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I n this paper w e obtain bounds for the strain energy, and pointwise bounds for the 
solu tion of t he first bou ndary valu e problem in the equations of elasticity. The inequalities 
derived are such that the Rayleigh-Ritz technique may be used to improve the bounds. 

1. Introduction 

In a r ecent p ttpel' [2] 2 lhe au thors gclve a m ethod [or obtainin g bounds in lh e Diri clllet 
problem for second-order ellipLi c par ti al d ifferential eq uations. Pointwise bounds were ob­
lained which involved, in addilion to lhe ,1pproximalin g fun cLion , only 1IlldiA'erelltial ed da ta 
of l he problem. The in equalitics were 0 1' Il pri ori lype, hence only l'eguhuily conditions were 
imposed on Lhe itppl'oximating fun clions. 

Tn this paper we obt<tin bounds for lh e s lrain energy, and pointwi e bounds for th e solutioll 
of th e first boundary value problem in Lh e equations of elas ticily. Other m ethods for obt'lin­
ing bounds, which are based on known varia tional principl es, have been given in th e li ler a ture 
( ee, 1'01' insllln ce, Prager and Synge [9 ], Diaz and Gr eenberg [3], Synge [10], Hnd oth ers). 

A m ethod based 011 a priori in equ ali t ies was proposed by PH~'n e 11nd Weill berger [ J. 
Theil' m elhod involved the introducti0n of a somewhitt compli cated unil -lH nge nt vec lol' , and 
point vise bounds involved differentiltled data. vVe derivc a method which yields poinlwise 
bounds which involve the undifferentiated data of th e problem. 

Tn th e p roblem und c r consid era tion th e displacem ent vector wilh compon ent s Uj sa tisfies 
the follow in g system of seco nd-order equ a tions in some N-dimensioll nl bounded domain D , 

(1.1 ) 

where a involves the clasLic cons tftll ts A and J1. (a = (A + J1. )/ J1. = (J - 2u )-I, u denotin g Poisso n's 
ratio ), and Fi is proportion al to th e body forcc . In (1. 1) .it denotes o2/oxi )xi and n ]'epeclt c1lin ­
dcx indicitLes summation from 1 to N , where N denotes th e number of dimen sions. B~' pecial­
izin g to two 01' three dimensions we can trcit t Lh e Lwo ph ys icall.\' interes ting cases . In add ition 
to the differential equation (1.1) the displacement componcnts ctti I'y the condition 

U,=.fi (1.2) 

on the bowldary C of D. R egions which extend to infinity may also be treated if suilable 
conditions are imposed at infinity. 

The strain energy E (u,u) for problem (1.1 ), (1.2) is defined as: 

2J1. - 1E(u,u) = fD [~ (Ui,j+Ui.i) (u i.J+uJ.i)+(a- 1) (Ui.J)2] dV. (1.3) 

Our problem th en is that of obtaining upper and lower bounds for E(u,u) and for th e valu e 
of u ;(P ) at a poin t P in D . As we shall see, these bounds follow immediately on ce we have 
established certain a priori bounds . Let us suppose that we are a ble to establish the following 
inequality for sufficien tly smooth functions W j: 

E(w,w)~Kl p 171WM;dS+ K 2Pc, 'Y/ 2gradswi ·gradswidS+ K 3 f DL i(w)L j(W)dV (1.4) 
----

1 University of Maryland; par t-time worker at tbe Kational Burea u of Standards. 
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where 171 and 1/2 are given positive functions on 0, and K I , K 2, and K 3 are explicitly determined. 
Here grad. denotes the tangential projection of thf\ gradient. Now if we set 

(1.5) 

the right hand side of (1.4) will involve only the data of (1.1) and (1.2) an d the approximating 
function (/I;. We would then have an a priori bound for E (u- cp ,u-cp) which could be made 
small if the functions CP i could be chosen to approximate the data closely in the mean square 
sense. But by the triangle inequality 

,1E(cp,cp)-,1E(u-cp,u-cp) ~,1E(u,u) ~,1E(cp ,cp) + ,1E(u- cp.u- CP). (1.6) 

Hence knowledge of the a priori inequality (1.4) would give upper and lower bounds for E(u,u). 
The inequality (1.4) with Wi= Ui- CPi is suitable for application of the Rayleigh-Ritz technique 
for improving the bounds. 

The pointwise bounds will also follow from appropriate a priori inequalities. We concern 
ourselves then in this pa.per with the establishment of the necessary a priori inequalities. 

2. Auxiliary Inequalities 

In this section we employ some generalized Green's identities to derive certain inequalities 
which will be used in sec. 3. We consider fiTSt a function h harmonic in D. As indicated in 
[8, eq 2.4] the function h satisfies the following identity: 

(2.1) 

where thejk are components of a piecewise continuous vector field and 0u denotes the Kro­
necker delta. The n j denote the components of the unit normal directed outward from D on 
C. In [8, eq 2.4] we have taken aii == 0u and used the fact that h is harmonic. By breaking up 
the derivatives of h in the boundary integral into normal and tangential components we obtain 

where ~~ denotes the normal derivative of h on C. If we now choose the P in such a way 

that t= jknk>O on 0, we obtain the inequality 

In (2.3) we have used the notation 

D(h,h) = fD h.ih, idV (2.4) 

for the Dirichlet integral, and the inequality 

(2.5) 

The constant a is clearly any upper bound for the largest eigenvalue of the coefficient matrix 
2J.ij-j~kOij. Then from Green's first identity, i.e., 

rh ah 
D(h,h) ='fc h on dS, 
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we oMain from (2.3) 

~ (Oh)2 ~ rr. . ali Jc t on dS ~ Jc t /grads h/2dS-rc [2}' grads h· grads Xi- ah] on dS, (2.7) 

Now f'rom Schwarz's inequali ty we have 

(2.8) 

from which we obtain, by completing the square, 

{ Pc t (O::JclS } 1/ 2 ~~{ Pc t -l [~/i grads Ii · gr~cls X i - ah]2 clS } 1/ 2 

+ {~ t /grads h / 2clS+~ ,r, C l [2P g rads h. grad s 'Xi-ahj2dS } 1/ 2 , (2.9) 
, c Jc 

01', us in g the ariLhlllcLic-geomeLri c Jllcan in eq unJit.\-, L1 tC crudcr incqualit.\-

(2.10) 

This incquality bounds thc I!orill a l d Cl'ivittivc or II hlll'lllOllic fun cLio n h in tcrm s of II, and its 
tangcntial derivativcs on (Y. (Instead of' (2.] 0) thc SOIllCW[lllt beLter Lhoug lt 1I10re involved 
illcq unl iL)- [8 , eq ~. 17 ], \\-ith aij= oij , co uld be uscd. ) In dCl'iving (2.10) we have uscd th e 
proccdurcs cillplo.\'ecl in [8] . Fol' completencss lWeI bcclw sc t il r (,<lse of lite harmonic fun ction 
\Vas not g ivc ll expliciLI.\' in Lhe previous P/lpcr wc [1<lVC aga in prcscntcd lhe d crivat ion 01' 
(2. 10). 

Now let tf i bc thc i th cOlllponent Of:l vcc tol' rUllcti o n which posscsscs piecewise co n ti nllous 
second derivatives in D nnd vanis hes 011 (Y. Tltr l! cOll s id er the' followin g idcnlity: 

2 r P tfi,kL i(f) dV= 2rh P f i,k[tfi,jnJ+atfJ,Jn;]dS+ j ' f~/Jf;,jtf;.j+ atfi.i if;J,JklV JD Jc D ' 
-2I D [.f~J if;i,ktfi,j+ af~i if;i,k if;d dV -fPnk[if;i,Jtf;,j+aif;;. itfj.J]dS . (2. 11 ) 

Sincc if; i v ll nis hcs on ( ' lhc firs t nndlast integral s on thc ri giit combine to g ive (upon r earranging 
01' (2.11 )) 

Pcpnk[if;;. jtfi.J+ a tfi. iifiJ, j jdS = 2 I D .J'ktf;,kL i(if;)dV 

- j~ Pk[tfi,jif;i,j+atfi. iif; j,j ]clV +2 ID [j~j tfj,ktfi,j+ af.\ tfi.ktfJ.j]cl11. (2.12) 

Sinccp has bounded first clerinlli ves wc Illay rasil.I ' obtain , 1'01' a positive, 

wherc the consta nt b may bc N1Sily de termined. (The physically intercs tin g valu es o r a li e in 
the interval (1 /3,00 ).) 

~ote that 1'01' if; i vanis hin g on C the integral on t he right of (2.13 ) is proportional Lo the 
strain energy E(if;,tf ). Also the quantity inside t he square bracket on the left of (2.12 ) 
is proportionnl to the sum or the sq uarcs or the surface tractions. By the al'iLllJll etic-
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geOlnetric mean inequality and the fact that a is positive, we have then 

(2.14) 

for any posit ive (3. Now since 1/I i vanishes on C we have 

f [.," .. 1 .. ·+a·I ... . 1 .. lclV=- f .1·"L .(·I·) clV 'Y l,J if" t,) 'f' I,1 'Y1.1 'Y t t If' 
D D 

(2.15) 

or by Schwarz's inequality 

(2.16) 

However , for a> O 

(2.17) 

where Al is the first eigenvalue in the fixed membrane problem for D. Lower bounds for Al 
are easily derivable from the Faber-Krahn inequali ty [5], [6], or from monotony principles. 
Thus from (2.16) and (2 .17) we have 

(2.18) 

The insertion of (2.18) in to (2.14) then yields 

where we have made the optimal choice for (3. 

3 . A Priori Inequalities 

Let w, have piecewise continuous second derivatives in D. We seek an a priori bound 
for E(w,w). To this end we decompose W i as 

where 

in D and 
W i= W i 

on C. The function w; then satisfies 

in D and 

on C. Then clearly 
E (w,w)=E(w,w)+ E (w;w') 

(3 .2 ) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

since 'w and w' are orthogonal in E -norm (i.e., E (w,w')= O). vVe derive first a bound for 
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E(w',w'). From the fact that w;= O on C we have from (2. 18), with 1/; i repli)'ced by w;, 

(3.7) 

Just as one establishes the Dirichlet principle for harmonic Junctions it is possible in 
bounding E(w,w) to show that 

E(w,w) ~E(Ff,Ff) (3.8) 

where Ff is any vector which satisfies the same boundary values as w on C. LeL IIi be the 
components of the harmonic vector which takes on the same boundar~' values as Wi. Then 

(3.9) 

the laLtel' equality followin g from Green's theorem and the fact thaL lIi is harmonic. 1\'ow 
choose P in such a wa.,- that t= pn;> O on C. Then by the arilhmcLic-geomeLric mean 
inequaliLy we have 

E(w w) <"i:..rf., c1III-I .dS + rh t OFfi oJI; dS 
, -'Y fa " J..L'Y Yc on on (3. 10) 

for any positive 'Y. Now since the H i arc harmonic we ma~' ll se in cquitli Ly (2. 10) 1'01' vectors 
Lo obLain 

Pc oFf · oFf · Pc t T TdS~ t - 1 [2J1gradsIIt • grads x)-aIli] [2jk grads JIi · grad s J'k- aII,] dS 
c un un c 

+ 2 Pc t grads TIi . grads IIi dS. (3. 11 ) 

Now since JIt= Wt=Wi on C we have upon combinin g (3.6), (3 .7 ), (3. 10), and (3. 11 ) Lhe desired 
bound 

2ji.-lE(w,w) ~~9i t-1WiWtdS + 'Y { 2 9i t grads Wt' grads WidS 

+ f t - 1 [2Ji grads Wi . g rads Xj- awi] [2P grads Wi' grads :1'k-awJ dS } +!l~~ J~Li (w) L i (w) dV 

(3.12) 

which can clearly be put in the form (1.4) if so desired. 
vVe now derive a bound for the integral of the sum of the squares of the displacement 

components Wi over D. This inequality will be used in sec. 5 to derive pointwise bounds for 

Wi, We seck then a bound for In WtWid V . 

To this end we introduce the auxiliar~T vector X with components Xi defin ed by 

in D and 

on C. Then 
Xi= O 

In WiwidV= In WiL i(X)dV= f Wi[Xt,jl1; + aX;.;nJdS+ ID xiLt(w)dV. 
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By Schwarz's inequality for vectors we have 

Since Xi vanishes on C we may usc (2 .18) and (2.19) with f i replaced by Xi to obtain 

") ~ { II ") ~ + (winiF]clS t + XiJD L i (w)L i (w)dV J . (3.17) 

If we should now set W ;= U i -CP ; where U ; is the solu tion of (1.1), (1.2) and CP i is an approxi­
mating function then the right hand side or (3. 17) would involve U j only through its data. 
We employ this illequality in the next section for obtaining pointwise bounds ror W i' 

4. Pointwise Bounds 

In order to obtain pointwise bounds we again decoll ipose W i as in eq (3.1 ) . Pointwise 
bounds for w; are then derived b.\- making usc of it mean-value theorem for the solu tion of the 
homogeneous equations of elasticity. Such a mean-value theorem was given in the three­
dimensional case b)- Aquaro [1] and S.\·nge [10]. The analogous N-dimensional result was 
obtained by Diaz and Pa)-ne [4]. 

Lct S(r) be a spherc of radius r and surface 22 (r) with center at the point at which point­
wise bounds are sought. , iVe choosc t he origin of a spherical-coordinate system at this point, 
and require that S(r ) be contained in D. 

In what follows whenever a Greek index is rcpeated the summation convention is not to 
be used, i.c., U a, iU a ' i will denote the square or the gradient or a single-displaccment COll­

ponent u a • 

From the mean-value theorem [4 , eq 3.9] 

(4.1) 

If we now integrate (4.2 ) with respect to r from the origin to E, with E so chosen that S eE ) is 
still contained in D, we obtain 

(4.2) 

An application or Schwarz's inequality then yields 

(4. 3) 

By our construction we see that R is actually the distance from the origin to the boundary . 
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Now from (3 .17 ), sin ce L iC )= O i t follows that 

IW/l(O) 12 ::; A(N)Ki R- N ~ t - I[WiWi+ (Win i)2]dS 

= A(N)KiR-N Pc t - I[WiWi+ (Wini)2]dS (4.4) 

where 
(4.5) 

In order Lo obtain bounds for w~(O) we introduce the K elvin fundamental solut ion z;(O,Q ) 
which denotes the compone nts of displacem ent in the kth direction cone pond in g lo a poin t 
load at the origin in th e ,Bl h direction, i. e., 

N = 2 

(4. 6) 

For N = 2, 3 lh ese express ions a rc g iven in Love l7]. B:" the amtlogue of Green 's lhird idenli Ly 
for Lhe equaLions of clasl iciL:" we Itave 

(4.7 ) 

Since L k(w' )=L k(w) in D , for lhe boundary- \'a lll e problem under co ns idera tio n L k(w' ) will f)C 
known. Hen ce b~" Sc hw<ln ;'s inequ Hli Ly 

Ko\\' s in ce w; van ishes on e ""e mfl.\" l ise inequ aliLy (2 .19) lo bOllncllh e second boundary inleg ral 
on Llw r igbt or· (4.8); i.e ., 

Kow since 
(4. 10) 

we h ave b.Y in eq ualities (4 .4 ) and (4. 10) a bound for Hn y one of the di splacelllenL compo ll ents 
at t he origin . 

liVe m a:" a lso obtain poin t,,·ise bounds for th e derivatives of Uil at points ill D . Again we 
fir st obtain au a priori bound for the derivative of a general [unction W/l and interpreL our 
r esulLs for W/l= U/l- CP il . As befor e W/l is decompose d flS W/l= Wil+W~. The pointwise bounds for 
the derivatives of W/l are again obtained by use of mea n-value inequ alities while the fund a­
mental solution (4 .6) is used to obtain deriyatives of w~ . Diaz and Pclyn e [4 , eq 4 .14] have 
shown Lha t Li le str ess compon ent Til'Y defined as 

(4. 11) 

satisfies the m ean value theorem 
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Upon integrating with respect to r as befor e from 0 to R we obtain 

]?NH Th (0)= w:C~~~~~2) J [(N+2) (1-a)r2(xll0'Yk+ X'Y0M) 

8(R) +a(N+2) (N+4)x~x'Yxk+(2a2- 4a-N-2)o~'Yxk]wkdV, (4 .13) 

wher e S(E) agrul1 l S r equired to lie in terior to D . An application of Schwarz's inequality 
then yiplds 

I T~'Y(0) 1 2:::;K~'Y(N)R -(lV+2) I WkWkdV, 
S(R) 

where K~-rCN) is an easi ly computable fun ction of N. 
To obtain a bound for T~'Y(O) we differentiate (4 .7) to obtain 

T ~'Y (0) =f T~'Y(zk)[w~jnj+aw;. jnk]clS + ID T~'Y (zk) Lk (w')dV 

where we have used the notation 

QzHP,Q) + oz; (P,Q) +a oz~ (P,Q) OIl'Y 
o~ o~ o~ 

(4.14) 

(4 .15) 

(4. 16) 

the differentiation being taken with respect to the variables of the point P. Thus the TIl'Y(Zk) 
occurring in (4.15) is formed by first taking z~ (P,Q) (th e displacement at Q due to a poin t load 
at P ) pedorming the indicated differentiation with respect to the variables of the point P 
and then evaluating at the origin . As before, from Schwarz's inequality we o~tain 

1 T'~'Y(O) 12:::; ( {Pc t -ll T~'Y(Zk) TIl'Y(Zk) + h'Y(zk)nk)2]dS 

. ~ t(W~,zW~.I+aw~. kw;.I) dS }! + lID T{3'Y(zk) L k(w)dVIY' (4.17 ) 

The insertion of (2. 19) into (4. 17) then leads to the resul t 

I T~'Y(O)l2:::; { M {3'Y(N) [ID L j(w) L j(w)clV J + lID T{3'Y(Zk) L k(W) dv i} 2 (4.18) 

wher e )J;[{3'Y(N ) is an easily compu ted constant. The desired bound for T{3'Y (0) now follows 
sll1ee 

h'Y(O)i2:::; 2 { IT{3'Y(O) 12+ I T ~'Y(O) 12 }. 
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The nonsingular embedding of transition processes with a 
m()re general framew()rk of coupled variables, J. JIe'1ding, 
J. Research NBS 65D (Radio Prop. ), No.6, (Nov.- Dec. 
1.961) 75 cents. 
Reflection and coupling processes exhibited by plane electro­
magnetic waves p ropagated in an inhomogeneous horizon­
tall y-stratified an isotropic ionosphere are associated with 
discrete transition p oints or with continuous coupling regions. 
These ar ise when the fourth order different ial equations are 
written in first order coupled form, a nd many terms in these 
equations become infinite at the transition points. This 
procedure is rendered more precise by means of a spec ial 
linear transformation that reformulates the equations in a 
new way, thereby exhibiting the manner in which local 
coupling processes are embedded in the more general back­
ground process of otherwise independently propagated 
characteristic waves. To exhibit the power of the matrix 
algebra involved, the case of an arbitrary number of charac­
teristic waves is considcred; moreover, F6rstcrlin~-typc 
coupled equations are produced in a more generalized form 
than hitherto consideTed, and a discussion of the eq uations 
governing continuous coupling completes the paper. 

The robustness of life testing procedures derived from the 
exponential distribution, M. Zelen and i\I. C. Dannemiller, 
Technometrics 3, No.1, 29- 49 (Feb. 1961). 
Almost all the statistical procedures in current use for eval u­
ating the reliability of components or equipment rest on the 
assumption that the failure times follow the exponential dis­
tribution. However, in practical situations one raTely has 
enough data to determine whether failure times are actuall.v 
exponential. This paper studies the behavior of several 
statistical I i[e testing proced ures based on the exponential 
failure law if the true failure law is the Weibull distribution. 
It is found that these statistical techniques, which are widely 
used, are ver.v sensitive to departures from initial assump· 
t ions. Applying these techniques to life test data when the 
exponential fai lure law is not satisfi ed may re ult in sub­
stantiall y increasing the probability of accepting components 
or equipments having poor mean-time-to-failure. 
This paper also develops convenient analytic techniques for 
approximating (i) the distribution of sums of independent 
random variables, and (ii) the characteristics of sequential 
procedures, for non-negative random variables. These tech­
niques are based on a general life distribution which consists 
of an expansion of generalized Laguerre polynomials. Appli­
cation of these methods to the Weibull distribution yields 
excellent results. 

Applications of graph.s an d Boolean matrices to computer 
pr o~ramming, R. B. Marimont, SIAM Rev. 2, No.4, 259-268 
(Oct . 1960). 
It is shown how the techniques of graph theory and Boolean 
matrices may be used in the analysis of digital computer 
programs for the elimination of inconsistencies and redund­
ancies. The inadequacy of the present methods to deal with 
the mOTe complieated problems of computer networks is 
illustrated by d iscussion of some important unsolved prob­
lems. 

On som e partIal differential euuation s of Brownian motion of 
a fr ee particle, A. Ghaffari, (Abstract) Pmc. Intern. Conj. on 
Partial DijJerential Equations and Continuum Mechanics 
(Univ. of W isconsin, M~adison, Wisc., J une 7-15, 1960), 
348':'350 (1961). 
The most general one-dimensional solutions of the Chapman­
K 01mogoroff functional equation are well known as series of 
parabolic cylinder functions . The present paper gives a 
derivation of the corresponding parabolic partial differential 
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equ ations and their simplification and solution for a special 
case. These solut ions differ from those of A. N. Kolmogoroff 
and are of class L (2) over ( - 00, + (0). The same method 
furnishes the most general one-dimensional solutions, as 
series of Laguerre polynomials which converge ulliformly 
over (0, + (0) under certain conditions. 

Nonequilibrium processes in isotollically disordered crystals. 
Dependence on degree of order, R. Zwanzig, J. Nlalh. Phys., 
2, No.3, 370-372 (Mm·.- J une 1961). 
A previous paper [A. A. Maradudin, G. T-I. Weiss, and D. H . 
J epsen, J. Math. Phys. 2, 349 (1961)] has shown that approxi­
mate normal modes of isotopically disordered crystals decay 
irreversibly when the arrangement of isotopes is completely 
random. These resu lts a re generalized to cry tals with an 
arbitrary degree of order. In particular, it is shown irreversi­
ble behav ior occurs ,,·henevOl" the spatial correlation between 
isotopic species extends over a fixed finite range, as the size 
of the crystal tends to infinity. 

A diffraction theory fo r LF sky-wave propagati on, J. R Wai t, 
J. Geophys. Research 66 , No.6, 1713- 1724 (hme 1961); 
An additional note, J. R. Wa it a nd A. M . Conda, J . Geophys. 
Research 66, No.6, 1725- 1729 (J une 1961). 
The concept that radio waves propagate from transmitter to 
receive r via discrete ionospheric reflections (i.e., hops) is put 
on a sound theoretical basis. The earth and the ionosphere 
are represented by two (smooth) concentric sp herical s ur­
faces. The (local) reflecti ng characteristics of these bound­
aries a re assumed to be known. It is shown that the m'th 
hop sky wave may be generall .v represented by a complex 
integral. The geometrical-optical representat ions for the 
field are retrieved as a special case. For low-radio-freq uen­
cies, it is shown that these optical-type formu lae, which are 
often used, have severe limitations. Generally, they are not 
vali d near the caustic points. Teehniques for evaluating the 
complex integral for the sky waves near ami beyond the 
caustics arc then disc llssed in some detail. ' Vhcre possible, 
a physical interpretation of the resu lts is given. 
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