b) The angle, EI" between the wave fronts at the 
dividing plane is equal to the angle between lines 
drawn from points F and F' to the vertex of this 
angle (see fig. 13, A). This angle is adjustable by 
varying the position of F relative to E, by displacing 
the prism laterally. Thus the component of fringe 
widths perpendicular to the dividing plane and the 
order of interference at any chosen reference point 
can be adjusted to any desired value. If the two 
wave fronts, TVI and lIT'?', are identical in shape 
(i. e., if wave front WI W2 is spherical) the difference 
in order of interference between all pairs of adjacent 
points is approximately constant and adjustable at 
will. 

(c) If the wave front l-VIW2 is not spherical the 
two ilnages of it, WI and W2" will not be identical 
unless WI W2 has revolution symmetry and the value 
of J1. is zero. When testing a wave front that de­
parts very far from a sphere, as, for instance, when 
testing an f /1 parabola of large aperture, the mini­
mum lllunber of fringes that can be obtained by 
adjusting Ell depends upon J1.. Since, in operation 
of the instrnment, pail's of points are brought into 
coincidence for conditions other than J1. = 0, and since 
the absolute magnitude of J1. depends upon the unit 
separation of points, it follows that the choice of the 
number of reference points determines the minimum 
attainable number of fringes. If the number of 
reference points is too small the minilnum attainable 
number of fringes may be too large for accurate 
readings. Consequently, a large number of points 
may be required to obtain the optilnum reading 
condition. Since the sensivity of the interferometer 
depends upon the ratio J1. /a, the sensivity also depends 
upon the number of reference points. The variation 
of sensivity with the ratio JJ. /a and its effects on the 
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requil'ed number of reference points are fully ex­
plained under "Sensitivity" in part 1 of this series [2]. 

2 .5 . Solution of Wave-Front Deviations 

We shall select (fig. 4) quite arbitrarily for this 
discussion, seven reference points along the principal 
diameter of the lens and with their spacings sllb­
tending equal angles at E. These points will be 
considered as lying on a common wave front at the 
time it emerges from the lens, and theil' separa tions 
will be defined as one unit of length. Since the 
points are observed from position E they may be 
indicated with small beads on a fine wire that is 
stretched across the face of the lens (fig. 4A). 

If the dividing plane is adjusted to include one of 
the inner points (any point except an end one) as in 
figure 4C, some of the points will appear to coincide 
in pairs . If it is adjusted to bisect the angle be­
tween any two of the inner points, as in figure 4B, 
some of the points again appear to coincide in pairs. 
The points will coincide in pairs when J1. is an integral 
number of half units of length but will not coincide 
for other values of J1. . 

We may substitute, in eq (3), the observed values 
for N vu and (v-JJ.) at each pair of points, successively. 
This yields as many equations of observation as 
there are pail's of coinciding points. We may then 
change the value of J1. , thereby changing the com­
bination of pail'ed points, and obtain additional 
equations. Each new value for J1. (i.e., J1. = 0,±0.5 
± 1.0, . . .) introduces several additional equations 
but only one additional unknown- i.e. , a new value 
for EI" In this manner, we can obtain more equa­
tions than we have unknowns; and it would seem 
that a statistical analysis of these equations would 
permit an evaluation of the several devia tions (values 
for the 8's). However, such is not the case. The 
relation between these equations are such that the 
resultant munber of independent equations is al­
ways less by three than the number of unknowns. 

"\iVhen the wave front is completely unknown, the 1 

minimum number of observation equations that 
permit a unique solution of the 8's require two sets 
of fringes (two values for J1.). Each adjustment of 
the interferometer introduces a new value for EI' 

because the value of EI' can not be retained from 
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one adjustment to another. For simplicity we will 
usc the two adjustments (2 sets of fringes) that are 
obtained with 1-'= 0 and JL = 0 .5. These are (for the 
7 chosen referen ce points) for JL = O 

ol= LI+ f.Nl. _ l - ~O ' (4) 
02= L2+f.N2._2- 2~o, (5) 

and for JL = 0.5 
03=L3+ f.N3.-3-3 ~o, (6) 

01= oo+ f.Nl.O-0 .5~05' (7) 
02= LI+ f.N2 ._I - 1. 5 ~o.5' (8) 
03= L2+ f.N3.-2- 2.5~o .5' (9) 

Equations 4 through 9, form a se t of 6 simultaneous 
equa Lions having 9 unknowns (7 D's and 2 ~/s); 
consequently, we either have an excess of 3 unknown s 
or a shortage of 3 equa tions for obtaining a uniqu e 
solution . It is quite obvious that we cannot evalu3 Le 

. deviations from an unidenLified CUTve. The persistent 
: shortage of three equations is associated wi th th e 

I 
three conditions necessary to define ,an arbitrarily 
cbo en 3-parameter reference circle. 

The method used in combining the t hree condition 
equations with the set of observation eq uations is 
fully described under the heading "Specifications for 
the R eference CircJe" that appears in part 1[2]. 
Since the details of the application to the WRI are 
so similar to those given for the WSI , this treatment 
will be limited to details th at are necessary for a 
clear understanding of the WRI. Since three points 
fully define a circle we may define the reference 
circle, 0102 , as that particuJar circle which passes 
through any three of the chosen points, by equating 
the corresponding o's to zero. Thus, if we impose 
the three condi tions, 

(1 0) 

I we are requiring that Lbe r eference circle sh all pass 
through points P 3, Po, and P -3 , as indicated infigw'e 
5B . This may be considered as either a reduction in 
the number o'f unknowns bv Lhree 01' an increase of 
three in the number of i11dependent simultaneous 
equations. In either case we get as many equations 
as unknowns so Lhat a unique solution of all un­
knowns is possible. Any Lhree of the chosen reference 

I points mlly have been selected to fall on the circle. 

620565-62--3 
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The simplest manner of specifying and computing 
the reference circl e (called the " M et.hod of Coinci­
dence") may not produce a good fitLing circle ; but 
this docs not render any less obvious the loeation of 
t he high and low places on the wave fron t. Con­
sequently, an optieal worker would have no trouble 
locating tlle high and low places for fu rLher polishing 
to reduce th e devia tions. 

A better fi tting reference circle is obLained by ap­
plying the m eLhod of averages [4]. Fig w'e 5C shows 
t he same 'wave front with a circle of reference t hat is 
determined by this method. The m ethod of averages 
allows a variety of groupings of points and assign­
ments of weigh ts. For instance, since the areas of 
the wave fronts tha t are associated with the several 
points increases with v we might multipl y all o's in 
eq (1 0) by the quan tity (11 + 1) so as to assign uni t 
weio'ht to the axial point, Po, and corresponding 
higher weights to other points, thus distribu ting the 
weight more nearly proportional to the areas of the 
several zones. 

A good fit , based on the method of averages, is 
obtained by imposing the following simple conditions: 

(11) 

Th e circle that fits the wave front shown in figure 5, in 
accordance with the conditions of eq (11) is shown in 
figure 5C. Equations (11), when added to the six 
equations of observation (eq (4) through (9» ), again 
supply the necessary additional independent equa­
tions for a complete solution of all D's. 

The best fitting circle, shown in figure 5D , is de­
fined by a third set of three conditions, 

(12) 

where 

3 

¢== L: 0~= O:' 3+ 0:'2+ 0:'1 + og+ o~+o~+ o~ (13) 
>=-3 



A B c o 
FIGURE 5. A. Illustrati on to show the distribution of the reference points relativ~ to the pn:sm. 

B, C, and D. The positions of the refeTence ciTcles relative to the wave fTOnt when 
the reference ciTc/.e 1:S chosen in accordance with the method of coincidence, 
the method of aver£;ge.~, and the method of least squares, Tespectively. 

which requires that the sum of the squares of the 
deviations be a minimum. Differentiation wiLh 
respect to any other three of the nine unknowns 
(i.e., 70's and 2 E/S) will yield the same set of con(Ji­
Lion equations. 

In order to determine the equations of condition 
corresponding to eq (12), j t will be con venien t 
to solve for the o/s. These are: 

(obvious) (14) 

(15) 

D-I = 00+ ;>.. (N1 ,0- NI, - I)-O.5EO.5+ EO (from 4 and 15) 

(16) 

02= 00+ ;>" (N1,0- N 1, -I + N 2, - I) 

- 2.0E0.5+ EO (from 8 and 16) (17) 

D-2= 00 + ;>" (N1 ,0-N] , -1+N 2, - 1-N 2, -2) 

-2.0EO.5+ 3Eo (from 5 and 17) (18) 

03=00+ ;>" (Nl. O- N 1, -I + N 2. -1- N 2, - 2+ N 3, -2) 

- 4.5Eo.5+3Eo (from 9 and 18) (19) 

D-3=00+;>..(N1,0-N1,-1 + N 2,-I-N 2, - 2+ N 3, - 2-N 3, -3) 

- 4.5Eo . .i+ 6Eo (from 6 and 19) (20) 

On performing the differentiations indicated in eq 
(12), and substituting the corresponding values for 
these differentials from eqs (14) through (20), we 
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obtain the set of condition equations for the method 
of least squares. These are: 

03+02 + 01 + oo + L I + L 2 +L3= 0 }' 

D-I + 02+3(L2+ 03) + 6L3= 0. 

(o[ + L 1) + 4(02+D-2) + 9(03+D-3) = 0 

(21) 

Anyone of the sets of conditional equations 
(given by eqs (10, (11), or (21) combined with the 
observation equations (4) through (9)) permits a 
complete solution of all unknowns , The operations 
that lead to a solution of these equations are per­
formed as follows: (1) By adjusting the interferom­
eter so that J..t = 0 (i.e., with the dividing plane I 

cutting the wave front along a line through the 
axis of the lens; (2) substituting the observed 
values for (v- J..t) and the observed orders of inter­
ference at each of the three pairs of coinciding 
points into eq (3) thus obtaining eqs (4), (5), and 
(6) : (3) readjusting J..t to equal 0.5 (fig . 4B) : (4) I 
again substituting the observed quantities N vu , v 
and J..t into eq (3), thus obtaining eqs (7), (8), and I 

(9) : (5) solving for the 9 unknowns in the 9 linear, I 
simultaneous equations (eqs (4) through (9) and any : 
one of (10) , (11), or (21)), 1 

2.6. Symmetrical Systems 

Lenses and mirrors that have been polished 
mechanically produce symmetrical wave fronts 
when tested on axis. For such symmetrical elements . 
all o's on one side of the axis of symmetry are equal ' 
to corresponding o's on the other side and for J..t = 0 



lhe fringes of interference will b e straight . All a's 
wi th J1 egllli ve subscrip ts can , therefore, be replaced 
with lh e corresponding positive subscripts . In the 
case of seven referen ce points, chosen here Jor ill us­
Lrn,tion, the left hand sid e of eqs (4), (5), and (6) 
becomes zero and the right hand side of each of 
th ese equations r epresents a solution of f O' Since 
fa is superfluous, the adj ustment of j1. to zero for a 
symmetrical wave front serves only as a check on 
symme tr~~. Co nsequently, if symmetry is observed, 
eqs (4), (5), a nd (6) are exempted from the group 
of simul taneous equations. The elimin a-tion of 
negative subscripts reduces the number of unknowns 
so th~tt n, single adjustment (j1.= 0 .5, eqs (7), (8) 
and (9) of the interferometer is sufficient for a 
complete solution . Equations (4), (5) , and (6) 
are eliminated and eqs (10, (11), and (12) for the 
three methods, are r edu ced , r espect ively, to 03= 

Th e number of equatio ns in the complete set is 
redu ced from 9 Lo 5 with a correspondi ng r eduction 
in the number of unknowns. 

2 .7 . Illustration 

Th e process described above is illustrated i n the 
foll owing application to the testing of a 12-in. aper­
tme, 15-Jt focal length astronomical refractor. 
Figu.re 6 shows the optical arrangem ent for testing 
with one conjugate at infini tr. Figure 7 -\ is a 
photograph of the fringes taken wi th th e dividing 
plan e coinciding wi th the optic axis of the lens 
(j1. = 0) a nd 7B show s the fringes when j1. =7~ unit 
(=2 cm). Eigh t refer ence points were used for this 
test. Th ese were located at d ista nces of ± 2, ± 6, 
± 10, a nd ± 14 em from the opt ical axi . Th e unit 
separation is 4 cm . Ther efo re the absolute values 
for v and (J" arc 0.5 , 1.5,2 .5, and 3.5 un its. T able 1 
shows th e obselTed orc/ ers of interferen ec for the two 

OBSERVAT ION POINT 

sets of fringes at the pairs of reference point inc1 i­
eated by the v and (J" columns. The straigh tness of th e 
fringes in figure 7 A shows the wa ve to b e symmetrical 
abo ut the dividing plane. When traig ht fri nges 
are obtained for several azimuthal posi tions of the 
lens (by rotating it relative to t he prism abou t its 
op tical axis) the test indicates the lens to b a fig LU"e 
of r evolu tion. This m eans that OV= Off and eq (4), 
(5), and (6) are not required. The solution fo r th e 
a's can, therefore, be obtained b y using only three 
observation equations and two equations of condi­
tion. Th e equations of co ndition may b e based on 
either one of th e three criteria: i.e ., m ethod of 
averages , m ethod of coincidence, or m ethod of 
least squares. 

W e shall arbitrarily choose to use the method of 
averages and select the reference circle by r equiring 
that 

(22) 

The equations of observation are obtained by 
subs tituting corresponding values for v, (J", j1. , and 
N Vff , s hown in table 1, in the columns under (11 = 0 .5 ), 
into eq (3) . Th ese are: 

01.5= 00.5+ 0.5.5 - 1 Eo.5 

02.5= 01.5+ 0.20 - 2 ' .. , } (23) 

03.5= 02.5- 0.35 - 3 f O.5 · 

Equations (22) and (23) contain .5 unknowns, 40's 
and f O.5' Th e simultaneous olution of t hese equa­
tions for the a's y ields the deviations of the waye 
fron t from a sph ere. These values are - 0.23. 
+ 0.23, + 0.28, a nd - 0.28, respectivcl~~) for 00 .;, 
01.5 , 02.5 , fL nd 0 3.5' Sin ce th e light passes th rough th e 
lens twice in this test these deviations ar c twiee 
th e values that would h ave been obtained for one 

OPTICAL F LAT 

FIG tJ RE 6 . Optical armngement jar testing a lens with one 
conjugate at infinity. 
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T ABLE 1. Data from figure 7 f or 
analysis of a 12-inch aperture 
astronomical objective 

N III1 

0.5 - 0.5 -0. 10 
1. 5 - 1. 5 - 0. 45 
2. 5 - 2. 5 - 0.70 
3.5 - 3. 5 - 1.00 

I 

0. 5 0. 5 
1. 5 - 0. 5 
2. 5 - 1. 5 
3. 5 -2. 5 

N .. u 

0.00 
0. 55 
0. 20 

- 0. 35 

transmlsslOn through the lens- as for light from 
a celestial star. The deviations for one transmis­
sion are represen ted graphically in figure 8. The 
curve indicates that when this obj ective is used 
for astronomical work the wave front departs from 
a pedect sphere by approximat ely one-th ird of a 
wavelength. The light used for this test was th e 
green line of the mercury spectrum (:\= 0.546 
microns). 

If eq (3) is used in the tes ting of a parabolic mirror 
the computed deviations will be the deviations of th e 
mirror from a perfect sphere. Usually, when testing 
a parabolic mirror one wishes to know bow much the 
mirror differs from a perfec t paraboloid. If the 
mirror is ell ipsoidal one wishes to know both the de­
via tions and the eccentricity. The eccen tricity, e, 
enters as an additional parameter (eq (30) of ap­
pendix A ). 

The simultaneous evaluation of the d eviations and 
the eccentricity is obtained with the m ethod of coin­
cidence by requiring the curve to pass through 4 
points ins tead of 3 as was t he case Ceq (10)) for a 
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FIGUR E 7. Photographs of f ringes with 12-
inch aperture, f /15 astronomical objective 
when ( A) 1' = 0, and (B) 1'= 0.5 . 
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FIGURE 8. Graphical re presentation of wave-f ront-shape com­
puted f" om the photographs of fig ure 7 . 

3-parameter reference curve. II the m ethod of aver­
ages is to be used the reference points are grouped 
into 4 groups yielding 4 equations of condi tion in­
stead of th e 3 shown in eq (11 ). Similarly, with th e 
method of leas t squares an additional equation 
(or/>(oe= O) is to be added to the three equations under 
eq (12). If the surfa ce is known, or can be assmned, 
to be a figure of r evolution about its axis, the number 
of condition equations is reduced by 1, as for the cir­
cular reference curve. 

Figure 9 is a photograph of fringes t aken with a 
12-inch aper ture, 84-inch focal length , mirror th at 
was claimed to be a nearly perfect par aboloid. Fig­
ure 10 shows the optical arrangement used for m aking 
this photograph . Th e computed shape of this mir­
ror indicated that it conformed more closely to an 
ellipsoid than t.o a paraboloid. The general e'quation 
for an ellipse (described in appendix A, eq (31)) was 



FIGURE 9. Photograph of fringes taken with a 12-inch aperture 
f /7 parabolic mi1·ror. 

F, 

LIGHT SOURCE 

FIGURE 10. Optical arrangement f01' testing concave mirrors at 
their cen'ers of curva/w·e. 

FIG VRE 11. Photograph oj two Koesters double-image prisms, 
one mounted in a cell and the other untrimmed. 

tLwn tried and the computed value for the eccen­
tricity corresponded to an ell ipse whose fo ci are sepa­
rated by 89 meters. It was subseq Llently learned 
that the final test on tbis "Nearly Perfect Parabolic 
Mirror" was made with a Foucoul t knife edge tes t, 
with the source located 90 m eters (assumed to be 
practically at infinity) from the mirror and the knife 
edge at tbe point of convergence or image of the 
source. T his test, therefore, confirms the description 
of the mirror as being a "nearly perfect parabola" 
but even more nearly a perfect ell ipsoid. 

Figure 11 shows photographs of the prism, before 
and after it is fitted into a cell. This prism has been 
made in sizes from approximately 6 inches down to a 
fraction of an inch. The one shown here has a one 
inch aperture and is considered a most favorable size 
for many applications. 

2 .8 . Summary 

The interferometer described here for testing wa \"e 
fronts is believed to be easier t.o operate than any 
previo us interferometer yet developed for this pur­
pose. Its operation is simple. Unskilled personnel 
can be tra,inecl to opera te it after a short period of 
training .. 

This interferometer yields results that are abso­
lute. It does not require a standard of reference. 
The absolute evaluation of wave-front shapes, how­
ever, depends upon a unique method of analyzing 
the data. The analysis involves the development of 
a set of linea l' simul taneous equations. This requires 
some technical background knowledge. After the 
equations for a given assembly are developed, un­
skill ed persollnel can compute wave-front shape by 
substitu ting observed orders of interference into the 
equations and solving for tbe deviations from tb e 
chosen reference curve. The chosen reference CUITe 
will usually be a circle but more complicated curves 
may be used. 
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B 

A 

FIGure 12, A. The family of cW'ves representing the conic section f01' various indicated values of e2 (e=eccentricity). 
B. lllust1'ation for describing the transformation .f1'Om rectangular to po/co' coordinates , 

3. Appendix A. Optical Path Difference 
Between Any Two Points on a Conic Sec­
tion to Any Point in the Neighborhood of 
the Center of Curvature of the Section at 
Its Vertex 

The equation for the conic section in rectangular 
coordinates, with the origin 3 t Fc , (a distance R to the 
left of the curve, see fig, 12A), and the x-axis coincid­
ing with the axie of the conic, is given by the 2 param­
eter equation 

The family of curves, show-n in figure 12A repre­
sen ts this equation for the various indicated values 
of e2 , The parameter R is the radius of curvature 
of the curves at the vertex V (except for eZ= ± ro), 
a.nd e is the eccentricity, 

If we sh ift to polar coordinates (p, (3) with the polar 
axis making angle a with the axis of the conic (see 

whcre 

fig. 12B) and the pole located at point E, which is 
displaced from Fc by a small amount u parall el to 
the polar axis and a small distance v perpendicular to 
it, we may obtain the polar equation for the conic 
by means of the transformation equations, 

y = u sin a + v cos a+ p sin (a+ f3 ) } 
(25) 

X=UCOsa-V sin a + p cos (a + f3 ) , 

The quantities t~ and v will never exceed the separa­
tion of points E and Fc , which is always quite small 
relative to p, because these two points can always be 
superimposed to a high degree of accuracy, 

On eliminating x and y from eqs (24) and (25); 
solving for p; applying binomial expansions to elimi­
nate radicals and negative power terms; expanding 
sin (a+ f3) and cos (a + {3) in powers of (a+f3) [5]; 
and dropping all power terms in u and v higher than 
unity (because these terms are always insignificantly 
small), we obtain 

11 (a, (3) = R + 1/8 R e2 (a+{3)4-1/48 R ez (1 + 3eZ) (a + {3)6+. 

fz Ca, (3) = cos f3 + 1/2 e2 f3 (a + f3)4+ , 

(26) 

f3 (a, (3) = sin f3-1 j2 eZ (a+f3)4 + .. 
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FIGU RE 13. A :llld B. Illustration oj the I'e/ative positions of two images oj Ct wave front with the TVRI and lVSI, respectively. 

The term il (a, (3) is t he value of p when the pol e is 
located at Fe. Wh en testing optics of large aperture­
to-fo cal-length ratios tb e quantity il(a, (3) must 
include high er order terms of the series tban [01' 
smaller f-values. It w.ill be found that, in some 
cases, the il(a, m-series converges too slowly for 
pra.ctical application and that the rigorous, unex­
panded value 

11'[ ... 11 +e2 sin2 (a + m-e2cos (0+ (3) ] 
[1 -e2 cos2 (a + ml 

(27) 

is more practical. For this treatment. we shall limit 
the angles to values comparable to those obtained 
wi th an i /8 system. This limitation makes the last 
terms, indicated in each of the functions il (a, (3) 

iz(a, m and .Ma, (3) of eq (26) negligible so that eq 
(26) becomes , 

p= R + l /8R e2(a+ (3)4-u cos (3-v sin (3. (28) 

3 .1. Equations for the WRI 

Wh en the conic is used as the reference surface in 
a wave-front-reversing interferometer, the optical 
path difference, S (fig. l 3A) , is the difference between 
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two r adius vectors, Pic and Pz" forming angles wi th 
the dividing plane, which are equal in magnitude but 
opposite in sig n. 

The two curve, 0 and 0 ', shown in figure l 3A 
are images of t he conic section. These two images 
are inver ted by the interferometer, with respect to 
each other , about the dividing plane whicb is paroll el 
to the polar axis. Th e two points 1'1 and 1'(' are 
linages of a common point on the original curve. 
Similarly 1'2 and 1'2' are linages of a common point; 
but 1'1 and 1'2 are linages of different points that are 
at equal angular distances from the dividing plane. 
The radii vectors to 1'1 and 1'2 are P i c and P2" respec­
tively. 

If we define the perpendicular displ acement of Fe 
from the dividing plane as - h, the corresponding 
displacem ent for F~ is + h. Th e component dis­
placem ents of E from F" as d efined for figure 12, is 
u and v. The corresponding displacements of E 
from F~ is u and (v - 2h). The valu e of Pic is , there­
fore , obtained by replacing P in eq (28) by Pi c' Simi­
larly, since the sign a is reversed in the image, the 
value for P2e is obtained by replaeing p, a , and v by 
P2e, - a , and (v-2h), respectively. On making these 
substitutions, we obtain 



1---

It is convenient to use the measured distances 
(v- fJ.) , and fJ. instead of the angles (3 and a. Also, 
from figure 13A, it is obvious that 2h= eR, since h is 
quite small relative to R. On substituting for 2h, a, 
(3 (=sin (3, approximately), their respective equals, 
eR, p.R- \ and (v- fJ. )R -\ th e value of S becomes 

which becomes for a paraboloid (e = 1), 

and for a sphere (e = O), 

(32) 

Equation (32) is the same as eq (1). The use of 
a conic section instead of a circle for the reference 
curve, in the derivation of eq (3), leads to th e intro­
duction of the additional unknown, e, into eq (3) so 
that an additional condition equation becomes neces­
sary for a unique solution, thus permitting th e 
incidental evaluation of e. Since foUl' conditions are 
required to define t he chosen conicoid, four condition 
equations are needed. T hese may be: The assign­
ment of arbitrary values (usually zeros) to any four 
of the o's (if the method of coincidence is used); the 
grouping of the reference points into four groups and 
l'equiring the algebraic sum of th e o's in each group 
to be zero (if the method of averages is used); or, 

the addition of the condition equation, ~: = 0, to eq 

(12) (if the m ethod of least squares is used). 

3 .2. Application to the WSI 

Wh en th e conic is used as a reference surf ace in a 
wave-front-shearing interferometer, the optical path 
difference, S, is (p' - p), where p and p' are the radius 
vectors from the point E to points T and T' (see fig. 
13B) on curves a and 0', respectively. Points T 
and T' are images of a common point on the conic 
section. Curves a and A' are sheared images of the 
conic section. The angle of shear is - a for a a.nd 
a for a'. Therefore, the polar axis makes angles 
a and -a with the axis of a and 0 ' , respectively. 

The component displacements of E from Fc is the 
same in figure 13B as in figure 12B. The value for 
p is, therefore, given by eq (28). The component 
displacements of E from F' is (u- 2k) and (v-2h) . 
Consequently, the value for p' is obtained from eq 
(28) by replacing p, a, U, and v by p', -a, (u- 2k) 
and (v-2h), respectively. On making these ~ubsti­
tutions and taking differences we obtain 
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It will be noted that k does not appeal' in eq (29) 
(relating to WRI) but does appear in (33) (relating 
to WSI) . The term 2kcos(3 is approximately con­
stant when (3 is limited to small values (as wh en 
testing an 1/8 system) but becomes significant for 
large values of (3 (as when testing an .//1 system), 
unless k is sufficiently small . If the WSI is adjusted 
to place the zero order of interference at the center, 
the magnitude of k is insignificant and the values of 
S for the two in terferometers are identical. On sub­
stituting for 2h, a, and {3 their respective equals , as 
given in section 3.1 , above (cos (3 = 1, approximately), 
eq (33) becomes 

which b ecomes for a paraboloid (e = l), 

S = e(v - J.L ) + 2k - R -3 fJ. (v- fJ. )[ fJ. 2+ (v- fJ.rJ (35) 

and for a sphere (e = O), 

(36) 

It is inconvenient and unnecessary to reduce k to 
an insignificant magnitude. It cftn be combined 
with other constants, as described in reference [2J. 
In fact, the constant k is a part of the constant r of 
reference [2J . Unfortunately, the sign convention 
for measuring fJ. and II is different in this paper (part 
2) from that of part 1 [2]. The constant, r, com­
puted from eq (3) of reference [2J in combination 
with eq (36) above, becomes r= Qr + efJ. - 2k . Since r 
is a constant and serves as a parameter only, its 
form does not affect the problem. 
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Fractio nal faclorial designs for experiments with factors at 
two and three levels, W. S. Connor and S. Young, N BS 
A1Jplied ill ath. Series 58 (1961) 40 cents. 

This publication contains fractional factorial designs for use 
in experiments which investigate m factors at 2 le,·e\s a nd 
n factors at t hree levels. The grand m ean, a ll m ain e ffec ts, 
and all two-factor interaction effe cts are estimated . All 
hig her-order interactions are assumed negligiblc a nd t heir 
absence a llows estimation of t he error variance. A design 
has been constructed for each of t he 39 pairs (m,n) included 
from m + n = 5 t hrough m+n= lO, (m,n;;e O) . 

An evaluation of Kaeser's second order Born approximation 
to the bre msstrahlung differe ntial cross section , G. S. Ofelt, 
NBS Tech. Note 8 1 (PB161 582) (1 961) 75 cents. 

The second orde t" term, as de ri ved by C. Kacser [Proc. 110y . 
Soc. A253 (1959)], of t he Born approximation series for t he 
bremsstra hlun g cross section differential with res pect to 
photon e nergy, photon direction, a nd fina l eleetron direction 
averaged over initial and summed over fin al po la ri zation 
states has been put in a form that admi ts to n umerical 
evaluation for t he coplanar case. The resu lts a re valid for 
relati vistic as wcll as non-relati vis t ic incident electrons. 
Completely general (noncopla na r) expressions are included for 
the first order (Bethe-H eit ler) and seco nd orde r ter ms. H ow­
ever, t he latter h as not been given in a form adm issible to 
llumerical evaluation. 
T abulated value are given for t he case of the inciden t 
electron kine tic energy = 500 kev, photon energy=450 kev, 
and photon direction 20 ° from t he in cidcnt electron direction. 
For t his case t he second orde r te rm increase t he differential 
cross sectio n by abou t 50 percent for Al a nd a bou t 200 percent 
for Au for t he va rious a ngles of clectron emission . A rough 
approximatio n to t he in tegrated (over fin al electron di rection) 
cross section is in cluded and a comparison is m ade wi t ll 
experimental values. The inclusion of the econd ordcr term 
brings the t heoreti cal cross section closer to t hc experimental 
values. 

An approxim ate full wave solution for low frequency electro­
magnetic waves in an unbounded magneto -ionic medium, 
W. C. H offman, J . Research N BS 66D (Radio Prop.) No.1, 
107 (Jan.-Feb. 1962), 70 cents. 

i\iaxwell 's equations in a n a nisotropic inhomoge neous medium 
are t ransformed by m eans of t he Stratton- Chu formula into 
a vector integral equation which co uples t he various electric 
field componen ts . In case t he hypot heses of fa r-zone field 
and low-frequen cy electromagnet ic waves apply, t his vector 
integral equation can be approximated by a system of un­
co upled scala r integral equations. This imp lies a n approxi­
mate eq uivalence between t he original vecto r integral equa­
tion and a system of modified scalar inhomogeneous H elm­
holtz equations. The condit ions under which the system of 
uncoupled scala r in tegral eq uations can be solved by Neu­
mann se ries are discussed, and t he fir t t hree terms of t he 
Neumann series a re givcn explicitly. 

Current on and inl)ut impede nce of a cylindrical ante nna, 
Y . M . Chen a nd J. B . ]{ellcr, J . Reseal·ch NBS 66D ( Radio 
Prop.) No.1, 15 (J an.- Feb. 1962) 70 cents. 

The current on a fini te a n tenna is expresscd as t he sum of a 
current emanatin g fr om t he gap and t ,yO currents reflected 
from the ends. These currents are determined for a pcrfectly 
conducting hollow pipe of circular cross section . It is excited 
by an elcctri c field parallel to the axis applied across a gap 
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of fini te width which encircles t he antennas. They are also 
dctermined for a thin antenna of a ny cros. section. From 
t he results t he current on a nd input admi ttance of t he corre­
sponding finite a ntennas are determined . It is hown t hat 
t he t hin antenna t heory yields an incorrect resul t for the 
admi ttance because i t ignores a boundary laye r cffect near 
t he gap . 

On the prapagation of VLF and E LF radio waves whe n the 
ionos phe re is not s harply bounded , J . R . Wait, J . Resem·ch 
N BS 66D (Radio Prop. ) No. 1, 53 (Jan.-Feb. 1962) 70 cents. 
Employing a n idea of Bre khovskikh, a n ex pression for the 
reflec ti on coefficient of a continuously strati fi cd ion ized 
medium is derived . The resul t is in the form of a series 
whose first term is a Frcsnel-type coe ffici ent and succcedi ng 
tcrms accoun t for t he finite t hickness of the transition layer . 
This rcsult is then fi tted in to previously developed theory for 
propagation betwee n a spheri cal earth and a co nce ntric 
ionosphere. 

On the theory of wav e propagation through a conce ntrically 
stratifi ed troposphere with a s mooth profile . Part II. Expan­
sions of the ri goro us solution, H . Bremmcr, J . Research NBS 
66D (Radio Prop. ) No. 1, 31 (J an.-Feb. 1962) 70 cents. . 
This part conc rns the heigh t-gain differcntial equation 111 

order to obtain a series for t he complete solu t ion whi ch starts 
wi t h t he exte nded W . K . B . approximation discus ed in pa rt I. 
The coe ffi cients of t his equat ion dep end for each mode 
amongst other t hings on t he para meters Aj fixing t he refrac­
t ive-index profile. H owever, t he explici t depende nce on 
t hese parameters can only be given in terms of expansions 
with respect to (koa)-Z/3 (koa= circumference of t he ear th 
di vided by the wavelength). In t urn t hese expanslOn s are 
derived wit h t h e a id of other ones for the complex t url1l ng 
point co nnected wi t h t he height-gai n difIerential eqm"ltion. 
The fina l expansion for the solu t ion of t hc differential eq ua­
t ion is s ubstituted in t he boundary condition at t he earth ' s 
s urface. This leads to corresponding expansions, with respect 
to (koa)- Z/ 3 of the quan tity 1t A (a) and next of t he eigenvalues 
I t he mselves. 

Refieclion a nd trans mission of r adio waves at a conlinuously 
s tratifi ed plasma wi th arbitrary magnetic induction , .I . ~. 
J ohler a nd .I. D . lIat·per, Jr. , J . R esearch NBS 66D (Radw 
Prop.) No.1, 81 (J an.- Feb. 1962) 70 cents. 
A flexible t heoretical model p lasma which can be deformed to 
fi t mos t measured electron-ion-alt i t ude profiles is e mployed 
tocrether with available geophysical data on the ionos phere to 
ev~luate reflections and transmissions during quicsccnt and 
disturbed propagation condit ions. The reflectio ns a nd t ra ns­
missions in t he ionosphere a re determined rigorollsly with the 
aid of the classical magneto-ionic t heory. The complex 
indexes of refraction of t he m edium are dcdu ced, and n. 
cou pling in t he plasma between ordina ry a nd extraordinar.,", 
upgoing and downgoing m odes of propagation is inve~ti gated. 
The correspo ndin g reflection a nd t ra ns missio n co fficlen ts are 
t hen calculated, and cer tain phe nomena which can be ex­
pected as a result of t he action of a olar disturbance on the 
refl ection process are predicted. . 
The di sturbance of sola r origin, in vcst igated as a n applicatIOn 
of developed techniq ues, influences t he reflectcd a nd t rallS­
mitted LF waves in the lower ionospherc in a complicatrcl 
manner. H owever, t he high a bsorption phenome na ex hibitrcl 
by high frequencies docs not eC l~ to cxist for. t l~e plas ma 
profi les investigated \yith the claSSICal m agnetO-lO nlC t h()OI) ·. 
The electron collision frequencics of t he claSSICal m agnet lc­
ionic t heory are modified to in t roduce a collision frequenc.'· 
proportional to the electron energy, a nd t he changes n ecessary 
in t he formulation of the classical t heo ry as a result of uch a 
consideration are presented . 



----- -_._- -----

On the diffraction of spherical radio waves by a finitely 
conducting spherical earth, L. C. Walters and J . R. J ohlcr, 
J . Research NBS 66D (Radio P rop. ) No.1, 101 (Jan. - Feb. 
1962) 70 cents. 
The theory for the diffraction of spherical electromagnetic 
waves by a finitely conducti ng spherical earth was developed 
from Maxwell 's equations by Watson [1918] and the intricate 
computation details were later worked out by van der Pol 
and Bremmer [19:36] as t he now classical series of residues. 
T\yo aspects of this computation present considerable 
dl fficulty, especially at low freq uencies : (1) the calculat ion 
of the height-gain factor which takes account of an elevated 
t ransmitter and/or receiver , (2) the evaluation of t he special 
root~ r = r , of Riccati 's differential equation, dli /dr 
- 21i-r + 1 = 0, near the ci rcle of convergencc, I Ii'r I = y,; . 
These analytic difficulti es a re avoided with the aid of nw0.ern 
analysis techniques applied to a large scale electroni c com­
puter. Hankel function s of the first and second kind of 
order one-thi rd and two-thi rds are calculated bv numerical 
integral methods and then used with iteration to solve 
Riccati's differential equation. The ampli tude and phase of 
the spherical radio wave diffracted in t he v icinity of the earth 
I\'ith various a lti tudes above the surface of t he carth of both 
the transmitter and t he receiver, are then calcu lated by a 
summation of the series of residues. 

The electromagnetic fields of horizontal dipole in the 
presence of a conducting half space, J. R . Wait, Can. J. Phys. 
39, _\ -0. 7, 1017- 1028 (July 1961)_ 
The problem considered is a horizontal electric dipole which is 
located above or below the plane surface of a conducting 
half-spa?e. Expressions for the fields are obtained using 
three dIfferent approaches. The formulas developed are 
quite simple and, taken together, the whole range of distances 
from the far-zone to near-zone is adequately covered. 

Simple calculus for all-dielectric interference filters, K . D. 
YIielenz, J . Opt. Soc. Am. 50, No . 10, 1014 (Oct. 1960). 
Chebychev polynomials are introduced into the matrix theory 
of first order all-dielectric interference filters consisting of 2m 
or ~ 2 ·m+ ~) al ternating high .and low index films of equal 
optIcal thICkness {3 on each SIde of the low index spacer of 
thickness 2{3 .. For t he ampli tude and energy transm itted by 
~lIch filters, SImple closed expressions are derived that will 
render numerical results with greater facility t han any other 
calculus known . 

Bounds for determinants with posHive diagonals , E. V. 
Haynsworth, Trans . . 1m. Math . Soc. 96, 395-39.9 (1960). 
.-\ new bound is given for determinants with " dominan t" 
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diagonals, that is those for which an ~ :L: ail (i = 1, ... , n), 
j= l 

and another is given for determinants whose diagonals are 
positive and satisfy the hypoth eses of a theorem by A. 
Ostroski. 

The classical field theories, C. Truesdell and R. Toupin, 
Handb . der Physik, Springer, Berlin , III, No.1, 226-793 
(1960) . 
This paper prese nts an organized account of everything known 
concerning general continuous media. 

Resonance characteristics of a corrugated cylinder excited by a 
magnetic dipole, J. R. Wait and A. M . Conda, IRE Tmns. 
Ant. P1"Op . AP-9, 330-335 (J uly 1961). 
Radiation from an axial magnetic current element in the 
presence of a corrugated cyli nder is considered . It is indicated 
that the power radiated in a given mode depends on the 
surface reactance, the circumference of the cvlinder and 
e1ev:;ttion angle. For certain valu es of the" parameters 
particular modes are strongly excited, corresponding to a 
resonance condition of t he circumferential (or spiral) surface 
,vaves. 

The calculation of energy levels of nearly symmetric rotors , 
S. C. Wait, Jr., J. Mol. Spect1"OscoPY 6, 276 (1960). 
A recu rsion relation is developed for expressing the in verse 
of a power series by another power series. The derived 
relation is exact for any desired degree of approximation. 
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An example of this recusion formula is gi" ell for use with an 
extended perturbation treatment of the nearly symmetric 
rotor. 

Theory of vibrational relaxation in liquids, R. Zwanzig, 
J . Chern. Phys. 340,1 931- 1935 (1961). 
A new formulation of the theory of vibrational relaxation , 
based on Zener's semiclassical approximation, is presented 
here. The relaxation ratc is shown to be proportional to the 
spectral density of the force exerted on the oscillator by its 
environment. The isolated binary collision theory is derived, 
but only with the condition that the collision frequency is 
much smaller than the oscillator frequency. This requirement 
is not satisfied in a liquid; we conclude that Litovitz's applica­
t ion of the isolated binary collision theory to liquids is not 
justified. A possible relation between vibrational relaxation 
and the self-diffusion coefficient in a li quid is disc ussed . 

Density fluctuations and heat conduction in a pure liquid , 
R. E. Nettleton , Phy .s. Fluids 4, No.1, 74 (Jan. 1961). 
Two components of t. he heat fiux in a pure liquid are identi­
fied- one carried by sound waves and the other by diffusing 
molecules. Coupled relaxation equations are obtained for 
these components, both depending on the density gradient 
\lp, and this dependence is interpreted thermodynamically 
as a furth er coupling of t hese equations with the equation 
determining (o!ot) (\lp) . The latter can be immediately 
written down with the aid of On sager 's theorem and an 
inertial principle developed in a previous paper. The 
t hermodynamic interpretation of these rate equations also 
leads to an explicit expression for the coefficient of (\lp)2 in a 
Taylor expansion , about equilibrium, of the Helmholtz free 
energy. This resu lt is compared with similar free energy 
terms assumed to exist by other authors. 

Non-reciprocity and time-reversal in microwave circuits, 
H . A. Fowler, Academie royale de Belgique (C/asse Des Sciences) 
V- 46, No . 11, 963- 977 (Dec. 1960). 
The relation between reciprocity of the microwave scattering 
matrix and a " local" t ime-reversal symmetry of the scattering 
process is di scussed, under the unitary condition. The 
theory of reciprocal junctions is extended to include non­
reciprocal ferri tc devices : the ,),-circulator of Chait and Curry 
is analyzed in accordance with the point-group method . 

Tchebycheff approximations by abx+c, .T. R . Rice, J . Soc. 
Ind. Appl. J1!Jath. 8, No.4, 691 -702, (1960). 
J n this paper the theory of Tchebycheff app roximations by 
abx+ c and abx cos (Oo+ Ox) +c is studied where a,b ,c, 00 and IJ 
are parameters to be studied. A complete development of the 
theory is made for abx+c. The topics considered are exist­
ence theorem, characterization of best approximations, 
approximations on subsets, uniqueness theorem, approxima­
tion on finite point sets, limiting relations between approxi­
mations on [0,1] and finite point sets and computational 
procedures for finite point sets. A r eally surprising phenom­
enon of this theory is that best approximations do not neces­
sarily exist on finite subset of [0,1], a lthough best approxima­
tions on [0,1] exist for every continuous function. The 
results for abx cos (Oo + Ox) +c are very incomplete and only 
the rudiments of a theory are established. This is due mainly 
to the intractibility of t he transcendental equations arising 
in the analysis. On the other hand some useful formulas for 
applications are obtained . 

Repulsion of energy levels in complex atomic spectra, R . E. 
Trees, Phys. R ev. 123, No.4, 1293- 1300 (Aug. 15, 1961) . 
Rosenzweig and Porter have shown a "repulsion of energy 
levels" in spacing distributions determined from energy 
levels in complex atomic spectra. The present paper extends 
t heir work by showing that these spacing distributions can be 
determined from calculated posit ions of the levels in these 
spectra. Since calculated data are available for spectra 
where the observed data are scarce or incomplete, this par­
tially overcomes limitations imposed by statistical inaccuracy 
when direct use is made of the observed data. The equiva­
lence of the two approaches is demonstrated by showing that 
calculated data for 1'a II yield the same spacing distribution 
as obtained from observed data for Ta II and R e I combined. 



These are co mplex spectra in which a fu lly developed repul ion 
effect is pre ent. A similar demonstration of equ ivalence is 
carried out for pectra of Ru I a nd iVlo I, where the r epulsion 
effect is in a n intermediate state of development. The 
results also indicate that numbers easily evaluated from the 
m dial parameters of t he theory will indicate rou ghly the 
degree of repu lsion, replacing to some extent the need for an 
explicit calculation of t he spacing distribution. 

Statistical dynamics of simple cubic lattices. M odel for the 
s tudy of Brownian motion II, R. J. Rubin, J. Math. Phys. 2, 
. Vo . 3,373-386 (May- June 1961 ). 
~ew results concerning the stat istical dynamics of a heavy 
parti cle in a n n-dimensional (n D ) cubic lattice a re presented. 
In a well-defined sense, the random motions of a heavy 
particle in a ID lattice and a 3D lattice are accurate ly de­
scribed by Kramers' equation for a free particle and a h ar­
monically bound particle , respectively. A related , but not 
independent, result is t hat the velocity vet) a nd position u(t) 
of a heavy particle in a ID lattice and a 3D lattice constitute 
t wo dimensional stationary gaussian Markoff processes. It 
is definitely established that in the case of a 2D lattice the 

station gaussian process ( ~,~~i ) is non-Markoffi a n. In t he 

course of t he analysis, severa l interesting connections be­
tween solu tions of t he discrete lattice equations of motion 
a nd solutions of the corresponding continuum eq uation of 
motion (the nD wave equation) a re un covered. 

P artial confounding in fractional re plication, W. J . Youden , 
Technome17'ic 3 , No.3, 353- 358 (Aug. 1961). 
Fractional factor ial designs are based on using so me fraction 
of t he total possible number of experimenta l combinations 
of t he variables. \-Vhen resources permit, t he experimen ter 
may obtain both t he direct effect of any variable and the 
effect as mod ified by the other variables. The latter infor­
mation may be sacrificed if fewer combinations are explored . 
This paper presents an inte rmediate possibility without 
increasing the number of combinations. The direct and the 
di fferen tial effects m ay be identifi ed and estimated at some 
sacrifice in the precision of t he estimates . 

Exact and approximate distributions for the Wilcoxon s ta­
tis tics with ties, S. Y. Lehman, J . Am. S tat. A ssoc. 56, 293- 298 
(J une 1961). 
The exact d ist ribu t ion of the Wilcoxon statistic was calculated 
for fi ve specifi c cases where bot h samples contained five 
observations, ome of which were tied. The five specific 
cases were obta ined from an actual experiment. The exact 
distributions for each of the e fi ve cases a re co mpa red wit ll 
some approximations at poin ts ncar 1, 5, and 10 percent. 
Critical va lues and associated probabilit ies have been cal­
culated for t he exact and approximate distribution. 

Some geometrical theorems for a bscissa s and weigh ts of 
gauss type, P . J . Davis and P . R a binowitz, J . lorath. Anal. 
A.ppl. 2, No.3, 428-437 (J une 1961). 
Severa l t heorems which relate Gaussian weigh ts and a bscissas 
asymptotica lly a re proj ected and others are co nj ectured . 
Those conjectured have been established numerically. 

Other NBS Publications 

Journal of Research 66A (Phys. and Chern.) No.1 (Jan.­
Feb. 1962) 70 cents. 

Absolute isotopic abunda nce of terrestrial silvcr. \-V. R . 
Shields, E. L. Garner, and V. H . Dibeler. 

Tcmperature of a copper arc. C. H . Corliss. 
~1e l ting process a nd the equ ilibrium mel tin g temperat ll re of 

polychlorotrifluoroethylene. J . D. HofTma n and J . J . 
' Veeks. 

Tritium-Jabeled compounds VIII. Confirmation of the posi­
lion of t he t ritium in D-glucose-6-t anel n-glucitol-5-t. 
L. T . Sniegoski and H . S. I sbell. 

Infrared a bsorpt ion spectra in the study of mutarotational 
equi libria of monosaccharides. R . S. Tipson a nd H . S. 
I sbell . 

Preparation of high purity trimethylborane. G. S. Ross, 
D . Enagonio, C. A. H ewitt, and A. R . Glasgow. 
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R eaction of several aminopyrimidines wiLh formaldehyde. 
G. L. McLeod . 

Acidic dissociation constant a nd relatcd thermodynamic 
qu antities for d iethanola mmonium ion in water from 0 to 
50 cC. V. E. Bower, R. A. Robinson, a nd R . G. BaLes. 

Fiber structure-property relationships II : Macroscopic 
deformations of a lkylene sulfide crossli nked polycapro­
lactam fibers. S. D . Bruck. 

Ion transport across membranes: I. D efinition s of membranc 
electromotive forces and of flows of eJectrolytic olu tc. 
B . C. Duncau . 

Journal of Research 66C (Eng. and Instr.) No.1 (Jan.- M ar. 
1962) 75 cents. 

Reference t ables for 40 percent irid ium-60 percent rhodium 
versus i ridium thermocouples. G. F. Blackburn and F . R . 
Caldwell. 

A m ethod for the self-calibration of atte nuation-measurin g 
systems. R. L . Peck . 

Special shielded resistor for high-voltage d-c measurements . 
J . H. Parks. 

Vol tage ratio measurements with a transfo rmer capacitance 
bridge. T. L . Zapf. 

Weight calibration schemes for two knife-edge d irect-reading 
balances . H . E . Almer, L . B. Macurdy, H . S. P eise r, and 
E. A. Weck. 

Tunnel di ode large-signal equi valent circuit study and t he 
solution of its nonlinear differential equations . S. B. 
Geller a nd P . A. Ma ntek. 

A missile technique fo r t he study of deto nat ion waves. 
F . W. Rucgg a nd W. 'Ill. Dorsey. 

Creep of cold-d rawn ni ckel, co pper, 70 percent nickel-30 
percent copper, a nd 30 perce nt n ickcl-70 percent coppcr 
alloys . W. D. Jenkins a nd V.l. A. " TilIa rd . 

Journal of Research 66D (Radio Prop.) No. 1 (J an.- Feb. 1962) 
75 cents. 

A urvey of t he very wide band a nd frcquency independcnt 
antennas- 1945 to t he pre ent. J . D . D yson. 

Numerical invcstigation of t he equiva lent impeda nce of a 
wirc grid parallel to t he in terface between t wo mcdi a. 
T . Larsen . 

Current on anel inpu t impeda nce of a cylindrical a ntenn a. 
Y. M. Chen and J . B . Kellcr. (See a bove abstract.) 

Radar corn er refl ectors for linear or circular pola ri zation . 
G. Latmi ral a nd A. Spo ito. 

On t he t heory of w ave p ropagation t lu'ough a co nce nt ri call y 
stratifi ed t roposphcre wi t h a smooth profile. H . Bremmer. 
(Sec above abstract .) 

On the propagation of VLF a nd ELF rad io waves wh en the 
io nospherc is not sharply bounded. J . R . Wait . (See 
above abs tract .) 

Fields of clect ri c dipoles in sea watcr- t he ear th-atmosp here­
ionosphere problem. Vol. L. Andcrso n. 

R eflection of electromagnetic waves from t hin ionized gaseous 
layers. F. H. Northover. 

R eflection and transmission of r adio wavcs at a continuously 
stratified plasma with a rbitrary magnetic induction . J . 
H. Jo hler and J. D. Harper, Jr. (Sce a bove abstract.) 

On the d iffraction of spherica l radio wavcs by a fini tely con­
du cting spherical cart h. L. C. Walters and J . R . Johler. 
(See above abstract.) 

An approximatc fu ll wave solution for low frequency electro­
magnetic wa ves in a n unbounded m agneto-ionic medium. 
\-Y. C. Hoffma n. (Sec above a bstract.) 

VHF radio propagation data for the Cedar Rapids-Sterl ing, 
Anchoragc-Barrow, a nd Fargo-Churchill tes t pat hs, April 
1951 t hrough June 1.958. G. R . Sugar a nd K . W. Sulli van. 

T ables of spectra l-line intensities, arranged by wavelengths, 
W . F . Meggers, C. H. Corliss, and B. F. Scribner, NBS 
Mono. 32, Part II (1961) $3.00. 

International practical temperature scale of 1948, text revi­
sion of 1960, H . F. Stimson, NBS Mono. 37 (1961) 10 cents. 



Stopping powers for use with cavity chambers, ~BS Handb. 
79 (1961) 35 cents. 

Safety rules for the installation and maintenance of electric 
supply and communications lines. Comprising P art 2, the 
definitions, and the grounding rules of the sixth edition of 
the national electrical safety code, NBS Handb. 81 (1961) 
$1.75. 

Hydraulic research in the United States, H. K. Middleton, 
NBS Misc. Pub!. 238 (1961) $1.25. 

Quarterly radio noise data, March, April, May 1961, W. Q. 
Crichlow, R. T . Disney, and M. A. J enkins, NBS Tech. 
Note 18- 10 (PB151377- 10) (1961) $1.50. 

Mean electron density variations of the quiet ionosphere, No. 
5- July 1959, J. W. Wright, L. R. Wescott, and D . J . 
Brown, NBS Tech. Note 40- 5 (PB151399- 5) (1961) $1.50. 

Flux switching mechanisms in ferrite cores and t heir depend­
ence on core geometry, G. VV. Reimherr, NBS Tech. Note 
90 (PB161591) (1961) $1.25. 

An experimental study of beta decay using the radiations 
from oriented nuclei, D . D. Hoppes, NBS T ech. Note 93 
(PB161594) (1961) $1.50. 

Bibliography on meteoric radio wave propagation, W. Nupen, 
NBS Tech. Note 94 (PB161595) (1961) $2.75. 

The integrated starlight over the sky, L. R. Megill and F . E . 
Roach, NBS Tech. Note 106 (PB161607) (1961) $2.00. 

A compilation of t he physical equilibria and related properties 
of the hydrogen-carbon monoxide system, D. E. Drayer and 
T . M. Flynn, NBS Tech. Note 108 (PB161609) (1961) $2.25. 

A compilation of the physical equi libria and r elated properties 
of the h ydrogen-helium system, D. E. Drayer and T . M. 
Flynn, NBS Tech. Note 109 (PB161610) (1961) $1.25. 

A compilatio n of the physical equilibria and related properties 
of the hydrogen-nitrogen system, D. E. Drayer and T. M. 
Flynn , NBS T ech. Note 110 (PB161611) (1961) $1.75. 

Mode calculations for VLF propagation in the earth-iono­
sphere waveguide, Ie P. Spies and J . R. 'Wait, NBS Tech. 
Note 114 (PB161615) (1961) $1.50. 

Load carrying capacity of gas-lu bricated bearings with in­
h erent orifice compensation using nigrogen and helium gas, 
H. Sixsmith, W. A. Wilson, and B. W. Birmingham, NBS 
Tech. Note 115 (PB161616) (1961) $1.00. 

Matrix elements in the forbidd en beta decay of Ce141, D. D . 
Hoppes, E. Ambler, R . VV. Hayward, and R. S. Kaeser, 
Phys. R ev. Letters 6, 115- 118 (1961). 

Simple adiabatic demagnetization apparatus, V. D. Arp and 
R. H . Kropschot, Rev. Sci. Instr. Note 32, 217- 218 (Feb. 
1961). 

4-Nitrophenyl esters, carbonates, and bi-carbonates as leather 
fungicid es, S. Dahl and A. M. Kaplan, J . Am. Leather 
Ohemists Assoc . 55, 480 (Sept. 1960). 

The organization of international intercomparisons of radio­
acti vity standards, with specia l reference to such measure­
ments of ~BS standards, L. M. Cavallo and W. B. Mann, 
Proc. 1959 Symp. Metrology R adioactive, IAEA, Vienne, 
117 (1960). 

The physical environment as affected by radiation, D. M. 
Gates, Proceedings of t he 50th Anniversary Oelebration of 
t he University of Michigan Biological Station (1960) . 

Second revision American Dental Association specifications 
No.4 for dental inlay casting wax, J . W. Stanford, K . V. 
vVeigel, and J. VY. Paffenbarger, J . Am. Dental Assoc. 62, 
45 (Jan. 1961). 

The structure of B-type vibrational-rotational bands of an 
asymmetric rotor, H. C. Allen, Jr. , Phil. Trans. Roy. Soc. 
of London , Series A, Mathematical and Physical Sciences, 
No. 1030, 253,335 (1961). 

Measurement of contrast in the aerial image, F. W. Rosberry, 
Photogram metric Eng. 155- 159 (March 1961) . 

An interferometric instrument for the rapid measurement of 
small diameters, D. H . Blackburn, Rev. Sei. Instr. 32, No. 
2, 137 (Feb. 1961). 

Vapor-phase photolysis of formic acid , R . Gordon, Jr., and 
P. Ausloos, J . Chem. Phys. 65, 1033 (1961). 

Binary silieate glasses in t he study of alk ali-aggregate reae­
t ion, R. G. Pike, D . Hubba rd , an d E. S. ~ewman, Highwav 
R esearch Board Bull. No. 275, 39- 44 (1960). 

Oomplex conductivity of some plasmas and semiconductors, 
P. H. Fang, J . Appl. Research Soc. B (The H ague) 9, 51 
(1960). 

44 

Physical measurement- challenge to science and engineering, 
A. V. Astin, SPE J. 17, No.5, 455-458 (May 1961). I 

Low-temperature thermocouples 1. Gold-cobalt or constalltan 
versus copper or "normal" silver, R. L. Powell, M . D . 
Bunch, and R . J. Oorruccini, Cryogenics 1, 139- 150 (Mar. 
1961) . 

Dielectric properties of polyamides, A. J . Curtis, J. Chem. 
Phys. 3<1, No.5, 1849- 1950 (May 1961). 

Natural and synthetic rubbers: R eview of test methods, 
F . J. Linnig, M. Tyron , and E. J . Parks, Anal. Chem. 33, 
127R (Apr. 1961). 

Magnetic susceptibility of tetratonal titanium d ioxide, F. E . 
Senftle, T. Pankey, and F. A. Grant, Phys. Rev. 120, 820 
(Nov. 1960). 

Equipment and procedures for the evaluation of total hemi­
spherical emittance, J . C. Richmond and W. N. Harrison, 
Bull. Am. Ceram. Soc. 39, No. ll, 668 (Nov. 1960). 

Limitations of radiosonde punch-card records for radio­
meteorological studies, B. R. Bean and B. A. Cahoon, 
J. Geophys. Research 66, No.1, 328-331 (J an. 1961) . 

Evaluations of some oxide glasses for use in infrared material, 
G. W. Cleek and T. G. Scuderi, Proc. Infrared Information 
Symp. 5, No.4 (Aug. 1960). 

Improvement of some of the properties of sole leathers by 
impregnation with polymers, J . R. Kanagy, J. Am. Leather 
Ohemists Assoc. LVI, No.7, 322- 342 (July 1961). 

A transitor frequency m eter, F. R. Bretemps and S. Saito, 
Electronic Inds. 19, No. 10, 196- 198 (Oct. 1960). 

Studies on the fiame-spraying of aluminum oxide, D . G. 
Moore, Metal Finishing J . 6, No . 70, 397 (Oct. 1960). 

Self-qualification of laboratories, A. T. McPherson , Instr. 
and Co ntrol Systems 3<1, No.7, 1265 (July 1961). 

Four-color achromats and superchromats, R. E. Stephens, 
J. Opt. Soe. Am. 50, No. 10, 1016- 1019 (Oct. 1960). _ 

Refining measurements by capacitance techniques, F. h.. 
Harris and R. D. Cutkosky, ISA- J. Instr. Soc. Am. 8, 
No.2, 63-66 (Feb . 1961). 

Standards for plastic pipe fittings, F. W. Reinhart, SPE J . 17, 
160 (F eb . 1961). 

Post Office mechanization, B . M. Levin, M. C. Stark, ancl 
P. O. Tosini, E lec. Engr. 80, 105- 110 (Feb. 1961). 

Oomparison of observed tropospheric refraction with values 
computed from the surface refractivity, B . R. Bean, IRE 
Trans. Ant. Prop. AP-9, 415- 416 (July 1961). 

The precision measurement of transform er ratios, R. D. 
Cutkosky and J. Q. Shields, IRE Trans. Instrumentation 
1-9, No.2, 243- 250 (Sept. 1960L 

Studies of environmental factors in a family-size underground 
shelter, P. R . Achenbach, F. J. J. Drapeau, and C. VY. 
Phillips, Report OODM- NBS- 60- 1 issued Office of Civil 
D efen se Mobilization (Mar. 1961). 

Eleetrodes for pH meas urements, R . D . Bates, J . Electro­
analytical Ohem. 3, 93 (1961). 

Phase-shift method for one-dimensional scatte ring, A. H 
Kahn, Am. J. Phys. 29, 77 (1961) . 

Electric field distribution in a dense plasma, J . L . Jackson, 
Phys. Fluids 3, 927- 931 (1960). 

A precision RF att.enuation calibration system, C. M. Allred 
and C. O. Cook, PGI Trans. Instrumentation 1-9, No.2 , 
268-274 (Sept. 1960). 

A vibrating sample magnetometer, N. V. Frederick, IRE 
Trans. Instrumentation 1-9, No.2, 194- 196 (Se pt.. 1960). 

Standards development by ASTM committee D- 20 on plas­
tics, F . Reinhart, SPE J. 16, 800 (Aug. 1960). 

A nuclear magnetic resonance study of any-anti isomerism in 
ketoximes, K. Lustig, J. Phys. Chem. 65, 491 (1961). 

A standards current t ransformer and comparison method­
A basis for establishing ratios of currents at audio frequ en­
cies, B. L. Dunfee, IRE Trans. Instrumentation 1- 9, No.2 , 
231- 236 (Sept. 1960). 

Evaluatin<r t he freezing-ancl-thawing durability of concrete 
by labo~atory tests in the U.S.A., H . ':f. Arni and R: .L. 
Blaine Preliminary Report on SymposIUm on DurabIlIty 
of Oo~crete of RILEM, Prague, Ozechoslovakia, 218-231 
(July 1961). 

Spectroseopic standard samples of titanium ancl high-tempera­
t ure alloys, R. E. Michaelis, J. Appl. Spectroscopy 15, 
7 (1961). 
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