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A New Approach to the Mode Theory of 
VLF Propagation1 

James R. Wait 

(July 14, 1960) 

An attempt is made in t his paper to present a concise derivation of t he mode t heory 
of VLF propagation. T aking note of t he fact that t he important modes for long-distance 
propagation are near grazing, sui table approximate forms of t he wave fun ctions m'e in tro
duced at t he outset, rather t ha n at t he end, of t he analysis. It is th us poss ible to accoun t 
for t he influence of eart h curvature in a re latively concise manner . Thc ll1f1uence of t he 
eart h 's magnetic field is also disc ussed . Finally, llumerical res ults for t he attenuation 
and t he phase velocity of t he domin a nt mode are presented . 

1. Introduction 

D espite the extensive work [1- 5]2 on the wave
guide mode theory of VLF propagation, certain 
aspects of the ubject are not yet resolved. The 
difficulty appears in finding suitable appro>.":imatiom; 
to the spherical wave fun ctions in the rigorous solu
tion. It is the purpose of this paper to discus 
this problem in some detail. For a background of 
the subj ect the reader is referred to a recent com
prehensive paper on the general subj ect [6]. H ere 
the solu tions will be obtained from a somewhat 
different point of view. 

2. The Groundwave Field 

We will start by assuming that the source is a 
vertical electric dipole located on the surface of a 
smooth spherical earth of radius a, conductivity (f and 
dielectric constant ~ . Spherical coordinates (1', 0,1» 
are chosen with the dipole located at 1'= a and 0= 0. 
For harmonic time dependence the radial electric 
field component is written in the form 

e- ilalO . 
E'" 1!;e'WT 

T a(OsinO) 1/2 0 
(1) 

apart from a constant factor.3 In the case of an 
airless earth, in which the ionosphere is neglected, it 
is well known that Vo may be written in the form 
[7,8] 

(2) 

where 

X=(k;y30, ( 2 )1/3 . (ka)1 /3 
y= ka k(r-a), ~ q= "2 !::,. , 

and 

11= --. - 1- --. - . ( i eow ) 1/2 [ i ~ow J I/2 
(f+~ ew (f+ ~ew 

The coefficients t. are solutions of the equation 

(3) 

where WI(t) is an Airy integral and the pl'llne in
dicates a derivative with respect to t. In term of 
H ankel functions of order one third, 

WI (t ) = exp (-27r'i /3) (-7r't /3) 112 Hm [(2/3) (- t )3/2]. 

(4) 

The above formula for Vo is usually called the 
residue series representation for the groundwave 
field. It is often used as the basis for field strength 
calculations on a spherical smooth earth on the 
assumption that the ionosphere may be neglected 
or separately accounted for . It is valid when 
ka> > 1 and r - a< < a. It is also required that the 
values of It.1 for the important modes are not large 
compared with unity . Such appro>.":imations as these 
are certainly valid for VLF waves. 

For the purposes of the subsequent analysis 110 is 
written as a contour integr al in the manner 

(5) 

The contour encloses the poles at t=t. in a clockwise 
sense. The equivalence of eq (2) and (5) is easily 
verified on noting that 

smee 

1 Oo ntribution from Oentral Rad io Prop,tgatio n Laboratory, Natio nal Bmeau and 
of Standards, Boulder, 0010. 

, Figures ill brackets iudicate the literature references on page 46. 
• Equation (1) is norm9lized such tbat 110 approlcbes 2 for ka-) '" and 6.-)0. 
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3. The Sky Waves 

We will now enclose the earth by a concentric 
reflecting shell located at r= a+h as indicated in 
figure 1. The electrical properties of this layer will 
not be specified at the moment, but it is assumed 
that an upgoing wave will be converted to a down
going wave. Thus after one reflection 

is converted to 

where 

and A(t) is unknown function of t. The boundary 
condition at r = a+h is written in the form 

where 

[ dw(t- y) 
dy qiW(t-y) ] =0 

y=Yo 

( 2)1/3 
y= - kh 

o lea 

(7) 

( ka)I /3 
and iQi= 2 Ll i' The quantity 6 i involves the 

properties of the layer beyond l' = a+ h; for the 
moment itis not given explicitly. Formally 6 t= Z j'TJo 
where Z is the radial surface impedance at r= a+ h. 
Most generally Ll i (or Z) is a function of t but usually 
it may be taken as a constant [6]. On identifying 
w(t - y) with wI(t-y) + A(t)W2(t-y), it readily fol
lows from eq (7) that 

(8) 

The downcoming wave characterized by the 
function W2(t-y) is now reflected at the ground and 
thus it generates a new upgoing wave of the form 

A(t)B(t)wI (t_y)e - i xt 

The boundary condition at r = a may be written 

[ dw(t- y) + W(t-) ] =0. 
dy q Y y= o 

(9) 

Then on identifying w(t-y) with the sum of the 
downcoming and the upgoing wave it follows that 

B(t) =_[W~(t) - qW2(t) ] . 
WI (t) - qWI (t) 

(10) 

The process may be repeated any number of times. 
The resultant field can thus be wTitten as a sum 
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FIGURE 1. A sketch of the model employed in this paper. 

The surface of the ground and the lower edge of the reflecting layer are con
centric spherical surfaces. 

-ikaB 
e V 

a(O sin 0) 1/ 2 , 
(11) E , 

where 

V = ~ V h (12) 
j = O,1,2 .. . 

and 

(13) 

for j even, while 

for j odd. Formally these are geometrical progres
sions so they can be summed. On interchanging the 
order of integration and summation, this leads to the 
integral representation 

Now the contour is to enclose the complex poles which 
occur at t = tn where tn is a solution of 

1-ACt)B(t) = 0. (16) 

The residue series representation for the total field 
is thus given by 



V--2(7rx) 1/2e-i". / 4 

X~ e-ixtn[Wl(tn-y)+ACtn)W2(t ,,-y )]. (17) 

n= O,I,2 ••• [Wl (tn)- qwl(tn) ] [~t A(t)B(t)] I=t" 

As in th e residue series formula for the groundwave 
field, cq (17) i8 valid for ka> > 1 and h< < a. 

The interpretation of the preceding r esults is now 
discussed and certain simplifications made to facili
tate computation. If (- t) > > 1, it follows that 

B(t)=_[W~(t) -qW2(t) ] 
w~(t)-qWl(t) 

~[--.i( _t)I /2_ q] e-i~/2e+-t)3/2 . (18) 
- ~(_t)I/2_q 

On making the substitution (_ t)I/2=(~}/3 0 and 

noting that iq=(~a}/36.. , it follows that 

(19) 

4. Evaluation of the Residues 

For numerical work it is desirable to express the 
function 

[~t A(t)B(t) ] t=tn 

explicitly in terms of Airy functions. 
First, it is noted that 

where use has been made of the relations 
(1) W~/(t) = tWI ( t ) and 
(2) WI (t )w;(t) - W; (t)W2(t) = - 2i which are valid for 
any value of t. Similarly, 

[ a w~(t-YO)+ qiWI ( t -yO)] 
at w~( t -YO)+ qiW2(t-yO) I= tn 

2iCt,,-yo-q1) 
(24) 

Thus 
If 0 is identified as the cosine of an angle of incidence, 
(C- 6.. )j (O+ 6.. ) can be r ecognized as a Fresnel [ a ] 
r eflection coefficient. Similarly, if (Yo-t» > 1 at A(t) B (t ) 1= l n 

0 ' 6.. .4(ka) 3 A(t) ", --=--.i:. -i"./2 -'3 "2 (GI) 

= O' + 6.. i e e , 

( ka)1 /3 
where "2 O' = (Yo - t) l/2 . 0 ' may be 

as the cosine of the angle of incidence at 
sphere. It is also no ted that 

(20) 

identified 

th e iono-

(21) 

The factor (O' - 6.. i)/(O' + 6.. i) is, of course, a Fresnel 
reflection coefficien t referred to the bottom of the 
layer at r= a + h. 

The modal eq (16) which determines the coeffi
cien ts tn may thus b e written in the approximate form 

where 

and 

R gR i exp (-il)= I =e-i2~n, (22) 

T=- 2ka [(0')3-03] 
3 

= 2~a [ ( 02+ ~hr2_03} 

if ~ «02 , then Ri=g~~: and 1(;;f,2lchO which cor

r esponds to the morlnl equation for the flat-earth 
case [5]. 
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lw; (tn) - qWl (tn) ][w~ ( t n) - qw2(t ,.)] 

+ 2i(t n - Yo - qD[w;(tn)- qW2(tn ) ] • (25) 
w; (t n)- qWl (tn) ][w;(t,,-yo) + qiW2( tn-yO) J2 

Therefore, the complete residue series may be written 

Numerical evaluation of the series is straightforward 
if tables of the Airy fun ctio ns of complex argumen t 
are used. In the situation wherE' 

the Airy functions may be replaced by th e first term 
of their asymp totic expansio ns. U nder this approxi
mation and after considerable algebraic reduction, it 
is possible to write, for y= O, 



wbere 

and 

O'-~i 
R i=O'+~/ 

(27) 

If the height of tbe source dipole is zo= l'o-a and the 
observer is z=l'-a, the F n in tbe above expression 
should be replaced by 

F ,,=jn(z)j,,(zo) 

where 

[ . (Z( 2Z)1 /2 ] 2j,,(z)=R g - 1/2 exp ~k Jo m+-a dz 

[ (Z( 2Z)1/2 ] 
+Rg1/2 exp -ik Jo O~'+-a dz 

= R g - 1/2 exp { i~a [ (0,;+ 2:Y12 -m] } 

+Rg1/2 exp {~~ [ ( 0;+ 2:yI2_m]} . (28) 

If 2z/a< < On2 it is permissible to use 

2jn(z)~Rg- 1/ 2 exp (ikOnz)+R/12 exp (-ikOnz) 

and if Rg~ 1 corresponding to a perfectly conducting 
ground, 

Tbe value of On to employ in the residue series is 
related, of course, to tn by 

On=c~r3 (- t n)1/2. 

Under tbe condition that (- t n)1/2> > 1, the root
determining equation becomes 

where V is defined by 

(2kh+ V)On=2~a [(0~)3-0n3]= ln. 
Noting that 

~2=2ka [ ( O~+ 2ahy I2_m] 

~2kh if 2hla«0~ 

~2k(2ah)1/ 2 if 2h/a»0~, 

(29) 

(30) 

(31) 

it is seen that the second term within the square 
bracket on tbe right-hand side is small if kh is reason
ably large and if the losses are small . 

5. Discussion of Various Approximations 

As a check on the algebra it may be noted that 
under the flat-earth approximation (i.e., 2h/a< < 0 .2), 
the residue series formula may be written 
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V 2 (pIA) 1/2 . (27rP 7r) ~ -i27f"pSn/'Aj ( )j ( ) 
(hIA) e' -;: -4" n=O, 1,2 ... One n Z n Zo , 

(32) 

where 

p= a8, and S,,= (1-0n2)1/2~1-0,N2. For practical 
purposcs, oo ~1 /2 and on~l for n = l , 2, 3 ... 
Equation (32) agrees with an earlier analysis [5,6]. 

For a fu'st approximation it is probably permissible 
to neglect the curvature altogether. To improve on 
this it is important to retain curvature dependent 
terms in a consistent manner. For example, at VLF, 
the restriction 0~»2hla is not as stringent as 

0,,» (2/ka) 113 . 

Thus eq (27) for V is probably not any better (if as 
good) as eq (32). To effect a r eal improvement one 
should retain the Airy functions of argument tn 
without approximation, but allow the Airy functions 
of argument tn-Yo to b e replaced by the first terms 
of their asymptotic expansions. This is justified 
sin ce Yo is reasonably large compared to unity in the 
VLF range. With this approach the root-deter
mining equation may be written 

where 

(34) 

If the ground is assumed to be perfectly conducting 
R g= l and q= O. Then , on writing 

the mode equation reduces to 

where now 

F = w~ (t) exp [ i !-i ~ (_ t) 3/2] . 
g w~ (t) " 2 3 (36) 

For long-distance propagation in the VLF range, 
only the mode corresponding to n= 1 is of importance. 



I 

~ 

• 
Furthermore, lO ce 0 is small , for a first approxi-
ma tion 

w~ ( t ) '" t7r / 6. 
w;( t )= e , 

also, {3 is essentially a constan t and is approximately 
cqu al to I jD. t . Thus 

77r 2 (2h)3/2 . (2h)1I2 - - - (ka) - +2~{3 -
0 2", 6 3 a a 

= (2h)I/2 . (a )1/2 ka - -~(3 -
a 2h 

(37) 

:rhis foymula should be a fairly good approximation 
if 1021 IS somewh~t less than 2hla. For example, if 
{3= 0, correspondmg to Rt=- l , and if hja= 10- 2 
the above m ay be written 

For hlX in the region from 2.5 to 5, 1021 is never 
greater than 5 X 10- 3• 

Using per turbation methods, higher order approxi
mations for the solution of eq (35) may be ob tained. 
Details of such computations will no t be described 
here. 

6 . Certain Extensions of the Theory 

Th e. precedin ~ analys is ha referred specifically to 
a vertIcal electn c dlPole. If the source is a vertical 
magnetic dipole the results derived above are still 
applicable if the r eflection coefficien ts R g and R ; ar c 
replaced by their coun terpar ts R~ and R~ for hori
zon tal polariza tion . The only other change is that q 
is now defined by 

. (ka)1/3 1 
~q= - -

2 D.h 
wbere 

Sin ce [q] » 1, under all practical conditions, 

(38) 

whicb is to be used instead of Fu. The modes ex
cited by a magnetic dipole are of a TE (transverse 
electric) type whereas for an electric dipole they are 
of a TM (transverse magnetic) type. 

7. Application to Specific Ionospheric 

Models 

In tbe case of a homogeneous isotropic ionosphere 
with a sharp lower boundary, the Fresnel reflection 
coefficien t for small 0 ' may be written 

R O' - D.; -2{JC' ·= ---"' -e , 
1 O' + D. i = 

(39) 
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1 
where (3~ t:;. In terms of the plasma frequency Wo 

and the collision frequency v 

where Wr= Wo2/V under the condition t bat w« v . 
Unfortunately, the presen ce of the earth 's mag

netic fi elds r enders tb e ionosphere anisotropic. The 
reflection coefficient is thus a m atrix of the form [1] 

wb ere the coefficients IIE II , IIR J.. , J..E II , and J.R J.. indi
cate tbe complex ratio of a specified electric field in 
the wave after r eflection to a specified electric field 
in the wave before r eflection. The first subscrip t 
denotes whether the electric field in the incid en t 
wave is parallel (II) or perpendicular (.1.) to the plane 
of incidence and the second subscrip t refers in t he 
same way to the reflected wave. It is understood, 
of course, that [R i] is a function of 0 ' , the cosine of 
the angle of incidence at the ionosphere. Followin g 
an earlier analysis [6], the generalization of eq (33), 
to include the influence of anisotropy, m ay be 
expressed in t he form 

X [l - J..R J..R ~F;e- H2kh+ V) C] 

- [ [R J..J..R [[R gFgR ~F;e-i 2 ( 2kll+ V)C= 0 , (40) 

wher e R u, E~, Fu, F~, and 11 bave been defined . 
Strictly speaking, equation (40) is only valid when 
there is perfect azimu thal symmetry about the source 
dipole. 

It m ay be noted that if the conversion coefficients 
IIRJ. and J..R II vanish, the modal equation spli ts into 
two parts which are 

(41) 

and 

(42) 

These two uncoupled equations give t he solu tions for 
the TM and TE modes, r espectively. In the more 
general case the modes are coupled. Howev er , for 
low-order modes and par ticularly for the domin ant 
mode (n = 1), the coupling is extrem ely small and a 
good first-order approximation is obtained on the 
assumption that coupling may be neglected . Fur
th ermore, the TE mode is only of academi c or 
secondary interes t since i t is n ot excited to any ex
ten t by a vertical an tenna. Thus the constan ts of 
the first-order mode m ay be obtained from eq (37) 
wi th an appropri ate value of (3. 



For propagation in the Inagnetic meridian or for 
p~'opagation in polar regions the QL (quasi-longitu
dmal) approximation [9] to describe conditions within 
the ionosphere is valid. The refractive index }J., in 
this case, is given by [1] 

where 

tan<PL= WL= longitudinal co~ponent of gyrofrequency 
v colhslOn frequency 

and w,= w6 (V 2 + WL2 )-1 / 2 . Thus for highly oblique 
incidence (i,e., C is small) it may be shown that [6] 

(44) 

where 

where /1-0 and /1- e denote the two values of /1-, and 

The QL approximation mentioned above is only 
valid when [10] 

where WL and WT are the longitudinal and transverse 
comp.onents of the (angular) gyrofrequency. As 
mentlOned above, this condition is satisfied for 
propagatiC?n ~n the magnetic meridian and/or for a 
steeply dlppmg field. Clearly, this conditicn is 
violated when the transverse component of the 
earth's magnetic fie~d is large such as for propagation 
aro~nd the magnetIc equator. The case of a purely 
honzontal and transverse field has been considered 
by .Barber an~ Crombie [11]. Using their results, 
:vhlch are apph?able to a sharply bounded ionosphere, 
It may be readily shown that [6] 

(45) 

where now 

{3 (46) 

and 

L W WV WTW =-=2 and -Y=- 2 . 
W, Wo Wo 

For east-to-west propagation, -y is positive, while 
for west-to-east propagation, -y is negative. In the 
present situation it is convenient to define an angle 
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<PT such that 

-y = + L /tan <l>T / for east-to-west propagation 

=-L/tan <PT / for west-to-east propagation. 

For propagation at any angle with respect to the 
e~rth's. ~agnetic field and for an arbitrary angle of 
dip I, It IS necessary to seek more general solutions. 
First, one must solve a quartic equation for the 
refractive indices (ordinary and extraordinary com
ponents). Then on matching tangential field com
ponents at the air-ionosphere boundary, an explicit 
expression for the reflection coefficient may be ob
tained [12]. Using this quite general approach 
Johler and Walters [13] have obtained extensive 
numerical results for the coefficients II R II , IIR.l, .lR.l, 
and .lRII for various (real) angles of incidence and 
range of values for the electron density, N, collision 
frequency v, dip-angle I and the azimuthal direction 
of the wave <l>a (measured clockwise from the north). 
Formally, the expressions for these reflection and 
con.vers~on c?eff!.cients may be substituted in eq (13) 
whlCh, III prll1Clple, can be solved for the modes in 
the genera) ~ase. For VLF and at highly oblique 
angle~ of mCldence (e.g., 82°), the quantity /IIR .l X 
.lRIl / IS of the order of 10- 3 or 10- 4 and thus coupling 
between the TE and TM modes is negligible. At 
least this is true for the range of values of the iono
spheric parameters considered here. Thus the un
coupled modal equation may again be used for an 
adequate first approximation after having determined 
the appropriate value of {3. 

8. Presentation of Results 

Using the above approaches numerical results 
have been obtained for the complex values of C for 
the dominant mode.4 From t.his quantity, it is a 
simple matter to compute the corresponding value of 
S which describes the propagation in the horizontal 
direction. For example, the attenuation per unit 
distance is proportional to the quantity- H 1m S 
and the phase velocity relative to c is l iRe S . In 
~he presen. t paper, these are the q uan tities of prime 
mterest SUlce they are adequate to describe the 
propagation characteristics of VLF radio waves at 
large distances from the source (i.e., > 2,000 km). 
At shorter distances higher order modes should be 
considered. Their influence has been discussed 
elsewhere [5]. 

In figure 2 the attenuation coefficient, for the 
dominant mode (n = 1), is plotted as a function of 
H(= hl'A) for a curved earth where hla= O.Ol. The 
upper- and right-hand scales in this figure and in 
many which follow, are a frequency scale and at
tenuation scale in decibels pel' 1,000 km of path 
length applicable to a height of 70 km. The qlJasi
longitudinal approximation is employed and <l>L is 
either 60° or 0°; the latter , of course, 'corresponds to 
no magnetic field. The constant B on the curves is 

• For sake of brevity, the subscript 1, to indicate the first mode, is dropped in 
what follows. 



defined by 

B LI 1w, w6 
= Ii w lere z=;;;-= w(V2+W/)1 /2' 

or al tcmately 
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FIG U RE 2. Attenuation coefficient, - H lut S, as ajunct'ion oj 
H (= h/,- ) JOT the dominant mode. 

The upper and the righ t-hand scales are for h=70 km. 

The four B values on the curves (0.02 , 0.05,0 .1, and 
0.2) correspond to Wr values of 13, 5.4, 2.7, and 
1.3 X 105, respectively. For a given value of B, it is 
seen that the attentuation depends on (h. For large 
values of B (i.e., poorly conducting ionosphere) the 
influence of the tenestrial magn etic field is to lower 
the attenuation whereas the converse is true at 
smaller values of B. Since B is in the r ange 0.05 to 
0.01 typically for daytime conditions, the influence 
of the magnetic field is small under t he qu asi
longitudinal approximation. 

The relative phase velocity of the dominant mode 
is shown in figures 3a and 3b for (1)£ = 0 and 60°, 
respectively. The (upper) frequency scale is for a 
height of 70 km. From these it appears that the 
influence of the magnetic field is quite small. It is 
rather interesting to note that for a frequency of 
14 kc/s the phase velocity is very near, c, the velocity 
of light.s It should be remembered , of course, that 
the phase velocity is referred to the surface of the 
ground in this particular analysis . 

Since one is interested in relatively small deviations 
of l iRe (8) from unity, considerable care is needed in 
approximating the wavefunctions involved. The 
resu lts shown in figures 3a and 3b for a curved ear th 

• R ecent cx porim ental data appeal' to confirm this pOint (lVI. L. T ibbals, 
private coIDlDunication). 

are not expected to be accurate to more than a few 
parts in 104 • 
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F IGURES 3a and b. The relative phase velocity, 1/ Re S as: a 
j1tnction oj H fOT the dominant mode. 

The upper-frequency scale is for h=70 kill. 
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The calculation of the mode characteristics for a 
magnetic field of arbitrary direction is, of course, 
quite involved. However, approximate results can 
be obtained if co upling between TE and TM type 
modes is neglected [6J. Actually, in the case of a 
purely transverse field, the coupling is zero anyway. 

In the following the influence of an arbitary mag
netic field is demonstrated by calculating the ratio, 
P, of the attenuation with a magnetic field to the 
attenuation without the magnetic field. Various 
values of the dip-angle 1, and the azimuthal 
direction of propagation, CPa, are chosen. The ratio, 
Q, of the phase-velocity deviations with and without 
a magnetic field is also considered. Specifically, these 
ratios are 

P Attenuation with magnetic field 
Attenuation without magnetic field 

and 

1m S 
[1m S)H=O 

(48) 

Phase velocity deviation with magnetic field 
Q Phase velocity deviation without magnetic field 

(49) 

[ 1 J - - J 
Re S 2a 

[ 
1 J where J ~ 2a+ h' 

- - J 
Re S [-[= 0 

To obtain numerical values of P and Q, computed 
data from J. R. Johler [14) were requested for the 
reflection coefficient JI R IJ for a real angle of incidence 
of .82° and at frequencies of 10, 12, 14, 16, 20, and 
22 kc/s. The appropriate value of {3 was then 
calculated from 

[(50) 

where G' = cos 82°. The electron density values for 
the sharply bounded model were 103 and 3 X 103 

electrons/em3, respectively. The collision frequency 
was taken to be 2 X 107 and the strength of the 
earth's magnetic field was 0.5 gauss. The angle 
CPa which defined the direction of propagation 
measured clockwise from north assumed the values 
0 °, 60°, 120°, 180°, 240°, and 300°. As a check on 
the method, values of (3 were calculated directly 
from eq (40) which is applicable to CPa= 900 and 180° 
for 1 = 0. 

The results for the attenuation ratios are shown 
in figures 4a and 4b for a dip-angle 1 of 0°, in figures 
5a and 5b for an 1 of 45°, and in figures 6a and 6b for 
an 10f 84.3°, 

These results would indicate that nonreciprocity 
is most evident in propagation around the geomag
netic equator. North-to-south or south-to-north 
propagation appears to be almost reciprocal. It is 
also evident that for this range of electron densities, 
the nonreciprocit.y for attenuation is more marked 
for the smaller densities. It is also apparent from 
these results that the nonreciprocal effects are 
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dimini hed a the magnetic field approaches the 
vertical. Qualitatively the cw'ves are very similar 
and there is a strong suggestion that nonreciprocity 
is proportional to the component of the earth's 
magnetic field which is horizontal and transverse 
to the direction of propagation, 
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The corresponding curves for the ratio Q of the 
phase velocity deviations are shown in figures 7a and 
7b for 1= 0, in figures Sa and Sb for 1= 45°, and in 
figures 9a and 9b for 1 = S4.3 0. It is rather interesting 
to see that these are not symmetrical abou t the 
north-south geomagnetic axis. It is also evident 
that the nonreciprocity in the phase velocity 
becomes greater at the lower frequencies. It is 
noticed that Q is never more than 4-percent greater 
than unity . This corresponds to a change of phase 
velocity of only a few parts in 105• 



9. Concluding Remarks 

In this paper no direct reference has been made to 
experimental data. In another paper [15] the 
experimental data on attenuation rates at VLF in 
daytime [16] were compared with calculations using 
formulas from the present paper. The agreement 
between theory and experiment was quite good and 
the nature of the nonreciprocity between east-west 
and west-east propagation was satisfactorily ac
counted for. Unfortunately, the experimental data 
on phase velocity is quite sparse. It would be 
interesting to compare the computed results given 
in this paper with absolute measurements of phase 
velocities at various frequencies over a given path. 

The author thanks Kenneth Spies for calTying out 
the calculations and Mrs. Eileen Brackett for her 
assistance in preparing the manuscript. 
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10.2. List of Symbols 
(r, O,</» = spherical coordinates of observer, 

a = radius of the earth, 
h= height of reflecting layer, 
k = 27r/wa velength, ° is central angle, 
X= (ka f2) 1/3 0, 
y= (2/ka) 1/3 (1' - a) , 

iq= (ka/ 2) 1/3 ~, 

~= --.- 1---.- , ( i,oW )1 /2 [ i,ow J1I2 
u+ uw u+~,w 

WI (t) is Airy fun ction of first type defined by eq (4), 
W2(t) is Airy function of second type defined by eq 

(6), 
t is argument of Airy function , 
~i= Z/."O, 
"'o~1207r, 
Z is surface impedance of ionospheric reflecting 

layer at r=a+ h , 
i qi= (ka/ 2)1/3 ~i, 
Yo = (2/ka) 1/3 kh, 

wet) is some linear combination of WI(t) and W2(t), 
A (t ) is defined by eq (8); it is related to the iono

spheric reflection coefficient, 
B (t) is defined by eq (18) ; it is related to the ground

reflection coefficient, 
C=(2/ ka)I/3(-t) 1/2; C may be geometrically in

terpreted as t he cosine of the angle of in
cidence at the ground, 

C' = (Q2 + 2h/a)I /2; C' may be geometrically inter
preted as the cosine of the angle of inci
d ence at the ionosphere, 

R g and Ri are reflection coefficients at t he ground and the 
ionosphere, respectively, 

1= 2~a [ (C')LC3], 

11 is a dimensionless quantity proportional to the 
vertical electric field , 

V j is defined by eq (13); it may be interpreted 
loosely as t he j 'th order skywave, 

In is the n 'th root of eq (16); it determines t he 
attenuation and phase of the n 'th mode, 

p= afJ; it is t he great circle distance between 
source and observer, 

On is defined by eq (32) ; it is a coefficient in the 
Inode s um, 

F g is defined by eq (34); it is a wave correction to 
the ground-reflection coefficient, 

Wr=W02 / p, 

wo is the (angular) plasma frequency, 
v is t he collision frequency, 
(3 is defined by eq (39); it characterizes the iono

spheric reflection coefficient IIRII, 

[Ri]= [ IIRR II II RR1. J; this is a matrix which describes 
1. II 1. 1. 
r eflection from an anisotropic layer, 

J1, is defined by eq (43); it is a double-valued index 
of refraction for the ionosphere subject to 
t he OL approximation, 

p.o and J1, . are the two components of J1" 
WL is the longitudinal component of the gyrofre

quen cy, 
WT is the transverse component of the gyrofre

quency, 
B = L /I-I = 27rc, 

wrh 
H = h/X 
L w W(V2+Wl.2) 1/2 

Wr W5 ' 
</>L=tan- l(wL/v) , 

P and 0 are defined by eqs (48) and (49), 
I = dip angle of the ear th's magnetic field, 

</>a is the azimuthal direction of propagation of the 
wave ; </>a= O corresponds to propagation 
from south-to-north, </>a= 90° corresponds 
to propagation from west-to-ea13t, etc. 

(Paper 65DI- I0l) 
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