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Antenna Coupling Error in Direction Finders 1 

Charles W. Harrison( Jr . 

(August 15, 1!J60 i r evised J anua ry 19, 1961) 

Antenna co up lin g or sca ttering error in an interferometer-angle-measuri ng system 
consisting of t wo ident ical base-loaded quarter-wa ve ver t ical antenn as over a perfectly 
co ndu ctin g ear t h is in vestigated. A curve is supplied fo r t he error in angle as a fun ction of 
a ntenna spacing fo r a n in cident ver t ica lly pola rized electric fi eld a rri vin g in t he p lane of 
t he antennas, when t he rat io of antenn a length to radius is 75 and t he base loads a rc resistors 
of 50 ohms. 

1. Introduction 

An in terrerometer-angle-measurin g system for 
missile traj ectory determination- in rudimentary 
form- consists of four iden tical base-loaded ver tical 
antennas, one-quarter wa ve or less in length, erected 
at the vertice of a square. The phase angles be­
tween the voltages de veloped [wross iel en tical load 
impedances in diagonal antenna pairs arc measured . 
These angles establish the direction cosines of the 
missile from which t he signal ema nates . In addition 
to electronic missile tracking equipment, many fixed 
antenna direction .fi nders ut ilize this principle. 

There a re several so urces of error in interferometer­
angle-measuring sys tem.s . It is convenient to class 
these errors under t wo headings: geometrical and 
electrical. Simmons (1959] has studied geometrical 
errors in a radio in terferometer . U nd er electrical 
errors, Carswell and Flamm er (1957] inves tiga ted the 
errol' due to multipa th. In the presen t paper tt ntenn a 
coupling errol' in a t wo-an tenna interferom eter is 
investigated theoretically and numerically. The 
model employed consists of two isola ted parallel 
nonstaggered antennas or t he same length and 
radius, cen ter-loaded by identicrd impedances. The 
inciden t electric field is assumed to be polarized 
parallel to t he axes of the a ntennas, but t his restric­
tion in the theory may be removed. The azimu th 
angle of wave arrival that is indica ted by the equip­
m ent is computed and com pared to the asswlled 
angle of wa ve arrival. The computed error angle 
then applies to a base-loaded two-an tenna array 
over a ped ectly conducting earth for which the 
loading impedances are halved . Second order 
accuracy is achieved in the theoretical development 
and in the numerical resul ts of this report. In 
ano ther paper Harrison (1960] studied the more 
general case of the four-an tenna direction finder and 
obta ined results accurate to zero th ord er. 

Some insigh t into the nature of an tenn a coupling 
error may be gained from th e following remarks: 
E ach antenn a in t he array continuously samples t he 
scat ter ed field [ro m t he other an tenn as comprising 
the array. The resul tant field acting on each antenna 
in the in terferometer is the vector sum of the feld 
maintained alon g its surface by the dis tan t telemetry 
transmi tter on the missile and the several scattered 

1 Coutribution from the Sandia Laboratory, AlbuQerQ ue, N. M ex. 

fields main tained by the curren t in the other 
an tennas . Thus the coordinates of the missile, 
determined by the phase-comparison method , must 
be in error. The error is a function of the polariza t ion 
or t he electri c field, the coordinates of the signal 
source, t he an tenna dimensions (length and radius), 
the spacing between elements, the load impeel an ce, 
and t he proper tie of the ear t h. In this paper the 
scatterin g elTor in an interferometer that is far from 
the earth , or that is erected on a very highly conduct­
ing plane, is determined. The effect of an imper­
fectly conducting ear th is no t treated . 

2. Integral Equations for the Currents in an 
Unloaded Two-Element Receiving Array 
and Their Solutions 

--consider two iden tical non- taggered parallel 
receiving an tenn as, labeled 1 and2, orien ted as shown 
in figure 1 wi th respect to a ystem of rectangular 

x 
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ANT TERMINALS 
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y ' 

FIG UR1~ 1. Two-element j'eceiving antenna army (load terminals 
short-c~Tcuited) . 
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and spherical coordinates with common origin. The 
half-length of each antenna is h, the radius a, and 
the spacing between them is b. It is assumed that 
h> > a, and (3a< < 1. Here (3 is the radian wave 
number. The terminals of the receiving elements 

are located at x= O, Y= ±~, and z= o. The incident 

electric field E arrives from the distant source at 
the azimuth angle <I>, measured from the positive 
x-axis, and is directed parallel to the axes of the 
wires. The currents in antennas 1 and 2, when the 
terminals are short-circuited, are designated 11E(z ) 
and 12E(z), respectively, and are functions of E, <I> , 
and the electrical dimensions of the array (3a, (3h, 
and (3b. From symmetry considerations it is clear 
that 1IE(z) =;6.12E (z ) except when <I> = n11", n = O, 1, 
2 .... 

When the electric field is directed parallel to the 
axes of the wires, the simultaneous integral equations 
for determining the currents 11E(z ) and 12E (z) are 
[King, 1956, p. 517, eqs (2a) and (2b)) 

f~h 1IE(z')KaCz,z')d z' + f~h 12E(z')Kb(z,z')d z' 

.411" 1. j f!.t! sin <I>} 
= -JT 1.01COS(3z+Ue 2 , (1) 

(2) 

Here 

(3) 

Kb(z,z') is obtained from (3) by writing b for a, 
r is the characteristic resistance of space, 01 and 
O2 are constants, and 

U=-E j(3. 

The currents 1IE(z ) and 12E (z) may be written 

1IE( z) = 11;(z) + 1f;;(z) 

12E(z) = 11;(z) - 1f;;(z) 

(4) 

(5) 

(6) 

where 1Hz) and 1Ji(z ) are the symmetrical and 
antisymmetrical components of current in either 
antenna. The assumed directions of these currents 
are indicated in figure 1. 

Substituting (5) and (6) into (1) and (2), the 
following independen t integral equations for the 
currents 1Hz) and 1Ji(z) are obtained: 

JII 47r 
-II 11;( z')KS(z,z')dz' = -j T {OS cos (3z+US} (7) 

(8) 

In (7) and (8), 

KS( z,z') = Ka( z, z') + Kb( z , z ') , (9) 

Ka( z,z ') = K a(z,z')- K b(z, z ') , (10) 

U' = U cos (~b sin <I>). (11) 

Ua= j U sin ((3; sin <I>). (12) 

0 ,=0 1+02 , 

2 
(13) 

oa= 0 1-02. 
2 

(14) 

The integral equation for the unloaded current in 
an isolated receiving antenna consisting of a single 
conductor is identical in form to (7) and (8). It 
follows that solutions for the currents 11(0) and 
1Ji(o) may be obtained from investigations of the 
receiving dipole by appropriate substitutions for 
the kernel and the U-function. These currents 
may also be obtained from the relations 

I' (0) = - 2(3h~ Us 
E Z S 

and 

a 2(3M ua ?(3MU sin ((3; sin <I> ) 
1E(O) = - - za = -J z z (16) 

81- 12 

where 2h~ is the symmetrical effective length of 
either antenna ; 2h~ is the antisymmetrical effective 
length of either antenna; Z S! is the self-impedanc(' of 
either antenna in the presence of the other, and 
Zl 2 is the mutual impedance. Equations (15) and 
(16) follow directly from the equivalent circuit of a 
receiving antenna, for the unloaded condition. 

The no-load currents 11E(0) and 1ZE(o) may be 
obtained from (5) and (6) using (15) and (16). 
These are 

(17) 
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(18) 

Second order mutual- and self-impedances are 
available in the literature [King, 1956, ch 3]. If 
the symmetrical and antisymmetrical effective 
lenO'ths can be found to the same accuracy, second 
orler no-load currents can be obtained, using (17) 
and (18). It turns out to be much simp~er , from the 
computational point of view, to determme the sym­
metrical and antisymmetrical effective lengt~s to 
second order accuracy than to evaluate numencally 
the solutions of the integral eqs (7) and (8) to 
obtain second order short-circuit currents. A second 
order solution for the scattering errol' in direction 
finders is sought in this paper. . 

The effective lengths 2M and 2h~ are lIke 2he for 
an isolated dipole except that the expansion param­
eters are ifis and ifia instead of ifiKl ' These differ en ces 
should be expected from an exam~nation of ~he 
inteO'ral eqs (7) and (8). The vanous expanSlOn 
par~meters are defined as follows when (31. = 7r/2 : 

An important relation is 

(27) 
where 

n=2ln(~1.), (28) 

and k = 1.445 when 7::;n::;20 for (3h =~ [King, 1956, 

p . 105, fig. 20.7]. It is reasonable to suppose that 

and 

[King, 1956, p. 270, fig. 3.3]. 
From (27) and (29), 

and from (27) and (30), 

(29) 

(30) 

(31) 

(32) 

ns and na may now be comp uted from (3 1) and 
(32) using (19) , (20), (2 1), and (28) when (3h = 7r/2. 
The values of I h~I/A and 1 1.~ I/A are then read directly 
from figure 2, a curve relating Ihel/A to n when 
(31. = 7r/2. It should be mentioned that in general 

1.e= h~' +j1.~. (33) 

[King, 1956, p. 268, eqs (12) and (l4a)], 

(19) R eference to the literature [King, 1956, p. 488, fig. 
9.2a] shows that h;~ O for all values of n 'when 
(3h = 7r/2. It is a legitimate procedure, therefore, to 
replace 1.~ and h~ by I h~1 and lMI, respectively, in (17) 
and (18) provided the theory is restricted to the case 

(20) (3h = 7r/2. 

[King, 1956, p . 273, eq (4a) ], 

[King, 1956, p. 102, eqs (27) and (29a)]. 
Here 

(2 1) 

.2 1 

1', 

.20 

9 

(A) . (h) O' . S' ea 4,0 "", 2smh - 1 a - 17r- ] 17r, (22) "-1",,·1 8 

(Yb G, 0 ) = Oi (3P -Oi(3q- jSi(3p+ jSi(3q, (23 ) 

P=~Gy+b2+~, 

q=~Gy+b2_~, 

(24) 

(25) 

17 

16 

15 
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'~ 

~~ 
............ t---r-- t'"'. 
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\ 
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'. - 0.1592 

.J1 
10 6 18 20 0> 

F IGURE 2. Effective length I I~el for a half-wave dipole 

as a function of n (f3 h = 7r/2) Oi X = 0.5772 + ln X-Oi X. (26) 
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In table 1 are listed sccond order values of ZIZ and 
Z SI fLS functions of bjt.. when {3h= 7r/2 and Q= 10 [King, 
1956, p. 305, tables 8. 10 and 8.11]. Table 2 pro­
vides computed valu es of Y S= l jZ S and y a= l jz a for 
{3h = 7rj2 fLnd Q= 10 . This table facilitatrs error com­
putations when if>r!=7rj2. Table 3 furnishes computcd 
values of tf;s, f a, Q" and Qa and the values of ! h~!jt.. 
and ! h~ !j t.., as read from figure 2 when Q= 10 and 
(3h = 7r/2. These data pcrmit evaluation of IIE (o) and 
I zE(o) from (17) and (18), as functions of if>, to second 
order accuracy. 

TABLE 1. Mutual and self-impedance for c01lpled antennas 

n=2In(~) =10, {lh =~ 

(All val ues are in ohms) 

b Z 12 2 " 
~ 

0.1 75.1-j 7. 8 82. O+j 37. 7 
.2 55. 2-j 33. 7 81. 4+j 3S. 7 
. 3 29. 9-j 46. 3 82. O+j 39. 9 
. 4 4. 9- j 43. 2 84. 6+j 41. 7 
. 5 - 15. 2-j :lD. 4 85. Hj 42. 7 

.6 -26. 2-j 12. 5 86. Hj 42. 9 

.7 -27.0+j 4. 9 86. Hj 42. 9 

.8 - 19.5+j 17.1 86. Hj 42. 8 

.9 -7. 2+j 21. 6 86. 3+j 42. 8 
1.0 5. 1+j 18. 2 86. 4+j 42. 9 

TABLt: 2. Symmetrical and antisymmetrical admittances f or 
coupled antennas 

0. 1 
. 2 
.3 
. 4 
.5 

. 6 

.7 

. 8 

. 9 
1.0 

{lh =i, l'l=10 

0.6143- j O. 1169 
· 7311-j 0. 0268 
· 8909+j 0.0510 

1. 112 +j 0.0187 
1. 375 -j 0. 2395 

1. 326 - j O. 6720 
1. 023 - j O. 8273 
O. 8299-j 0. 7453 

· 7603- j O. 6190 
. 7559- j 0.5048 

-Multiply all numbe rs by 10-2 

0. 3258-j 2.149 
. 4420- j 1. 221 
. 5136-j 0. 8498 
.5878-j .6261 
. 6498-j . 4703 

. 716O-j .3529 

. 7~46- j . 2670 

. 8933-j . 2172 
1. 017 -j .2307 
1. 126 -j .3421 

TABLE 3. Computed values of the ex pansion parameters and 
the sym.metrica'! and anlisymmetrical effechve lengths for 

tlh =~ and [1 = 10 

b ",. "'- n- n- Ih: l/>' Ih:i/>' 
>-

----
0. 1 10. 55 6.7S 12.00 So 23 0. 1884 0.2077 

. 2 9.18 8. 12 10.63 9.57 . 1944 .2000 

. 3 8.41 8.81 9.86 10.26 .1984 .1964 

. 4 8.03 9. 12 9.4~ 10.57 . 2005 . 1948 

.5 7.94 9. 17 9.39 10.62 .2019 . 1944 

.6 8.09 9.02 9.54 10.47 . 2002 .1955 

. 7 8.36 8.77 9.8 1 10.22 . 198~ . 1965 

.8 8.62 8.52 10. 10 9.97 . 1975 . 19i9 

. 9 8.81 8. 32 10. 25 9.77 . 1964 . 1990 
1.0 8.87 8.25 10.32 9.70 . 1961 . 1990 

3. Circuital Relations in Coupled Receiving 
Antennas 

Given the short-circuit currents IIE(o) and I 2E (o), 
the problem is that of finding the voltage V!T, and 
V2L that is developed across identical load impe­
dances ZL connected across the terminals in antennas 
1 fLnd 2, respectively. Writing V 1L= !V lL ! NIL and 
V2L = !V2L! /c/>2L, the angle sought is c/> = c/>IL-c/>2~The 
angular error in the interferometer due to antenna 
coupling or scattering is then 

o= c/> - {3b sin if>. (34) 

The terminal currents in a two-element transmitting 
array immersed in an electric field may be obtained 
by superposition, as indicated in figure 3. Clearly 

(35) 
and 

(36) 

Here IIE(O) and I zE(O) ar e the terminal currents 
when the antennas fLre excited only by the incident 
electric field, and the impedanceless generator volt­
aO'es VI and Vz are zero; I IV(O) and Izv(O) are the 
t;rminal currents when the incident electric fields EI 
and Ez are zero and the antennas are center-driven 
by the voltages VI and V z. 

The fields, currents fLnd voltages shown in figure 3 
are separated into symmetrical and antisymmetrical 
parts as follows : 

E 1= E 8+Ea (37) 

E z= E 8_Ea (38) 

IdO) = 1£(0) + 12(0) (39) 

I 2L (O) = I L(O) - I t(O) (40) 

V I= V s+ Va (41) 

V 2 = V8- V a (42) 

This separation permits the symmetrical problem 
(superscript s) portrayed by figure 4 to be discussed 
independently of the antisymmetrical problem (su­
perscript a) portrayed by figure 5. 

Symmetrical Problem 

Refer to figure 4. The following relations are true: 

IL(O) = 1],(0) + I{,(O) , (43) 

v s 
It(O)= Z S, (44) 

V S=-li(O)ZL, (45) 

Z'= Z sl + ZI2 . (46) 
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l 
(' 

z=h 

EZ I EI j Ez j El i 

+ + + + 
z=O Vz VI + Vz VI 

- 1 2L(0) - IIL(O) IZE(O) IIE(O) - 1 2y(0) - IIY(O) 

b b b 

z =-h 

FIGU RE 3. The pTinciple of supeT position applied to obtain the tenninal currents in a 
two-element transmitting array immersed in an electric field. 

ES l ES j ES j Es t 

+ + + + 
+ V VS 

- I~(O) - I~(O) I~(O) I~ (0) - I~(O) - I~ (0) 

FIGURl~ 4. The symmetrical problem. 

EOl EOr EO 1 EO r 

+ + 
va va + va va 
+ I~(O) - I~(O) I~(O) I~(O) + I~(O) - I~ (0) 

F IGUR E 5. The antisymmetrical problem. 
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Hence 

I},(O) = Il;(o) { ZSl+ ZI2 ( . (47) 
Z Sl+ ZI2 + ZL) 

Equation (47) establishes the relation between the 
symmetrical part of the load current and the sym­
metrical part of the short-circuit current. 

Antisymm etrical Problem 

R efer to figure 5. The relations (43) to (45) apply 
with superscript a written for s. The antisymmet­
rical impedance is required. It is 

(48) 
It follows that 

Equation (49) establishes the relation between the 
antisymmetrical part of the load current, and the 
antisymmetrical part of the short-circuit current . 

Figure 6 illustrates the two-element receiving an­
tenna array with identical impedances ZL connected 
to the load terminals of each antenna. The load 
currents in antennas 1 and 2 are given by (39) and 
(40), respectively. The voltage drop across ZL in 
an tenna 1 is then 

and the voltage drop across ZL in antenna 2 is 

ANT 2 r s a 
I 2L(0) = IL(O) - I L (0) 

V2L = I 2L(O)Z L 

h 

10 -=-- V2L 

b 

ANT I 

I'L(O) = I~(O) + I~(O) 

VOL = I ' L(O)ZL 

FIGU RE 6. Two-element receiving antenna array. 

Impedances of value ZL are connected to tbe load terminals. 

(50) 

(51) 

1£(0) and 1'£(0) are expressed in terms of IE(O ) 
and I'HO) by (47) and (49). Also, from (5) and 
(6), I E(0) = (I'E(0) + I 2E (0 » /2 and I'HO) = (IIE(O ) 
- I zE (0» /2. It is now a simple matter to obtain 
111£ and 112L, as given by (50) and (51), in terms of 
I'E (O) and I 2E(0). The final expressions are 

ZL 
(ZSI+ZI2+ZL) (ZSI-ZI2 + ZL) 

{llE (0) [Z;, + Z slZL - Zi21+ I 2E(0) Z I2 ZL } ' (52) 

and 

(Z,,+Z12+ZL) (Zsl-Z12+ZL) 

{l2E(0) [Z;,+ZslZL-Zizl + LE(0)ZI 2ZL }· (53) 

These equations provide a way of computing the 
voltages across the identical load impedances in 
terms of the short-circuit currents I IE(O) and I ZE(O). 

One check on the validity of either of the above 
expressions is to let b---7 CXl so that ZI2---70. Then (52), 
for example, becomes 

(54) 

Here the primes indicate that the various parameters 
change value when one of the antennas (in this case 
antenna 2) is moved to infinity. Equation (54) is 
recognized immediately as the correct expression for 
the voltage across the load impedance ZL of an 
isolated center-loaded receiving antenna. 

Let the following definitions be made: 

ZL 

Z~I + ZslZL - Zi2=Ae ja 

Z,zZL= Be ilj 

I 2E(0)= CI,E(O) en 

r 

With this notation (52) and (53) become 

V IL= r I, (0) {Ae ja+ BCei<{H'YJ } 

VZL= r 11(0) { ACej(a+1')+Bej~ } · 

Using these expressions and the formula 

tan-I x-tan-' y=tan-1 { X-y } 
l + xy 

(55) 

(56) 

(57) 

(58) 

it is readily deduced that the angle cf> indicated by 
the interferometer is 
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4. Numerical Analysis 

Figure 7 exhibits a second order curve for {j as 
a fun ction of {3b for an isolated interferometer when 
f.l = 10 , {3h = 7r/ 2 , ip = 7r/ 2 and ZL= lOO + j 0.0 ohms. 
1'0 facili tate computations for other values of ip and 
ZL, when Q= lO and {3h = 7r/ 2, tables 2 and 3 are pro­
vided. Table 4, giving values of A, IX, B and {3 as a 
function of b/X is useful when constructing curves of {j 

aO"ainst {3b with ip as parameter . This table applies 
o~l.Y wh en Q= lO , {3h = 7r/2 and Z L= 100 + j 0.0 ohms. 

50 

40 

30 

'" i:I 
a: 

'" ... 
0 

20 . \ 
'" a: 
0 
a: 
ffi 10 

1\ /~ 

0 

- 100 50 100 150 200 250 300 3 50 400 
ANTENNA SPAC ING {3 b , DEGREE S 

F l eURE; 7. Anten na C01lp ling enOl' in a two-antenna inter­
J erO'lneter-, 

!l=IO, {In=,,/2, <1>=,,/2, and Z'L= lOO+i 0.0 oh ms, 

b 
T AB l, E; 4. A, a , B and (:3 versus );: 

(These da ta appl y only when (In = ,,/2, f/=2ln (2h/fl ) = 10 a nd Zr. = 100+j O.0 oh ms) 

b {Jb A* " B* {l 
A 

5. Concluding Remarks 

It is of interest to observe that when ip = 7r/2, 0= 0 
for {3b = n 7r , n = O, 1, 2 , ' " Evidently, when ip rf 7r/2 a 
spacing {3b exists such t hat 0= 0. 

The error curve shown in figure 7 applies to base­
loaded vertical an tennas over a perfectly conducting 
earth when the load resistors are halved. If all im­
pedances are divided by 2, (x, {3, 'Y, and C remain 
unchanged, bu t A and B /)'1'e one-four th their free 
space valu es, Accordingly", (and t herefore 0) are 
the same as for the isolated array, These statements 
are readily verified using (55) and (59). 

A precise theory has been presen ted for the sca tter­
ing error in a two-an tenna direction finder . It 
applies wi th equal accuracy to radio interferometers 
employing an tennas of lenO' th other t han h - X/4 
(bu t wi th slight increase in complexity). Further­
more, t he theory is r eadily gener alized to include a 
wave tilt with respect to the a ntenna axes. 

The wri ter is indeb ted to R. W. P . King of H ar­
vard U niversi ty, and R . H. Duncan of New :Mexico 
8tate UniversiLy, for ren.ding t his paper . H e wishes 
1,0 thank: Mr , Dixie S. Baca for doing the Lyping. 
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0, 1 0, 6283 1.3(;6 0,9520 0.755 1 - 0. 1037 
. 2 1.257 1. 794 .8853 . 6467 -,5479 
. 3 1. 8S.5 1. 974 . 7396 .55 12 -.9975 
, 4 2. 513 1. 956 .6371 .4348 - 1.458 
. 5 3. 142 1. 826 .624 5 , 3399 - 2. 034 

.6 3.770 1. 757 .6783 ,2903 -2,696 
,7 4.398 I. 801 , 7252 . 2744 2.0fi2 
.8 5,027 I. 75 , 7174 , 2593 2.422 
.9 5, 655 I. 893 ,6849 . 2277 l. 893 

1.0 6.283 1. 857 . 6687 , 1890 1. 300 

* Multi pl y A and B va lues by 10' . (P aper 65 04- 140) 
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