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In calculation of t he t heoretica l scatterin g coeffici ent for a te rrai n, previous aut hors 
tentatively assumed t hc normali zed a utocovariance func t ion p(r ) =e- A , 2 fo r the ground 
elevation as a fun ction of distance from a given point. Recently a utoco rrelation st ud ies 
were madc using map with co nto urs ranging from one to t wcnty-fiv c feet. These I'rsul ted 
in curves of p (I'), which are a pproximated b~' exp (-lrIIB ). The t hco retical scatte rill g 
cross sect ion (uo) of ma ny such terra ins can be ex presscd as 

( 1 ) 

where u, A, k, an d e a rc standard deviat ion of t he ta rget tc rra ill , wavelengt h, wiLv enumber 
(27f' / '!I.) a nd t he angle of in cidence respectively. For t he case where JI B is small as co mpa red 
to k, t he above expression becomes 

4u2 
uO= AB (Bcot'e ) ( 2) 

These express ions, whell norm a li zed , arc in agreement with ex perim ental rcsulLs of oLl'e r 
a u thors. It is a lso notewor t hy t hat the resul ts obtained wi t h an aco llst ic simulato r model 
co mpared vcry well with t his t heo reLieal expression . Th is work is based 0 11 Lhc '" "operLy 
th;1t t he grou nd is conductin g a nd has random elevation variations. Theon'tical results 
calcul ated o n t he basis of vary ing gro und impedall ce ra the r tha n its elevatioll >l .. e a lso ill 
agreement with this expression. 

1. Introduction 

In recent yeaTS, the calculation of backscatter 
from a rough surface, wi th very obvious extension 
and application to the radar retmn from t he moon , 
has attracted considerable atten tion. H ere we 
follow the basic approach of D avies [1954] as modi­
fied by Moore [1957] and Cooper [1958]. The 
modified Kirchhoff-Huygens' principle is employed 
in the calculation using modified spherical variables 
of integration. The ground model used assumes 
" facets," of variable size and height above mean 
ground level, whose position is described statistically. 

Instead of assuming a correlat ion model for 
terrain , as is usually don e, the presen t approach 
used co ntour maps of differen t tenain samples in 
the United States to calculate the terrain-elevation 
autocovariance and other statist ical propertie . 
The overall approach to the problem is an aPPl'o)"i­
mation, but the results so obtained are very reason­
able indeed , insofar as the comparison with terrain 
return and moo n-echo data reported in various 
publications [Briggs, 1960 ; Hughes, 1960 ; Nielson, 
1960] is concerned. 

1 This work was sponsored by the Naval Ord nance rl'rs t Station, C hina Lake, 
Ca lif., uncleI' con tract No . N I23(60530) 18l38A. 

2. Statistical Properties of Terrain 

Various auLocovariance [Ament , 1953; D avies, 
1954 ; Moore, 1957b ; D a niels, 1960] functions for 
rough terrain have 0 far been assumed. In some 
instances [Cohen, 1948] an effort was made to 
derive an approximate expression for the autocol'l'ela­
tion from actual data on terrain elevation . A 
general expression [Norton , 1960] for space cOITcla­
tion fun ction p (r ) describing th e random variation 
of tbe refractive index over space is given here: 

wh ere 

lo= charactel'istic scale 
J..L = constant 

r(J..L) = gamma function 

K~ ( i ) = moclified Bessel function of the second kind. 

It seems to cover some of the most commonly as­
sumed [Wheelon, 1959] expressions for correlation 
functions. 

A search of the literature shows that small-scale 
perturbations of the terrain elevation have not so far 
been used to calculate an experimental autocovari-
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TABLE 1. Location of terrain samples and the sU1face 
characteristic constant, B 

Sample 

L _______ 
2 ___ _____ 
3 ________ 

4. _______ 
5 ________ 
6 ________ 

7 _____ ___ 

A verage Standard Sampling Surface 
Gencral locaiion rie vation devi3tion interval rharaeteris tic 

It 
k awrence, K:;l.llS ____ _ 853. 5 

.f'~~·~le os~;~~ta-in~ - 5254 

N. D ak ___________ 1990 
Gila River, Ariz ____ _ 2617 
Wh ite River, Ariz __ 5028 
;V[ountain P ark, N . M ex ___________ 7530 
Sa ndi a P ar k. 

N . MeL ________ :_ 6780 

It 
5.63 

49 

8. 2 
13.6 
0. 18 

1030 

250 

cons tant, (1/ B ) 

ft 
30 O. 1193 X JO-3 
5 1. 3213 X 10- 3 

O. 7070 X JO-3 
.9236 X JO-3 

1. 3610 x JO-3 

62. 5 O. 2729 X 10- 3 

20 . 9860 X 10- 3 

ance function. For this reason , contour maps for 
seven different terrains in t he U oited States were 
selected, as listed in table 1. This set included 
relatively flat land, rolling plains and some rugged 
mountain areas. The average elevation (above sea 
level) and standard deviation of these samples varied 
from 850 to 7,530 ft and 5 to 1,030 ft, respectively. 
Three distinctly different but random lines were 
drawn on each of these contour maps. Along these 
lines, the elevation of tbe terrain was read to within 
one tenth of a foo t (by interpolation) on I-ft contour 
maps, and within 5 ft on 20- and 25-ft contour maps. 
Using a reasonable compromise between resolution 
and confiden ce level (Blackman and Tukey, 1958], 
and due to the unavailability of less-than -one-foot 
contour maps, horizontal sampling intervals of 5, 20, 
30, and 62 .5 ft were used. The number of points 
for a subsample varied from 58 to 610. The auto­
covariance was calculated using a CR C- 102 com­
putCI'. Th e resulting curves were averaged for each 
type of terrain. A simple theoretical approximation 
of these curves for high confidence level portions was 
found to be 

where 

B = characteristic constant 
r = distance between points 

(2.2) 

Seven cases for the experimental autocovariance are 
shown in figure 1. 

In figure 1 the autocorrelation curves for samples 
1 and 3 seem. to slope off faster than the rest. In case 
of sample 1 this is caused by the lag distance for a 
given number of lags being greater than for samples 
2 through 5 and 7. In view of this, if all these 
curves were plotted on a semilog paper (as in fig. 1), 
for a given lag distance rather than for a fixed number 
of lags, these would plot approximately as straight 
lines over limited distances . 'rhese two curves can 
also be approximated as p(r) = e- 1T1/B cos cr, where c 
was found to be 0.2188 and 0.7931 deg/ft for samples 
1 and 3, respectively. For near vertical incidence, 
the distances involved are rather short, and therefore 
cos cr is approximately unity . It is felt that the 
apparent cosine factor in the autocovariance appears 
b ecause of the relatively short length of the sample 
used in this case. This seems to indicate that the 
autocovariance function p(r ) often varies as e- irIIB. 
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FIG URE l. Normal'i zed autocoval'iance cUl'ves- (portions with 
hi ghest confidence level). 

Sample N o. and t ype or terrain 

1 (rela tively fla t) _________________________________ _ 
2 (ro llin g and flat) ___ . ___ __ ______________ ___ _____ _ 
3 (rolling) _______________ __________ _____ __________ _ 
4 (irregular, sloping) ____ __ ____ ____ _____ _________ _ _ 
5 (lIat, slight slope) ___ __ __ __ _____ ____ ____ ___ __ ___ _ 
6 (very rugged mtn.) ______ _______________________ _ 
7 (rugged mountain) _____________________________ _ 

Length of da ta Sampling 
(points in each interva l 

subsampJe) 

58, 101, 079 
252, 276, 21 5 
189, 194, 144 
226, 196, 261. 
287, 264, 272 
21.6, 187, 187 
187, 187, 187 

It. 
30 

I; 
5 
5 
5 

62.5 
20 

It is known [Cohen, 1948; Isakovitch, 1952] that 
the slope of p(r) at r equal to zero should be zero 
unless the ground elevation function has infinite 
slopes. In this instance, p(r) has a slope of - l IB 
which is in most cases believed to be of the order of 
10- 3 (see table 1). Considering the minute size (in 
the general range of 10- 3 to 10- 4 m) of the earth parti­
cles, this may be quite a reasonable approximation to 
the exact description of the terrain roughness. 

It was also found that the ground elevations 
generally are normally distributed . For a certain 
type of terrain, the ground elevation data along a 
random line is most probably a random function 
belonging to a large, approximately stationary en­
semble. It is further suspected that the expressions 
obtained for the scales of roughness covered in this 
study when reduced by a scale factor , might well 
describe extremely minute variations of ground 
roughness as seen by very high frequency waves . 



3. Scattering Coefficient 

The expressions for vector waves, in radar return, 
although easy to set up are very difficult to evaluate. 
:For this reason the Kirchhoff-Huygens' principle has 
been applied to scalar waves. This leads to difficult 
integration problems and other such complexities, so 
certain simplifying assumptions were made. Similar 
assumptions were made by others [D avies, 1954 ; 
Moore, 1957b]. These are as follows: 

(1) No portion of the ground is shielded from the 
incid ent radiation. 

(2) The ground is consider ed to be a perfect 
conductor. 

(3) The magnitudes of the surface curren ts are of 
the same order as those of a plane reflector, but the 
phase varies in a random manner, depending on the 
height of a particular point. 

(4) The reradiation from a particular small area 
on the ground is isotropic. 

(5) The antenna gain G is essentially uniform for 
- 00< 0< 00, and is zero outside of this range. 

(6) The results of this scalar wave approach are 
an approxi.mation to those for the vector waves, as 
most field vectors would be nearly parallel to the 
surface involved 

The variables cf> and cf>' were replaced with f and 
f' , where f' is t he sum of f and a as shown in figure 2. 
This change of variable was made following Davies' 
[1954] work, in order to make the integration a little 
less complex. 

A 

O'A= O' B=R 

O'C= R+s=R' 

AOB= 4> 
AOC= 4> ' 
80'0=8 

0' TRAN SMITTER a RECEIVER 

co'0=8 ' 

Be=, 

AO'B=1jI 

AO'C=IjI ' 

1jI'=IjI+a 

F IGURE 2. Geometry of the pl'oblem, showing interrelation 
between various variables of integration, 

The radar equation as applied to pulse radar 
[Moore and Williams, 1957a], gives the average re­
ceived power Pr from many scatterers as 

where 

P T=power transmitted 
R = range 
O"o =scattering coefficient per unit area (assumed 

independent of cf» 
t = time 
c= velocity of propagation (velocity of light) 
G= antenna gain (assLUued independent of cf» 
A = wa vclength 

0, cf> = angles as shown on figure 2. 

The field Eat 0' is obtained by applying Huygens' 
principle to the modified geometry of figure 2, and 
can be written as 

E = f - l- (Is'YJ )1 /2 cos Oe- j 47rR/XdA, (3 .2) AR 
where 

I s=P TGj (47rR2) 
'YJ = intrinsic impedance of free space 

dA = area clement on the ground ( = RdR sf:o)-
One arrives at the following expression for E by 

applying (3.2) to a rough surface, 

Cr 

E - 1f4 f OO cot 0 (PTG'YJ)1/2 
-~ ~ -00 R 47rR2 

4 

exp [j2k (R - o cos O)]dfdR (3.3) 
where 

k= wave number c:) 
r = pulse width 

200= beam width of the antenna 
o= o(Ro+s f + a) = elevation of ground height 

abov~ mean ground level at a point located 
at range Ro+s and modified azimuth angle 
f + a. 

Ro = range to the projection of a point at range R, 
on the mean ground level (see fig. 3). 

Equation (3.3) takes into account the variations in 
phase and neglects the other effects ?f th~ changes in 
range. This is base~ on the approXlmatlOn ~hat the 
percentage changes 111 range are not appreCl~ble for 
near-vertical incidence, The received power IS 

Pr=! fYle [EE * GA2
] 

2 ' 'YJ 47r 
(3 .4) 
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MEAN GROUND LEVEL 

FIGU RE 3. A typical point, at a random height 00 above mean 
ground level. 

where E* stands for complex conjugate of E and :?4e 
is the symbol for 'real part of' the expression follow­
ing it. The difference in ranges of two points on 
ground located at (R,O,1/;) and (R',O' ,1/;') can be ex­
pressed as follows with the help of figure 3, 

R - R' = [Ro-o(Ro, 1/;) cos O] - [R~-o(R~, 1/;' ) cos 0'] 

= -s+ [o(Ro+s, 1/; + a) cos 0' - o(Ro, 1/;) cos 0] 

= - s+(o-oo) cos 0 

where 0""" 0' (assumed) 

o= o(Ro+s, 1/; + a) 

oo= o(Ro, 1/;) 

The substitution of (3.3) in (3.4) results in 

(3.5) 

P = _ 1_ IJlj f PTG2 cos 0 cos 0' -J2k(R- R1J dAdA' 
T 327T2.:ne R2R2' e . 

(3 .6) 

where the primed quantities refer to a point at (R', 
0' , 1/;' ). 

The average received power can now be expressed 
in terms of R, s, 1/;, and a by substituting (3 .5) in 
(3.6) as 

exp [j2k {s+(00- 0) cos O}]dRdsdif;da (3 .7 ) 

where prirned quantities refer to values at a point 
different from that for unprimed quantities. The 
limits - 200 to 200 on the variable 1/; are used to cover 
the entire 3600 of the azimuth angle. 

It is apparent from the statistical studies of contour 
maps that the probability density function for ter­
rain elevation above the mean (say 0) can be written 
as 

p(o) (3.8) 

The conditional (normal) density function for the 
elevations 0 given 00 at two points on the ground, a 
distance r apart, is given by 

p(o;oo,r) (3.9) 

The expression exp [j2k [s+(00 - 0) cos O}] in (3.7) 
is first averaged over 0 using (3.8) and the result is 

where 

exp [j2ks - aZP cos2 0+ j2koo(l - p) cos 0], 
(3 .10) 

Now (3 .10) is averaged over 00 using (3.9) , and it 
becomes, 

(3.11 

One can deduce from Da vies' [1954] appro}..imatioll 
rZ """ R 2a 2+s2 cosec2 0 (see fig. 2) that 

S 2 cosec2 0 
r"""Ra+ 2Ra • (3.12) 

It can be now shown that the integration of (3.7) 
after substituting (3.11), (3.12) , and (2.2) results in 
an expression, which when rearranged, becomes 

H ere it has again been assumed that R' and 0' are 
approximately equal to Rand 0 respectively, for 
near-vertical incidence. From the comparison of 
(3.1) with (3.13) it is clear that the scattering coef­
ficient, 0"0 , is given by 

(3.14) 
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The value of 1 IBis far less than k for nearly smooth 
surfaces, and hence the scattering coefficient for such 
surfaces can be approximated from (3.14) as 

4(T2 
(To (for nearly smooth surfaces) "" Ex (fJ cot'l fJ) (3 .15) 

for fJ~Oo. 

4. Experimental Verification 

For neaTly smooth suTiaces, the surface character­
istic constant 1IB",,0, and (3.15) gives the scattering 
coefficient. This result compares very closely with 
published results [Nielson, 1960) for new ice as shown 
in table 2. 

For rough (not nearly smooth) surfaces, (3.14) 
describes the relationship of t he scattering coeffi cient 
(To and other varin,bles such as the angle of incidence 
fJ, wavelength X, standard deviation (T and surface 
covariance constant B, etc. Two curves of the scat­
tering coefficient (To versus fJ for each of the three 
values of 'AlB, 0.1, 0.5, and l.0 for (T I}.. equal to 0.05, 
and 0.1 are shown in figure 4. It may be noticed 
that as the surface becomes rougher, or as 'AlB 
increases for a specified X, the scattering coefficient 
curve becomes flatter, showing the relative impor­
tance of the contribution of the power return from 
the surface at angles other than those near zero. 
As expected, when the surface becomes smoother or 
l iB decreases, the received power seems to come 
primarily from near-zero angles. These curves are 
quite similar to those recently published [Campbell, 
1959; Dye, 1959; Edison, 1960). The experimental 
data [Nielson, 1960] on desert and new ice also seems 
to follow the pattern of these theoretical curves de­
scribed above. 

TABLE 2. Compm'ison of theoretical vel'SUS experimental scat­
tel'ing coefficient 

(Korl1lalized ) 

8' 0"0 'Theoretical 0"0 Experimental 

30 1.000 1.000 
40 0. 291 0. 308 
50 .088 . 089 
fjQ .022 . 021 
70 . 004 . 004 

Similar results 2 obtained by an acoustic simulator 
at the University of New Mexico also verify these 
theoretical conclusions. It is interesting to note 
that an experimental expression ((TO = 0'1 e - I08 for 
fJ in radians) for the scattering coefficient [Hughes, 
1960] of the Moon, verified by photographic astro­
nomical [Briggs, 1960] calculations, is a very close 
fit to the graph of eq (3.14) for (T1'A = 0.1 and XIB = l.O 
in the range of incidence angles of 3 to 14 deg. The 
authors believe that other values of Band (T may 
well be appropriate, as only a limited set has been 
tried to date. 

, A . R. Edison and R. K. Moore, Preliminary report on an aeoustic simulator 
for investigation of backscatter of E. M. waves, unpublished report of the Univer­
sity of New MeXiCO, Albuquerque, N . Mex. (1961) . 
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FIGU RE 4. S cattering coefficient versus the angle of incidence. 

5. Conclusions 

The scattering coefficient (0"0) for nearly smooth 
surfaces is inversely proportional to the wavelength, 
bu·t-varies- directly with ((T2) , (fJ cot4 1J) and l iB, where 
(T, fJ, B are standard deviation, angle of incidence, 
and the terrain characteristic constant respectively . 
For rough surfaces it has a negative e)q)onential 

(T2 cos2 fJ 
factor, where the exponent is made up of }..2 

times a constant. The surface characteristic con­
stants Band (T can be calculated from the radar 
return data. Although approJl.i.mate, the theo­
retical results agree well with the experimental data; 
and therefore, suggest the usefulness of the approach. 
The application of these results may be extended to 
the moon-echo data, with proper corrections for 
Faraday and liberation effects, etc. This investi­
gation has established that for near-vertical inci­
dence, the normalized autocovariaftce for the terrain 
elevation is more often of the exponential form eJ\.1> 
(-lr IIB) rather than the Gaussian form, exp (- T2/B). 
The former may well be more appropriate for finer 
terrain irregularities than those considered in this 
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paper. It may also be representative of the normal­
ized autocovariance of the moon surface. An exact 
theoretical, but usable, expression for the scattering 
coefficient has been very reasonably approximated 
by the results of this study. 
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