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Excitation of VLF and ELF Radio Waves 
by a Horizontal Magnetic Dipole 1, 2 

Janis Galejs 

(August 29, 1960 ; revised November 10, 1960) 

The VLF a nd ELF modes excited by a horizon tal magnetic dipole (ver tical loop) i ll the 
spherical shell between a finitely co nducting eart h and a n isotropic sharply bounded iono
sphere are shown to h a ve a nearly t ransverse magnetic character. The modes are simila r 
to t hose of a vertical electric dipole. Wi t h t he exception of t he zero order mode, t he propa
gating modes excited by t he magnetic dipole a re of slightly higher ampli t ud es, provid ed 
t hat t he fa r fields of th e horizon tal magnetic a nd vert ical electric dipoles a re equal over flat 
earth in t he a bsence of ionosp here. 

The t ra nsient fi elds generated b y a current step in t he magnetic dipole are in t he first 
approximation simila r to t he fields generated by a current impulse in a ver t ical electric 
dipole. R esponse of t he zero order mode of t he m agnetic dipole has been calculated. 

1. Introduction 

Th e mode theory of VLF transmissions has been 
d eveloped by Watson [1919], Budden [1953], Schu
mann [1954], and Wait [1957, 1960a, 1960b] for 
exci tation by ver tical and horizontal elec tric dipoles 
and also by vertical magnetic dipoles (horizon tal 
loops). Additional references on this subj ect have 
been listed by Wait [1960a, 1960bJ . 

which occms for cp=~ and 327r· For eiwt variation of 

the fields. 

The reciprocity theorem has been found to be use
ful for relating the fields of a horizontal electric dipole 
to fields of vertical electric and magnetic dipoles 
[Wait, 1960a]. The reciprocity relations n1.ay be 
also applied to relate the fields due to horizon tal 
magnetic dipole excitation to known fields due to 
vertical electric and magnetic dipoles. 

2 . Reciprocity Relations 

The r eciprocity theorem states that the voltage V2 

induced in an tenna 2 by cmren t I l of an tenna 1 is 
the same as the voltage VI induced in an tenna 1 by 
an identical cmrent 12 flowing in antenna 2. 

A vertical electric (VE) dipole of length cls at z~= Zt 
and a horizontal magnetic (H JM ) dipole parallel to 
the x-axis (or a vertical loop of area cla in the y , Z 
plane) at Zo=Zr are shown in figme 1, wher e sub
scrip ts rand t refer to receiver and transmitter 
coordinates r esp ectively. The only nonzero H 
component generated by t he VE dipole is H "" . The 
magnitude of t he voltage induced in t he HM dipole 
Vhm is maximum if H"" is parallel to the x-axis, 

Vhm=-iWJ.l.oH~~(z~=Zt' zo=z,, ) sin cp cla, (1) 

where the sup erscrip ts hm and ve refer to horizon tal 
magnetic and ver tical electric dipoles r esp ectively. 
Wit h the same curren t applied to the H1Y[ dipole 
only t he vertical electric field E z will con tribu te to 
V" and 

(2) 

z 

HM 

Z' 

VE ( VM ) 

----I 
z· , 

0 Z t 

I Oontribu tion from Applied R esearch Laboratory of Sylvania Electronic X' 
Systems, Waltham. M ass. 

2 'rhe research reported in this paper was supported by a contract of the Olrtce 
of ~aval Research. FIG lYRE ~ 1. Coordinate systems for defining reciprocity relations. 
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Equating (1) and (2) r esults in 

(3) 

A ver tical m agnetic (VM ) dipole (or a horizon tal 
loop or ar ea da v'" par allel to th e x', y' plane) at 
z~ =Z t and a horizon tal magnetic (HM) dipole par
an el to t he x-axis (or a vertical loop of ar ea dah1/! in 
th e y, Z plan e) at ZO=ZT may b e consid ered in the 
geo metry shown in figure 1. The only' nonzero H 
componen t generated by tJ? e V1\IJ d~pole IS H p" .Th e 
m agni t ude of th e vol tage mduced m the HM dlp~le 
V'II" is m aximum , if 1-1p ' is parallel to t he x-axIs, 
which occurs for 4>= 0 or 7r. H ence 

(4) 

wh er e th e sup erscrip t vm r efers to th e ver ~ical mag
n etic dipole. Wi th th e same curren t apphed to the 
Hlv[ dipole only the ver tical m agnetic field Hz will 
con tribute to V V1I! and 

Equ a ting (4) and (5) gives for dav1I!=dahm 

For sph erical coordinates th e Z compon en t is r eplnced 
by r compon en t and the p compon en t by the 0 com
pon ent of the fields. 

Th e r eciprocit.v r elations npply to dipole~ i~l the 
presence of an y lin ear m edia. T~ e fields 01 dipoles 
above plan e earth derived by solvm g the wave equa
tion should also satisfy (3) and (6). Thus (27 ) a nd 
(116) or N or ton [1937], which h ave been derived for 
uni t dipol es, ch eck th e validi ty of (3). Som e algebra 
is in volved in verifyin g (6) from (35. 1) of Somm erfeld 
[1949] and from (2) to (6), (17) to (19), and (30) of 
N orton [1937] . 

3. Fields of the Horizontal Magnetic Dipole 

Th e dipole fields will b e examin ed wi th th e aid of 
reciprocity r ela tion s in an id ealized spherical. sh ell 
that is bound ed by a homogen eous ear th of radms 0 , 

conductivity rTg and dielectric COl1stnn t ~g and by a 
homogen eous ionospher e of radius (a+ h ), condu ctiv
ity rT ; and di elec tric cons tant ~ i . 'Ihe above mod el 
neglects the eff ects of th e earth's magnet ic field . 

The ver tical electric fi eld E:,m is compu ted by (3) 
applying (5 .1) , (6.16) of W ait [1960a] and usin g th e 
r elation 

to p .( -cos 0) 

= v[cos OP.(-cos 0)+P ._1(-cos O)]/s;n O. (7) 

This r esul ts in 

l (cla)iw}J.o s ill 4> ~ j ( )( ( ) . ~ _ p_ 

h L..J n Zt 11 2r . . 0 2 rr n=O . sm V7r sm 

[cos OP.(-cos O)+P ._1(- cos 0)]. (R) 

Th e ver tical m agn etic field H:m is compu ted by 
(6) applyin g (9.1), (9.2) of ~Wai t [1960a] and using 
the rela tion (7) as 

H~m J (da) wJ.lo cos 4> ~ ?mfm( z: )}J. 
2khrtrT 'TI m=1 sm 1J.7r sm 0 

[ . d ] } m(Zt) +rt dz/m(Zt) 

[cos OPp(-cos O)+P p_1(-cos 0)]. (9) 

Using th e second ord er represen tation of th e radial 
ftmctions, applyin g (6.9), (6.17), (9.3) , and (9.4 ) of 
W ait [1960a] yields 

(ll) 

wh ere q is an in teger equ al to ei th er n or m and wh ere 

R~(Cn)=npCn-Cp 
npCn+ Cp 

(1 2) 

R ;:(Cm) 
Cm-npCp 

(13) 
C",+ npCp 

Cq=~l -S~, (14) 

Cp=~I -U:Jqfnp)2, (15) 

S _ p+ 0.5. 
q- ka (16) 

The plus sign of (11) should b e used wi th q= n, 
while th e minus sign is appropriate for q= m. In 
(16) p is a complex number , which is equal to v of 
(8) or equal to }J. of (9), k = w/c, c= velocity of ligh t. 
Th e r efr active ind ex n of th e boundary m edium 
ch aracterized by subscrip t p is 

(1 7) 

wher e rT p a nd ~ p are the conductivity and permit
tivity of t be boundar y m edium and wher e ~ o is th e 
permi ttivity of fr ee space ( ~o= (3 67r)- 1 10- 9 far ad / 
meter ). Th e boundar y m edium can b e ei th er ground 
(p = g) or ionosph ere (p = i). The r efractive index 
of ground is 

(18) 
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where IYg is Lhe o'['ound condu ctivity. Th e refracti ve 
index of Lhe ionosphere is 

(19) 

T he io nosp heric condu ctivity IY i is defined by 

(20) 

where!!. is th e electron collision frequenc.v in th e 
ionosp her e and Wp is t he plasma frequene)~ (w~ = 3180 
lV, N = number of electrons per me ter3) . On and en are roots o f t he modal equation s 

SQ that is r elated to Cq by (14) has a magn i tud e of 
a pproxima tely unity and a s mall imagin ary par t 
Jor prop~tgating modes of low atten Wttion. VViLh 
S n and Sm cletermined f rom (14), v of (8) an d JJ. of 
(9) follow from (16). This completes t he Jorm al 
spcciflo ttion of Lhe field s E";" and !_l'~n. 

Th e expression s for E h;' and !fi~" may be sim pli fied 
b.I' i nLroducin g fur Lher n.pproxin laLions . Th e CO I1-

s id e ration will be r esLricted Lo ca,scs wh ere 

rr~l't~a, (22) 

!cCq zr«l , (n ) 

lc Oqzt« l , (24) 

ng» 1. (25) 
This gives 

R~(O,J ~ 1- ~ ) ""' 1, 
ncn 

(26) 

H"'((' )~_ 1 +2C",~_ ] 
u til"""" ng ( lg,....., · , (27) 

In(z) ~ 1+8 ;Cz ""' 1, ng n 
(21\) 

1,"(z) ~Cnt/ (in,/)g) ~C",/ (inK)' (29) 

elfm(z)/dz= 'ilcngCdm(z) "",ilcngj",(z). (30) 

!-]" ""'=- cos</> _ o- G a ~e'T-14 Ehm ~ l/ I l/" 2,,-d .,,-

- r 'f/ng sin (d/a) h/).. 

where t.he distance alo ng t he curv ed earth is 

d= aO, (34) 
and wh er e 

- () .2,,-(1 2n-J da 'f/ -' );-
)..2d e (3.5) 

is th e verLical elecLricn.eld o f lhe sour ce at a d istance 
el in t he direction or maximum intens ity on a per-
r ectly condu cting planc car th . . 

4. Comparison of Harmonically Excited 
Dipole Fields 

Th e fi eld s of th e horizonL.ll mllgnetic di pole E~m 
and TJ~m will be compared flrst wi t h t he correspond 
ing field componen ts or the horizont.tl elecLric dipole. 
It follows from (9 .37) an d (9.42) of WniL [1960a1 
t ltat for t he nth and t he mth mod e 

II~m I J1;'c I 
E ll/II =ng cot </> E'v. 
~o In 0 rn 

(:37) 

where t he s uperscripts he fin d ve d esig naLe fi eld COI11-

pon en ts of horizon tal elec tric a nd of vertical electr ic 
dipoles r es pecLively. E3rn is d efilled in (35), E o' is Lhe 
correspondin g exp ress ion of Lhe verLiCltl electric dipole 
defi ned by (6.25) or (9.38) of Wai t 11960~l]. Th e 
flpproximn tion ('g"'" 1 was u sed in Lhe expression s 
for E~' a nd J1;/e ill ord er Lo make Lhem co nsistentwith 
t he d eriv ll tion leading to (32) find (33). ('g"", l con
stitutes it b eLLer approximation t ban i nez) ~ 1 and 
tbe ass ump t ion i nez) ~ 1 [W ait, 1960a1 should b e 
followed by Cg "", l. 

Comparison of (32) .mel (33) sh ows t lHt t 'f/H~?I! is 
several orders of magni tud e smaller t han E~'n because 

Approximating the L egendre [un ctio ns by [vVatson, and becau se 
1919; Bremmer, 1949] l -S~,« l 

(33) 

(39) 

['p( - cos 0) ~ (2np sin 0) - 0.5 exp [i(p +DC7r- O) -i'n-j4 ] 

(31) 
results in 

~ el/a el/).. j 2,,-d_ i '!. 
E~"'= -sin </>Esm . '- - e x 4 

sm (d/a) h/ ).. 

for propagating modes of low attenuation . The 
JJ~'n field s of a g iven mode are proportional to 
nil "'-' ·\ ·w ! IYg. Th e fi elds are decreased with d ecreas
ing fr equency W or increasing ground conductivit.v 
Ug • . Similar com m ents apply to t be tran sverse electric 
(TE) field compon en ts th at may be derived frOlll 
H r. Th e TE fields will not be consid er ed in more 
d etail. 

The componen t E~m th at is associated with Lr c\l1 s
verse magnetic (TM ) fields may b e co mpared wi th 
t he corresponding compon en t E~e or a vert ical elec-
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tric dipole using an expression of the E~' fields de
rived ullder similar assllJ11ptions [Wait, 1957]. Thus 

I . A.EI Mn I 'kfhmd I E hm =_ sJn 'I' 0 E ve = ~ a. E ve 
r SEve r S f ee d sm cjJ r . 

n nO n tl. S n 
(40) 

Provided that the fields of the two antennas are the 
~ame in the given .direction over a perfectly conduct
mg plane earth (sm cjJEgm= E ge ), (40) may be simpli
fied to 

(41 ) 

Substituting the reciprocity relation (3) in (40) fol
lows that (E~e)/(TJH'J,e ) also satisfy (41). The latter 
ratio, obtained from (13) , (15), and (16) of Wait 
[1960b], when used in conjunction with (3) provides 
an alternate way of obtaining (40) and subsequently 
(41) . 

. A more exact treatment of the horizontal magnetic 
dIpole fields cannot be expected to lessen the im
portance of TM relative to TE field components . 
A better approximation to the TM fields of the hori
zontal magnetic dipole may be worked out from the 
exact ratio E~e /E~rn derived in the appendix. As long 
as t.he source. and observation point are at equal 
radu T the ratlO ll1volves only the azimuthal e func
tions explicitly. However, the accuracy of the roots 
S n. and of E~e depends on the approximations to th e 
aZ111mthal and radial functions. 

Numerical values of S n are available from mode 
calculations of th e vertical electric dipole [Howe 
and ,Vait, 1957]. For (Jg= OJ the values are as 
follows: 

L ._._._. ___ ._ .. .. 
2. __ ._._ ... _ . ... _ 
3 _____ ._ .. ____ .. .. 
4 ___ • _______ . ____ _ 

3.5 
0.1 

O. 9975- i 3XlO-4 
. 98-i 3XI0- 3 

. 93- i 0. 01 

. 87- i 0.02 

3.5 

om 

0. 997-i 10- ' 
.97 '; 8XlO- ' 
. 9l-j 9XlO- ' 
.85- ; O. 01 

7 

0.1 

0. 995-; 6XlO" 
· 992- i 4XlO"4 
· 98-i 10- ' 
· 985-i 2XlO-' 

The n = O mode is severely attenuated for fre
quencies above a few kilocycles [Wait, 1957]. In 
t?e lower ,frequency range the first order perturba
tlOll solutlOn of the modal equation may be used 
[Schumann, 1954], which gives 

The cutoff frequency of the nth mode is 

(43) 

The p.ertl~Tbati~n method fl:pplies for n;;eO if On=wn/w. 
Substitutmg thIS for 0 ;;1 III the right-hand side of 

(42) and expanding the square root expressions 

~+ i nC [(l+~)_~ (l +l)] c ~ W hwn ng n j 2 n~ n~ 

n 1 ic (1 1) 
-2hw n~+n~ 

(44) 

The latter expres~ion may be also obtained by solving 
(42) as a quadratlC and by subsequently ignoring the 
s~con~ order perturbatlOn. Applying (14), (42 ) 
slmplIfies for n = O and Ingl , In/I » 1 to 

(45) 

For ng» ni and (J/= 1.2 X lO - 6(w;/v= 1.35 X I05) So 
has the following values -

wi 104 

So 1.04 e- i20 

103 

1.14 e- i70 

102 

1.46 e-i60 

The above tabulations show that I S nl or the I'a tio 
I E:e/E~ml are decreased with increasing mode index 
"!' and, with the exception of So, also with decreasing 
fregnency. The phase angle between the prop a
gatmg I~odes of the two dipoles is negligible. The 
largest dIfference between the fields of the two dipoles 
may be expected for the lowest propagating fre
quencies or near the mode cutoff of n;;eO modes. 
T~e values of S n near the mode cutoff may be deter
mll1ed from an approximate solution of the modal 
equation. The fiTst order perturbation solution is 
applicable only to th e lower order modes. A differ
ent approximate solution is obtained by observing 
tbat S n is small near the cutoff (S n= I / (2 ka) at the 
mode cutoff for perfectly conducting ground and 
ionosphere according to Schumann [1954]). Hence 
one may look for solutions of the modal equation of 
the form 

Gn=·b-S~= I-lIn (46) 

where IlInl « 1. Substituting (46) 111 (12), letting 
p= i and defining 

results after neglecting terms with lI ~ and higher 
powers of lin in 

R7=i(2L- i-2/1,JL- i) (1-~~n~)=Ll+lInL2 ' 
(48) 

Considering ni» 1, substituting (46) in (12) and 
letting p= g gives 

R~ = 1-2n; 1 ei 1l'/4(1 + Lln) = G1+ lInG2• (49) 
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The solution of the modal equation (21) becomes 

2i (kh- nn)- lnL1GI 

2ikh+ L 2 + G2 • 

LI G1 

(50) 

It is simplified at the cutoff of the respective mode 
by applying (43) to 

(5] ) 

The calculated curves of ISnl and of its argument are 
depicted in figures 2 and 3 for infinite ground con
ductivity. ISnl is smallest for small values of 
1= 1f'c!!./(hw;) (or for large ionospheric conductivities) 
and for the higher modes (higher cutoff frequencies 
wn= n1f'c/h). The argument of Sn exhibits a rela
tively small variation with n. Th e increase of ISnl 
and of arg S n with increasing 1 signifies the increase 
of mode attenUfl,tion wi th decreasing ionospheric 
conductivity. The increase of ISnl from the IYg= (X) 

to the IYg = 0.07 /hkm curve (IYg = 10- 3 mho/m for h= 70 
km) is less than 20 percent for the n = 1 mod e in 
figure 4. This relative increase is even smaller for 
the higher n values. 

The amplitude ratio between electric and-magnetic 
dipole fields in (41) will be larger for propagating 
modes than near the mode cutoff. The cutoff ratio 
is larger than 0.25 for the n = 1 mode and larger than 

0.1 

O L-______________ ~ ______________ ~ 

0.01 0.1 1.0 

0.15 for the flTSt 8 modes with 1>0.01 (or for 
IYi~ 1.2X lO -5 with h= 70 km). It may be noted 
that this comparison is made for dipoles that exhibit 
equal far field s above a perfectly conducting plane 
ground in the absence of ionosphere. The knowledge 
of the above amplitude ratios would enter in a com
parison of antenna radiation efficiencies. However, 
no such calculations have been attempted in this 
paper. 

-50.---------------.---------------~ 

-40 

-30 

I '" ~ 
" 
<n" 

'" 
-20 

<r 

'" 

-1 0 

OL-------------__ ~ ______________ ~ 

0.01 0.1 1.0 

FlGUllE 3. CutoJ! arguments of the! constant Sn for perfectly 
conducting ground. 

0.6 ,----------------,----r-r---------~ 

0.2 

0.1 

O ~--------------~--------------~ om 0.1 1.0 

m v n , 
1=-,- 1=--·-

h r.t z h WpZ 

FIGURE 2. Magnitude of the constant Sn near mode cutoff f01' FIGURE 4. Magnitude oj the constant S" near cutoff jor the 
perfectly conducting ground. n = 1 mode. 
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5. Transient Fields 

The transien t fields of th e horizon tal magnetic 
dipole may be computed as the Fourier integral of 
(32) for a specified spectrum of the antenna curren t . 
F.or a s tep of current t lte far field approximation (32) 
gn' es 

with 
K = sin ¢Iocla71 

2hc~27rac sin (elja) 

and with 00= 0 .5 and onr'o= l. 

(52) 

(53) 

The response of the n = O mode may be reduced 
to tabulated Fourier integrals after approximating 
S o of (52) by a power series. With n g»n i» 1 (45) 
reduces to 

S o"'" 11+ 1 • -V h~iwl1(T i 
(54) 

Expanding ·/So and So in powers of ( l/-Jiw) and 
ending the expansions with the quadratic terms 
results in 

where 
(56) 

Applying the transform pairs (806), (801 ), and 
(807) of Campbell and Foster [1948] gives 

E"m T "", I-(e!/U - o.25Ix [_1 -~(l_1.)_lJ 
TO ( ) 2aI. 5"/7rX 2X2 X U u2 

where 

T = (t - el/c»O, 

u = 2c(32 = 81J)~2 1110. 
el el -V EO 

(57) 

(58) 

(59) 

(60) 

(61 ) 

Th e power series expansion oJ (.'54) is applicable to 
freq uencies where w> wo = (h211(Ti) - 1 . Henee (57) will 
be most accumte ror T< < 27r/wo or for 

(62) 

Considering h= 90 km , cl = lO <l km, (T i = 1O - 6 mhoim 
as an example, xo = 2.3 with u = 2.4 . The representa
tion of the trans ient petLk in fig nre 5 will be accurate 
even for this pessimistically low (T i value a t d = 104 

.. 
l° r--~----'---'------'-----'---r-~ 

u=1 

u = 8Wp'l L. 
, de 

- 2L-_~ ____ -L ____ ~ ____ ~ __ ~ __ ~_~ 

0.01 O.Ol 0.1 O.l 10 l O 

FI G URE 5. R es ponse to a Cllrrent step of the n = 0 mode of a 
h07'i zontal magneti c di pole. 

km. Higher (T j and smaller cl result in larger Xo 1 

(and u), wh ieh improves tb e aCCUl'acy of the transient 
tail r epresentations. 

It I'ollows [rom reciprocity relation (3) that for 
equal curren t waveforms I'''n(t ) and l ve(t) in the 
HM and VE dipoles 

(63) 

A current in the VE dipole t hat is proportional to 
the tim e derivative of the current in the HM dipole 

(64) 
resul ts in 

(65) 

Th e response E~m(t) to a current step Iou (t) sho uld 
be proportional to the r esponse H~e (t) to a curren t 
impulse I oTo (t ). Assuming t hat (64) applies and 
assuming fur tber t hat 

(66) 

(this is obviously incorrect at the lower freq uen cies), 
it follows from (40 ) that 

E~m(t ) "'" - sin ¢E:e (t)da/(cTds) . (67) 

The impulse response of a ver tical electric dipole 
h as been calcul ated considering factors proportional 
to finite powers o[ S o equal to unity [Schumann, 
1952; Wait, 1960bj. Tb ecaleulatedimpulseresponse 
of the VE dipole [Schumann, 1952; Wait, 1960b] 
will be compared with t he step response of the HM 
dipole (57) by means of (65) anel also by means of 
the approximate rehttion (67 ). The leading term 
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of Lheimp ul e r esponse (42) of Wait [1960b) (eqs 
(38), (39), (40), an d (42 ) of vYai t [1960b) s hould be 
m ul tip li ed by 7r/2), wh en s ubstitu ted in ei th er (65 ) or 
(67) r e ulLs i ll E~m(t) thftt is equal to (57) with th e 
two te rm proportional to u - 1 itlld u - 2 of the squftre 
brack eLs se t equal to zero . Th ere is no agreement 
b eLween t be higher r esponse term s because of the 
So approxim ation as discussed earli er. The impulse 
res pOll se of Schumann [1952], wh en substituted in 
(67) is t he sam e as (57) wi t b U = 00. 

Th e first ord er per t urbation solu tion of the modal 
eguaLion becom es in accura te fo r t he hi gh er fre
q uen cies involved in calcuillting t he tr a nsien t re
spon se of t he n r" 0 modes. Even t h e simplest (and 
inaccura Le) expressions of S " tlMt Jll ay b e obtained 
from (44) ftnd (14) for l11 gl»ln;I» l involve 
integrals similar to those encountered in t he transient 
a nalysis of loss.v r ectangular waveg uid es [Cerillo , 
1948) . The tmll sien t r esponse or t he nr"O modes 
h fts Ilo t been calculateclin t his pllper. 

6. Appendix. Radial Electric Fields of 
Vertical Electric and Horizontal Magnetic 
Dipoles 

The field s of Il ver tic ld di pole m a.\' be cl el·ived from 
a sill gle sClllar func t ion . Applying (29) of Sc humann 
[1954] to (3) 

(5H) 

whe re for U 2 th e coordin llLes or Lhe source alld o r th e 
observn tion poin ts Il re ill Lerchangwl r eIn Li ve Lo U 1• 

As IOllg as Lhe sour ce IWet the observation POillt are 
ap proX: llll ately at t he sa me r;lc1iu (rl=r,) , both U 

fun ction s 11re the slun e. Th e J" llLio o f Lh e v erLicd 
electric field s of h orizo ll Lal magll eLic 111ld vcrtical 
electric dipoles for equal cu rreills 0 11 a perf('ctl~' co n
cllI cLing plane grounclis 

E~e iris, 
E~"'= kda2· (69) 

With 

(70) 

(58) beco mes 

E~e E oe i (11 + 1) sin 0 p , (-cos 0) 
E:"n E g'" cos <p ric cos 0 P , (-cos O)+ P ,-l (-cos 0) 

(71 ) 

Th e earl ier approxi malion s will reduce (71 ) to (41) . 
However , more acc urate II valu es [Wai t, 19601L, ch . 
12) and a b et tCl" approx ill1 lLLioll Lo P, (-cos 0) m ay 
b e used in (71 ) to obtain a more exact Eve/E~m ratio. 
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