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Another Extension of Heinz's Inequality 
Marvin Marcus 

(D ecember 6, 1960) 

A recent res ult of He in z gi ves bounds on th e bi linear form associa t ed wit h a matri x Q 
in t erms of bounds on the two H ermi t ian parts of Q. This is extended t o certain determi na nts 
associat ed with Q by use of the Grassmann algebra. 

L et A and B be non-negative Hermit iftn (n.n.h. ) 
n-square matrices and le t Q be an ftrbitrary n -squftre 
matrix. A recent inequality due to E . Heinz [3)1 
s ta tes tha t if A 2_ Q*Q;::::0 and B2_ QQ *;:::: 0, then 

(1) 

lor any U and v. H ere X ;:::: ° meftns simply that X 
s non-negfttive H ermitiau . The most r ecen t proof 

o( (1 ) is found in [1] along with several references to 
other proofs ft nd extensions. 

In this pftper th e (ollowing generalizatioll o( (1) 
will b e presen ted. 

THE OR8 M . If A2 _ Q*Q;:::: 0 ancl B 2_ QQ *;:::: 0 and 
Ul, ... , Uk, VI, .. . , Vt are any 2k vectors, 15, lc 5,n, 
then 

where ° 5, p 5, l. 

X d et { (B I- IJVi, BI-IJVI») 
k 

5, II // APui// 2// B l -pvi/ /2, (2) 
1 

In wh a t follows we usc cer tain elem entary prop­
erties of the leth compound m ftt rix o( A, Ck(A ), 
which ftr e found in [5]. 

L E MMA. If H;:::: ° ancl ]{;:::: ° and H - ]{;:::: 0, then 
Ck(H ) - Ck ( ]{);:::: 0 . 

PROO F . W e may assum e ]{ is nonsingular (and 
hence II will b e) by th e standard continuity argu­
ment. N ow H - ]{;:::: ° if and only ifH- I/2 (H - ]{)H- l/2 
= I - H - l /2 ]{H- l / 2 ;:::: 0. This Jft tter inequ ality holds if 
and only if every eigenval ueofH- I/2]{H- I/2 is a tmost l. 
Now the eigenvalu es of C k(1-1- lI{,; are the (z) products 
tftken k a t a time o( the eigenvalues of H - IK. More­
over H - l]{ has non-n egative eigenvalues and hence 
every eigenvalue of Ck(H - I]{) is bounded by l. 
N ow Ck(H - II(,; = Ck(H - I)C k ( ]{) and this latter ma­
t rix is similar to [Ck(T-l) t l/2Ck (1{,; [Ck(T-l)] - lf2 . Thus 

and 

For completeness we n ext include a very brief and 
elementary proof of (1) which r elies on th e fact [4] 
tha t '1' ( ">-' ) = ">-. lJ, ° 5,p 5, 1, is mono ton e o( every order 

I Figures ill brackets indicate tbe li terature references a t the end of tb is paper. 

for non-negative">-. . A s(, a,h"r fun ction 'I' is saiel to 
be monotone of order n on a ::::: ">-. 5, b if whenever 1-1 
- ]{;::::O it follows thft t 'P (II)-'P(]{);:::: O, where H 
and ]{ are n -squa,J"e H ermitia n with eigenvalues in 
the interval a5, >. 5, b. To sec (1) let Q= UH b e 
tlte polftr fftc tor iza tion of Q, II;:::: 0 , U unitar~T . 
Then the hypoth eses Me equiva,lent to A2- I-P;:::: 0, 
]32- (UIIU *)2;:::: 0. Setting w= U*v we compu te th a t 

=/ (H 1Ju, IP - Vw) 125, (II2vu, U)(H 20 -p)W, w) 

= (II1Ju, IIpu) (UIP -1JU*v, UTP - vU*v) 

5, (Avu, .f-1PU) (Bl - 1JV, B l-VV) 

To proceed to th e proof o( (2) let Ul A . .. A Uk 
denote the Gmssm ann (outer) product [2] of the 
vectors Ul, ... , Uk. Th en , by th e lemm a, 

and 

05, Cf(B ) - Ck ( Q) Ct(Q). 

H en ce, applyin g (1) to Ck( Q) , Ck(A), and Ck(B ) 
in place of Q, A, a nd B r esp ectively, we have 

Idet { (Qu;,vj ) }/2=/ (Ck (Q)UI A . •. A Uk, VI A •.. A vk)/2 

5, II [Ck(A )jPUl A .. . A ukl1 2 

I! [Ck(B )]l -PVI A .. . A vkl1 2 

= /I Ck(A V) Ul A . .. A Ukl! 2 

/I Ck(B l- 1J)VI A .. . A vk l1 2 

= II A vUI A ... " A Vuk l!2 

II B 1-VVl A .. . A B I- Vvk I! 2 

= det { (A pUi, A VUj) } 

X det { (B l - PVi, B l - PVj) } 
k 

::::: II II A PUiI1 21I Bl - PViI1 2. 
i= l 
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This last inequality is an application of the Hadamard 
determinant inequality to { (APUi, APUi) } and 
{(B l-PVi, B l-PVj)} and completes the proof. 

If l ~il< . .. <ik~n and l~jl< ... <jk~n 
are sequences of integers, then A[il , ... , i kJjl, ... ,jk] 
will denote the k-square submatrix of A, (aisi ) , 
s, t= l, ... ,k. 

COROLLARY 1. Ij A2- Q*Q~O and B2- QQ*~O 
and O~p~ 1, then 

Idet Q[jl, ... , j klil, ... ,ik] 12 ~ 

PROOF. Note that 

I; 

~ IT aiv II Ul" .. . " U k W 
i=l 

/; 

= IT aiv det {CUi, uj )} . 

i=l 

Applying this to (2) we get (3) . 

PROOF. Let US= eis' vs=ei" s= 1, ,k 
where et is the unit vector with 1 in position t, 0 
elsewhere. 

Let A and B have eigenvalues al~ ... ~an and 
f31~ . .. ~ (3 n respectively. A bound for the left 
hand member of (2) may be given in terms of these 
eigenvalues as follows . 

COROLLARY 2. Under the conditions oj the theorem 

k 
I det {(QUi,Vj) } I ~ IT af m-v (det {(u i ,Uj)})1/2 

1 
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