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Calculations of whistler ray paths in the oute r ionosphere are shown for a vari ety of 
electron density profi le models including exponential , constant, and columnar profiles. 
The Haselgrove formu lation of th e ray equations was used with the magneto-ionic rep re­
sentation of t he wave refractive index to develop a set of differential equations for ray trac ing 
sui table for inhomogeneous, anisotropic m edium . The variation of paths wi th fr equ ency, 
latit ude, ini tial wave-normal angle, and other variables are examined fo r t he purpose of 
prov id ing a preliminar y basis fo r comparison of t he t heoretical with som e of the experi­
mental result s. 

1. Introduction 

Little work has previously been done to describe 
the mechanics and physics of electromagn etic wave 
propagation in an inhomogeneous anisotropic, me­
dium. Of particular interest are certain phenomena 
taking place at frequencies below the plasma and 
gyrofrequencies of thc ionosphcr c. The subject 
has become important dm-ing the last few years 
because of the increasing interest in VLF ,vave 
phenomena such as " whistlers." 

I 
Whistlers propagate in what is known as the 

"extraordinary" mode in magn eto-ionic theory 
[Ratcliffe, 1959] . This mode of propagation is 

I also described by the terms " whistler-mode" or 
i "magneto-ionic duct." D etails of the pb enomena 

and additional referen ces are given elsewhere [Helli­
well and Morgan, 1953]. Th e basic theory of 
whistler propagation was first given by Stor ey 

I [1953]; however , his description is valid only for a 
I r estricted set of conditions, many of whi ch do 

not apply over the compl ete whistler path . 

I 

The work reported 11 er e is an attempt to. demon­
strate some of the complex phenomena of whistler 
propagation. The set of computaLions described 

I here is in no sense complete or comprehensive; it 
is meant only to demonstrate a few interesting 
details of this mode of propagation and to stimulate 
further thought and work. Very little attempt 
has been made to interpret the form and shape of 
the results shown ; such interpretations must arise 
from an examination of the form of the general 
solution of the ray path equations. 

2. Discussion 

2 .1. General Procedure 

Equations which are in a form useful for compu­
tation of ray paths in the ionosphere can be obtained 
from substitution of the familial' Appleton-Hartree 
expression for the complex refractive index into 

1 Based on a report prepared by Stanford Research Institute for Stanford Uni­
versity under Prime Con tract AF 18(603)-126 (Dec. 1959). 

ray equations derived by Haselgrove [1954]. The 
resulting equations in spherical coordinates r, 0, ¢ are 

where 
J.' = the real part of t,he complex pllase 

refractive index, 
p" Pe, p",= the physical componenLs of a vector 

of length }J., and directed normal to 
the phase fronts (also called the wave 
normal or refractive index vector), 

t = time of phase travel along the ray 
(that is, (jilt) /c= number of wave­
lengths in the medium along the 
ray path), 

j = wave frequency, 
c= speecl of light. 

The quantity }J. and its derivatives are calculated 
from the Appleton-Hartree formula as follows: 

M2= (J.' - jK)2= 1-2X(1-ff - jZ) 

D= 2(1 - X-jZ)(1-jZ) - P sin2 if;+ S 

S =±.,jY4 sin4 if;+ 4P(1-X-jZ )2 cos2 if; 
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wh ere 

M = complex ph ase re fractive index= ,u - jk, 

X = norm alized elcctron density = (Ne2) / (w2mt:o) , 

Y = normfllized magnitude of the earth 's magnetic 
-7 -7 

field vector, Y = (,uoeHe)/(wm), 

Z = normalizecl collision frequency = (vo) /w, 
~ ~ 

1/1 = angle between p and Y= cos- 1 [(PrYT+ peYe 
+ P</>Y </»/(,u Y) ], 

N = electron density, 

e= charge on an electron, 

m= mass of an electron, 

w= 2rrj = 2rr . wave fr equency, 

t:o = dielectric constant of free space, 

,uo= permeability of free spacc, 

vo = collision frequency in collisions per second, 

J{ = imaginary part of t he complex phase re fractive 
index. 

Th e two values of M corresponding to the plus and 
minus sign on S r epresen t the t wo modes of iono­
spheric propagation commonly called the "ordinary" 
and "extr flordinary" modes. 

Th e derivatives of .u are 

where i=th e coordinates 1', fJ , </>. 

[N OTE: When 1{;->0, OfJ./ 01{;->O, o1{;/ op.-> 00 but o!-,/ op;->O.] 

O,u = R oM = R ( (M 2-1)P sin if; cos if; 
01/1 e oif; e lviD 

{ 1-~ [P sin2 if;-2(I - X - jZ )2] } ) 

O,u o,u oX o,u oY O,u oZ O.u oif; 
oi = oX oi + oY oi + OZ oi+ oif;oi 

gi = R e ~~=Re (JD{2X- 1+jZ+(M2- 1 ) 

[ l-jZ+ 2P(1- XSjZ) cos2 if;J} ) 

o,u oM ( (M2- 1)Y { . 1 . 
oy= R e oy = R e M D S1D 2 1/1- ;S;[Psm4 1/1 

+ 2(1- X -jZ )2COS2 if;]} ) 

where Im = imaginary part of. 
-7 

[N OTE: o1{;/oi is calculated holding p constant a nd so measure 
t he ch ange in t he direction of t he earth's m agnetic field in 
space.] 

Th e quan tities oX /oi and oZ/oi must be derived 
from the space varia tion of X and Z which are 
assumed. An arbitrary inhomogeneous ionosphere 
can be represented in this manner . If <111 earth­
cen tered dipole field approximation is used for the 
magnetic field, th en 

wh ere Ye= Y at t he equator a t the surface of the 
ear th "",(8.7 . 105)/j. The vec tor components of y­
in spherical coordinates are 

Y 01'" 3Y 
01' l' Y r --/1 + (1/4) tan2 fJ 

Ye=~ Y, tan fJ 

Y </>= O 

where 

OY -3Y cos fJ sin fJ 
ofJ 1+ 3 cos2 fJ 

oY 
o</> = 0 

fJ = colatitude and 

</> = longitude. 

The derivatives of if; for a dipole m agnetic field are 

Oif;= O 
01' 

~ 

where 1'= angle b etween Y and the radial (see fig. 1) . 

[NOTE: 'Y = tan- 1 (-If ta n 0) for t he dipole field .] 

oif;= O 
o</> 

01/1 crrYe- creYr 
01' crY sin 1/1 

01' 1 
ofJ 2 cos2 fJ+ (1/2) sin2 fJ' 

[N OTE: When 1{;-40, both numerator and denominator of 
o1{; / o'Y go to zero and o1{; / 0'Y->1.] 
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North Geo­
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/ 

/<u;v~ormal vector p ~ 
~. magnetic field line vector Y 

It is usually desired to compute the following 
additional quantities along with the ray path: 

(1) Path length, S 

1 
ray refractive index J.L cos ex 

(2) Time of tnwel, T, also called group delay 

dT =l (1 +i OJ.L) 
dt c J.L oj 

OJ.L - R oll! - R ( _ 1_ { V ( ",T+ 'Z) + ( lJ2 ) o j - e oj - e M Df ./\. 2..(1. J ~ 11-1 

[2-2jZ-jZX+~ P ("OS2 '-f; 

(l - X - jZ)(l + X )]} ) 

(3) Absorption, A, in nepers 

dA wK. - =-- - , 
dt c J.L 

I 2.2. Notes on the Method of Digital Computation Used 

a . Initial Conditions Needed 

Initial values for r, e, ¢, PT, Pe, P</> are needed. To 
get p" pe, and P</> , the wave normal direction can be 
inserted as an initial condition. J.L is then calculated 
and the p's obtained. For example, let Xi=( pt!p) = 
direction cosines of wave normal with respect to the 
local coordinate axes. Then, ince P= J.L , Pi= J.L Xi. 

b. Stability Condition 

The six basic ray differential equations contain 
one more degree of freedom than there are con­
straints explicitly expressed . That is, it only takes 
5 quantities to define a vector field (three space 
coordinates and two direction cosines) . The sixth 

FIGURE 1. Coordinate system fOT two 
dimensions, r - O. 

equation is implicit in the definition of I~ [ = J.L . The 
round-off error involved in calculating J.L and in 
integrating dpt!dt will r esult in [~ I ~ J.L after a few 
sLeps of integration unless an additional constraint 
is imposed. Thus, to maintain the equali ty, we 
correct t he p/s at each point in the manner 

J.L 
Pi corrected = P ;- · 

P 

Tbis correction is made a early as possible in the 
derivative calculation, i.e., immediately after calcu-
lation of Nf. Since the magnitude of ~ is not used 
in the calculation of M (only the wave normal direc-

Lion is used), no errors arising from. [; [ ~ J.L are allowed 
to accumulate by this procedure. . 

c. Interval Size 

The t::.f to use depends upon the accuracy required, 
the frequency, the size of refractive index gradients 
encountered along the ray path, and the stability 
and accuracy of t.he numerical method of solution of 
t he differential equations used. For the whistler 
ray paths, shown later in this report, the interval 
size was changed when the local truncation error 
became either too large or too smalL The local 
truncation error was measured by noting the differ­
en ce between the predicted values for th e next point 
and the values obtained by application of the first 
corrector (an Adam's predictor-corrector method of 
solution of the D.E. equations was used). When 
this difference became less than 5· 10- 7, the interval 
size was doubled using an extrapolation formula in a 
special subrou tine. When the difference became 
greater Lhan 10-\ the interval size was halved. The 
corrector was applied only once every 5 or 10 points 
and only a predictor was used for the in-between 
points. This was done because application of a 
corrector and subsequent doubling or halving costs 
several " points" worth of time. Thus it is undesir­
able to do this very often. The interval size u ed 
for these whistler calculations was approximately 
one-half an earth radius. Oalculation was started 
at the top of the F2 layer. 
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d. Other Comments 

The bulk of computation time is spent in calculat­
ing the derivatives of lvI, 1-', etc. Only a small frac­
tion of the total time is actually spent in the numeri­
cal method of solution calculations. Therefore, a 
method of solution should be chosen that minimizes 
the number of times the derivatives have to be 
calculated , and that makes maximum use of the 
derivatives already calculated. Thus the Runge­
Kutta m:ethods are long and cumbersome for these 
equations. A predictor-corrector method with a 
minimum number of corrector cycles applied seems 
to be about the best. Perhaps even a high-order 
predictor (5th or 6th order) might be best, since this 
would increase the interval size one could use without 
increasing the calculation time proportionately. 

The main weakness of the program used for these 
calculations is the instability of the extrapolation 
formula used for doubling. This formula has to 
jump ahead two intervals. It would be better to 
carry more points along with the calculations and 
use a higher-order extrapolation formula that only 
jumps ahead one space- or better still, carry suffi­
cient points to use no extrapolation formula at all. 

If these equations are to be used for frequencies 
high enough that the earth's magnetic field can be 
ignored (frequencies much higher than the local 
gyrofrequency) then a separate routine should be 
written for this case, since the equations simplify to 
a much easier and faster computation. If the same 
routine is used, many of the expressions for the 
derivatives become indeterminate when Y = 0. .Most 
of these derivatives actually become zero, but special 
tests would have to be installed in the program to 
handle this case. 

2.3. Computations 

a. General Procedure 

The differential equations were programed for 
numerical solution on an Electrodata 205 computer. 
Only the two-dimensional case of propagation in the 
magnetic meridian was utilized in these computa­
tions. Also, no losses were included (v = O). The 
calculation of a whistler path was begun with the 
assumed initial conditions at an altitude of 300 km. 
This altitude corresponds roughly with the maximum 
ionization level of the F2 layer. 

An electron density profile was assumed for alti­
tudes greater than this. 

The computations are organized into the following 
categories according to the electron density profile 
used and the parametric variation examined: 

(1) Exponential model- variation of frequency, 
(2) Exponential model- variation of initial latitude, 
(3) Exponential model- variation of initial wave 

normal direction, 
(4) Constant density model , and 
(5) Miscellaneous. 

The exponential model used in all of the first three 
categories is: 

N = I80,000 exp [- 4.183119 (1' - 1.0471)] 

where 

N = electron density in electrons per cubic centimeter. 
l' = radial distance from center of earth in earth 

radii. 

(1' = 1.0471 = 300 km above the surface of the earth 
at the beginning of the path computation). 
These particular values of electron density and scale 
height were obtained from Maeda and Kimura [1956]. 

b. Exponential Model-Variation With Frequency 

Figure 2 (a) gives the results of ray path computa­
tions at the frequencies 5, 10, 20, 25, 30, 50, 100, 
200,400,1000 kc/s. Figures 2 (a) and (b) show the 
ray path for each of these frequencies. The initial 
wave normal direction for each of these paths is 
vertical (wave normal angle= OO). In order to 
exhibit the variation of certain variables in these 
computations, figures 2(c) to 2(i) have been plotted. 

Some of the interesting features of these computa­
tions may be listed as follows: 

c. Exponential Model-Variation With Latitude 

Figure 3 gives the results of ray path computations 
initiating at north latitudes of 10, 20, 30, 35, 40, 45, 
50, and 60°. Figures 3 (a) to (i) show the ray paths 
for each of these latitudes as well as the variation of 
wave normal direction over the path. Additional 
data from these computations have been plotted in 
figures 3 (D to (0) . 

d . Exponential Model-Initial Wave Normal Variation 

Figure 4 gives the results of ray path computations i 

with initial wave normal angles 10, 5, - 5, and - 10° ~ 
measured positively clockwise from vertical (along 
the radial). Figures 4 (a) to (d) show the ray paths 
and wave normal direction over these paths. The 
wave frequency is 10 kc/s . Additional data from 
these computations have been plotted in figures 4 (e) 
to (g). 

The behavior of the wave normal over the path I 

changes only negligibly with these changes in initial 
wave normal direction. 

e . Constant Density Model 

Figure 5 gives the results of ray path computations 
with constant electron density. The characteristics 
of a constant density model are as follows. Since 
there is no electron density gradient, the total refrac- I 

tive index gradient is formed by the magnetic field. 
Also, since the refractive index gradient determines 
the change in wave normal which in turn determines 
the bending of the ray path, the bending of the ray 
path is determined only by the guiding effect of the 
magnetic field, not by the electron density. Thus 
the ray path is the same regardless of the magnitude 
of the electron density. 
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f. Miscellaneous Computations 

Comparisons with lVlaeda's computations- Maeda 
(195 1) used a very approximate me-thod of numerical 
integl'ation as well as an approximation to the refrac­
tive index gradient which is only very roughly 
coneeL. In order to compare his computations with 
t he more exact formulation of Haselgrove, one of 
Maeda's published r ay paths was compared with a 
similar computation using the present program in 
figure 6. It can be seen that the difference is 
appreciable. The lack of comparison is not due to t he 
quasi-longit udinal approximation of the refractive 
index function which was used by Maeda since t his 
approximation was used also in Haselgrove's formula­
t ion for this particular computation . The difference 
between t he Q. L, approximation and the full expres­
sion is too small to be shown. Th e differences 
between t he two compu ted paths ma~T be due to the 
relatively crude method of integration used by Maeda 
to numerically solve the differential eq uations. 

Field-aLined column model- In a recent theoretical 
paper it has been shown t hnt if the ionizntion is 
field-alined it Ci1n act like a wnveguide in trapping 
whistler energy [Smit h, Helliwell, and Yabrofl', 1960], 
This would explain some of t he very distinct and 
clear whistler., which have been recorded . Tn order 
to nns weI' certain qu es tions regarding t il e effects of 
field -ahnement , the following models have been 
computed: 

10· 

80· 

INITIAL WAVE NORMAL ANGLE: 0 0 

595362- 61- G 489 

N= 180,000 { l+C exp [ (b;-rt°) ] } 

exp [-4.183119(r-1.0471)] 
where 

b= r/sin 28 (the equation of a field line is b= 
constnnt) , 

bo= 2.094 (this is a field line cOlTesponding to 300 
km alti tude at a latitude of 45 0 and is the 
center of t he column ) , 

C= the modulation factor, i.e. , t he relative 
increase of maximum ionization at the 
center of the column over that of th e sur­
rounding backoTound level of ionization, 
and 

D = the s tandard deviation of th e colum n. 
(The column is of gaussian electron density 
distribution with the tandard deviation 
measLu·ed in terms 0 f the local distance 
between the field li11es. ) This makes more 
intuitive physical sense t han making the 
thickness of t he column constant at all 
points on t he field line, since th e individual 
electrons will tend to diffuse easily along 
the lines of force but not across t hem. 

For t hese computations D= 0.029 which COl'J'es­
ponds to a standard deviation of about 35 km at an 
i1ltitude of 300 km, and about 215 km at the top of 
the path. 

40· 

6 0· 

10' 

80· 

FIGU RE 2(a) . Ray paths at various 
f requencies. 
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:F IGURE 2(c). jlfaximum altitude vel'SUS j1"equency. 
The m aximum height of the path remains essen tially constant up to the frequency of miuimum time 'delay [the nose 

frequeucy. which is seen to he at a bout 20 kc/s in Jig. 2(d)] at which pOint the maximum path height hegins decreasing. 
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FIGU RE 2 (d). Total path delay versus frequency. 

,]~ hc time delay decreases in the expected "Eckersley" fasbion until the nose rcpioJ] is rcached. 'J' his region corres ponds :to 
t he frequency reachin g approxi mately 45 percent of tbe gyro frequency at tbe top of tbe path. These calcula tions confirm this 
bebavior. 'rhe time delay at higher frequencies increases nntil the effect of the shortening of the path length a t high frequencies 
overba lances tbe decrease in group velocity to cause tbe time delay to begin to decrease again ahove 200 kc/s. 
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FIGURE 2 (e). Final latit1!de versus frequency. 
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The final latitude remains fairl y constant at frequencies up to the nose frequency. 'rhis sugvests some latitude focusing in 
t he "Eckersley" region. Above the nose frequency, the fin al latitnda starts sbifting toward tbe pole until the effect of the 
shortening path length at higher frequencies overcomes this tendency and resnl ts in a shift back toward the equator. 
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FIGURE 2(£). Wave normal- field line angle along the path. 

At frequencies below tbe nose frequency, the wave normal swings steadily 
below the field line as the path progresses. As tbe nose frequency is approached, 
the wave normal tends to oscillate abont a position approximately ten degrees 
above the field line. At higher frequencies, the wave normal swings outward 
after an init ial dip toward the field line. 
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FlGyRE 2 (g). 'Wave normal- field line angle along the path. 
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FIGURE 2(h) . Wave normal--fi eld line angle 
along the path. 
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In the first two computations shown in figures 7 
and 8 the initial wave normal directiol} is vertical. 
When the modulation is 0.2, good guiding occurs. 
When the modulation is reduced to 0.1, the ray is not 
guided because the initial wave normal direction is 
far from the field-line direction and the ray gets 
pulled out of the column before the wave normal gets 
properly lined up with the field line. This is in 
agreement with theoretical predictions [Smith, 
Helliwell, and Yabroff, 1960]. In the third case 
shown in figure 9, the wave normal was set along the 
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field line. In that case, the guiding is even better 
than for the higher modulation of case 1. The final 
case shown in figure 10 shows the modulation reduced 
to zero with the initial wave normal cliJ:ection on the 
field line. The guiding of this ray is still good, but 
less so than for the previous case of 0.1 modulation. 

These calculations support the theoretical pre­
dictions [Smith, Helli well , and Yabroff, 1960] that 
wave components whose wave normals lie within a 
certain angle with respect to the direction of the 
magnetic field will be trapped. 
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FIGURE 3(a). Ray path initiating at 10 oN 
latitude. 
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FIGURE 2(i). }Vave normal- field line angle 
(.long the path. 
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FIGURE 3(c). Ray path initiating at 30 oN 
latitude. 
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FIGURE 3Ib) . Rail path initiating at 20 ON 
latitude. 
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FIGURE 3(c). Ray path initiating at 1;0 oN 
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FIGum; 3(d) . Ray path initiating at 35 ON 
latitude. 
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FIGURE 3(g) . Ray path initiating at 50 oN 
latitude. 
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FIG URE 3 (f ) . Ray path initiating at 4-5 oN 
latitude. 
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FIGURE 3(i) . Ray path initiating at 60 oN 
latitude. 
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FIGURE 3 (11) . Ray path initiating at 5 5° N 
latitude. 
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The maximum height of the path is seen to increase very rapidly with increas­
ing ini tial latitude until an altitude is reached at whi ch tbe plasma frequen cy 
becomes equal to tbe wave frequency. This represen ts the usual re/lection level. 
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path length chan!!cs very rapid ly with initial latitnde. Clearly the average 
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T bis plot of fiuallatitude against initial value shows some focusing of rays in 
the region of 45° and 33° latitude. 
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At initial north lati tudes greater than 35°, t he wave normal swings from the 
outside to the inside of the fi eld line along tbe patb. For initial nortb latitudes 
less than 35°, the wave normal swings farther away from the field line. 
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FIG URE 4 (a). Ray path with ini(ial wave 
normal angle = 10°. 
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normal angle= _5°. 
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FIGURE 4(b). Ray path with initial wave 
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M aximum path height is seeu to decrease \\~th increasing wave normal angle 
until the wave rcaches between 5° and 10°. 
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FIG URE 4(f). Total path delay versus initial wave normal 
angle. 

The total time delay is also seen to remain roughly constant with changes In 
initial wave normal angle. This is again consisten t with the idea of average 
group velocity being roughly proportional to path length. 
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FIGURE 4(g). Final latitude versus initial wave normal angle. 

The fin al latitude is seen to remain constant with ini tial wave normal variation 
even though maximum path height changes. 
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