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On the Validity of Some Approximations to the 
Appleton-Hartree Formula 1 

Kenneth Davies and G. A. M. King 2 

(December 9, 1(60) 

The vali d ity of so me co mmon ly u sed qu asi-t ra nsverse a nd quasi-longit udin a l approxi
mat ions to t he Appleto n mag neto-ionic formula is considered. Using t he dipole a pproxi
mat ion for the earLh 's magnetic fi eld the variou s a pp roximations for t he r efractive index 
a re compa red " 'ith t he va lu es co mputed from t he co mplete formula fo r various geo magnetic 
latitudes a nd a frequency of 2.0 megacycles p er second. It is found Lhat cer tain approxi
mat io ns becom e ve ry poo r only a short distan ce fro m wh ere t hey a re exact a nd so care must 
be taken in t he ir li se . It is shown t hat a cho ice of two sui table approximatio ns yields refrac
t ive indi ces of su ffi cien t accuracy for a ll geo magnetic lat it ud es. Certai n app roxim aLions to 
t he group refract ive indi ces a re a lso conside red. 

1. Introduction 

Approximat ions to the Appleton-HarLree formul a 
h ftve been considered by a number of worker s [Bookrr , 
1935; Rydbcck, 1940 ; W esLfold , 1951 ; Ratcliffe, 
1959; Ti t herid ge, 1959]. In mos t cases, howeve r, 
the ra.nge of validit~T of the expr ess ions ll sed is dir
ficulL to assess . Although , with t he advenL of 
electroni c compuLers, the n ecess iLy for using appro x
imaLio ns in numeri cal work h as decreased ; Literc is 
still some need for liJem in practical work a nd <11so 
they are widely Llsed to simpli fy theoret ical discus
sions . VV c sh all considcr here t he Ilpplim bili Ly of 
some approxim ate formulas for Llle case of th e 
earth 's dipole m agnetic field and for frcquell cies 
norm ally useclin io nosphcric ROlmding at verti cal 
incidence. Calcula Lion involv in g t he Lime of f1igllt 
of radio pulses require Lit e group refractivc index 
and so we baNe included a co nsici eraLion of some 
approximations to Lhe formula, fo r t hi s quantit y. 
(The effect of electroni c collisions on lhe phase and 
group indices ] laS bee n neglected .) 

2. Definitions 

N = electron dcnsi Ly 
} = fr equency 

}H= gyrorrequency 
}N= plasmafrequency 

O= a ngle between direction of propagation and the 
mag netic field 

x=f;Y 
y - }y 

- } 

e= f - f}j[ 

I Contr ibutio n from Central R ad io Propagation L aboratory, National Bureau 
of Standards, Bonlder Colo. 

' Present address, Geophysical Observatory, P .O. Box 2111, Christchurch, 
New Zeala nd. 

3. Approximations 

The express ion for thc phase r efractive index III 

Lh e ordinary mod e, n+, is 

_ x_= l _ Y sm + y Sll1 + 2 2 O. 2'2 0~ 4 ' 4 0 
] - 11;' 2(l -x) 4(1-x)2 Y cos 

T he qu asi-Lransverse a pproximations, n[ and n 2, are 
given bv 

x 
--=1+ (1-x) CO L2 0 
1 -n~ , 

a nd the quasi-longiLudinal approximaLions ar e given 
by n3, n4, and. ns 

x 
-1 z= l +IY eos 01, -n3 

X y2 sin2 8 
1-n;= 1+ly cos 01- 2(1-x)' 

The expression for the phase r efractive index in 
the extr aordin ary mode, n _, is 

X 
-1--2 = 1 -n_ 

y2 sin2 0 
2(1-x) 

The quasi-tr ansverse approximations are given b y ng, 
n g, and nu and t.he quasi-longitudinal approximations 
are given by n6, n7, and n lO' 
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x 
-1 2= 1- ly cos 01, 

-117 

_ x_= 1_y2 sin2 ~, 
1 -n~ I -x 

X y2 
--=1- --, 
1-n~ I -x 

x 
-1 - 2 = l- ly cosOI -nl O 

x . y2 sin2 0 
--=l-~-~ 
I -nil ( I -x) 

y2 sin 2 0 
2(1 -x)' 

( I -x) cot20. 

The group refractive index ( nl=n+j~j) is given 

b:y the lengthy formula , 

and we discuss these approximations to it : 

Ordinary J.lfode, Quasi-transverse Approximation 

x(l + cot2 0) 

E xtraordinary J.;fode, Quasi-longitudinal Appro:n'ma
tion 

Extraordinary l\.1ode, Quasi-transverse Approximation 

4. Discussion 

For a dipole field , the propagation angle, 0, and 
th e geomagnetic lati tude, A, are related for vertical 
incidence propagation by 

cot 0= 2 tan A. (See table 1) 

Therefore, the discussion will be carried on in terms 
of A. 

(a) Phase index in the ordinary mode. In figures 
la, b , c, d , e, and f we have plotted the variations of 
n+ and the approximations nl to 175 as functions of 
geomagn etic lati tude (the propagation angle, 0, is 
a lso indicated ). The graphs ar e for a frequency, j, 
of 2 M c/s, and each one treftts a differ ent plasma
frequency between 0.5j and 0.998.f. W e also exam-

ined th e cases of j = 4 M c/s and j = 8 M c/s, and 
found that all the approximations held more closely 
than at 2 Mc/s, but they maintained th eir r elative ' 
order. 

The best approximation to n+ appears to be a 
combination of n2 and n4. At lower latitudes n2 is 
th o more accurate with a positive error , and at 
high er latitudes n4 is the more accurate with a n ega
tive error. The lfttitudes ftt which these errors are 
equal in magnitude together with th e percent errors j 

are given in table 2. It is of inter est to note that, 
where the errors are largest (fN/f= 0.998 ) they only 
apply to ft very narrow range of A. Figures 2a and 
2b which show n as a function of plasma frequ ency 
forj= 2.00 Mc/s and lati tudes of 60° ftnd 30° respec- j 

tively confirm the above concl usions. T able 3 
gives the latitude ranges over which the various 
ftpproximations are within 5 per cent of the true 
value. 

The most commonly used approximfttion in the 
ordinary mode is 17 3. It is interesting to note that 
it holds well only at very high lati tudes and, almost 
fortuitously , at the equator. (One should not use 

T ABLE l. Variation of pTopagation angle, 6 , and gyro
frequency with geomagnetic latitude fo r a dipole field 

cot 9=2 ta n A 

!m=!lfo.Jl+3 s in ' A 

_:_0 I !ll 

!vIc/s 
0 900 00 0.8000 
5 800 04 .8080 

)0 70° 35 . 83M 
J.) 61° 49 . 87C>3 
20 54° 57 . 9295 

25 47° 00 . 9895 
30 40° 54 1. 0583 
~5 35° 32 1. 1266 
40 30° 47 1. 1974 
45 26° 34 1. 2649 

50 22° 46 1. 3290 
55 19° 19 1. 3888 
60 16° 06 1. 4422 
65 14° 08 1. 4890 
70 10° 19 1. 5284 

75 07° 38 1. .5591 
80 05° 02 1. 5819 
85 02° 30 1. 5952 
90 00° 00 1. 6000 

TABLE 2. Point of equal error in 11 2 and 114 from ll + 

!N A Error 
T 

dey % 
0. 500 J2 0.6 

. 600 J3 . 8 

. 700 15 1.5 

. 800 22 2.7 

. 900 33 7.8 

.930 41 9.1 

.960 52 11.7 

.980 62 11. 8 

.990 73 12.0 

.995 76 14.7 

.998 82 8. 5 

For 0.998, th e data arc insu fIlcient to accurately plot 1/,; t he figures shown 
are the minimum values. 
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TABI,E 3. A "eas of better than 5 percent aCCUTacy in 
approxirnations to ll + 

>- ~ Geomagnetic latitude (dcg) 

111 112 11 , '" 115 

------
- + + - + 

0.500 >- < 41 >- < 37 0;:;;>- ;:;;90 0:5 >- :590 0;:;;>-;:;;90 
.600 >- < 25 >- < 30 0;:;;>-;:;;90 0;:;;>-<90 13< >-
. 700 >- < 19 >- < 27 0;:;;>-;:;;90 04 < >- 27 < >-
.800 >- < 13 >- < 30 30 < >- 16< >- 41 < >-

>- < 10 
.900 >- < 12 >- < 32 52 < >- 35< >- 55 < >-

>- < 03 

.930 >- < 12 >- < 34 61 < >- 45< >- 63 < >-
>- < 02 

. 960 >- < 12 >- < 43 69 < >- 50 < >- 70 < >-
>- < 01 

.9S0 >- < 14 >- < 50 n < x 66 < >- 77 < >-
>- < 01 

.990 >- < 15 >- < 66 82< X 75 < >- 82 < >-
>- < 01 

.995 >- < 18 >- < 71 86< x 82< >- 86 < >-
>-= 0 

.998 >- < 22 >- < 80 88< >- 84< >- 88 < >-
>-=0 

n3 neal' the equator if there is the slightest doubt tJu,:t 
the propagation angle is exactly zero. ) In Lhe h,t1-
tude range where n3 is satisfactory, the sli ghtly 
simpler formula , n5, is almost a good. 

(b) Group index in the ordinary mode. The group 
refractive index, n', is given by 

dn 
n'= n+i d/ 

This equation can be applied to the approximate 
formulas 1'01' n to give expressions for n'. Clearly, 
it is not worth doing this for n3 and n5 since these 
are poor approxi.maLions to ,start w~th. AlS? n~ is. 
a lmost as comphcated as n+, and IS, therefore, of 
little interest. So, figures 3a, b , c, d, e, and J give 
a comparison of only n~ and n~ . 

As the region malang the grefttest contribu tion to 
the grou;p pftth is ~vhere i N is fl:l~os t eq~ al to i, it 
seems Wlse to restnct the use of n2 to latItudes less 
than ;\ = 30°. 

(c) Phase index in the extraord1'nary mode. Curves 
showing the variations with latitude 01' n_ and the 
approximations n6 to n11 are given in figure~ 4a, b, 
c d e and f; the latitude range over whlCh the 
v'ari~ u~ approximations hold to within 5 percent 
are set out in table 4. 

n10 is the extraordinary analogue of n4 and nll is 
the analogue 01' n 2' n10 and n1l are satisfactory only 
at high ftnd ftt low lati~ude~ res~ectively for ~mall 
valuf's of fN/~. A combmatlOn of n10 and nll IS not 
satisfftctoi-y for values ofiN/~ approaching unity as is 
the case 1'01' n4 and n 2 in the ordinary mode . For 
larger vftlue 01' iN/~, the choice seems to l.ie between 
1) 6 at hio-h latitudes and n9 at low latltudes. It 
appears that approximations in the extraordi~lary 
mode are not really satisfactory at low-mIddle 
latitudes (10° to 30°). 

The approximation m?st c~mmonly used for the 
extraordinary mode, n7, IS notIcea~ly poor exc~pt at 
the pole (and at very low valu~s of iN/~) · . A diSCUS
sion of n 6 and n7 has been given by Kmg [1960] 

TABLE 4. A "eas of closer than 5 percent accuracy i n 
approxirnations to 11 _ 

>- ~ Geomagnctic latitude (deg) 

IN 
T n 6 n, 1Is n, 'n IO 

0.500 0 ;:;; >- ;:;;90 0::5 >- :590 >- < 29 >- < 56 O;:;;~;:;;OO 
.600 12 < >- 0:5 >- :590 >- < 19 0;:;;>-;:;;90 
. 700 23 < >- 45 < >- >- < 14 >- < 19 0;:;;>- ;:;;90 
.800 31 < >- 61 < >- >- < 08 08 < >-

. 900 38 < >- 75 < >- >- < 06 >- < 12 23> >-

.930 38 < >- 79 < >- >- < 04 31< >-

.960 40 < >- 83 < >- >- < 01 >- < 08 41 < >-

.9S0 42 < >- 86 < >- >- < 01 48 < >-

.990 3S< X 87 < >- >- < 01 >- < 10 55 < >-

.995 40 < >- 88< >- >- < 01 61< >-

.99S 37 < >- S9 < >- >- < 01 >- < 10 66 < >-

Likewise, n8 is good only at; the equator where it; 
deo-enerat;es into n 9, a simpler formula. 

Plots of n versusiN/~ are given in figures 5a and 5b 
so that the above discussion can be considered in 
another form. . 

(d) Group ~'ncl('x in the extmord1'nary mode. Fig
ures 6a, b, c, d, e, and f compares n'-, n~, and n~. 
n~ is surprisingly good at least for lat;itudes. above 
45°. n~ holds exactly at the equfttor, but ItS use 
elsewhere i questionable ; o[ course, at the equator, 
n~ degenerat;es into the transver e case. 

5. Conclusions 

Two formulas n4 and n2 arc preferred for the phase 
index in the ordinary mode at high. and low latitudes 
respect ively. The l a~ter gives rise .to a suitable 
formula for t.he group ll1dex at low latItudes. 

The phase refractive index in the e"-t['aordina~'} 
mode is not so easily treated. However, here agau 
two formulas, n6 and ng, are probably adequate f01 
man y purposes . The most serious difficulties occur 
ftt low~middle latitudes. n6 gives rise to a suitable 
formula for t he group index at. high laLitudes. 

' Ve wish to point out that t.here is ft tendency in 
the literature to s tress cerLain ftpproximnL ions ; e.g. 
nl, n3, and n7, and Lo use them ou tside their proper 
range of applicability. 

The authors aclmowledge Lhe llClp of Irving Litt 
man who carried out many of the computations 
involved. 
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FIGURE 1. Compm'isons of the geomagnetic latitude variation 
of the phase refractive index 1:n the oTdinaTY mode (n+) and 
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