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A fairly complct e index of references to r esults on statistical distributions publ ish ed 
b efore January 1958 is presented. The material giv en for each distribu tion is a li st of refer
ences r elatin g to: (a) fun ctions an d constants which characterize th e distribution, (b) derived 
distribu tions, (c) estimation , (d) testing statistical hypot heses, (e) miscellaneous. The 
distribu tions covered are characterized as normal, type nI, binomial, discrete, distribu tio ns 
over (a,b) , distribu t ions ove r (a, co), distributions over ( - co, co), miscellaneous uni vari ate, 
miscellaneo us bivari ate, and miscella neous multivari ate. The number of ent ries varies from 
one or two for less well-known distributions to several hundred for the normal dis tribution . 
This index should serve to elimin ate unnecessary derivat ion of results already in the literature. 

1. Introduction 

1. Ba ckground 

The author began this index in April 1954 with the 
limi ted intention of supplying his students at Au ck
land University College, New Zealand, with a 
snhlll r efer ence pamphlet. It appeil,red that no 
textbook of mathematical statistics conta ined a 
complete treatm ent of all the dis tributions that a 
student might encounter. Thus an index was needed 
to facili tate selec tion of the appropriate book In 
1955 the collected r esul ts were mimeographed, an d 
during the next three ymns several hundred copies 
of this early version were ent out in response to 
requests. 

Then, at the invitation of the National Bureau of 
tandards, the author spent the summer of 1958 at 

the Bureau 's Statistical Engineering Labora tory 
supplementing and editing the index for publication 
in the present form . 

In the course of this work, a number of additional 
sources have been included and the jomnal coverage 
has been extended through 1957. Information 
supplied by readers of the original version has been 
incorporated, and various mistakes have been 
corrected . 

2. O rga nization 

The material given under each distribution consists 
of a number of entries, most of which are provided 
with one or more references . In the ca e of the nor
mal distribution with mean m and variance v (No. 
1.1 ) the number of entries is fairly large, and ther e
fore the tandard order is most ea ily seen : 

A. Functions and parameters 
B. D erived distributions 

(a) of linear quantities 
(b) of quadratic quan tities 
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C. Estimation 
(a) po in t 
(b) interva.! 

D. T esting sta tis tical hypo the e 
(a) by lin efLr statistics 
(b) by quadratie stati tics 

E. Miscellaneo l] s 

These ca Legories ar c by no mc,),J1S always used for 
loss important d i tributions. With the limi ted in
formalion available, a co mplete Ii Ling of Lhe head
ings in l] eh cascs would be wasteful as the majority 
would bc empty. K eeping in mind the above order, 
it should not be difficult Lo find the required entry. 

Occasionally an entry will be indented; such an 
entry should be read as a continuation of the pre
ceding one. 

3. References 

The references to the literature are of the following 
typ es : 

A. Coded. 
(a) Journals, e.g., [c]4:17, which refcrs to page 

17 of the 4th volume of the journal designated as 
[c] in table 1. 

(b) Books, c.g., [12]53, which refers to page 53 
of the book designaLed a [12] in table 2. 

B. Uncoded, e.g., Trans. Am. Math. Soc. 17 : 382, 
conforming to the usual volume and page reference 
style. 

C. R eviews 
(a) Mathematical Reviews is designated by MR, 
(b) Zentmlblatt jur Mathematik is designated 

byZ. 
MR and Z references will in no case offer a review of 
a paper appearing in coded jomnals and th erefore 
may be considered to indicate publications in obscUTe 
(from the point of view of the present work) SOUTces. 
:NIoreover, every effort has been made to avoid MR 
or Z references to an uncoded paper quoted and very 
few duplications of this sort should be found . 



'rhe choice between direct (i .e., coded or uncoded) 
and indirect (i.e., review) references is frequently 
availabJe . The one that was actually inspected is 
given. All direct referen ces were collected before 
the search of NIR and Z. Consequen tly, each entry 
corresponding to a direct reference is based on the 
paper, and never its review, and each entry cor
responding to an indirect reference is based on the 
review and never the paper. 

As it is difficult to distinguish priority in a large 
number of references, a chronological table of the 
coded and review references is provided . This table 
also shows what volumes have been systematically 
searched in the preparation of this index. 

4. Criteria for Inclusion 

A. Distributions. As a general principle, a dis
tribu tion is included if i ts density (or probability) 
function is a known , explicit function . The follow
ing exceptions may be noted: 

(a) Cer tain families of distributions arc mell
tioned , e.g., Pearson and Koopman, whose densities 
arc specified only implicitly. 

(b) Cer tain distributions are mentioned 111 

terms of th eir cumulative probability function or 
chara cteristic function. 

B . Entries. T he ge neral principle governin g the 
selection of entries is that each entry must exhibi t a 
property of the distribution in question. E xcep
tions to this rule generally take one of the following 
forms: 

(a) Histori cal informa tion about well-known 
distributions, al though not systema tically sought , 
may in some ciTcumstances be included . 

(b) Important applications, such as those whi ch 
led to the discovery of the distribution, are usually 
supplied . 

(c) Bibliographies. 
Reference to tables bas been excluded in almost 
every case. 

rt is clear that appli cations must be severely 
limi ted. With a slight exaggeration, several whole 
branches of statistics may be considered applications 
of some particular distribution, as exhibi ted for 
example in the following table: 

Distribution 

Binomial 
Nonnal 
Lognormal 
Poisson 
D eterministic 

Application 

Quality control 
Analysis of variance 
Pro bi t analysis 
R andom processes 
Applied mathematics 

5 . Relationship Between Distributions 

In some cases (such as 2.1 and 2.3) the relationship 
between two distribu tions is asserted in their desig
nation. In others (such as 5.3 and 5.15) a very close 
connection is not pointed out. In most cases, 
however, known relationships are simply listed 
among the mi scellaneous properties of both distri-
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buLions. In choosing between these procedures, an 
at tempt has been made to follow current statistical 
usage and terminology. 

Very similar principles have been used to decide 
for or against independen t listing . If one distribu
tion is relatively important and its equivalent much 
less so (for example Chi-square and Erlang), they 
are listed together. In other cases independent 
reputation seems to justify independen t categories. 

It must certainly be supposed that many of the 
trivial distributions of section 8 could be included in 
some larger category or even combined with each 
other. Such a systematic classification which would 
exhibit all connections, even if worth doing, is 
certainly removed from the purpose of this index, 
and has hardly been attemp ted . 

For example, it is well known that no. 8.1 con
tains as special cases all the distributions of sections 
1 and 2; very likely i t also contains dozens of ot hers 
listed. Nevertheless, to indicate this situation by a 
system of subheadings, applied to all entries, would 
quickly undermine the u tili ty of the whole work , 
sin ce i t is the special case, rather than the general 
principle, that occurs in statistical practice. 

6. Notation and Terminology 

In univariate distributions the stochastic variable 
is always deno ted by x, in bivariate by x and yand 
in multivariate by Xl, .. . ,Xk, quite regardless 
of the domain of defini tion . This usage depar ts 
from that of cer tain authors in two respects: 

(a) T he letter n is no t used for a discrete variable. 
(b) The statistic obeymg a particular distribution 

is not used in the density. For example in Student's 
"t" distribution, we write 

( 1 + ~) -t(v+I) 

rather than 

This pract ice is justified not only by the need for 
uniformity but by the belief that the alternative is 
wasteful of the alphabet: t , F, z, D , . . .. Similarly 
'we prefer to call distributions by the names of their 
discoverers (or reputed discoverers) rather than by 
the symbol used to denote some statistic found to 
satisfy them. Of comse, all known designations are 
found in t he final index. 

In many books the expression f (x) is employed to 
denote a probability density. H owever f is com
monly used in mathematics for an arbitrary func
tion. D (x) has therefore been selected as a more 
distinctive means of representing this special 
function. 

In the discrete case D (x) replaces the probability 
distribu tion , which is often written po. C (x) is the 
cumulative function. 

When we come to the characteristic function the 
situation is a little more complicated. Using t for 



the variable, statistical works gent·rall.\T have to 
defin e several symbols for characLeristic fUll ction s of 
various qurmtities, for eXfI,mple: 

x (t)=characteristici"un ction of di tribu Lion of x 
cf> (t)=ehal.:..acteristie fun etion of distribution of 

nx 
~ (t)=characteristic function of distribution of 

X, etc. 

As we will be defl,]ing with mfl,ny differen t statistics 
and possibly th eir charactenstic functions, it is more 
economical and system atic simply to abbreviate by 
the following system: Ch(x), Ch (nx), Ch (x ), etc. 
Thus it is not necessary to select. a new letter to 
denote the characteristic function of each new 
statistic. 

However, this practice leads to equfl,tions like 

which may be offensive to some , however clefl,l" Lh e 
meanin g. Such readers are advised to inLerpret th e 
equali ty sign as an abbrevia Lion for the verb " is." 

This interpretation has another impor tant conn ec
tion with the notation b ein g used . A variety of 
verbs has been employed to describe the relation 
between a stochasLic variable fwd its dist ribution , 
for example: 

x obeys the normal dis tribution with mean m 
and variance v, 

xfollows the normal distribution with mean m 
and variance v, 

x is a norm al variable with mean m and vari
an ce v. 

It seems equally felicitous to assert. this relaLion
ship by the convenient abbreviation 

D (x) = N(ln,v) , 

which may, if preferred , be r egarded not as a mathe
matical equation buL as shorthand. In any case it 
makes possible an unambiguous condensation of 
the facts. 

Similar remarks apply to the express ions MGF(x), 
FD (p ) which are used to mean momen t generating 
function of the distribution of x and fiducial dis · 
tribution of the parameter p. 

Another application of this l1 se of the equality sign 
relates to the symbols C. - R. (p ), MLE (p ), MME (p ), 
UMVUE(p), BANE(p ), and is exemplified by the 
fo1lowing: 

C . - R. (0") = v/2n 

MLE (v) = S2 

UMVUE (v) = ns2 / (n- 1). 

For the meanings of these an d other abbreviations, 
the reader is rderred to the followin g list: 

D (x)- D ensity or probability fUllction of a 
stochastic variable x 
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C(x)- CumulaLive distribution function of x 

Ch (x)- Characteristie fun ction of distribution 
of x 

MGF(x)- Momellt generatin g fun ction of d is
Lribu tion 0 f x 

PGF(x)- Probability genera ting fun etion of x 

FD (p )- Fidu cial d istribution of a param eter p 

m- Mean of a population 

x- Mean of a sample 

v = u2- Variance of a population 

s2- Varian ce of a sample 
n 

(i.e. , S2 = ~ (xl-x.)2/n ) 
,= 1 

tLk- kth central moment of a population 

O!k- kth moment about the origin for a 
population 

Kk- k th cumulant 

r- Corrclation co efflci en t ill a sample 

p- Corrclation coefficient, in a population 

~-Median 

GM- Geomctrie mean 

Hl\1- Harmol1le mean 

n- K urn bel' of iLel1ls in a sample 

i3- Slope of r egress ion line in a population 

b- Slope of regression lin e in a sample 

~-Asymptotic (= ]arge sample) 

i31,i32- P earson 's betas 

C .- R. (p)-Cramer-Rao lower bound for vari
ances of es tim ates of the param
eter p 

MLE (p)-Maxilllum likelihood estim aLe of the 
para meter p 

MME (p)-Minimax estimaLe of the paramrter p 

Mx2E (p)-Minimum Chi-square esLim ate of the 
parameter p 

UMVUE (p)-UniJormly minimum variance un
biased estimate of the parameter p 

BANE (p)- Best asymptotically normal estimate 
of the parameter p 

LR- Likelihood ratio 

L-The likelihood [unction II D (x ,) 

Seq- Sequential 

OC- Operating characteristic 



BCR- Best critical region 

Q- A quadratic form 

E - Expectation 

The author wishes to thank ChurchIll Eisenhart 
for arranging his visit to the National Bureau of 
Standards, and Lola S. Demmg for helpful advice on 
the typescript and for invaluable assistance in ready
ing final copy for printed publication. Also, he is 
grateful to Dean L. M . K. Boel ter (acting on behalf 
of the Regents of the University of California) for 
granting two-months' leave from the Institute of 
Transportation and Traffic Engineering. 

Finally, it is too much to hope that a work of th is 
character and magnitude is entirely free from error. 
The author will welcome notification of necessary 
corrections, and of important omissions. 

II. Distributions 

1. Normal 

1.1. Normal (m, v) 

A. Functions and Parameters 

D (x)=(1N271'v)c-(x-m)2/2v : [6]lOB, [5]34, [4]57, 
[B]91, [9]243. 

Ch(x) =exp( -tvt2+mit): [1]211, [5]62. 

MGF(x) = cxp (!vt2+tm) : [6]112. 
Derivatives etc . [d]2:1Bl. 

Transformations: [c]39 :290. 

Obtained from Pearson's differen tial equation : 
[4]72 . 

Called Type VII: [11]45. 

Limit of binomial: [4]5B. 

Variance of x and s: [3]42. 

Var(m3) = 6v3n-1, var(m4) = 96v4n-1 and many other 
constants: [2]224. 

Calculation of constants and numerical examples: 
[11]88. 

Mean deviation E lx-ml=(2v/71')!= .79788o-: 
[1]258. 

Probable error = .6745o-: [4]58. 

iX2k= (2k- l )vk : [5] XII, [B]9B. 
Quasi-range: [d]24:603. 

B. Derived Distributions 

D(x)=N(m, vn-1): [9]270, [6]10.2, [2]243, [4]100, 
[w]l :93. 

D(x/s) : [3]139. 

D[ (n- l)!s-l(i-m)J=Student (n- l ): [6]217,[5]9B, 
[2]239, [4]112, [w]l :74. 
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D[s-l(n-l)~x], where Xl are samples from N (ml' o-); 
ml not all equal : [d]19:406. 

D [(x - m )/range]: [d]22:469. 

D (range) etc.: MR13:762. 

D(~kIXI) =N(~klml' ~kfvI): [4]99, [B]92. 
[(x-m/O'»)2 is Chi-square, (X /O')2 is noncentral Chi-

square, (x-m)2 is Type III, product of normal 
variables is Bessel, quotient normal for large 
m /O': [lB]1 - 150. 

[2]253. 

[4]100. 

[ 
X1-X2 ] N(O ) 1 d D V(~l+ ~) = ,1 wlenm] = m z an V1 = VZ=V: 

[6]263. 

D [ (X1-X2)- (m]-m2) (nl+ n2-2)t] 
(n1si+ n2sD' nil + 11i 1 

= Student (n1+n2-2): [4J112, [3]109, 11 2, [5]98, 
[c]29 :350, [c]33:252, MRB:42. 

D [ (n1+n2-2) (n1(X]-ml):+nz(~2-m2)2)] 
2 nls1+n2s2 

= Sneclecor (2, n-2), confidence ellipse: [4]132. 

D(lc th value from top): [1]374, [d]25:565. 

D (smallest sample value) = N o. 8.40: [g]42 :40B. 

D[tv- 1(x- a)] = Gamma (t): [10]1 50. 

D(HM): MRf,.:164. 

D (~x2+y2), D (~X2+y2+Z2) in special circumstances: 
MR16:377. 

D (~xD: [1]3:353. 

(
X - m)2 D(x2)= D ~ "~ = x2(n): 

D (s2)= Type III (n /2v, t n): 

D[ (I/n)~(xl-x)2]=Type III 
[6]10.4· 

D(s) for n = 2,3 : [c]ll :277. 

[6]10.3. 

ld]5:281 , [6] 10.3. 

[(tnv- 1, ten-I)]: 

D(s/i), Coefficient of variaLion: [d]7 :1 29, [aJ94: 
564, [a]95 :695. 

D(range/s): [d]17:366, [c]31 :20. 

D[(2s2)-!], "precision constant" = Type V, moments, 
etc.: [d]3:20, [a]97:132. 

D(logs2): [b]8:12B. 

D(ns2v-1)=x2(n-1): [3]115 

For unequal v, 

D[n1(n2- 1)v2sUn2(nl- 1 )vls~]= Sneclecor(nl - 1 , 11 2- 1): 
[4]115, [10]197. 

Testing and confidence intervals: [d] 13:371. 

Power function: [d]17:182. 



For equa,} v 

D (llI SIV- I+ ll2S~V -I) = x2(nl + n2- 2), 

DCII nl(11 2- 1)SI) . 
2" og ( 1) 2 = Flsher (lll - l, n2-1) : n2 lll - S2 

[10]198. 

D (v-I~ (nl- l)sD=x2: [4]116. 

D (variance ratio): [k]11:136. 
Distribution of various statistics from k normal 

0. - R. (CT)=v(2n)-I, hence s is efficient: [2]224. 

Efficiency of es timates of CT: [c ]37: 182. 

In estimating CT , 

2:.~ (Xl-m)2 is more efficient-, than 
n 

11 r[t(n - 1)] . 
" z-n r (!n) s. [1]484. 

populations with common variance: [e]17:2. O.-R. ((JIm): [e]8: 204· 

Ranking variances: [g]51 :621. 
Distribution of many quantities in a wide variety of 

cases: J. Soc. Stat. Paris 96:262. 
D (various Q): ]..IIR13:142. 
D CX:,s): [2]238, MR8:161. 
D (b2) for n = 4 is hypcrgeometric: [c]25:411. 
D (bl) 1'01' n = 4 is hypergeometric: [c ]25:207, 

[e]33:68. 
D (midrange): [d]21 :100. 

D (range): [c]17:364, [e]18:173, [e]24:404, [c]39:130. 
Quasi-range: [d]28 :179. 
D (r): [b]15:193. 
D W: [d]26:114. 
D (Q): 1l!lR22:60. 

D (XIX2): [d]7:1, [d]1 8:265. 
D (Xl, ... , x,,) : [4]98. 

FD (m) = N(x, vn-I): [c]30:401, 414, [p]17:231. 
FD[n!s-l(x - m )]= Student (n - l ): [3]88 . 

T es ts: [3]98, [e]33:173, [n]5:90, [d]9:279, 
[lc]6:395. 

FD (m, (J): [3]89, [k]6:395, [d]10:68. 
FD ( l / (J ) = Helmert (n- l , 1/s.Jn): [3]89. 
A priori distributions of m and I /CT: MR9:48. 
Ranking means: [t]7:131. 

O. Estimation 

O.-R,(m) = VlI- I, i. e. x efficient: 
[3]20, [y]ll :1 82. 

[1]483, [4]135, 

Var(x) ~ var (~) : [4]92. 

UMVUE(m)=x: [3]51 , [t]4:167. 
x unbiased : [p]7:150. 

Minimax es timates of m: [d]21 :218, [cn22:28. 

Best " density unbiased" e timate of m: [d]25:399. 

"-'efficiency of ~ is 2/7r = .6366 : [1]490, [u]22:706. 

Estimation of m when it must be integral, etc: 
[b]1 2:192. 

M ean of ktll values from top and bottom has ~effi-
cienc~T zero: [1]490. 
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[n l (n -1)]s2 unbiased for v: [p]7:152. 

Estimation of (J for industrial quality control : 
[g]49:375. 

Estimation of (J from percentiles: [i]40:85. 

Estimation of v and (J: [d]18:584, [b] l :78. 

0.-R.(v) = 2v2n-l, h ence S2 efficient: [1]484. 

MLE (v) = s2: [6]10.3. 

MLE(v) depends on wh eLher m known : [3]34· 

E timaLion of v: [e ]1 2:57, [i ]4.D:85. 

In esLimating v, ,,-,efficiency of S2= + 1 : [3]7. 

If m constant, S2 not suffieienL : [3]11 , [4]l36 . 

In estimating v, "-'efficiency of mean devlaLion -= .876 : 
[3]7. 

Unbiased esLimates: A. ]..11. S. Translation No. 98. 
Olosest esLimates of m,v: [u]33:45. 
Un biased e Limation of mean absolu Le deviaLion : 

}'([R13:367. 

In estimating m,v "-'variance-covariance matrix: 
[4]142. 

x, S2 are moments estimaLes of m ,v: [1]498. 

X, [n/ (n - 1)]s2 are "-'efficienL: [1]494. 

MLE (v,m)= x, S2: [1]504, [6]156, [3]20,34, [4 ]1 32. 
x, S2 joinL sufficient: [3]11, [4]136, [e]17 :211, 

[i]38:181. 

Estimation of m, (J: [d]17:386, [e]10:321 , [e ]8:1 2. 

E stimation: [e ]35 :186. 
Minimum x2 esLimaLion: [e]ll :262. 
MLE from cen ored sample: [i]32 :124 · 

Oensored sample: [c]39:260, [c]43:225, 1,v.lR14-:569, 
]..IIR15 :241. 

E stimation of m2: [u]45:214, [d]17:43 
If v known, confidence r egions for m are x ± lep vi n - t, 

where k p are the p % values of the normal : [1]514. 

Oonfidence intervals for m: [4]130, [6]224, [10]189. 
Seq. confidence intervals for m: [d]18:427, [b]19: 

133. 

Oonfidence intervals for v: [4]131, [6]226. 

Interval estimation of v and CT: [e ]6:117. 



Confidence limits for VdV2: [4]131. 
Confidencc limits for m, -- 1112 with same v: [4]130. 
Intcl'vftl cstimation of mt - m2 (Behren's Problem): 

[3]91, [d]18:601 , [d]14:35, [d]15:430, [d]20:616, [d] 21: 
507, [e]4:39, 108, [d]24:390 [p]7:232. 

Confidence limits on m and s : [e]2:13, [0]8:83 . 
Confidence intervals Jor m, v: [6]227, [3]79. 
Tolerance limits: [d]13:398, [d]17:208, 

("') [d]17:238, [d]27:171 , [t]1:164. 

D. Testing 

Testing mt > m2: [:1]14:149 . 
T ests on m: l6]259. 
Unbiased regions for testing 111, = m2: 
Power function of Hl2::mo: [3]305. 
Test of musing mllge in plftce of s: 
Hypotheses on m: [11533, [4]149. 

[31320. 

[d]17':71. 

Tests based on (rectangular a priori) distributions 
ofma.ndv: ZlR:158. 

Seq. tests on m: [d]16:171 , [e]10:364, 368, [b]9:250, 
lc]37:334. 

Control charts on m: [b ]1 6:131. 
Testing m, against m2 and Uo against Ut by quick 

counting methods: [e]17:80. 
Seq. hypotheses on m: \d]20:502, [g]40:303. 
Student's hypothesis: [9]31 :318. 
Student's is best for testing m, = m2: [3] 2817, 291, 

[e]12:79. 
LR test of m = mo is Student: 
Powrl' function for Student test: 
Seq. Student test: [c]37:326. 
Comparison of two means: 

[c] 35 :88, [0]4:31. 

[4]1 50. 
\d]17 .·192. 

[10]190, [c]38:252, 

Comparison of Ie means: [t]7:1. 
Testing whether variance is constant: [y]20:114. 
Three decision seq. test of m: [y] 23:22, Amster-

dam Mathematical Centre Stat. Dep. Rep SP34. 
Testing whether many means are all zero: le]8: 

70, 14]176. 
Testing Xt - X2: [i]29:21, [c]41:361. 
Testing Xl - X2 without assuming V1=V2: [d]9:201, 

[13]433. 
Linear hypotheses: lc]27 :161, [3]292, 300. 
Joint tests: [t]6:25, 73. 
Testing outlying observations: [e]17:67. 
H: U= Uo: [3]287, ld]8:193. 
OC for x2 test of U= Uo: [d]17:179. 
Seq. test on u: [e]10:369. 
Seq. test on UI = U2: [e]12:63, [b]11:101. 
Tests on v: [6]267. 
Fisher is best for testing VI = V2: [3]289. 
Testing homogeneity of variances: [c]31 :250. 
The most powerful test of 

.{ H: U=Uo, m } 

~ Alt: U=(]'J, m = ml 

Hypothesis of equality of many normal variances: 
[b]6 :89, [c]29:124. 

Significance of smallest of set of variances: [s ]10: 
117. 

Critical regions for m and v: [3]278. 
Bibl iography of testing equality of variances: 

[a]109:457. 
Seq. ratio test terminates: [e]8:342. 
OC function: [g]47:191. 
Power functions of t,ests: [d]17:189. 
\V'hether two samples are from the same normal 

population: rn]7:3 , [k]17:302 . 
Tests for normality: [c]28:295, [c] 27:310, 333, 

[c]34:209, [0]1:125, [i]20:152, Z19:74. 
Tests of various composite hypotheses: [d]19:495 , 

[e]9:30, [e]10:29. 
Decision problems: [b]15:55. 

E. Miscellaneous 

Independence of x and s (Student-Fisher Theorem): 
[i]19:108, J. Math. Soc. Jap. 1:111, MR1:346. 

S2, X independent: [4]108, lYIR14:775. 
N orrnality if and only if x and S2 independent: 

ld]13:91, ld]16:400, [d]1 3:91, NBS Rep. 2267, J. 
Math. Soc. Jap. 1:111. 

Normality if and only if D(x, s)=L. sn-2: ld]14: 
197. 

Normality if D(x) D(Y) = <I>(.Jx2+y2): MRI0:125. 
VaI·ious characterizations or normality: [e]1 3 :359, 

[d]28:126, li]39:59, [d]27 :858, [e]14:180, Am. J. 
McLth. 61 :726, Math. Z. 41 :405, Z13:214, 3rd 
Berkeley Symp. 2:195, MR16:1034. 

Generalization of Student-Fisher theorem: \i]20: 
248. 

Independence of quadratic forms: [0]1 :83, Proc. 
Roy. Soc. Edin. 60:.40, [u]30:178, [c]37:93, [c]14:195, 
~d]15:427, [d]20:119, MR12 :509. 

Bayes'theorem: [n]16- 1:113. 
Cochran's theorem : [4]107,68, 

More generally: [d]ll :100. 
History of normal: [c]16:402. 
History of distribution of s: [c]23:416. 
Distributions which converge to normality: [d] 

10:247. 
Discrete analog: [c144:365. 
Regression of x and t, where m =a-be- kt : [d ]18: 
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596. 
Comparing percentage points of two normals: 

[d]19:93. 
k samples: [3]295. 
Truncated sample: [d]23:237. 
Sampling from N(~ akmk, v): [4]160. 
Max ~x" min ~Xj: [c]40:35. 

See also: [d]25:389, [d]l :151, [d]6:197, [d]7:77, 
[d]10:365, [d]13:235, [d]17:483, [d]20:123 , [d]21 :36.2, 
[d]21 :557, [d]22 :596, [d]23:43, [d]23 :384, [d]23:547, 
[d]25:16, [l]3:309, [e]9 :6, [1 3]345, [c]10:522, [c]1 3:287, 
[c]16:239, [c]24:184, [a]79:455, [j]7:23, [c]31 :238, [c] 
34:61,98, [n]5:3, [n]1 2-3 :65, [c]40:116, [c]32 :226, 301, 
[g]48:550, [cl ]25:636, 698, [v]5:337, [9]51 :88, Brit. 
Assoc. Math Tables (3Td Ed .) v.I p. xxmii, N.E.s. 
Rep. 2545, C.R. Acad. Sci. Paris 238:444, [0]1 :83, 
App. Sci. Research (Netherlands) Sect. A 3 :297, J. 
Franklin Inst. 260:209, N .B.S. Rep . 2267, Am. J . 
1I1ath. 57:821, Ann. Math. 35:312, Nat. Acad. Sci. 
28:297, [y]24 :2, Z18:225, MR16:52, jJ;[R14:1098, 
Z5:173, Z19:31(', MR17:53, [w]7:193. 



1.2. Normal: N (0, v) 

D (x) = (27TV) -t exp(-t X 2V- I): [10]50, [c]31 :1 . 
Ch(x) = exp(-t vt2): [2]94. 
MGF(x) = exp~t vt2): [2]53. 
C(x): [c]25 :379. 
a 2k = 0"2k(2k) !/2kk! : [10]54. 
2nd eumuhtnt = v, others zero: [2]67. 
Pearson type: [2]141. 
D (x) = N (0, v/n): [2]175, [n]10- 3:90. 
D (x/y) = Cauchy: [1 8]1- 150, [w]1:74 . 
D (x2) = T ype III: [i]26:212. 
D (S2) : [2]246, [u]28:4.56, Z15:118. 
D (~ xf/2v) = Gamma (t n). 
D (~ xf) etc: [c]35:47. 
D (~ xf), D (QdQ2) : [w]1:74. 
D (Q/v) = x2(r) , Q of rank r; ~ ° eigenvalues all 

+ 1: rd]9:48, [c]25: 122. Z19 :357 [c]30:.407. 
Ch(Q) = [II (1- 2itvk\)t]-I . 
D[x n t (~xf)-t] =Type II: [i]29 :13 . 
D (x) assuming v is T~Tpe III : [d]28:510. 
D (x/s) = Student (tesLing): [c]37 :65. 
D (range) for n = 3, unbiased critical region : [3] 

327. 
FD (v) = T ype V[~ xr/ (n - 2), t (n - 2)]: [p]7:226. 
c. - R. (v) = 2n- l v2 : [1]4.84, [p]7 :1 59. 
If D (n) = No. 3.5: MR14 :391. 
MLE(v)=n-l~ xr: [4]14.1. 
S2 UMVUE of v, but s not of 0": [3]52,54. 
Neyman-Pearson on hypoLhesis tes ting: [c]20: 

178. 

ir H .: 0" =_ 0"0 L 
Most powerful test of r 

\.. Alt. 0" - 0" \ ) 

[3]275. 

Completeness: [e]10 :313. 
Unbiased critical r egions: [3]212. 
Testing srM etc : [e]5:157. 
T esting serial correlation : [i]31:1 03. 
Various devices for sh owing area = + 1: [d)5:1 36. 
Inferen ce : [b]15 :52. 
As " Maxwell-B olzmann" distribu tion: [12]39. 
Variance of Gini 's mean difference is "-'vn- I(.8068)2: 

[2]217. 
Mean differ ence : [c]28:432. 
Properties of f (x), where x is N (O,v) : [c)17 :211. 

See also : [d]1 2:239, [c]3 :311 , [g]26 :178, [c]31 : 
260, [n]13- i :51 , [u ]30 :330, ~A1R9:364, MR3:2, [a]83: 
127. 

1.3. Normal: N(rn,l ) 

D (x) = (2 7T)-t exp[ -Hx - m)2) . 
E(xr + xD = (t 7T)!, Var(xr + xD 

= 2-t7T, E lx l = (2 / 7T)l, E(e aX) 

= e!a2 , var (e aX) = e2a2 _ ea2 : [8]120. 

D (x) : [3]2. 

D (x2), D (xr + xD, D(XI+X~)!: [8]95. 

D (xy) = Bessel: .MR10:200. 

FD (m)=N(x, n - I) : [3]85. 
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Bayes' distribution (m): [3]91. 

x sufficien t: [3]8, [e]17:211 , [p]7:161 . 

x is consistenL: [3]3,26. 

x is MLE: [4]140, [c]33 :125. 

x is minimax. 

Efficiency of ~= .637: [3]6. 

Confidence in tervals for m: [3]63,70, [p)7:222. 

MLE for X2 test: [d ]25 :580. 

Remarks on testing: [d )13 :62. 

}.![ost powerful test of ~AlHt: m :=:; m o } 
t . m = n1 \mO 

is x> c: [3)274. 

UMP test of m = O: [13]452. 

Seq. test: [c]43 :452. 

Completeness: [e]iO :313. 

U nbiasecl cri t ical regions: [3)311 . 

T est ing cquali Ly of several means: [e]8:69. 

T esting; called "Laplace": [v]2 :251. 

Peculiar eomposiLe hypoLilesis on m: [3]306. 

Inference: [b]15:52. 

Pitman 's m eLhod: (3)324 .. 

R a nge: [c)38:463. 

Sec also: [c]27 :466, [c]31:202, [c]36 :460, [g)7 :95 
3rd Berkeley Sympo ium 1 :197. 

1.4. Normal: N (0, 1) (Gaussian) 

[7]129. 

General expose: Acta 1I1ath 77 :1 . 

C(x) as continued fraction: [2]130. 

C (x) as a series: [c]19: 13. 

Bounds on o (x ) : [c)42:263. 

Property of O(x) : J.l;lath. Z eit 41 :405. 

C(x): MRI0:267. 

~O(x): MR16:628. 

MGF(x)=exp (H2). 

Oh (x) =exp ( - tt2): (8)1 6.~, (1)100. 

a2k= (2k) !/2k k!: [d]5 :32, [d )11 :353, [h ]l :1 3,193, 
[1]208. 

Absolute momen ts: Zl :26. 

Median and quartiles: [c]25 :79. 

D (nx) = Normal : [c)19 :227. 

D (S2): [e]5:138 . 

D (x2) : [d]l :340, [e]5 :1 38. 

D (~xD=x2(n) : [2]231, (4)103, [9 ]331 . 

D (~kiX.) : [d)1 3 :17. 

O(nt -IX) = Student: (9)336. 



D (Q), D (QdQz): [e]17:37. 

D[~ (Xl- X)2]= xZ(n- l) : [9]333. 

0(1') expressed as an integral: [9]339. 

D (XtX2) by Mellin transformation: [d]19:375. 

D (xdxz) = Oauchy : [d]19:375. 

D (x,s): [0]7:65. 

D (range) for n = 3,'"'-'D (range) : [c]34:111 , 
[c]5:31 3, (0)8:155, [c)36:1 42. 

Moments of sample median: [d]26:600. 

D (extreme deviate): [c]35:1 20. 

O(range) : [c]32 :341. 

D (~xV~yf) = Snedecor: 
Oh fcns of estimates of v: 

[d]19:3'l8. 

[d]19:257. 

Generating functions: Z2:200. 

Estimation of dispersion: [c]36:96. 

Estimation of mean deviation: [c]33:254, [c]35:304 . 

Variance of median : [c]23 :361. 

T esting N (0,1) against various alternatives: 
[c]30:1 39 . 

Multivariate analysis: 
Limit of binomial: 

[3] XXVIII. 
[7]134. 

Oentrall.imit theorem: [i]27:139, [i ]29 :206 

Kth value from the top: [1]374. 

Oensored samples: [c]41 :230. 

Ordered samples: [e]ll :23. 

Stratified sampling: [dJ5:138. 

Variance in two samples: [nJ13- 3 :49. 
R atio of two ranges : [d]21 :112. 

T etrachloric functions : [cJ14:157. 

Approximations: [d ]17:363. 

Sheppard's tables: [c]2 :174. 

Grouping: [i)32:135. 

Moments of order statistics: [dJ41 :200. 

Occasionally called Laplace-Gauss, or even Laplace: 
A cta Math. 77:1, C. R. Acad. Sci. Paris 232 :1999. 

See also: [dJ4 :109, [dJ17:350, [dJ22:425, [d]24: 
133, [d ]24 :297, [13J63, [c]18:395, [c)24:.98, [c]24:280, 
[c]25 :195, [i ]6:209, [17]No . 41, [m]6:120, [d]22:418, 
[y]24:22, [uJ29:231, Z4:66, Z8:266, Z20:39 , 145, 
MR12 :191 , Z18:412, l "odR17:756, C. R. A cad. Sci. 
Paris 238:444, Phil. Trans. Roy. Soc. London A237: 
231, MR7:18, Z5:366, [Y]4:189. 

1.5. Truncated Normal 

o (x) : [lJ248, [6]243. 

Introduction, estimation, examples: [15J144. 
D (~xl) : [b ]8:223. 

Fitting: [c]39 :252. 
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Estimating m and v: [g]44:518, [g]47:457, [j]9:489, 
[0]3:37 , MR7:461 [c ]40:52. 

Distribution of estimate of cr: [1 5]316. 

Censored sample: [C]42:516. 

MLE: [i]32 :119. 

See also: [d]9:66, [d]20:458, [g]47:379, Brit. 
A ssoc. A1ath. Tables (3rd Ed. ) v. 1 p. xxxv, l.1R2:231. 

1.6. Generalized Normal (Kapetyn) 

(27rv)- t exp [-!v-1(f(x)-mr]df(x) : 

C. - R. (m) = v/n, C.-R. (v) = 2v2/n: 
MLE (cr) = [n - l~ (f(xl) - m 2J!, 
MLE(m) =n-l~f (xl)' 

See also: [cJ5:168. 

1.7. Normals Added 

[5]93. 

[5]139. 

D (x) = (l + k) - i f (271-) - t exp (-!(x+ m t)2+ kv-t (271) -~ 
exp -!(x- m2)v- 1}: [dJ2:340, [h' ]2 :63. 

Val' (x) = (l+ k) - l[l + mi+ k (v + mm . 

Method for partition with example: [sJ5:47. 
Semi-invariants: [iJ17:1. 
D (x): [d]11:219. 

Three normals added: [d]5 :237. 

More generally: [d)3:1, [d]5 :230, [c]3:85, MR14: 
485. 

Sampling theory: [nJ8- 3:67. 

[c]37 :42.9. Many normals added: 

Called "compound normal" : [iJ32 :180. 

Bivariates : rf]8:328. 

See also: [cJ40:460, [eJ14:369, MRll :258, l.JR17 
1102. 

1.8. Lognormal (a, m, v) 

D (x) = (x- a) - 1(27rv) -t exp [-!v- 1 (log (x - a) - m)2], 
parameters and moments: [15]160, [5]121, [d]3:45 . 
[1]258, [cJ4:194. 

Graphical determination of parameters: :w].9:102. 

r,1ean = a + em + !V, var = e2m+V(eV - 1). 

Another form 

D (x) 1 exp { _ _ 1_ [lOg x-aJ 2 } 
-/2 c(x-a) 2c2 b 

m = be!C'+ a, mode= be- c'+a, GM=~ 

= a + b, moments, tables, regression, 
examples, bibliography: [d]4:30, [bJ7:155. 

Moments, transformations: [w]7:152, [wJ8:83. 

Oomplete treatment with bibliography: Aitchi-
son, J. and Brown, J. A. C., " The Lognormal Dis
tribution" Cambridge, 1957 (MR18:957). 

Estimation of m: [eJI0:341. 

MLE : [gJ46:206, I ntl. Congr. Math (1950) 1:581 . 



R egression: [d]7:196. 

",Te t on m: [d]28:104.4, [d]27:670. 

Called " Galton-Macalister" : [c]32:239. 

Called Gibrat: Kendall and Buckland, " A di ction-
ary oj Stat. terms." 

U ed to approximate Fisher distribution : [d] 
12 :448. 

D educed from hypothesis about errors, etc.: [i] 
28 :141 . 

(x- a) / (b - x) lognormal : [17]No.46. 

Transformation: [c]36:15b. 

Versus normal : Geochimica et Cosmoch'imica 
Acta 8 :53. 

Di crete lognormal : [c]37:362. 

Compared with normal by means of Galton-Kape-
tyn apparatus: [s]4 :1 29. 

Truncated lognormal : [i]28:150, [c]38 :414. 

Lognormal (0, 0, I ), E (x) = et , v = ez- e: [8]120, 
176, [17]No. 45, [c]22:109, [d]4 :30. 

Sec also : [d]14:120, [1]13 :161, [e]12:1 21, [b]6: 
174, [b]11:19, [d]15 :1 82, [c ]4 :179, [c]22 :146, [g]34: 
762, [g]36 :493, [f]1 :57, [c]36:155, [c]38:427, [g]48: 
600, J . Franklin I nst., 244:471, 250:339, 250:419, 
251: 499, 251 :617, [g]50:904, [c]43:404, [a]119:157, 
185,250: 339, I nd. and Eng. Chem. 40: 2289, J . Roy. 
Soc. (A )216: 309, J. Phys. Chem., 56:44·2, ry]t3 :29, 
J. Hygiene 42 :328, Z10: 173, 1\;[R3:4, Nature 
156:463. 

1.9. Wrapped·up Normal 

D (x) =k~e- c(x + j) ' : Bull. Soc. Math. France 66: 
32, 67:1, C. R. Soc. lj;lath. France (1938) p 34, Ann. 
Ecole. Norm. Sup . 45:1 [t]55:335, [d]18:589, IIand
buch der Physik, B erlin, Springer 3:477. 

1.10. Gram·Charlier 

Two-term D (x)=(27r) -~ [l - k /6 (3x - xZ)] exp( - ! x2) : 
[3]103, 137. 

General Gram-Charlier: [4]77. 

D (i ) : [dJl :199, [d]2:99 . 

D (x2): [i]26:212. 

D (s): [d]6:127. 

t-test: [i]26:21O. 

D (x) = f (x) N (m,v): [d]23:467, [g]26(P):233. 

D (variou tatistics) : [g ]4 :1 . 

Log Gram-Charlier: [i]28:145. 

Type B Gram-Charlier : [d]8:183, [d]18:574, 
Trans. Amer. ~Math. Soc. 67:206, [d]20 :376. r11!i:17. 

MGF factorial moments: Z/i:21.~. 

See also : [a]88:576, [a]89 :129, [c]33:126, [c]36: 
427, [c]38:58, 87, [c]39:425, [i]7:147, [l]23:283, 
T.A.NJ.S. 67:206, Z18:320, Z22 :243, Z2 :43 
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1.11. Biva riate Normal N ( m!' V I p) 
m 2, V2 

D (x,y) = [27r<Tl<T2(l - l ) I)-I exp { - ![VIV2(l- p2) ]-1 
[(x - ml)2v2-2pCTICT2(x - ml) (y-m 2) + (y- m2)2v1]) 
[6]165, [5]89, [4]60. 

Introduction , properties, example : [15]585. 

Another form tKoopman-Darmois) : [e]8:322. 

Ch(x,y) =exp {i (mls+m2t) -!(VIS2+ 2pCT1<T2St+V2t) } : 
[1]287. 

MGF : [6]167. 

D (Xl,X2) = Normal bivariate: [4·]101 . 
D (x - y): [c]2:379. 

D (y/x): [c]24:428. 

D (xy) and D (x/y) : [18]1 - 151, Am. Math. Monthly 
49:26. 

Ch(xy) : [a]42:82. 

D (r): [4·]120. 

If p= O, D (r2) = B(1 , n - 2): 

If p= O, D (b) = B (l , n - 1): 

D (colTclaLion raLio) = No . 5.3: 
",D (r): [c]10:507. 

D (1"SlS2, sI,sD : [u ]29 :264. 

[10]160,178. 

[10]180 . 

[10]181 . 

DisLribution of various sLatistic : [e]17:21. 

:MLE (111."m2, vl ,v2,PCT1<T2) = x, y, sI,S~,rsls2: [3]37. 
Var(x) = vJ n, yare D= vl /2n, var(r) = n- 1 (1- p2)2, 

COy (SI,SZ) = p2CT1CT2/2L1, cov(r , SI) = pCTl (1- p2) /2n, 
coy (xS) = PCT1CT2/n : [3]38. 

11LE from fI·agmen tary information : [d]3 :163. 

x , yare joint efficient in estimating ml and m z; 
nSf n s~ n . . . 

x, y, - -I ' - -I' --1 rS1S2 h ave JowL effi ciency 
ll - 11 - n -

(n - l /n)3: [1]495- 6. 

[(X- ml)/ <T,] + [(y - m2) / CT2] and [(x - mj)/ CT,] 
- [(y- m2) / CTZ] arc independent and N(0,2(1 + p)), 
N (O,2 (1- p)) re pedively: [6]217. 

E stimation: [d]17:395 , [e]8:322. 

E stimation, testing: [15]606, [g]50:884. 

Censored samples: [x ]6:83. 

Di tribution ratio standard deviations: [x]6 :93. 

Confidence limi ts for r: [c]29 :157, J . Nat. I nst. 
P el'sonnel R es. 6:153. 

Confidence limits for m J m 2: 
962. 

[d]1 3:44.G, MR1 3: 

SLl~ffi cient statistics: [e]17:212. 

Comparison of two correlations: [10]203. 

T ests of seven hypotheses on the parameters: 
[d]ll :410. 

Testing equality of two r 's: [d]1 2 :279. 

Some tests: [w]7:46. 



Testing equality of val'lances: [e]1:13, (bibliog- D(r): [2]342. 
raphy) , [a]109:462. 

1'1-1'2: [c]25:102. 

Sequential tests of P: [w]8:202 . 

Truncation: j\1R2:231. 

Fisher's original work on rand p: [n]1 - 4:1. 

Sufficient conditions for normal bivariate: [e]6: 
399, MR15:805. 

k samples : [c]27:145, 227. 
xl (J"1 + y I (J"2 and xl (J"1 - y I (J"2 are independent normal 

variables: [c]31 :9. 

If p= o then (Vt/V2) 1[(Vt/V2) + (s i/s~)] is Beta: [c]31 :10, 

Called Bravais distribution: [i]19:3 

Properties: Z15:310, MRl :246. 

See also: [d]4:196, [d]14 :141, [c]7:260, [g]26:129, 
[c]22 :1, [c]25 :356, [c]25:392, [J]8 :328, [n]9- 3:90, [c]39: 
238, [i ]27:221, [6]218, [v15:311 , [d]27 :1075, [c]44:289, 
[x]4:85, Harvard Ed. Rer. 1946, p. 52, MR4:280, 
MR8:283, MR1 4:1102, l\1IR7:212, [y ]l(No. 4) 20. 

1.12. Bivariate Normal N (00' V I, p) 
I V2, 

D (x,y) = (27rMt) - 1 exp[ _~M-l(X2V2- 2p(J"I(J"2Xy+y2Vl) ] 

where M = 1 J 2 = v 1V2(1- p2); Ch(x,y) Iv P(J" (J" I 
P(J"J(J"2 v 2 

= exp( -~n-l(vJs2 + 2p(J"I(J"2st+ t2V2)]: [9]308, [2] 
22, 334, [4]60, [8]116, [15]588, [10]95, 106, [c]30:8. 

tX4o = 3vI, tX31 = 3p(J"kz, tX22 = (l + 2p2 )V1V2: l2]80, 
l4]60. 

MOlTlents: [0]3:2, [c]12:177. 

Central moments: [h']4:73. 

Incomplete moments : [c] 13 :401, [c ]40:22. 

Product-moments: [c]12:86 . 

As limit of binomial: [a]91 :548. 

If p= O, (J"1 = (J"2 called "circular normal," D (r), 
properties: [c]29:137. 

C(x,y) with other properties: 
Cumulants in terms of moments: 
Var(r) =n-1(1- p2) 2: [2]336. 

[c ]33:59, [c ]38:475. 

[2]89. 

Var(b) = n- 1Yl-1 Y2 (1- p2): [2]337. 

Marginal and conditionnl distributions: [4]62. 

R egression: [3]144. 
Correlation and regresslOn with generalizat ion : 

[i]24:1. 
Contour ellipses: [8]1 :203 . 

Bilinear forms: [0 ]1 :103, [d]1 8:565. 

Quadratic forms: [d]1 4:195. 

Ch(x2,y2): [2]336. 

D (variance-covariance) = Wishart: [2 ]340, [1]29.6. 
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D(r) for n = 4: 
D (b)= Type VII: 

[u]26:536. 

[1]402. 

D(s, /sz) = No. 8.3 if (J"1 = (J"2: [e]2:65, [c]31:9. 

D(e,eY): lw]2:155. 

vVhen, further, p= 0 generalized Student: [c] 
30:190. 

Simple function of x /y is normal : [a]93 :442. 
D(y/x): [c ]32:16, [i]20:61. 

D(xy), D(x/Y): MR3:171. 

Joint distribution of Pearson betas: [c ]7:386. 

D (ST, si, rs,s2) etc: [d]5:283. 

D (s!, sD: [e]5:139, [c]25:126. 

D ( '(l1 ~ l) t (b;t3) O"I)=Student (n - 1). 
" I (v t - b VI) 

D((n- 2)! (b - mS1) = Student (n- 2): 
JV 2-bv l 

[9]5.13, [2] 

348, [3]156. 
Moments of dist. of covariance from 

[3]334. 

D(l'adial standard devlation) = D[n- 11:(xj-x)2 + 1: 
(Yl-Y)P: [d]15:75. 

D (sample covariance): [3]359, [10]1 38. 

MLE(p): [3 ]33. 

Confidence intervals for p: [3]81. 

MLE(vl,v2, p): [2]339. 

Estimation of p when Vl = V2: [d]9:149. 

Estimation of p by rank correlation: 
lc]40:419. 

Truncation : [d]21 :272. 
and estimation: [e ]12:277, MR16:498. 

Testing Vt/V2: [3]138. 

Testing (J" t/ (J"2 and p: [e ]5:151. 

[d]7:40, 

T est whether two samples are from same popula-
tion: [3 ]140. 

Hotelling's generalized T applied to tolerance 
limits: [d]14:90. 

Odd fact for p= O: ld]18:442. 

See also: [0 ]12:90, [c ]2:369, [c]4:498, [c ]17:176, 
[c ]20 :295, [g]27:254, [a]83:128, [c]29:74, [n]2 :640, 
[n]7 :6, [c]32:196, [c ]38:371 , [i]7:220, [i]24:17, [n ]1 3- 1: 
21,65, [u]28 :457, Z12:267. 

1.13. Trivar;ate Normal 

D (x): [10]255 ,260. 

Moments: [0 ]4 :1 5, [c ]40:23. 



CorrebLion: [i]1 -4:158. 

Par tial correlation: [c ]1O:391. 

Yielding 2 X 2 X 2 table: [e]10:272. 
Student test [or partial correlation: [10]256. 

Snedecor test for multiple correlation : [10]257. 

Sec also : [d]8:179, [d]12 :9-4, [n]1 - 1 :151, [u}4-4: 
3-42, MR15:805. 

1.14. Multivariate Normal 

D (x) = Ce-Q= [(2 7r)~Jl<Tl .. . <TnJ- 1 (IA I!) exp { -t~~ ( al d 
<TIlTj) (XI - ml) (x j- mj) } where A=ll a'lj ll=ll pI JII - I 

= invel'se of correlation matrix : [6]177, [2]376, 
[-4]63. 

C (x ) : [c ]-40 :-458, [c ]-41 :351. 

Ch (x) = exp { i1;mjtj-t~~P IJ<TI<TjtltJ } ' 

Moments: [c]40 :20, MR5 :-42. 
Marginal distribuLions, conditional distribut ions, 

regression : [4]70. 
Independence of quadratic form s: [0]1 :83. 

DisLributions of moments, partiRl Rncl mulLiple 
correlations: [i]24:185, [i]27 :235, [i]28 :20. 

D (product Ill oment) = WisharL : [c]20 :32, [i ]20: 
218, [u]35:336, [u]29:260, 271, lVJRI0:387, [b]17:82. 

CUl1lulants o[ logarithmic generali zed variance: 
[i]38 :17. 

Independen ce of distr ibu Lion o( m eans and second 
order moments: [4]233. 

D (mllltiple correlation ): [d]3 :196. 

Fiducial distribution : [u]34 :41. 
Multiple and partial corr ela tioll : [c ]1 9 :100. 

Linertr r egression theory: [4]245. 

D (Q) = x2 : [4 ]104. 
D (vrtrious Q): MR13:1-42. 
D (vector correlation): [c]28:353. 

Sampling : [-4] Xl, [d]6:202. 

MLE (ml, ... ,1l1n) = (XI, ... ,xn): 

HoteHin g's generalized Student test: 
[d]9:240 . 

[6]187. 

[4]23-4 , 

LR test (or variances equ rtl and correlations zero : 
[d]11 :20-4. 

LR test 1'01' independence o[ variables : [d]11 :17. 

CIJaracterization: [e ]14:367. 
Hypothesis of equality of means: [4]238. 

Independence of sets of variables: [-4]2-42 . 

Probability that all n variables are positive: [d]26: 
484. 

Tolerance r egions : [d]27:17-4. 
Testing varin,nce-eovariance homogeneity: [c]31: 

31, [c ]34:311. 
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Tl'Llll ctLtion : [x]5 :17. 

Various tests: [d ]17:257, [d]21 :293. 
Quadrivari1Lte : [cJ43 :206. 

Bibliography o[ tesLs of' hypothesis of equality o( 
variances called 'Bipolar' distribu tion : [e ]14:61 . 

Variables separated into two sets: [c]30:295. 

Many samples: [c]31 :221. 

Seq. analysis: [e ]1 2 :328. 

Central limit theorem: [i ]28 :109. 

Genemlizations of N (m,v) th eorems: [e ]17:221. 

Sec also: [d]8 :1-49, [d]17:3-44, [d]19:447, [d]21: 
-4-45, [e ]3:273, [e]12:99, le]6:35, la]90:1 36, [c ]6:59, 
[c ]1 5:192, [c ]35:58, [0]1 :79, [b]1 8:70, [c }43 :212, 
[x ]J:59, [t]6:181, [g]52 :200, MR1 3:366, MR17: 
278, Jl;lR1 2:3-45, AIR15:141, Jl;[R6:159, Z10:-406, 
Z15:220, MRI0:312, Trans . Am. Jifath. Soc. 
24 :t35. 

2. Type III Distributions 

2.1 . Type III (p, q) 

D (x) = r~;l ) xQ - 1e- IlX , (0, co) 

Xb(, - x/ a 

D (x) =-b! n bt- l ("g<LmllU1") ; [6]11 2. 

D (x) = Type III (k/1l, k) ("Erlang"): [d]2-4:33D 

D (x) = T ype III (p /q, p) ("Eulerian" ): [c ]35:6. 
Ch (x) = (l - it/p )-<I : [2]55, ll]1 26. 

lIGF (x) = (l - at)- b-l: [6]115, [-4]74. 

"'1 = q/p , "'2 = p- 2q (q + 1), "'3 =-= p-3 ( q + 1) (q + 2) : [2] 
55. 

E (x) = n,(b + l) , v = a2(b+ 1) 
r th cu mulan t = q (1' - ] ) ! p- r [2]67. 

!L2= <T2= qp- 2, M3= 2(lP - 3, M4= 3q (q + 2)p- ·I: [2]433. 

Arithmetic, geometric means: Math. Student 13: 
11 . 

C(x): [c ]25:379. 

D (x/ (x + y) ) = B etn : [14]-41. 

"'C(x): MR13:553. 

Transformations y = x", y = c": [d]9 :1 76. 

Normnhzin g transform: P roc . Palco Stat . Assoc. 
5:120. 

Transformation y = (x + k )l: [d ]1-4:115. 
Moments, Ch(x), cumulanls when x = y-c: l18] 

1-136,1-1-4-4. 

T ype III (p, p + 1): [e]5:176. 

D (x) = T ype III (np, nq ): [2]2-44, [c]18 :335, [w] 
1 :73. 

D[(nq- l )n-1 x- 1]= R eciprocal T ype III (p,nq - l ): 

"'D(V~): [c ]35:297. 



D (x/y)= Beta of second kind (p = q): 

FD (p- l) = Type V (nx/nq-l , nq - l ): 
30:408. 

BfI.\'es D (p- l) = R ectanglilar : [3]91. 

['tV]1:74. 

[3]87, [e ] 

D (xy) where x is T ype III a nd Y IS Type V : 
[i]39 :64 . 

D (x-y) = No. 8.92, where D (x)=Type III (A. , N ) 
a.nd D (y)= T ypc III (}J. , 1) 

D (HM) : iVlR4 :1 64. 

D (x~'), Ch(xy) : MH16:377. 

D (xy) = B essel, D (xyz): Studies P resented to 
R i chard von iVlises, p. 301, Acad . Press, 1954. 

MLE (p) = .Mom ent estim fltc (p ) = q/X, correc ting for 
bias = (nq - l )/nx,s ufficie n t , ,,-,efficicn t , not effi c ien t: 
[3]26. 

Yar e (nq - 1) Inx) = p2(nq - 2)-1: [1]505, [u]45 :214. 

MLE(l /p ) = x/q : [3]2 1. 
Var(x/q ) = p -2n - l q- 1, sufficient : [3]21. 

Sufficient statistics for p : [e ]17:212,219. 

Order ed LSE is MLE 1'01' l ip : [d] 25 :315 . 

MLE (p ,q), val'iance-covnJ'ian cc of est im ntcs: [b] 
14:187, [e ]42 :22, [1']1 :18. 

UMVUE(l /p ) = x/q , with Vf\l' = p-2n - l q-l: [3]53. 

There is a sufficient estimntc o f q: [3]26. 

E stimation: [e]8 :324. 

Minimax : [16]64 , [e]14:57. 

Gauging : [e]1 5:192. 

Closes t es timate: [u]33:217. 

T esting 11 such populations : [3]325. 
Slippage tests for p : K oninkl. Nede1'l. Akad. (Ai 

59:329. 
T esting equftlity of l /p: [e]31 :205. 

Confiden ce intervals for l ip : [3]74, [e]6 :113, 
MR5:128. 

Truncated distribution: [9]45:411 . 
E stimation from trun cated T ype III : 

[d ]27:4·98. 
Truncated samples: [e ]40:52. 

[d ]26 :659, 

D (gap between events) = genernlizcd Poisson: [0 ] 
3 :123, [0]11 :101 . 

Characterized by ind ependence of sum and quotient : 
[d]26:319 . 

Discrete T ype III : [e]44:365. 

Mills ratio : [d]24 :309. 
Normal limit: Am. iVlath . lvlonthly 50 :98. 

Renewal theory: [el]ll :448. 

Trivariate: [d]21 :550. 

See also: [d]7:95, [d]8 :17, [d ]24 :407, [e]2 :150, 
[b ]11 :101 , [e]21 :263, [d125 :640, [e ]24 :300, [v12 :330, 
[9]50:904, [i]39:171, [q]7:95, Am. lvlath. M onthly 
50 :98, MR17:756. 
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2.2. Type III (p, 1) 

D (x)= pe-P" " negativ(' exponential" [5]34. 
T ype X . 
a l = l ip: [5]59, [2]48. 
V= p-2: [5]67. 

Moments: [2]142, [8]100, [10 ]18. 

Characterization : [t]7:60, 3d Berkeley Symp. 2: 
195. 

Cumulants: [2]87, [10]40. 

C (x) : [e]25 :379. 

M ean differen ce: [e]28:432. 

MGF (x)=(I - t/p)- I: [10]37. 

MGF(log x) : [v]7:296. 

Grouping corrections: [e ]39 :433. 

A priori distribution s of p : [i ]27:36. 

D (x + y): [8]95. 

H D (x) = pe- P" D (y) = P e- P Y, 

A e - P (X- Y) , x> y 
t lwll D (x-y)= 

AeP (x- y ) , x< y 

where A (p + P ) = pP : 

Examples and applications: [8]29,79,83, rj ]20 :366, 
[e]39:168. 

D (X') : [e ]39:168. 

DW = No. 8.9, MGFW : [p ]7:153. 

~Xl where Xl is T ype III (Pl, 1): lvlR5 :42. 

Rank variates: [e]24:210,271, [1'] 4:153. 

E stimation: [e]35:187, [g]48:493, [s]10:167, [0]8 : 
15, [p]7:1 52. 

Censored sample: 

Moments of D (s) : 
[elil :230, [d ]23 :237. 

[e ]22:53 . 

Variance of mean devin tion ~4/3 np2: [2]217. 

Testing P= Po: [d ]9 :84. 

Sequential test: [elil :252, [d127 :460. 

T es ting against four other possible dist: [e ]43 :253. 

Confidence in tervals : [3]84. 

E stimation from trun cated exponential : [d ]26:498 

R elation with Poisson, D. L. Gerlough a nd A. Schuhl , 
Poisson and Traffic , The ENO Foundation , 1955: 
[0]2 :13 . 

See also: [d ]7 :19, [d]25:555, [9]48:488, [g ]50:904. 

1 1 
If x= y - c, Mean = c+- , var'=2' skewness = 2, klll'to-

p p 

sis= 6, C h (x) , cumlilants: [1 8]1- 136, 1- 144. 

MLE : [k ]8 :52. 



I· .:, tim hypothcs;, that n ' "ch popu!ot;o., '"co 
identical, etc: [3]305. 

k samples : Z14:269. 

Best linear estimates of m and (J: [d]25: 20. 

[v]6:133 . 

Life testing: [cl]25:373. 

OriginfLl Neyman-Pearson paper on hypothesis test-
ing: [c]20:221. 

Censored samples: [0 ]52 :58. 

Estim a tion by order statistics: 
Quasi -range: [d]28:179. 

LRtests: [cl]12:301. 

Seq. testing: [x]2 :86. 

Confid ence intervals: MR5:43. 

1r H: P= Po, c= co "'l~ 
[3]304. 

\.. Alt: P = Pt, C= CI ) 

[cl]26:585 . 

See also: 
[e]24:279. 

[cl]25 :409, [cl]24:458, [c]30:4.D2,416, 

Maxwell-Bolzmann. 

X2 is T ype III (p, 3/2): 
Connection with N(O, v): 
D (x): [n]10- 3 :90. 

See also: [n]17- 1 :125. 

[5]39,60, [sJ 1 :304. 

[1 2]40. 

2.3. Type III (1, q) 

1 
D(x)= r (q) e- Xx(I - t, "Gamma": [10J149. 

ar= r (q + r) / r (q): [10]1 50,163. 

kr = q(r - l)!: [2]96,153. 
Ch (x) = (l - i t)-Q: [17]No.34. 

Skewness= q-1: [10J161. 
HM = q- 1 : [10]163. 

D (nx) = T ype III (l,nq): [c]19:228, [nJ10 -S:91 . 

D (lI XI): [c ]24:474 . 

D (XI-X2): [2J252, [cJ24:2D3. 
D (xi + X2) = Type III (l ,q, + q2): [10]1 51, [p]7:101 . 

D (GM) as a series: [2J251. 
With generalization: [clJ5:277. 

D[xt/(Xt+X2)] = B (!QI, ! q2): [10J153. 
D (X,/x2) = Beta of second kind : [10J158, 160, [pJ7: 

102. 
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D (x, - xz) involves a Bessel function if Xl and X2 are 
from two separate distributions and D (Xl/XZ) is 
Fisher: [dJ7:51. 

,....., DR): [clJ25:636. 
D (x, GM/x) = D (x) D (GM/ x): [cJ30:287. 
C.- R.(Q) = [n (d2/dq2) log r (q)J - 1 

X is moments estimate of q, not sufficient. 
Closest estimate: [u133:216. 
MLE (q) = log GM: [pJ7:169. 
E (x) = q, var (x)=q/n, efficiency (x )---?O: [1]504,5. 

,.....,D(log G1!f) = Normal : [1]505. 

Confidence intervn,ls: [p]7:224. 

Mellin transform: [clJ19:373. 
Log log (I /x): [vJ8:71. 
A+ B log x: [cJ36:165. 
Multivn,riate generalization : [cl]22:54·9 . 

Tetrachoric functions : [cJ1.4:161. 
Fermi-Dirac, x-c is Type III (3 /2,const.): [12J 

42, [jJ8:701, [sJl:304. 

See also: [clJ25 :401, [10J161, [clJ22:425, [cJ24:281, 
[cJ27:409, [c]30:415, [c136:165, [clJ25:784·, [eJ10:314, [g ] 
51 :467, [cJ44:265, [clJ22:4.18, Can. J . Math. 3:140. 

2.4. Type III (1, 1) 

D(x) = e- x, "expone ntial" : [6J217. 

C h(x) = l / (l - it) : [17JNo.33. 
D (x,s): [clJ3:128, [clJ4:133, [clJ4 :139,142. 
x= y-c, Typ e X, confidence intervals: [bJ17:90. 
D (~xl) = T ype III by convolutions : [clJ5:13 . 

D (~x t!i) =D (max XI): [b ]14:4·3. 

Doubly trun cated, Ch (x): [nJ10:3, f17JNo . 32. 
Ratio of two ranges: [clJ21:112. 
C.- R . theorem fn,lse for x= y-c: [lJ485, [3J47. 

See also: 
418. 

[clJ22:425, [iJ36:152, [m ]6 :120, [clJ22: 

2.5. Chi·Square (k) 

D (x) = [1 /2!kr(!k)Jxik- le- !x: [5J96, [10]164, [2J17, 
[4J102, [8]134, lllfR8:161 , [l J3:353, [18J1-161. 

T ype III (!, !k): 
cxl = k, v=2k: [1J234, [4JI03. 
cx s= k (k + 2) . .. (k+2s-2): 

M2= 2k, M3=8k, M4=48k + 12k2, 

[1]234. 
!l5=32k(5k + 12): 

[2J292. 
Cumulants: [c]31 :216. 

Ch(x) = (1-2it) -lk: [vJ4:8. 
C(x), relation with Poisson : [lJ3:357, [c ]37 :313. 



Introduction, properties, examples: 
Obtained as dist. of normal variance: 

148, [p ]7:98. 
D (Xl + X2): [e]7:27 . 
D(log x) : [c ]34 :170. 

[15]253. 

[3]104, Z23: 

D (2 ~xy) = Chi square (2n - 2) if D (x) = chi-square (n) 
and D (y) = chi-square (n - l ). 

D (x,s) for k = 2,3 ,4, n =3,4: MR12:345. 

D (xdx2) = Betft of second kind (!k1, !k2) : [10]177. 

D[Xl /(XI + x2)] = Beta (leI , k2): [10 ]177. 
Obtained as D (L xf) : [10]169. 
'" D[(x - k) (2k)- I] = N[h.:, (2k)-!], ",D (2x)t 

= N[ (2k)!, 1]: [1]251. 
", D (- 2 log LR): [d]9:60. 

Reproductive proper ty: [4]105, [10]177. 
Normal approximation: [d ]17:216, [d]27:786. 

Large pammeter : [C143 :92, Froc . A.1M.S. 6th Symp. 
in Appl. Math ., p .. 251. 

For 2q2= k , p = 2, called Rayleigh : 
D (X2jq2) = Chi-square : 
Called seminormal: [i]20:61. 

R efs, Ch (x): [17]No. 42 

_ [Hp- l )]! 2t _ 2_ 2 
IXl-[Hp_ 2)]! q,v - pq IXI 

N on-cen tml: [d]23 :467. 

[1 2]39. 

See also: [c]23:418, Elec. Eng. , Nov. 1954, p. 
1004, MR8:161 , J . Appl. Phys. 23 :1 37 . 

2.8. Reciprocal Type III (p, q) 

2 

M ean = p , Val' =~1 ' Typ e V, q-

Convolution for a pair of Chi-square variables : 
134 · 

[8] IX r = (pq)T(q- r + I )/ r (q + l): [2]86, 142. 

Percentage points: 
'" Significance levels: 
Elderton 's tables : 

[c]41 :313, [i]33 :168. 

[d]1 4:57,93. 
[c]1:155. 

Minimax estimation: [16]17. 
Connection betweee X2 test and X2 distribution : 

[c ]19:215. 

Original Neyman-Pearson paper on hypothesis test-
ing: [c]20:263 . 

Queueing : [b]1 6:82 

Approximation for small sample: [d]9:158. 

See also: [d]1 8:89, [g]29 :372, [c]22 :298, [a]85: 
87,95, [a]87:442, [c]29 :1 33, [c]29 :389, [c]31 :346, [c] 34: 
368, [c]32 :.268, [cJ40:421, [p]7:98. 

2.6. Non·Central Chi-Square 

_1 _ _ _ '" x ! n+ J- lk J 
D (x) -e ,xe {k2 !n'" . 

. - ~ r (.! + ') 22j ' " l ~ O 2 n J J. 

Cb ( _) exp[kit/ (1- 2it)] 
X (1- 2it)n/2 ' 

[c ]36:204 . 

k r = 2r-l(r - l )! (n + rk), ",form : [18]1- 162. 

Logarithmic noncen tral Chi-square: [0]7:57. 

SeA also : [i134:57, [c]41 :538, [i]36 (supplement) : 
18, [d]28:678 rc144:ii28. 

2.7. Helmert (p, q) 

D(x) 
(X/q)P- le - tx 2/ Q2 • 

qr(!p)2t (P 2 ) • 
[5]94 
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Obtained from P earson equation : [11]45. 

Various constants, with an example: 
[d]3:20. 

Ch (x) in special case : [17]No. 47. 

[11]78, 

If q = - ! , p = - I , Ch (x)= exp [(- I + i) ,it] : 
[8]208:318, [17]No. 49. 

More generally : [d]7 :25. 

MLE : [r ]1:1 9. 
As distribu tion of precision constant in normal sam-

ple: [a]97: 132. 
C(x) : [c]25 :379 . 

See also: [c ]26:388, [c]36 :1 65, [0]8 :55. 

2.9. Generalized Type III 

D (x) = C (1 + x/a)Pae-pX, with moments of D (s) : 
[c] 22 :52. 

D (x) = [pPe-P/qPr (p) ](q +X)P-le- PX/Q, wi th semi-invar-
iants, D (x)etc: [c]21 :287, [c]24:293. 

Ch (x)=e- aiX[I -(ix/p )]- av - 1 : [17]No. 35. 

D (x) = [1 /pr (q)][ (x- c) /p]q- Iexp [ Cc- x) /p ],c::=;x< m. 

MLE (c,p ,q) : [3]39. 

Variance of estimates: [314g. 

T ables: [d]l :191. 

E stimation: [g]48:336. 
D Cx) = [e-babP/ r (p)]e-bX(x+ a)V-l from Pr fl.rson 's equa-

tion: [4]74, [2]124, [11]65, 
D (x) : [n] 10- 3 :91 . 
D (x) = A(x -c)Q-!e- P(X-C), x> c, p> O, q '>O' 

[1]249. 



Val'iou constants, with an example: [11]66. 

One root of quadratic in Pearson equation is OJ: 
[11]44. 

D (Xl /X2) where each is Generalized Type III, 01' one 
is Generaliz ed T ype III and the other N(m,v): 
[2]253. 

Bayes' Theorem : [n]16- 1:114. 

Counting radioactive particles: [d]18:260 . 

Two Generalized T ype III distribu tions added : 
[n]8- 3 :76. 

See also : [el]1:150, [d]1 :191, [d]7:18, [c]1:293, 
[c]3:311 , [c]5:173, [c]1 3:13, [c]16:114 , [n]1 - 3 :88, [c]32: 
294, [u]46 :284. 

2.10. Wishart Univariate 

'1~ (n-O 

D (x) = r [i(n_ 1)(j (n-3)e- aX , rrype HI[a , ~(n- I ) ]: 

[1]391. 

3. Binomial Distributions 

3.1. Binomial (k, p ) 

D (x) = (~) pX( l _ p)k-X, x= O,1, . .. , k , " Berlloulli" : 
[4]47 , [10]46, [5 ]106, [el ]l :118. 

a! = kp , v = kpq , (where p + q= l), a1 = kpq (q - p ), 
0'4 = 2k2p2q2+ pq ( I - 6pq ) : [ l]193, [c]5 :172, 
[5 ]57,66, [10]58 , [2]52,117. 

J.£r+l= pq(krJ.£ r-l + dJ.£ r/dp): [2]118 
/3! = (q - p )/,/kpq , /32=3 + (1- 6pq)/kpq. 
Factori al mom ents 0'[1] = ]( [Il pl , where k [ll = k (k - 1) 

. . . (k - i+ 1) : [1]257, Nature 164:282, [2]87. 

Lon g introductory arLicle: [15]23. 

MomenLs: [el]6:96, [v]3 :325, Z9:28. 

Cumulan ts Kr+l = pq (d Kr/dp ): [2]1 35, [c]31 :392 
[18]1 - 144 , [d]2 :1 96. 

Mean deviatIOn: [c]44:532, MR7:1 28. 

Several formulas for mom en ts about the me,tll: 
[d]7:191 , [c]15:410, Z9:220. 

C (x): [c]38 :423. 

C(x) as a BeLa integral: [6]235, [18]1- 152. 
:Recllrsion formula for moments: [14]33. 

Moments in general: [d]8 :103, [el]11 :106, [c]17:165 
[c] 26 :262, MR7:461 , [c]30:11, Bull . Am. Math. Soc. 
40:262, 41:857. 

Mom ents and series: [i]14:16$. 

Arcsin trans[orm : [14]210. 

Another form of D (x): [el]8:116. 

/3! = (q _ p )2jkpq , /32= [1 + 3pq(k - 2)]/kpq, etc.: 
[1 2]52, [d]4 :216. 
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kp - q ~ mode ~kp+ p: [6]57. 
Ch (x) = (pelt + l - p )k: [5]62, [2]55,103. 

MGF (x) = (q + pet)k: [4]48, [10]38. 

PGF= (q + pt)k: [18]1 - 146. 

"'-'C(x): [j] 8 :99. 

EO /x): [g]49:169. 

D(nx) = Binomial (nk,p): [2]243. 
D(S2) : [cJ44:262. 

FD(p): [c]37:117 . 

D(x-y) in terms of Legendre fun ctions: ]yfR14:566. 

Reproductive property by convolution : [7]216. 

A convolution with r espeeL to p: [w]6 :165. 

C. - R. (p) = pq/kn: [5]141, [15] 207 , [p]7:160. 

x is sufficient : [pJ 7:162. 

(kn)- !1:xl is efficien t allci lin biased : [5]1 41, 
[1]487. 

I s MLE : [5]144. 

",-, BCR for k = ko: [d] 18 :556. 

Minimax and Bayes: [d] 23 :404 . 

r.Iinim ax estimation: [16]18, [d] 2 1 :190. 

Modified Bayes: i\!lHl1:42. 

BANE(p) : [d] 21 :402. 

Biased ancl un bi,lsed s tatisLics: [t] 5 :149 . 

:\ILE (k,p ) : [lc]18:117. 

EsLimll Lion of p based on run s : NIH1 4:1 tD2 . 

LR comparison or Lwo binomials: [c]37 :140. 

Confidence i.nLel'vftls : [w]2:171 , [c141 :275, [c] 33 : 
18 1, [w]5:94, [d]9:174, [y]21 :17, [4]1 29, [w]19:130, 
[w]2 :171, [c]41 :308. 
Tables: [3]81, [c]44:4 36, [0] 8 :85 . 

Sequ enLial: [d]17:288, 489, [dl1 8:131, [b] 8:98, 
[c]41 :252. 

Acceptance inspection : [b]1 2 :301 , MR15:727. 

Chi-square test: [1c]7 :207. 

UMP test: [c143 :465. 

Sampling inspection : [j]8 :626. 

Multiple sampling : [dl14:363. 

Analysis of vari ance : [d]11 :335. 

Ord er statistics: MR16:729, [8]8:62. 

ApproximaLe formulas : [8]172, [d]19:592, [n]1 8 
No . 1- 2 :123. 

Normal approximation: [9]131 , [d]16:319, [c14: 
190, [c]29:402, [1']4:47 , P roc . Koninkl. Neded. Alcad. 
(A)57 :513, MRI0:131. 

Using generating functions: Proc. 5th Intl. Congo 
}.;[ath 2 :441 , [wll:41. 

Inequalities for tails: [7]126. 

Asymptotic behavior : MR15:138. 



Convergent sequences of binomials: Am. Math. 
Monthly, 50:96. 

n binomials : [e18 :11. 

Normalizing transform y = kI sin- I (x + a/k) and other 
transforms: [d]14:116, [J]3:52, [c] 35 :248. 

log x/ (l - x), - 2 tanh- Ix: [v]8:73. 

Other tr ansforms: [x]2 :94. 

Choosing between several binomials: [j]36:537. 

If p no t constan t (cf. "Lexian"): [k]l6 :1 . 

Transformations , approximations, applications: 
[15]668. 

Chain binomials: [c]40:279. 

Gambler's ruin: [i]24:52. 
Connection with Beta distribution : [c]41 :304, 

[n]18:121. 

Actuarial application : [i]35 :11. 
Binomials add ed: MRn :862, [w]5 :73. 

Generalization: [d]20:311 . 

Generalized binomial 
Ch(x) = II (q l+ PICIX): [2]122. 

A modification: [e]15:237, 251. 

See also : [d ]6:27, [d]n:13, [d]21 :24·7, [d]22:129, 
[e]12:248, [b ]14:115, rj]8:364 , [c]ll :269, [c]16:165, 202, 
[J]12:276, [f]1 3:225, [1']1 :15,32, Bull. Am. Math. Soc. 
1935, p. 857, 11th Skand. Math-Kongres8 p. 210, 

Z5:212, Z18:31 , MR6:234 , MRll:604, .lUR1 2:509, 
MR9:450, Z3:18, [w]l :9, [g]33 :390, [a]83:277, [c]33 : 
222, [g ]49:169, [i]7:153, [i]6:77, [i]20:77, [i]22:23, 
[i]26:22, [i]31:8, [i]32:188, [d]25 :770, [c]44 :364, J . 
Proc. Roy. Soc. N.S.W. 81:38, Z19:316, Proc. I ntl. 
Gong. Math. (1924) 2:801, [yJ3:282, [wJ8:23. 

3.2. Binomial (1, p) 

D (x) = pX( l - p)l- X, x = O,l. 

D (nX') = Binomial (n ,p): [6]207, [w]l :73. 

Chi-square test: [e]13:3 . 

Confidence intervals for p : [6]233. 
Completeness: [e]10:315. 

UMVUE (p) = x, UMVUE (pq) = nx (l - x) / (n - l ). 

See also: [v]3:324, [w]l :9. 

3 .3 Truncated Binomial (k, p) 

D (x) = (~)(pXqk -X/ (1 - qk) ) , x = l , ... , k : [6]162. 
E (x) = kp/ (l - qk), v = kpq/ (l - qk), 

moments of x- P : [dJ16:50. 

Estimation : [g]50:877. 

Tables : [g]49:169 , 
IVith an application : [k ]14:321. 

See also: [b]ll :2, MR15:969. 

3.4. Negative Binomial (k, p ) 

D(x) P q = l - p Mean Varia nce Reference 

( - k) x p x(l _ p)- k-x P l - p - kp - kpq 

( a r( - k) (- I )x - l /a 
a + l 

k /a k/a + k/a2 [1]9.59, 
Ha x (l + a)x 

- [a183:255 a 

coefficient of tx in 
( a y( t r k - I /a 

a + l 
k /a k /a + k/a2 [2]125 l + a I - 1+ a a 

p k (xt-~l I) (I - p )x 
p - I 

[d]17: 53 , [6]61 , 

l ip qk/p qk/p2 [1 8 ]1- 158, 
p [17] No.6, 

[7]218 

( x + k - l) p x 
k - I (l + p )k+x - p I + p P p + p2 [f ]9:176, [4]54 

( m r 1 x-I -- (1 + bm)-1Ib - II (1+jb) 
I + bm xl i= 1 

- bm I + bm m m(1 + bm) [.5]32 

( _ n r(x+n -l)(~r - km/n 
n + km km 

k2m2 
[cHI :78 

n + km n - 1 n + km 
-- km+-

n n 
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[f Qp = l , Q(I - p)=P, then .8J = (P + Q)h/kPQ, 
.82 = 3+ (1 + 6PQ)/kPQ. 

Ob tained by assuming a Poisson parameter to be 
T ype III: [1]259, [2]125, [c]41 :78, [a]110:132, 
[fJ5:162. 

Some derivations, with interesting properties: 
[1 8]1- 159, [c]44:530. 

If k = h/p, called Polya-Eggenburger: [4·]55. 
Ch (x): l17]No. 7, extension , M em. Fac. Sci. 

Kyushu Imp. Univ. (Ser A) 1 :178. 

A "contagious" distribution: [7]83, 101, [13]413 , 
[7]128. 

S];:ewness, kurtosis, eumulants : 
144. 

C (x) = (p + q) - 0: [c]37 :209. 

Ch (x) = [1 + bm(l -elt)]- l/b: 

Called compound Poisson: 
Ch (x) : [v]4:9. 

[5]62. 

[15]727. 

Limit of contagious: [c]41 :269. 

[18]1- 136, 1-

Limited by Poisson and Pascal: [7]233. 

PGF : [18]1- 146. 

Problem leading to Negative Binomial, with generali-
zation: [cL]17:53. 

Generalization: lvIR16:602. 

Paper by Fisher: [lc]l1 :182. 

Recurrence formula for cumulan ls: Alctuars7ce 
V edy 5 :182. 

Moments : G. D ell 1st. Ital. degli Attuari 6:3, 

Z13:70. 

Formulas for tails : [7]237. 

MLE: [b]8:206, [c]37:114. 

Mx2E: [lc]l1 :109. 

UMVUE (p): [e]18:374. 

Estimation: 
Sequen tial : 
Sampling: 
Fitting: 
Truncated : 

[d]24 :409, P sychometrilca 16:107. 

[f]6:59. 

[c ]37:358. 

[/]9:176. 
[g]50 :877. 

Moments, estimation , MLE: [C]42:58 . 

Bbattacharyya bounds: [d]27:1182. 

Transformation sinh- Ix : r1]3:52, [c]35:249. 

Transformations: [cJ41 :315. 
Called " P ascal," satisfies: 

D (x+ 1) = [( l - p) (x+ k)/ (x+ 1)]D (x), etc.: 
[i]14:176. 

Accident proneness : [c]37:24. 
T elephone traffic : [j]35 :454. 

Bibliography : [1 ]437. 
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See also: [7)236, [b]10:260, [f)5:165, [f]7:340, 
411 , [c]35:11 , [c]39 :178, 198, [c]40:203, [c140:370, 
[c]44 :364, [i)20:78, [i]22:25, [i131 :9, J. D ' Analyse Math 
1 :331, Psych. Bull. , 47:434, [u)45:364, Z6:69, Z18:265. 
Z13 :409, Z14:29, MR17:944, [a]99:733, [w]8:23. 

3 .5. Negative Binomial (1, - m) 

D (x) = [I / (l + m))[rn / (l + mW, " P ascal," or "Furry," 
or "Geometric" al = m, v = ln2+ nl, 
eh (x)=[1+m(l - eit)] - I: [5]31,60,66. 

Cumulants: [18]1- 14.4 .. 

PGF: [18]1- 148. 

If DC~m)=Beta, then D (x) = No. 8.93 

See also: [c]39 :346, [7]59, [v]4 :8, [c]36 :165, 
[1 5]38, [c]44:265. 

3.6. Discrete Lexian 

D (x) = l:f(p) (;) pX (l-p) k- X, moments, eLc.: 
[i]26 :3.t. 

"Generalized Binomial". 
Poisson-Lexian : [i]26:57. 

Ch(x) = [pcp (t) + q]k: [17] No. 69. 

If a priori distribution of p is Beta: [i]27:39, Bull. 
Am. Math. Soc. 41 :860. 

3.7. Deterministic 

D (x) = ' : "c,\sual" { o x ,cc } 
1, x= c 

Ch (x) = e1ct : 

For 0= 1: 
Bibliograpby : 

[8]209, [5]29, 62. 

[2]96. 

[17] No.1. 

[1]192. 

Moments, oumulan ts, Ch(x), PGF : 
1- 144, 1- 146, [v]3 :324. 
See also: [c)44:366, Z9 :363, [w] l :9. 

3 .8. Reciprocal Truncated Binomial 

D (x): [n]18 No. 1- 2:77. 

4. Discrete Distributions 

4 .1. Poisson (m) 

[18]1- 136, 

D(x) = e- mmx/x!, x= O, 1, ... , law of small 
numbers: [6]59, [5]30, [8]X, [7]72, 115, [10]47, 
63, [15]119. 

Ch(x) = exp [m(e 1t - l )]: 
MGF (x) = e- m exp (me t) : 

[1]204, [5]62, [2]66. 

[6]101 , [4]53, lm]2:46. 
[6]102, [5]57, 66, al = m, a2= ln2 + m , v = m: 

[4)53. 

a3= m[(m + 1) 2+ m ], 
a4= m(m3+ 6m2+ 7m+ 1) : [10]59 . 



J.!2= m, J.!3= m, J.!4 = m (1 +3m), 
J.!5= m(1 + 10m), .u6= m(1 +25+ 15m2) : 

[dJl :119, [2J86. 
kewness, kurtosis: [18Jl- 136. 

PGF: [18]1- 14.6. 

J.!r+l = rmMr- l + m(d.urldm) : [2J121, Bull. Am. 
Alath. Soc. 40:264 , 41 :857. 

All cumulants = m: [2J66. 
Factorial moments a[l! = ml: [lJ257. 
Moments in general: [d]8:103, [iJ14:173. 
Recursion formula for moments, correction with 

multinomial , C(x) as a r integral: [14J36- 8. 

f31 = 1/m, !Jz = 3+ l /m, 'Y = l /m: [12]52. 
C(x): [jJ5:604, MR4:194, [c ]37 :313. 

f ,-
Transorm y =.\ x : [14J209. 

D(x) = e-mn (nm)llx/ (nx)!: [1]379, [2]243, [6]208, 
[15J219. 

D (x+ y): [10]59. 

"-'Dc~m)=N(m, mt): [1]250. 

D (x- y): [2]251, MR14:566, [a]109:296, [a]100: 
415, [v ]7:175. 

,,-,D(x- y): lvlR15:1 38. 

D (gap between two Poisson events) = exponential: 
[c]41 :252, [g].49:255, MR14:293, Am. l11ath. Month
ly 64:719. 

D[x- l1: (XI - x)], i .e., Chi-square test: [b]5:75, 
Z18:321. 

D(Index of dispersion) : [d]14:155, [c]40:225. 

Various a priori distribu tions of m, in particular 
T ype III : [i]27 :33. 

E(x2) = E (x+ l): [8]119. 
E(l /x): [g]49:169. 

Val' (xt) : la]106:143. 
Reproducti ve property by convolu tions: [7]216. 

by Ch. functions: [9].279. 
C. - R. (m) = m/ n: [1]487. 
C. - R. (m2) = 4m3n- 1. 

BANE: [d]21 :401. 

Estimation when m must be integral: 
Estimation: [d]24:406. 

Estimation from censored samplcs: 
Estimation of bacteria population: 

Estimation of mol' l im: [g ]49:255. 

Mx2E: [3]56. 

[b]12:213 

[g]49:158. 

[c]31 :170. 

Approximation, estimation, application: [15]714. 
MLE (m )- x: [4]141, [9]6.22, [5]144, l3]21 , [p] 

7:169. 
X is sufficien L: [4]136, [w]22:713. 
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x is efficient: 
x is unbiased: 
Completeness: 

[1]487. 
[3]142. 
[e]10:315. 

Confidence intervals, tail: [c]41 :312. 

C.- R: [16]16. 

Confidence intervals: [3]71,81, [d]9:173, [cJ28:437, 
[c]44:436, [e]14:25, [p]7:223. 

Order statistics: MR16:729. 

Approximate moments of ordered variables: [sJ 
8:78. 

Testing whether t.wo Poissons are the same: [3]127, 
[c]37:143 . 

Two Poissons, etc.: [c]40:447. 

Whether k: Poissons are the same: [d]16:362, 
Froc. Nat. Inst. Sci. Indi a 3:297. 

Analysis of variance: [d]ll :335, J . Econ. Entom. 
37:717. 

Testing m: [c ]31 :314·, [e140:354, [g]49:255, [14]205. 

Testing ratios of means: [014:45. 

Chi-square test: [k]7:207. 

Testing against contagious: [c]37:59. 

Sequential testing m: [dJ19:400. 

Small sample tests: [fJ12 :264. 

Monograph on Poisson testing and estimation: 
~MR16:383. 

Obtained from a difference equation analogous to 
Pearson's differential equation: [J]2:419. 

Obtain ed from postulates : Z13:408. 

Early discussion with numerical examples: [c) 
10:36. 

Transform y = (x + k)!: 
35:247. 

[dj14:113, [J]3:52, [eJ 

Transformations: [c)41 :312. 

Domain of attraction: MR3:2. 

As limit of binomial: 
[i)6:78, [sJl :161. 

}11R12:190, [4]52, [7]110, 

Generaliza tions: 
[c)37:48. 

[eJ36:18, Operations Res. 3:198, 

A modification : [eJ15:237, 251 . 
Convergent sequence of Poissons : 

1Vlonthly 50:97. 
Am. Math. 

Connection with hypergcometric: [cJ25:300. 
If m Poisson , called doublc Poisson: K endall and 

Buclcland, A D ictionary oj Stat. Terms. 

Normal approximation: [7J146, MR16:1034, 
MRlO:613, [rJ4.:37. 

Compounded with binomial: [7J128,221. 
As approximation to Beta: [j]20:19. 

An approximation: 1VIR18:423. 



ConnecLion with Gram-Charlier : [2]154. 
Conn ecLion with Type X: [0 ]2 :13, D . L. Gerlough 

and A. Schuhl, Poisson and Traffic, The ENO 
Foundation, 1955. 

Conn ection with Type III : [0 ]3:123. 

LimiLing theorems: [8]148. 
a 

Poisson if and only if L;xD (x) = m C (a - 1) 
1 

Characterization : [u]48:206, P roc . A.M.S . 1 :813, 
C. R . Acad. Sci. Paris 239:1114, 3rd B erkeley 
Symp 2:1 45. 

Gen eralizations: [d]1 3:410, [d]1 4:394, }';[R15:138, 
}';IR16:1034, [d]19:41 4, MR13:258. 

Possibility of a continuous analog: [i]1 4:43. 
Traffic control: [b]7:65. 

Accident causation: [b]7:89, [a]90:487. 

Poisson as a limi ting distribuLion in fivc differ en t 
ways, rela tion with lwulLillomi al, exponcntial: 
[18]1- 156. 

Accident proneness: [c]37:24. 

PedesLrian delay: [c ]38:383. 

Insurance risk : [i]40:72 . 

Frequency of war: [a]1 07:242, [a] 112:446. 

Nomograph for acccpLance inspection : [s]4 :204. 

T elephonc switchboards: [5]30, [jJ6:468. 
An early treatment, wiLh the famou s cxample of Lhe 

Prussian hone-kicks: Von Bortlcewjtsch , L. 
Das Gesetz der Kleinen 2ahlen, B . G. Teubner, 
L eip zig 1898. 

Other applications: [7]119, L7]5:604. 

See also: [dJ 14 :1 55, [d]20:523, [cl]22:94, [d]22:128 
[13]405, Li]7:45, [c ]11:267, [c ]11:211 , [c]26:108, [g] 
33:390, [g]42:574, [a]83 :255, [J]6:17, M Rl :246, 
2 22:243, M R17:53 , MR14:485, 218:31, Z1 4 :138, 
MR4 :20, M R 13:633, M R1 5 :541 , 634, MR7:310, 
[J]7 :340, [c]27:272, [c]30:188, [c ]36:250, [n]16- 2:285, 
[k]9:406, [cJ38:427, [c]39:346, [i]20 :80, [i ]22:25, [i] 
25:158, [i]26:4.6, [i]31 :9, R io . Ital. di D emogr . e Stat 
3:219, Proc. First Pakistan Stat. Con]. (1950) p. 59, 
Publ. },;[ath. Debrecen 2:66, Annals oj Applied B iology 
9:325, Annales de l'Ecole Normalle Superiere 54:321, 
[v]2:330, [vJ3:327, [dJ26:147, [c ]44:265, 365, B rit. 
Assoc. Math . Tables (3rd Ed. ) V. l p. xxxvi, Am. 1Vlath. 
Monthly 50 :97, Annals oj Math 37:357, Bull. Am. 
Math . Soc. 1935 p. 861, Am. J. J.l{ath 57:827, [u] 
45:219, Kungl. Lantbrulc . Ann. 18:86, 22:200, 
MRl :15, }';IR1 8:341 , lVlR5 :128, MR2 :112, 2 15:407, 
218:412, }';IR1 1,. :1098, MR1 3:958, [wJ l :9, [s ]l :93. 

4.2. Truncated Poisson 

D (x) = mxe- m/xl(1 - e- m), x= l , 2, 

Lf]8:275, LfJ10:402, [j]11:387. 
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Estimation : [c]39 :247, [c]40 :171 , [g]50:906, til 
39 :19, [f]9:485 . 

UMVUE : [e]18:374. 

Tables : [g]49:169, [11 ]158, [1 3]39:247. 
Servicing machines: [b]1 3 :71. 

D (l /x) : [n]18 No. 1- 2:77. 

Doubly truncated, D (x) etc: [g]49 :160, Conn. 
Agric. E xp. Sta. Bull. No. 513 . 

4.3. Compound Poisson 

D (x) = kl(e-mmx/xl) + k2(e-"nx/xl): doublc Poisson : 
[5]151. 

If k l=k2= !: [51150, [g]42:407, [j ]8:281. 

Compound Poisson D (x) = (l /xl) ~mf c - rn 'k l : [7] 
237, J.l{R17:862, R. D . Evans, The Atomic Nucleus, 
p. 766, MR13 :633, MR1 4 :770 . 

4.4. Uniform 

D (x) = l /k, · x = l , , k : [6]61. 
Discrete rectangular . 
MGF a nd momenls: [d]ll :324. 

Sampling from : [c]21 :126. 

Estimation of range: [g]46 :375. 

Range and quoLienL of ranges: I nt. Congr. J.l{ath. 
(1950) 1:583. 

D (nx) : [p] 10:52, 255, 324. 

Sec also: lVlR1 6 :376. 

4 .5. Hypergeometric 

D (x) in anoLher form, moments, etc: [2]126. 
In the form of a hypergeometric series, asymplotic 

forms: [c]25:295, [c]26 :59. 
Various forms: J . Soc. Stat. Paris 96:262. 

C(x) as a power series: [c]41 :317. 

Ch (x), refs : [17] No.8 . 

E (x) = mr/ (m + n), V= [mm(m + 11 - r)]/ [(m + n)2 
(m + n - 1)]: [7]183, [6]98. 

Difference equation, moments, etc: [i]14:178. 
Factorial moments: [2]135, Nature 164:282, [iJ 

6:79. 
Skewne s: [18]1- 136. 
PGF: [18]1- 146. 
Moments in general : [cl]8:103, [d] 10:198, [c] 

16 :1 57, [c]17:57, [c]26:264, [a]89:326, [v]3:326, 
GANITA 7 :1 . 

Binomial and Poisson as limits: [15]690. 

Binomial as limi t: [7]47. 



Poisson as limit: 

Normal as limit: 

[7]114, [c]25 :300. 

[7]146. 

4.8. Borel-Tanner 

D (x) = (e-"XaX-rxX-r- lr )/ (x - r ) !, x = r, r + 1, ... , 
Normal, Poisson, bin omial a pproxima tions : 

1- 155, [d]27:471. 
[18] O~a~l, 1' = 1,2, ... : C. R. Acad. Sci., Parig 

214:452, [c]40:58, [c]47:1.43 . 

Minimax estimation: [d]21:191. 

Completeness: [e] 10:315. 

" Confidence Limits for the Hypergeometric Distri-
bution: Chung and D eLuJ'y Univ. of Toronto 
Press, 1950, reviewed, [a]115 :286. 

Generalization : [7]39, [cJ41 :266, see also No. 8.59, 
[b]18 :202. 

Satisfying difference equation [w]3:5 

Linguistic application: [b ]12:27. 

Truncated hypergeometric, moments: [d]16:59. 

Double hypergeometric: [7]187, Koninkl . Nederl. 
Akad(A) 60:121. 

See also: [d]1:11 3, [d]21:248, [e]11:153, [.7]7:39, 
[.7]10:281, [.1]8:287, [n]1 - 4 :49, [c]37:140, [h]2:435, 
[i ]22:26, [d]25:762, J. Proc. Roy. Soc. NS.W. 
81 :38, NE.s. Math. Table MT19, MR17:984, 
Z1 2:29, Z13:273, .Ll1R1:340, U. Calif. Pub. Stat 1, 
No.7, MR13:962, MR14:775 , [w]1 :9. 

4.6. Contagious 

Obtained by considering J (Poisson) dF(m): 
MR14:293, [d]14:389, [v]8:13. 

F step function yields D (x) = (I/x!) ~PI e- a i aL (No. 
4.3) 

F Type III yields Polya-Eggenberge1' 

D ( ,) =-~ r (x+ h/d) (I + d ' - d/b(l + d)-X 
x x! r(h/d) ) . 

m itself also Poisson yields 
D (x) = e-k(cX/x!) 2;(ix/i!) (e- c1\:)I. 

Neyman contagious Type A: [cJ40:208. 

Fitting: [.1]11 :149, F. N David, Probability Theory 
for Statistical M ethods, p. 68, Cambridge 1949. 

Ch. fcns: [g]49:368. 

Generalization: LI ]9:354. 

T esting against Poisson : [c]37:59 . 

Rutherford contagious: [d] 25:703. 

~j (Poisson) fj(x ), Ch(x), sp. cases: [17]Nos.66- 8. 

Bivariate : A1R15:138. 

See also: [13]411 , Lf]9:354, [c] S6:450, [c]39:346, 
[c140:186, [c]41 :268, [d]10:35, J. Econ, Entom. 35: 
536, MR1 :251. 

4.7. Pollaczek-Geiringer 

D(x), Ch(x), 
multiple occurrence of rare events: [17]No.9. 
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m = 1'/(l- a) ,v= [ar/ (I -a)3J. 

If 1' = 1, MLE(a) = (x-l)/x . 
PGF(x) = t r exp r L::_ l(nn- lan/n!e"Il )W-l). 

4.9. Poly a 

x-l N-x-l 

(N) 
II (m + iR) II (n - m + jR) 

D ( ) - 1=0 )= 0 • 
X - X N-l . 

II (n + kR) 
k=O 

[d]28:1021. 

[7]128, 

Contains Polya-Eggenburger No. 3.4, and Excecd
ance No. 4.10. 

4.10. Exceedance 

D( ,)= (;) m (~) 0 1 N 
x N (N + n- l)' x = , , ... , : 

(n + ) m +x-l 

[d]25:762 , [w]6:164 , [d] 28 :1021, [d] 21 :247. 

Moments: [w]6:165, 

4.1 L Inverse Hypergeometric 

D (x) 
( n ) (~-n) (n - m + 1) 

m - 1 x-m . . 

( 
N ) , estIm atIOn, trun-

(N --x+l) 
x- I 

cation: Kungl, Lantbuck . Ann. 18:123 . 

4.12. Generalized Poisson 

a ).." x+ j - I 

D(x)=e-A~ ( '+' - 1)' 
)=1 ax] . 

Connected with Type III : [0]3:1 23, [0]11 :101_ 

5. Distributions on (at b) 

5 .1. Serial Correlation 

D (x) r (tk + l) ( l -x2)~ (k -l)( I+ r2- 2rx) -tk 
r (tk + t)r(t) . 

rIc 
a 1= k + 2' 

V= (k + 2) - 1[1 - -r2k(k+ 1) (k + 2)-I (k + 4) - I]: 

[cJ41 :261_ 

Moments, called "Leipnik": [c]44:270. 



Sec also: [e]35:255, 261, [d]1 3:1, 14, [e]43:161 , 
169, [d]18:86, Cowles Commission Papers, New Series 
No. 42. 

5.2. Type I 

D (x) = 0 (x-a)P-l(b-x)q- l, 
a < x< b, p > 0, q > O: [1]249, [17]No. 22. 

Beta for a = 0 b = 1 
normal for p = q = tb2, a = - h, U---7oo : [2]139. 

T ype III for b ---7 00 , q = ab: [1]249. 

Obtained by assuming roots in quadratic of Pearson 
differential equation real with different sign: 
[4] 74, [11]43 . 

R elations of various constants: [11]53, [e]16:107. 

Bayes'theorem: [n]16 - 1:115. 
Fitting to observations: [a]96:306, [e]l :31, [e] 1: 

292, [e]1:408, [e]4:474, [e]7:87. 
Early volumes of [c] give many examples with 

D (x) = 0(1 + x/a)m(l-xjb )n. 

See also: [d]1 :148, [d]7 :20, [d]8:17, [d]10:15 , 
[e]3:311 , [c]23:393 , [c]26 :386, [i]16:53. 

5.3. Beta (p, q) 

D(x) = r [t(p + q)] x: P - l(l-x) ~q - l O< x< l p > - 2 
r (tp) r (tq) '" 

q > - 2: [2]139, [17]No. 21, [1]243, [10]153. 

Called Beta distribution of the first kind : [d]25: 
401. 

a'l = P/(P + q), v = pq /[(p + q)2 (tp + tq + 1)] : [2]31, 
41, [10]153 , [14]42. 

3d Moments: [2]419. 
Mod e= (p - 2) / (p + q - 4), etc.: [m]2:1 28. 

a'r= B(p + r , q)/B (p , q ): [6]117, [b]4:126, [14]42. 

HM = (p - 2)/ (p + q - 2), [10]163. 

GM= exp {(%!p)[log r (tp)-log t(p + q)]) . 

O(x): [d]20:451. 

Moments: [3]211 . 

Obtained as a Pearson Type : [4]74. 

From an example : [10]45. 

O(x): [e]19:1 , [e]25:379 , [e]38:423, [e]37 :208, [i] 38: 
192. 

D(i{): [2]251, [n]8- 4:55. 

When p = q: [e]19:230. 

Special cases and variants: . [2]26. 

B eta (n- k , lc) : [1]409. 
B eta (2n - 2, 4) connected with tolerance limits: 

H oel , Intm. to Math. Stat. 

Correlation r atio in samples from uncorrelated 
bivariate normal is Beta (Ie - I , n - k ): [2]352, 
[1]414, [e]21:1 , [e ]30:290, [10]181, 184. 

D(l- x) = Beta (q ,p) 
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If x is Beta (p ,q), y is Type III 
(1, p + q) then xy is Type III (l,p): [10]156. 

Standardized B eta variable is N (O,l) as 
p ---7 00 , q ---7 00 : [1]252. 

D (xy): [e]9 :365. 
No sufficient statistic for (tp- 1) : Pme. Roy. Soc. 

Lond. (Ser ies A) 154:133 . 

Mellin transform: 
more generally: 

1 . ;-log log - , arcsm '\ x , : 
x 

[d]1 9:373. 
[b]8:1 36. 

[v]8 :71 . 

Generalized: [e]43:237, [e]44 :441 . 
Transform: [e]36 :165. 

Oonnection with Fisher and Snedecor: 

Noncentral Beta: [d]26 :648. 

[2]419, [c ] 
21 :350. 

Oonnection with binomial: [c]41:304, [n ]18:121. 

Fitting straight lines: [y]24:23. 

Approximated by Poisson: [j]20 :19. 

Range of r ectangular (O,a) is 
D (x) = n (n- l )a- nxn- 2(a- x) : 

In trivariate normal analysis: 

[4 ]93, [c]25:417 . 

[3]341. 

GNI (XI " .. ,xn) nnd GM (I - x]) ... ,I-xn) 

are joint sufficient : [3]49. 

In rank correlation: [2]418. 
Sec also: [d]16:98, [d]17 :325, [b]1:214, [e]22:284, 
[c]22 :391, [c]23 :143, [c]27 :41 5, [10]1 54, [e]30:140, [c] 
33 :178, [c]34:368, [e]35:19, [e]32:151 , 271, [e]36:166, 
[lc]5 :75, [c]39 :204, [c]37:219, [e]40:281, [g]48:831 , 
[w] l :9. 

5.4. Type II 

D (x) = [1- (x- m)2a - 2]p/[aB( t,p + 1)], 
m - a :=;:x:=;: m + a: [2]141. 

Properties: MR10:1 31. 

Transform to Student: [e]28:308. 

D(x) : [n]10-3 :91. 

O(x): [e]19:12, [e ]25 :379 . 
",-,Dist. of rank correlation 

coefficient (Pitman) : [c]30 :259. 
Called Thompson's distribution, r elation with Stu-

dent's , normal approximation: [d]27 :784. 
m location , a scaling, p shape, likelihood fun ction: 

C.-R.(m) Tables. v = a2/(2p + 3): [d]3:86. 

If m = O 
Distribution of Spearman's p for large 11: [2]401. 

A numerical example: [11]62. 

Estimation of center: [t]4:33. 

From P earson system: [11]43. 
Sec also: [c]4 :174, [e]16:114, [c]21:263, [n]1 2-3: 

67 . 
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5.5 Partial Correlation 

D (x) = -! r[!(n - k + 1)] (1_ x2)! (n- k-2) 
7[" r[!(n - k)] " , 

- l < x < l: [1]41 2, [i]24:198. 
Type II with m = O, a = l , p = !(n-k-2) . 
Ch (x) : [17]No.19 . 

If k = 2, transform to Student : [5]99. 
If corresponding population parameter IS zero: 

[10 ]256 . 

As No . 5.1 with r = O: 
N ew Ser ies No. 10. 

Cowles Commission Papers, 

If population is non-normal: [i ]36:16. 
See also: [d]18:81 , [n]2 :684 , [0]3 :45, [a]92 :580. 

5.6. Parabolic 

D (x) = [3 (a2- x2)] /4a3, - a < x< a., v= a2/5, grouping 
corrections: [c ]39 :432. 

E stimation : [d]26:505, [m]6:1 20 . 

5.7. Type IX 

m + l D (x)=- a- (1 + x/a)ID, - a::; x::; 0: 

[2 ]1 42, [17]N o. 16 

See also : [d]7:26, [c]24:234 ,240,263. 

T ype VIII for nega t ive m: [1 7]No. 23, MR4:21. 

5.8. Type XII 

D (x) =( / )'" (l + x/p )rn (l - x/q)-m 
. p q (p + q)B(l + m , l - m) 

Iml< l , - p::; x ::;q: [2]143. 

See also : [d ]7 :27 , [17 ]No. 24. 

5 .9. Correlation Determinant 

rr!(n- 1)]k- lx t (n- k-2J 
D (x) 7["lk (k Il r [!(n - 2)] .. ... r[!(n - k )] 

a[ = (n - 1)1-k( n- 2) (n-3) ... . . (n - k), 

v = k (k - 1) n- 2+ O(n- 3) : [1 ]411 , [4 ]120 . 

Downton calls this " Geom etric ," and m entions, in 
connection with LSE, the followin g special cases: 
[d]25 :304. 

I. D (x) = pxP - 1, 0 ::;x< l , 

C (x)= x", a l= p/(p - l ), v = p (p + 2)-I(p + 1) - Z 
II. D (x) = pb- P(x + a)!H, - a::;x< b-a 

III. D (x)= pv-tb- "[ (x- m)/vt+ a]!H, 

m - avt ::;x< m + (b - a) vt , al = m , 
a = pt(p + 2)i, b = p-l(p + l )3/2, p~l. 

log log (x) : [v]8:70. 
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5 .10. Triangular 

D (x)=1- 11- x l, D(x) from rectangular when n = 2, 
D (range) : [c]25:417, [y ]24:22, MR 3 :171. 

2x 
D (x) = 2k+ l ' k~x~k+ l: [3]47, [8]32. 

Stratified sampling : [c]13 :48. 

D (x)=(90")-1 [x-:.m +2 -v'Z] right triangular 

[d]4:256, [d]25 :308. 

D(x) =4R-2(~R-lx-mi) , Ix- m l ~ ~R , bes t linear 
es timate of m and 0" : [d]25 :318. 

T esting : [d]25:695. 

See also : [d]2 :48, [d]28:179. 

D (x) =~ [1 + k a (:~x)} O~ x~ a, 

- 1 ~ k~ 1. called " linear " : [d ]4 :244. 

D ( )_ {l+ X, -1~x<O II d "T· " . x - 1- ' 0< < l ,ca c me . . x, =x 
Ch(x) = (2jt2) (I - cos t ) : [17] No. 14. 

D (x) = ; (a -x), called "semi-triangular" 
a 

[d ]5 :33. 

m = a/3, v = a2/18, groupin g corrections: [c]39 :432. 

Ch(x) : [17] No. 13. 

Triangular on (a, b). If x and yare extreme values 
of thc sample, then 

E[ t(x+y)] = t(a+ b), 

4- 7[" 
Var [ ~(x+y)]= 16n (b - a)2+ 0(n -2) , 

r E[(X-Y) ] =[l -~:J (b - a)+0(n- 3/2) , 

4- 7[" 
Val' (x-:y)=~ (b -a)2+0(n -2) . 

See also : [y ]16:16 . 

5.11. Rsctangular (a - 11. a + h ) 

1 
D (x) = 2h' a - h::;x ::; a + h ; D (x)=O elsewhere 

m = tl, v = h2/3: [1 ]24.L [5]34 . 
Skewness = 0, kurtosis=- 6/5, Ie., Ch (x) : 

136, 1- 144. 
Ch (x) = (sin ht/h t) ea1t : [1]259. 
Sp ecial case of Type II : [2]142. 

[18]1-



Ch (x), bibliography for rectangular over (a,b), 
(- a, a): [17] Nos. 11 , 12. 

C(x)= t + x/a: [15]93. 
If x and yare the kth values from the top and bottom 

of sample, 

k 
E (x)=a + h - n + 1 (2h); E[t(x+ y)] = a; 

E(x-Y)=(l -n~l) (2h): [1]372. 

Val' (x) k (n- k + 1) (2h)2 
(n+ l)2(n+ 2) \ 

• 1 " _ 4kh2 
Val [2'(X+ Y)]-2(n+ l )(n+ 2) 

V . " ) 2k (n - 2k+ 1) 2 
ar (x- y (n + 1)2( 11 + 2) (2h) 

",D (x)= N (0, ~~~} ",D (c) = ]~aphLcc (0, £) 
where c= t (max+ min) , n val' (c)=6 val' (x): 

[3]48. 
D (~) : [d]26:115. 
WIom el1 ts of max and min : 
D (x) given incorrectly: 

D (x ) = 1\ o. 5.1 6. 

D ( - 210g IlxJ): [vJ4 :161 . 

MR 4:21. 
[n]10- 3 :91. 

FD (a)=Rectangular (max - h , 111ill + h) : [cI30:402. 

D (q th ranking iLem)=T ype I: [c ]23 :3DO. 

Testing against simple unimodal cii sLriblltioll : 
[y]20:11 1. 

Grouping corrections: [c)39 :430. 
Transformation to Cauchy: [1 5)101. 
C.-R. theorem may not hold: [1]485. 

YlLE (a-h, a + h)= (max, min) : [6]156, [3J28. 

Best linear estimate of m and cr: [d]25:308,317. 

E stimation : [d]17:355. 

a2r=(ta)2r/(2r + 1): [1OJ14 . 

Cumulants: [10141. 
Var(mean deviation)~a2/45n: 

IVIean difference: [c]28 :432. 

Ch (~xJ)' C (~xJ) : [9)278. 

nnx" - l 
D (GM) = -- (100' ajx)n-l : anr (n) b 

D (range) = n (n - 1)a- nxn - 2(a-x) : 

[2]217. 

[2)24.6, [el]5 :276. 

[4)92, 123, [c)20A:210, [9)241. 

D(::t log xi)= Type III: 
J~ l 

[v)7:296 . 

D (x, s) for n = 2,3: [d)3 :128. 

D (quotient of ranges): [g )46 :502. 

D (maxd max2) = No. 8.63: [g)50:1136. 
FD (a) = k x- n- 1 : [c]30:408, [dJ9 :273. 

MGF (log log~) MGP (arcs in -Jx): [v)8.69. 

Completeness: [e)10 :314. 
Estim ation by order statistics : [cl)26:576. 

Quasi-range: [cl ]28 :179 . 

Best lin eal' estimate : [cl )14:88. 

UMVUE (ft) = (1 +~) (max), max is sufficient: 

[14]142. 

Sufficient statist ics : [e)17:214. 
Co nfidence intervals for a: [3]83, [b)1 7:88. 

Example: [d)11 :209. 

Estim ation of dispel'sion : [c)36:95 . 
U1[P tes t of a = l : [13). 

Sec also: [dJ2 :48, [cl]2:66, [d)4:126, [d)4 :1 39, 
142,255, [c)23:424. 

5 .13. Rectangular (0 , 1) 

Location and scaling, closest estimate : [u)33 :221. D (x) = l , O ~x~ l 

Minimax estimate of "a": [d)22 :37. 

UMVUE: [14)142. 
Bayes' theorem: [n)16- 1:110. 

Variance of estimates of "a": [g)36 :410. 

T esting " a": [d)25:157. 

Critical regions: [3)280. 

Sec also : A1'chiv. der lvlath. 3 :3, Jo..fJi 6:235. 

5 .12. Rectangular (0, a ) 

D (x) = l /a, C h (x) = (eait _ 1) fait: [2)245. 

MGP(x) = (sinh tat)/tat: [10)38. 
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D (-log x) = e-x, CIt( - log x) = (l - it)-J 
D ( -~ log xJ) = T ype III (1 , k ): [3)132 . 

1 
D (~xJ) = (n- l ) ![xn - 1 _ en (x_ l) n- l 

+ (z)(x- 2)n- l_ . .. 1 

"Irwin-Hall" distribution : [d)1 3:43, [1)245, [w) 
1 :73, [2)240,244, [c]19:234, IvlR 12:509, ME 15:42, 
ME 7:311 , [c)1 9:240, [c)41:334. 
Obtained by finite differences (Also for No. 4.4): 
[p)10:52, 255, 324. 

Convolu t ions : }.lIE 6:88 . 

Sheppard 's corrections : [2]88. 



D (qtb value from top of sample) = Type I, 
m = 1- q/ (n + 1), v = q(n-q+ 1)/ [(n+ 1)2 (n + 2)]: 
[2]218. 

Var W = 1/4(n + 2): [2]230 . 

~D(x) : [d]25:636, MR 9 :360. 

Mellin transform: [d ]19:373. 

Order statistics: [c]24:260, [i ]33:214 . 

D (range) = Type I: [c ]25 :417. 
MGF(log log 1/x)=(l + t) 

MGF(arcsin x) = 2(e jd+ 1)/ (t2+ 4): [v]8:69. 

Ratio of two ranges: [d ]21:112, [x]7:179. 

Moments of the range: Z 13 :30, [c]20:217. 

C .- R. theorem may not hold : [1]485. 

Censored sample: [c ]41 :230. 

Stratified sample : [d]1 3 :44. 

Significance levels for x: [t]3 : 172. 
D (GM) = No.8.12: [w]1:73. 

E stimation of center, D (i ), D (~) : [c]33:126. 

D (maxImax2) = No.8.64: [g]50:1142. 

Two rectangulars added: [n]8-3:74. 

H ypothesis testing: [c]32 :321. 

See Also: [d]23:43, [c]25:203, [m]6:1 20, [d]22: 
418, [y]24:21, MR 7:310, Z 11:218, MR 16:602 . 

5.14. Correlation 

[1]398. 

D (x) 
(1- p2)1 (n- J) (1- x2)! (u - 4) dn- 2 [ COS- I( - PX)] 

7r (n- 2) ! d (px)n 2 1_p2X 2 

[2]342, [10] 200. 

Special cases n = 2,3,4, moments : [2]345. 
n = 4 : [u]26:536. 

C(x) : [c]25:71. 

~D(x): [n]1- 4 :1, [c]38 :236. 

If p= O, D(x) = No.5 .5 : [6]314, [4]1 20, [g]26:129. 

If p= O, D( x .vn - 2) = Student(n-2): 
~1 _X2 

[2]343. 

Papers dealing with this distribution generally: 
[c]10:507, [c]ll :328. 

Interval estimation: [e]7 :41 5. 

Confidence limits for p : [c]29 :1 57. 

Stratified sampling: [i ]36(Suppl. ) :87. 

See also: [b]15:193, [c121 :1 64, [c]24 :383; [0]3 :1 , 

Z21 :41 . 

5 .15. Multiple Correlation 

(1 R 2)'(n-1l D (x) 'Y -, xt(k-3) (1_x)!(n-k-Zl 
B[~(n-k), (k - l )] 

( n -1 n- l k - l ) 
where 'Y = F 2' ~2- ' ~2- ' R 2x and 

ah a(a+ 1)h (b + l) x2 
F(a, h , c, x) = 1+c x+ c(c+1) 2!+ 

[14]65, [2]384, [d]3:196, [2]127. 

If R = O, D(x2) = Beta(k, n - k): [i ]30 :63, [2]381 

Testing : [i]29:25 

Another form: [2]387, [3]338. 

Limiting form when n -o. ro : [2]387. 

When R = O, D(x) = Snedec()r: [10]257,252. 

Mean, variance: [c]22:353 . 

Moments : MR 14:189. 

More generally: [d]ll :6. 

See also: [e]9 :352, [e] 10:257, [a]92 :445, [n]12-

4:67, [i]24:199, [x]l :67,137, [x]4:88, Proc. Roy. Soc. 

(A) 121 :654, [u]46:521. 

5.16. Rectangular Mean 

1 [xl 
D (x) L2 (_l)J(j)(x _ j)n-l : [1]245. 

(n- l ) !j=o 
Generalization: [v]3 :330. 

Obtained by finite differences: [p]10:52, 255, 324. 
Called Irwin-Hall, cf. No. 5 .13 [d]13 :43. 

Compare No . 8.47 and No. 8.70: 

See also : London P .O. R es. Rep. 13443, Archiv 
der Ma.th. 3:3, Proc. Intl . Congo Math. (1924) 2:795. 

6 . Distributions on (0, ro ) 

6.1. Type VI 

Transform x = tanh z, p= tanh ~ : 
358. 

D (x) = C(x-a)P-)(x-b)q-l, x> b , a < b , q > O, 
[10]200, [c]21: p + q < 1: [1]249. 

If p= O, D (x2)=Beta h1-,1(n- 2)]: [10]160, 192. 

Bayes' distribution of p is No. 5.5(0,1): [3]91, 
[cJ41 :278. 

Moments: [n ]5:3. 

a l - P - Q 

C B ' ): (l-p-q, p 
If b= O, [2 ]1 40. 

Roots of quadratic in Pearson equation real and 
same sign: [11]45. 
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TruncaLion : [i]39:63, [i ]40:1 8. 

Various constants and an example: [11]83. 

See also: 
) 26, [v]4:167 . 

[d]7:23, [c]23 :143, [c]25:379, [17]No . 

6.2. Snedecor (p, q) 

" F " distribution 
111 , v, K3, K4,/31,/32: [p]6:175 . 

D erivation , properti es, examples : 
[1 8]1- 163. 

[5]100. 

[1 5]374, 

Area unity if p ,q both even: MR 12 :509 . 

Obtained as distribution of ratio of two Chi-square 
variables: [6]10 .5, [4]11 3. 

n 

~cJxJ 

1- C(xJ= (xo+ k )m' where n = {-p- 1, 

p(p + l ) . . . (p + r - l ) 
if r < q, a r (q - 1)(q-2) ... (q - r) 

D(ljx) = No. 6.3(q ,p), DC ! x)= Beta: 

[1] 242, [10]1 56, 158, 163 [d]25:402. 

p = q, x~ 1: [d]22 :418. 

Called Fisher's F: [w]l :9. 

C(x): [p]7:102. 

6.4. Hotelling 

D(x) 2 X,, - 1 [4]238 
B[{-(p- q) , {-q](p - l) !q [1 + P~ lJ W • 

For q = l, this is positive half of Student distribution, 
hence called generalized Stud ent: 

[1 ]409, [d]2 :375. 

[c]32 :70. 

Mellin transform: [d ]19 :373. 

m= ~ (p + q)- 1, k = q/p, and cJ = (;) k rn - J: P ercentage poin ts, rela tion wi tit Ch i-square: 
[d]27:1091. 

[5]100 . 

D (~)=B ( )- l q+ px I , q - 1): [4]115 

Therefore called " in verted Beta": 
Various proper t ies: [d]1 2 :446. 

m=-q- : [10]1 98. 
q- 2 

_ r ({-p +r) r (~q-r) ( / Jr. 
a r- r ({-p) r ({-q) q p . 

Mode= EQ - 2Q: 
pq+ 2p 

[10]1 97. 

[4]114. 

Approximated by normal distribution: 

If x, y each Snedecor (n- 1, n), then 
Snedecor (2 n- 2, 2n- 2). 

Testing: [d]13 :371. 

[p]10:62. 

[c]33 :73. 

[d]13 :233. 

D(-JX7Y) = 

Used to Lest multiple correlation coefficient : 
[10]257. 

See IIlso: [4]189, [d ]6:204, [d]18:89 , [c]21 :350 , 
[c]37 :219, [q ]7 :96 , J. Soc. Statist. Paris 96:262. 

6.3 . BEla of Second Kind (p, q) 

xp - 1 P 
D(x) B (p , q) (1 + x)P+<I' m = q- l ' 

p (p + q- l ) p- l . _ p - ] 
v= (q - l )2(q - 2)' mode= q+ l ' HM--q-
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See also: [10 ]207, [c]25 :399, [i]30:66, [d]9:235. 
[c]24:480, [c]4 :174, [c]24:487, [t ]7:82 . 

6.5. Pareto 

D (x) = p/q (q/X)P+l: [8]1 20. 

al=~lq, ~= 21 /Pq : [1]248, [2]142. p-

More generally: [d]7 :26. 

Testing, location and dispersion: [t]7:1 15. 

As T ype XI: [cJ39:178, [17]No . 25. 

Ranking: [c]24:234, 241,275. 
Double Pareto: K endall and Buckland, A Dic-

tionary oj Stat. T erms. 

See also: [l]1 9 :174 , [h' ]1:1 4.9, [g]4.8:537, [i]8:76, 
[t]3 :77, [y]1 3:30, MR1 3:962, 223:63 , C. R . Acad. 
Sci. Paris 233:1421, [l ]25:591, [w]4:147. 

6.6. Kendall 

D (x) 
re- (x- r)/a(x _ r )X - I 

aXr (x+ ]) , O< l' < x< 00 , 

r ra2 

m = I - a' V = (J - ap' 
[b] 19:211 , (rj. Borel- Tanner ). 

6.7. Inverse Gaussian 

D (x) = exp [- \ (x- ,u)2/2,u2X][\/27rx3p, introduction, 
moments, estimation: [d]28 :362, 696. 



7. Distributions on (- ro , 00 ) 

Estimation: 

See also: 

7 . 1. Type VII 

[2]1 42 . 

[c]36:412, [t]4:35. 

[c]15:401, [c]36:412 , 167. 

7.2. Student (v ) 

D (x) = ~~t~t~?I (1 + x 2/v) - t(v+ 1l: [5]97, [2]17, [6] 

10.6, NIR8:161 , [14]47, [4]110, [10]186 , [l]3:355 , 
[18]1 - 162, [17]No. 29. 

Introduction, properties, examples: [1 51388. 

v= vl (v- 2). [1]239. 

Type VII with m = ! (v+ l), a2= v. 
"t" distribution. 

1.3· . ... (2k-l)vk • 

0! 2k (v- 2) (v-4)· ... . (v- 2k)" [1] 239, [101208. 

Original paper in which this distribution was dis-
covered: [c]6:1 . 

Ch(x), refs for v= 3: [17]No.28. 

Ch(x): [b]18:212. 

Distribution of the ratio of a Chi-square variable to a 
normal variable: [1]387, [4]110, [10]187 [n]5: 
102. 

In bivariate normal samples 

[1]29.8. 

[1]29.8. 

if p= o 

D [ (n-2)t (1 ~ v2) tJ=Student (n-2): [1 ]29.7. 

C(x): [l]3:358, [c]25:389, [n]5:109, [c]37 :168. 

D(x2) = Snedccor: [6]217, [4]115. 
Transform to Type II: [c]28:308. 

D(x): [n]8 - 4:92. 

As V--700, Student-?N(O,l): [1]252, [3]101 , [a] 
11 3 :228, [d]27:783, Proc . A.M.S. 6th Symposium 
in Appl. Math. p. 251. 

Approximations: [dJ7:21O, [d]9:87, [d]17:216. 

DOog x) : [c]34 :176. 

Two S tuden t variables: [c ]22 :405 , [c ]23: 1. 

Used to test partial correlation: [10]256. 

,,-,significance levels: [d]14:60. 
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Generalizations: [d]19:406 , [d]25 :162, [i]34:58. 
See also: [d]10:265, [d]18:89, [e]11:37, [e]12:89, 

[j]8:632, [c]33:362, [n]5:90, [c]32 :271,300, [c]24 :56,296, 
[i]33:138, [c]44:264, Brit. A ssoc. Math. Tables (3rd 
Ed.) V . 1 p xxxiii, J. Soc. Stat. Paris 92:262, MR18: 
834, Z4:67, [u]21 :482,655, [w]l :9, [p ]8 :42. 

7.3. Normal Regression Slope 

[1]402. 

[2]365, [e11 :432. 

For p= O, can use Studen t distribution to test x: 
[10]194. 

Stratified sampling: [i]36:96. 

7.4. Cauchy (p, q ) 

D (x) =~ 2+ (P )2: [lJ246, [5]35, [18]1 - 36. 7r P x- q 

Ch(x) = exp [qit - p \t \]: [5]60. 

q is the mode and median; there is no mean , nor any 
moment: [5]58. 

Quartiles are q ± p : [5]67. 
x is not a cO llsistent estimate of q: 

x is a "density unbiased" estimate of q : 

[5]105. 

[dJ25:400. 

There are no sufficien t es timators: [3]48. 
C.-R. (q), C.-R. (p), C.-R. (p/q): [e]8:205. 

Distribution of t and F statistics: MR13:665. 

Mean and variance of t (x + y), where x and yare 
respectively the k tb values from the top and bot-
tom of the sample: [1]373 . 

!(x+ y) is not a consistent estimate of q. 

See also: [d]17:2, [d]21 :133. 

7.5. Cauchy (1, q) 

1 1 
D(x)=- l + ( r: 7r x-q -

[6] 117. 

q incorrectly asserted to b e the mean: [p]7:165 . 

E(x), E(x2), D (x + y): [14J43. 
C. - R. (q) = 2/n: [1]490, [3]24, [p]7:159. 

Val' ( ~) ~7r2/4n: [316. 
D(x)=D(x), hence x not consistent: [3]2, [1 ]490, 

[u]22:702. 

D (~) : [3]46. 
MLE ~minimax: [16]64. 
MLE is solution of ~[2(xl- q) 1 / [1 + (xl- q)2] = O: 

[3]24, [pJ7:169. 
Gaging: [e115:194. 



'1'11e1'e is no sufficient es timator : 
[p ]7:1 62 . 

rfhere is no UMVUE: [3]51 . 

[9]6:16, (3)27, 

Information and estimation : [e)8:315 . 

Loss of information: 

Testing m = mo: 
Cauchys added: 

(3)32. 

[d]9:83 , [d)1 3 :65. 

MR17:863. 

See also: 
[w)1:9. 

[b)9:61 , [i)20:61 , [g)51 :641 , [d) 28:832 , 

7.6. Cauchy (p, 0) 

D(x)= (p/-n·) [1 / (p2+x2»), Ch(x)= exp - p \t \: [9]275. 

Reproductive property : (9)276. 

Information and estimation: [e)8:316. 

Completeness: [e)lO:314. 

D (x)=D (x) : [n)10 -3:91. 

Truncated to (- p ,p) : [10 ]14. 

7 .7. Cauchy (1, 0) 

D (x) = (l /7r)[1! (l + x2») [5)167. 
Ch (x) = exp -\t \: [2]95, [8]1 67, [1 )24.6, (9)243, 

[17 ] No. 27, [s)213 :718, [i]5 :133. 

Sample median: [d) 26:600. 

D (x) = D (x) : [2)233,247, [w)1:73. 

From an example : [8)33, (9)242. 

Moments : (8)99. 

As distribution of ratio of two normal variables: 
[10 ]159. 

C(x)= ! +( l / 7T) tan- Ix. 
Censored sample : [c )41 :230 . 

Wrapped-up Cauchy: [d)26:245. 

See also: [d]22 :425, [k]7:371, S. D. Poisson 
(1 824) "Sur la Probabi li te des resultats moyen s des 
observations," C'onnaissance des T em s ou D es Mouve
ments Celestes a l'u sage des astronomes et des Navi
gateurs, pour l'an 1827. L e Bureau des Longi tudes, 
Paris . [d] 22 :418, AIR3 :232, MR9:235 , MR5:1 24. 

7.8. LaPlace (m, v) 

D (x) = (2v)-t exp[ -\x- m \/!(2v)!]: 
67, [1 8]1- 136. 

Oh(x) = exp (mi t) .(1 + !vV)- I: [5]62. 

[1]247, [5]35, 

M ean and variance of average of greates t and least 
sample values: [1 ]375. 

A priori distributions of m ,v: NIR9 :294 . 

"Best" estimates of 111 and (J" are ~ and (l / n) l: lxl - ~ \ , 
but ~ not ufficient: (5)147- 8. 

Quasi-range: [d]28:179. 

" Double exponential" distribution: Proc . Roy. 
S oc. L ond . (Series A ) 154:1 24, [v]7:164 . 

Convolll tion, es timation, generalization: Sobre 
la Prim em L ey de Errores de Laplace, F . A. Sales 
Valles, Thesis, Barcelona 1947 . 

Laplace (0, v ), also called " Poisson's fu·st law of 
error, " D( \x\), D( \x \- \y \), D(log lxi-log \y \), 
D(l:xD, D(GM), D(HM) : [d)6:102. 

Laplace if D (x)D(y)=¢ (\x \+\y \) MRlO:1 25. 

See also: [n]10-3:80. 

Laplace (m,2), MLE: [3]45. 

Laplace (0,1) , D (x) = e- 1xl : [8)1 20 , [9]279, [1]100. 

Sample median: [d]26:599. 

a2k= (2k) !: [d]5:32. 

D (range) , quality control: [p]8 :87. 

See also: [d]22 :425, [17] No. 38, Laplace 
(1774), "11aemoire sur la Probabi lite des causes par les 
evenemens .' , 

7.9. Fisher (p, q) 

[1 ]243, [2]249, 
[14 ]48 , MR8:161 . 

z distribution: [l ]3 :355. 

O(x) as a power series: [l]3 :360. 

Climulants: NIR9 :48, 735. 

Moments, cumulants: [y]5:317. 

Transform to Snedecor by y=e2X ; 

x = ! log qxIlpx~ : [c]23 :147 . 

Various properties : [d ]12 :429, [c]34:173. 

Ch(x) =(~yltr[Hq - it)] r[!(p + it)]/r (!p) r (!q) : 

[3]116. 
~C (x) : [d]28:504 . 

Obtained from two Ohi-square variables: 
[d]7:52, [g)26:173 . 

[2]249, 

Approximate significance levels, transforma tion to 
normal: [d]11 :93. 

Normal limit: Am. Math. ll([on thly , 50:100 . 

Generalization: [i )34:58. 

Noncentral: [0)7:57. 

See also: [e]2 :423 , [b ]1:31 , [aJ94:284, [c]21 :350 , 
(c)34:352, 359, [c)41 :304, Am. NIath. NIon thly 50:100 , 
382. Proc. I ntl. Congo ll([ath . (1 920)805, Current 
Science 1941, p . 191, [w)5:30 , [p ]6 :1 83 . 

7.10. TypeIV 

Distribution of smalles t sample value: [g ]43 :408. D (x) = 0(1 + x2/a2)-m exp (-p tan- I x/a): [11]69. 
D W : [d ]26:11 5 . D (x - h)=Type IV: (3)48. 
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Various constants with an example: [11]69. 

Roots of quadratic in P earson equation complex: 
[11]44. 

a r = [a/ (2m- r - I )][(r- I )aa r _2-par _d: [2]86, 140, 
144. 

a = 1: [17]No. 52 . 

See also: [d]7:21, [c] l :39, [c]3 :312, [c ]6:435, 
[c]7 :74 , [c]26:386. 

8. Miscellaneous Univariate 

8.1. Pearson 

1 dD (x) ao+ a1x 
D (x) dx bo+ b l x+ b2x2' 

types listed with associated parameters: [d]2:394 , 
[n ]11 - 4:77. 

Differential equation for Ch(x) : MR8:393 . 

Ch (x): MRlO:705. 

Original paper: Phi l. Trans., 1895 . 

First seven types treated in [11]. 

New classification : [d]7:1 6. 

D (x) : [d]18:111 , [n]8- 4:51 . 

Truncation , estimation : [d]22 :256 , [c]40:50. 

Bivariate: A1R9:363,452. 

Flexes equidistan t from mode, etc.: [d]6:1. 

Bivariate generalization: [v]3 :273. 

Orthogonal Polynomials: Ann. Soc. Cien. Argen-
ti na 155 :3 . 

G eneralizations: [d]5 :1 24, [c]26:129, (cf N o. 8 .52), 
MRlO:386 , MR17:1095, [d]21 :289, J. Gakugei 
Tokushi ma Univ. Math . 5:29, [n ]1 2- 2:95. 

Log P earson distribu tions : Intl. Congo Alath. 
(1 950)1 :580. 

D (x), Ch(x), Moments in a special case : 
775. 

MR14: 

D (ratio Type III variables): Studies Presented 
to Richard von M ises. A cademic Press, 1954. 
p. 301. 

Bivariate Gamma distribution: [e]5:140. 

Distribution of the range: [d]1 8:384, [d]21 :133. 

Marginal total of Elfving 's distribution: [c]36:142. 

See also: [e]6:175, [e]8:235, [a]97:1 25, [a]98:89, 
[b]16:96, [c]21 :168, [c]24:441 , [c]24:485,492, [d]18:392, 
[c]24:39, [c]24:293, [17]Nos. 10,60,61 ,62,63,64 , wi th 
Ch(x) , refs . [c]21 :164, [c]24:293, [c]24:39, Several 
forms, J . Soc. Stat. Paris 96:262, [u]28:458, MRll: 
607, MR16:152. 

8.3. Variance Ratio 

. _ 2 (1- p2 ) ! (n-llxn- 2(1 - 4p2x2(1 + x2) -2) - t n 

D (x)- B[H n-l ), !(n - I)](l + x2) n- 1 ' 

"Bose", [2]365, [e]2:65. 

For p= O, D[(2n-3)x2]= Hotelling (2n - 2,n - I ). 

See also: [p]6:183, [p ]7 :98, [c]30:1 90, [c]31 :9. 

8.4. Kullbach 

Distribut ion of GM from Type III (I ,p) : [2]251. 

8.5. Noncentral Student 

D (x) : [c]31 :362, [18]1 - 162, [v]4:173,307. 

Multivaria te : [v]4:331. 

Application: [c]43:219. 

Romanovsky's generalization : 
221. 

[c]17:106, [c]18: See also: [i ]36(Suppl .) :21, [r]1:28, J . Soc. Stat . 
Paris 96:262, MR1 5:46. 

See also : [d ]8 :18 , [d ]8 :206, [d]20:461, [e]6:41 5, 
[c ]7:127, [c]1 6 :106, [c]16 :198, [c]18:264, [c]20:389, 
[g]26( p) :288, [a]85:488, [c]35 :11 3, [c]32:81, [c]36 :151 , 
[c ]38:4 , [i ]25:141 , MR17:1 69,272, Z9 :314, Z 6:268, 
n9:73, MR1 4:755,977 , I ntl . Congo M ath. (1 950) 
1 :585. 

8 .2 . Bessel Function 

M ahalanobis' Distribution (UD " distribution): [el 
2 :143,385, [e]3 :105, [e]4:1 9,373,535, [e]8:167, [k]8: 
379, [14]246, MR4 :23. 

Wilk 's distribution of dispersion determinan t , etc.: 
[e]3 :26. 

D (x) : MR5:42. 

Distribution of vector correlation : [c]28 :353. 

Distribu tion of difference of X2 variables : [d]7 :51. 

L_ 
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8.6. Continuo"J.s Lcxb.n 

D (x) = II f (p)(~) pX( I-p) n-Xdp ; parameters; if f (p) is 

Beta, D (x) is hypergeometric : [i ]31:1 , [i]34:197. 

8.7. Non~entrQl S::l: d'2cor 

D (x) : [c]36 :220, [1 8]1- 163, [e]1 5:321. 

See also : [c]38:11 2, [i ]36(Suppl. ) :33, [r]3 :33. 

8.8. Fisher's Logarithmic Series 

Ie 
D (x)= 1 ,x= l , ~ , . .. : 

p log I - k 
[c]35 :6, [f] 5:162. 

Cf. negative binomial (l ,-m), N o. 3.5 : [c]37 :358. 



8.9. Rank Variate 

D (x)=~ (q - l )~(!n-q)! [exp-~ (n - q+ l )] 

X (l-e- x/ u)q-!: [c]24·:231, 239, [c]25 :79 . 

In special case called Yule's distribu tion, MLE: 
[c]42 :23 ,425, [c]43:248. 

A distribution of Type III m edian: [p]7:153 . 

8.10. Generalized Pareto 

[l]6:184. 

b = 1, n = 5, a = 15j7rA , Planck's radiation function: 
[17]No. 56. 

8.11. Ghosh 

D (x) = r ( [k~+ 1) X[k1e-x
2

, where [k] is the largest in

teger ::;k. 

Furnish es counterexample to th eorem on similar 
r eglOns: [e]8:330. 

8.12. Rectangular Geometric Mean 

nllxn- I 
D (x)= anr (n ) (logajx)n-1: [2]246, [d]5 :276, [w]1 :73 . 

8.13. Cauchy Median 

. (2m+ I )! (7r2 - I .• 2)m 1 . 
D (x)= (m!)27r2m+1 {-[tan (x-k ) ] 1+ (X_ k)2' 

[3]46. 
8.14. Spearman's Rank Correlation 

D (x): [c]30:256, [c]34:183, [c]38 :1 31 . 

~D(x) =Type II, moments : [c]40:409. 

8.15. Circular Normal Correlation 

D (x)= n (n- 1) c- x2 / v (1_e- x2 / 2V)n- 2 (x/ (1) : 
[g]48:496. 

8.16. Koopman 

[c]39:139, 

D (x)=Q (k) R (x) exp k H (x), most general distribu
tion admitting a sufficient estimate of k : [3]24, 
[d ]23 :403, [c]36:71 , Trans Am. Math. Soc. 39:399, 
[p ]7 :1 62. 

8.17. Von Mises 

D (x)= C exp Ie cos (x- a) : 
19:490. 

Physikal. Zeitschr 

'Circular Normal': [g]48:1 31 , [g]49:53,268, [c]43 : 
344 , [d ]26:233 , [c]43 :344 . 

8.18. 

Family of distribution s having all moments equal: 
[d ]11 :402. 

D (x)=t c- xt (1 - p sin x:) 

Cl'k = t (4k+ 3)!. 

51 

8.19. 

Family of distributions having all moments equal 
D (x) =e- t 7r-! x- 1og x [l-p sin ( 27r log x)], 
G¥k = exp[t k (k + 2)]: [d]l1 :402. 

8.20. 

"Non-null t2 distribution", involving a hypergeo-
metric function: [14]48. 

8.21. 

sechk - 2x 
D (x) B (1 , k-2)' the distribution of tallh- 1 l' in 

samples from a bivariate normal distribution with 
zero means and zero correlation: [b ]15 :213, 
[b]9:61. 

Ch(x), also special cases and refs: [17]Nos. 53- 5. 

D(~xI) for k =3 : Z9 :219. 

8.22. 

D (x) =2~ sech 2 (x~m} connected wi th lognormal: 

[e]12 :1 22. 

Called 'logistic', Ch (x) = 7rX sech7rx when 111 = 0, a = 2: 
[v]7 :163. 

Calleel 'hyperboli c law of errors' , properti.es, ex-
ampJes: [s]2 :55. 

Distribution of' t and F statistics: MR 13 :665. 

8.23. 

Distribution of the correlation ratio , involving 
senes : [a ]97:121, [c]24 :441. 

8.24. 

Various distributions of the form exp (- qu ar t ic 
polynomial): [d]4:1, [d]4 :79, [d]19:589 . 

Giving an example wher e no minimum variance esti-
mator exists: [e]12:43. 

MLE: [c]31:188, [a]98:114. 

8.25. 

k (1+ x2)-rn: [2]52. 

Ch(x) : [2]67. 
8.26. 

D (x)=b sin 2 (a + bx): [b ]9:61. 

8.27. 

Normal multiplied by an eighth degree polynomial: 
[a]106:361. 

8.28. 

D (x) = (t h + t h2I x l) e- hIXI, D (x) : 

For h = l Ch(x)= -- . ( 1 )2 
, . 1+ x2 ' 

[n]10-3:90. 

[n]10:75, [17]No. 39. 
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8.29. 

Miscellaneous distributions given in terms of C (x) : 
[d]1 3 :217, Math. Tables and Other Aids to Computa
ti on 5:109, [g]50:209. 

8.30. 

D(x) = ik(1 + \X\)-k- l : [1]225 No.2 . 

k negative: [c]33 :126. 

k = 1 + p: [c]36:93, [17] No. 17, gen erali7.ation No . 
18. 

8.31. 

D(x) = k exp (-axD) [l + q sin (bxP) ]: [2]106 . 

8.32. 

Various distributions formed from rational functions 
of x, rational functions multiplied bye- II" e- X and 
exp (- tan - Ix) : [d]1:1 37. 

8.33. 

D(x) = (e2+ \X\)-l [log (e2+ Ix \) ]-2, having a pathologi-
cally long tail : [d]17 :11 . 

8.34. Wei bull 

D(x)=ab X b - 1 exp (-axb), x~o, a> O, b > l : 
[g]43 :408, [17 ]No. 44. 

Moments of order statistics: [d]26:330. 

8.35. 

D(x) = k sinrnx cosnx: [c]30:182. 

n = O, value of k , Ch (cos x) : Phil. Mag. Ser . 7, 
39:70. 

8.36. 

8.37. 

D(x) = 2h7l'- 1(ehX + e- hX)-1, D(x) called "P erks": 
[n]1O-3:90, [d]26:153, [v]7:159, J. Inst. Actual'. 
63:12. 

8.38. 

D (x) = (271')-!(x/k) [exp( - i(x - 1\:)2) 
-exp ( -i(x + 1\:)2) ]: [2]387. 

8.39. 

D etermination of constants: C.R. Acad. Sci. 
Paris 222:34. 

Estimation, MLE: [d]24 :282. 

Bias: [d]27:758. 

Ch (x)= f(1 - ixa- 1) exp(ixm) CUJ11'ulants (see refer-
ence) : [18]1- 144. 

For m = O, a = l, Ch(x)= f(l - ix), R eferences: 
[17]No . 43, [u]24:180. 

Connection with No. 2.3 : [v]4:8, [g]50:518, 
[g ]42:408. 

Special cases: [1']1 :4. 
~D (x) : lu]24:180, [g]4.3 :403, Studies presented to 

R ichard von iVlises . Academic Press, 1954 p. 346. 

With sligh t modification ~D(x) is distribution of log 
survival time: J . Hygiene 42:328. 

Sec also: U. S. Dept. Agric. ARS 41 :13, Ann. 
Inst. H enri Poincare 4:115, 5:115, J. de Physique 
Serie 7 11ol . 8, nos. 8, 11, Bull. Am. Meteor. Soc, 
23 :95, C. R . Acad. Sci. Paris 246:49,237: 512, Nature 
175:270, Cong o I ntl. Math. 1936, 2:200, [a]99:732, 
[w]8:97 NBS Appl. Math. S er. No . 33. 

8.41. 

2 x2 Ch (x)=e-1xl(l- \x\), 
D (x)=; (l + X2)2' 

[n]10:75, 

[17] No.30 . 
8.42. 

D (x + y), where x and y obey various trivial dis-
tributions: [d]5:16. 

8.43. 

D (x) = Cx- 1 (l + p/X) -2: [d]6:106. 

8.44. 

a + 1 
D (x) =~ (l- \x\&), - l < x< l: 

8.45. 

[17]No .15. 

}.,& n (n) cJxbJ 
D (x) e- XXxa - 1 :::8 O< x< OJ , 

(l+~ Y i ~O j f (bj + a) ' 

,,> 0, c~ O, b ~ O, a> O, n = l,2, ... , 
Ch (x), References: [17]No. 36. 

Four distributions formed by multiplying the normal 8.46. 
distribution by a polynomial, used to illustrate 
kurtosis: [g]40:259. D (x)= (x- k)xn e- ax : [g]42:572. 

8.40. Extreme Value 

D (x) = a exp[ - a(x - m)] exp[ - exp-a(x-m)]: 
[d] 17:299. 

Gmnbel or Fisher-Tippett distribution. 
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8.47. Stevens·Fisher 

D (x) = ~ (j) (-l)i( l - jx)n- 1 [k]9:315, [k]10:14. 

Compare No. 5. 16 and No. 8.70. 



8.48. 

[d] 25 :641. 

8.49. 

D (x) = C exp[ -a(b -x)-C]: [d]25:645. 

8.50. 

D (X) a -I xl" 00 < x< 00 • > 0 2f(1/a) e,- , a [il5 :183,[g] 

26(Suppl .-H )227,[17]No.40. 

MLE : [u]45:542. 
8.51. 

Distribution of non-normal correlation: [c]38:224. 

8.52. 

D (x) = C [p-X2
2
] P";.Q, -v'f.> <x< v'f.> 

q+ x 

Value of C, references: [1 7]No.81. 

Hansmann's di stributions, obLained hom a general-
ized Pearsoll differential equation : [c] 26 :1 29. 

8.53. 

D (x) = (k/x) exp[ -ax- (b/x)]: [17]No·48. 

Called " Type Harmoniq ue": C.R. Acad Sci. 
Paris 213 :634. 

8 .54. 

D ) ( / f1r) 2a b 1 -bX-!!! . (x = a ,7r e X 3/ 2 ex. 

Ch (x) = exp[2a (~b-~b- it )] : 

[i ]23 :101. 

[17]No.50 . 

8.55. 
ap lrl 

D (x)=~( ) X'D - Ie- aX ', O< x< 00, a> O, p > O: 
f p 

No.51. 
8.56. 

D (x) =(a - 1)2 (log x) /xa , 1< x<oo , 1< a: 
No.57. 

8.57. 

[17] 

[17] 

D (x) =-[L(bH')xS log X] - I, b< x< oo, a> l , b > l , 
and 

Ju elv 
L (u)= 1--' u ~ O: 

o og v 
[17]No.58. 

8.58. 

D (x) =- (a + l )2.,a logx, O< x< l, a>- 1: 
No .59. 

8.59. 

[17] 

A generalization of t he hypergeo metric distribution 
based on th e Whittaker fun ction 
xm+! e- tx lli\(m+ !-k, 2111 + x; x) 

D (x), Ch(x), references: [17]No.65. 
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8.60. 

D (x) = C e-( x2 / 2a') / (b2+ X2), moments, Ch (x), limiting 
cases (Caucll Y, Norm al) : [v]2 :298, [v]3 :139. 

8.61. 

D (x) = (1/7r) [(1-cos x) /x2]: [v]2:328. 

8.62. 

D (x) where A + Bf(x) is (a) normal, or (b) Laplace 
and f(x) is (i) log x, (ii) log [x/ (l - x)], (iii) arcsinh 
x: [c] 36:149, [v]5 :283. 

8.63. 

{ 
1_e-IlNT x = N 

D (x) = (l -e-IlT; exp[ - p.T (x - l)], x= N + 1, 
N + 2, ... 

N = l , 2, .. . , p.> 0, T > O. 

8.64. 

Garwood's disLribution of length of gaps in traffi c: 
[b]7:65, [g]46:117, [c]38 :384. 

8.65. Matching 

D (x) = (l /x! )[1- (l /1!) + (1/2!) - . + 
(-l)n- x/ (n - x)!]: [a]11 8 :390, MR18:34.6. 

Ge neraliza tion : [1, ]210. 

8.66. 

Cigar ette card distribu Lion: [a]118:391. 

8.67. 

Cubic polynomial over a fini te range, estimation: 
[g] 50:196, [d]26:505,591. 

8.68. 

{ ~ x
m

-
I

, O<X<1 } 
D (x) = m + n 

mn 
-- x - n - 1 1 S x< 00 m + n ,-

Moments, etc.: [g] 50:11 37. 

8.69. 

1r m. n (m- n)- lxll- I(l - xlll - n), m ~n} 
D (x) = 

\.. n 2xn- l log (1 /x) , m = l1 J 

lVIoments: [g] 50 :11 42. 

8.70. 

nn (n) ( j )n- I D (x) (_ ),.2:: (- 1)] . x-"'- , O~x~l 
11 1. ]:2! nx ] n 

Compare Nos. 5. 16 and 8.47 : [d ]26:713. 
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8.71. 

(r - 1)!(r- x) 
D (x) x! rr x ,x= O, 1, ... , (1'- 1) 

Mom ents, approximations : [b]1 9:339. 

8.72. Arfwedson 

[i ]34:121 . 

8.73. Stevens-Craig 

D(x) = C n (x) u:, u: being Stirling's number of second 
kind: [k]8:57, [c140:173. 

Generalizatjon: [w]7:203. 

8.74. 

D (x) = i + x\ - 1< x< 1: [m]6:1 20. 

8.75. Ising-Stevens 

D (x) 
Zeit . j. Physik 31 :253, 
[k]9:10, [d]11 :370, 
[t]4:171, [w]8:56. 

8.76. 

D(x) 
1 

Ann. of Math . 27:18. 
7l'~m2-x2' 

8.77. 
x- j 

D (x) = /- exp [-i(xt-b F] 
3,271' 

Ann. oj Math . 

19. 27 : 
8.78. Negative Hypergeometric 

D X) = (n) B (p + x,q + n - x): 
(. X B (p, q) [b]10:257, Proc. 
Int 'l. Stat . Conj. Rome 1953 paper 71. 

Obtained by assuming binomial probability to obey 
B eta. 

8.79. 

D (x) = k(l + x) -2 over various ranges : 

8.80. 

D (x) = (n - 1 )[1- (l /x)n-2] (l /x2), x~ 1 : 

8.81. 

8.82. 

a -(a-b X)2/2CX 

[d]22 :425. 

[d]22:425. 

D (x) 
, /271'cx3 Called "inverse Gaussian": 

Nature 155:453, [u]43 :41 , Virginia J. Sci. 
(new series) 7:160 . 
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Written 

ex (-c(x-m? ) 
p 2m 2x 

[d]28:362, 696. D (x) 

(2~3y 
D(x) = k xne- x2+ax, called "Halphen, ": 

Inst. S tatist . Univ. Paris 4:38. 

8.83. 

D (x) = a(a,fJ) /[exp(ah2) - tJl : 
8.84. 

D (x) = a exp [- k 2 log2 p] where 

lvIR16:381. 

Publ. 

p = [(x-xo) (XZ-XI)] / [ (X2-X) (XI-XO)] : 210:313. 

8.85. 

Ch (x) = I /cosh t, t /sinh t, 1/C08h2 t: 

8.86. 

ME11 :443 . 

D (x) = 2)..().. + 1) / (x + ).. - I) (x + ).. )(x + ).. + 1), ).. > 0, 
x= I ,2, ... , m = I + ).. , v = co: [e]1 8 :353. 

D :x) 
N!n! 

n 

II XI ' (i! )Xi 
i=O 

8.87. 

[s]5:161 . 

8.88. 

D (x) = ce cx/ (1 + eCx )2: [8]1 :55, [8]3:133. 

Hyperbolic Error distribubon . 
A discrete distribution from an urnrmod el: 

[d] 22:452, [w]7:173. 

8.90. 

( X-- l) J 
x- I . P 

D (x) = kx ::8 (_~ .), ' x = O, 1, . . . 
J =O X ]. 

Called " P6lya-Aeppli": 

8.91. 

[c140:206. 

D (x) =~ C ;X"=-12) k X- 1/ (l + k)2x- \ x = l , 2, ... 

8.92. 



D (y - z) where D (y)=Type III (A, N), D (z) = Typ c 
III (J.l , 1) 

8 .93. Miller 

D (x)=(k+ l ) (m + k + l)! (m+ x- l)! , 0 1 
m! (m + k + x+ l)! x= , , .. . 

_ m + k + l 2 (m + k + l)(k + l )(m + J) 
!Xl - k , (J 1\:2(k - l ) . 

Ob tained by assuming Pascal parameter to be Beta. 

9. Miscellaneous Bivariate 

9.1. Cauchy Bivariate 

9.2. Student Bivariate 

( ,,2 ')['"y+ y2) -t<O+21 
D (x, y) = (21f)- 1(1- r2)-t 1+ ' -:(;~ 1'2) 

T a bles: [c]22:408, [cHi :154· 
If x,y independent : [3]92. 

9.3 . Poisson Bivariate 

Discussion: J2]136, [j]7:414, [c]39:196, P sy ch. 
Bull. 47:434, p roc. Edin . . M ath . Soc. lIs 4:18. 

Special case obtained 1'rom binomlltl: [i]17:98. 

9.4. 

Lognormal bi Yflriate: [c]22:130, [d]4:30. 

9.5. 

Normal-lognorm al: [d]4:30. 

9.6. Binomial Bivariate 

[2]133. 

\- 1 
If a = O,_D (x, y) _I I (l-~'- ) IPxqY(l - p - q)k-X-Y, 

x. y. " X y. 
etc.: [i]17:92, [i] 19 :209. 

9.8. Gamma·Normal 

lVIGF (x, y) = (l -s) - ! eXP[H2 (1 + lsr 2S)J [e]5:144. 

[c]25 :1 32. 

9.9. Hypergeometric Bivariate 

(~)(;)(k-~-y ) . . '. 
D (x, y)= (a+~+ c) , vanous propertieS . 

[i ]17:104, [c]16 :172, [c]22:140. 

Moments: Ganiia 5:97, Koninkl. Nederl . A kad 
(A) 60:124. 

9.10. Negative Binomial Bivariate 

Various properties: [i ]17:100. 

pO 1 r (x+ y + p) [ m ] x+Y 
D (x, y) (p+ 2m)p r ep) r (x+ l )r (y+ l ) p + 2m 

correlation=~, 1'eO'1'ession etc. : 
p + m b 

[c]41 :79. 

Polya-Eggenbr1'ge1' : M Rl1 :605. 

9.11. El£ving 

D (x,y) =! x exp (-x cosh y), connected with rv D 
(range): [c]34 :111 , [c ]36:142 . 

9.12. 

D (x,y) =- C e- ax- by (l -x+ y)P (l + x- y)Q: 
355. 

:Rhoc\es surface: [c ]22:134, [c]41 :550 . 

9.13. 

[c]1 4: 

D (x,y) = (I + x/a)ITI (l + v /b)" [1 -(x+ y) /c]Q, Filon-
IsseI·lis surface: [c]l 5:222, [c]1 6 :1 80. 

9.14. 

D (x,y) = (xy)k (x-y)[(I - x) (l -y)]n: 
[k] 8 :245. 

D (x,y) 

9.15. 

xn-2(1 _ y2)t<n-41. 
(1- 21'xy+ y2 ) " - 1' 

9.16. 

[2]365. 

(c)31 :226, 

See also: 
665. 

[i] 36 :74, MR14:995, Z18:154, .lVfR1 3: D (x y) - n- 2 n! (X'/11)k-l (y/ n)k- I(1-
., -. [ ( k- 1 ) !]2 ( 1l-2k) ! ~ . 

9.7. Gamma Bivariate 

MGF(x,y) = [(1 + s) (1-· t) -str2J-P: 
[c]25:158, MR3:171 . 

[e]5:140, 
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x/n _ y/n)n-2k 

x > O, y > O, x + y < n , 2k< n 
As n ---o> co, x,y ---o>inc\ependen t Type III(I ,k ) 
Special case, k = O: [d]7:149. 

J 



9.17. 

D(x,y)=C xt (n-3) (y_x)1(k-n- 2) exp [-i(k- 1)y], 
D(x/y) = Beta: [b]1:213. 

9.18. 

9.32. 

D efined over (0,0) (0,1) (1,0) from urn model: 
[v]3:328. 

9.33. 

Uniform bivariate, triangul ar bivariate: 
382, [v]5:322. 

[c] 2-4 : "Correlation by common fador " surface: 
288. 

[c]24: 

9.19. 

Gram-Charlier bivariate: [c]36 :177. 

9.20. 

The fifteen constan t surface, 
(quartic polynomial ). e-Q : [c]17 :268. 

9.21. 

Pearson 's Student-like surfaces: 
229, [c]22 :137. 

9.22. 

D (x,y)=x+ y, D(x+ y): [8]94· 

9.23. 

[c]1 5 :234. [cW? : 

Normal-negative binomial: . [1c ]1 3:289 . 

9.24. 

Edgeworth surface: [c]38 :220, [c ]17 :314. 

9.25. 

Rayleigh bivariate: Electrical Engineering, No-
vember 1954, p. 1004. 

9.26. 

Discussion of "possible" bivaria te distributions, 
Narumi's system; [c ]15:77, 209, 222. 

Generalization: [c ]22:109. 

9.27. Von Mises-Fisher Distribution 

Generalization of No. 8.17 : 
Lond. Ser. A 217:295, [c]43:344. 

Beta bivariate : 

9.28. 

[v]2:261 . 

9.29. 

e -t(axZ + 2bxy+ cyZ ) 

D (x,y)= km2 + (ax2+ 2bxy+ cy2): 

9.30. 

Proc. Roy. Soc. 

[v]3:153. 

D (x,y)= k [l-a2x2-b2y2 + 2abrxy]n, n + 1> 0, r2 < 1: 
[v]3:273. 

9.3 1. 

9.34. 

Johnson's system; ten sur faces obtained by tnms-
lation: [c]36:297. 

9.35. 

Nine surfaces with Pearson 01' Bessel nlarginal 
distributions: MR5:126 

9.36. 

D (x,y) = C[(x- 1)!(h - x)!(y - 1)!(k-y)!]- I: 
I ntra. to Math. Stat. 180. 

Hoel, 

9.37. 

Type III bivariate, with discussion and calcllla tion 
of D (l') : [e]7 :159 . 

9.38. 

D (x,y) = H 1+ kxy), Ikl.::; 1) - l'::;x,y'::; 1: [w]8:234. 

10. Miscellaneous Multi varia te 

10.1. Wishart Trivariate 

[1]397, [3]330) [4]226. 

n V2 }1n 

( A )In- 1 
Ch (x,y,z)= A* ' 

2M 2M 
where A= and 

}111 Vill 

-2M 2M 

A*= 

Moments and cumulants: [3]334. 
As distribution of normal bivariate variance-covar-

lance': [c]10:51O, [c] 21 :164, [c]27 :230. 

D (x,y)= k exp [-Q(x,y)]·[h2 + Q(x,y)jD: 
[v]5:323. 

[v]3 :273, See also : [1c]9 :243, [11,] 44 :295, J. Soc. Stat. Paris 
96:262, [u] 29:264, [a]92:580 . 
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10.2. Wishart Multivariate 

R eproductive property: [4]232. 
Various properties: [c]20 :32, [1']24:185. 

Non-central Wishart.: Proc. Roy. Soc. Lond. SeT. 
A .229:364· 

Sec also: [d]3 :197, [d]15 :345, [d]17 :409, [d]1 9: 
262, [6]3 :25, [a]97 :1 20, [c]24:476, [c] 36 :59, [1c][ :244, 
[c] 38 :470 , [i]u6 :17, [u]35:336, lYfRl0:387, [b ]17:79. 

10.3. Multinomial 

Student for p = l: [cl41 :153, ]YfR16:602. 

Sec also: [w]9:143. 

10.7. Cauchy Multivariate 

D(Xl, . .. , xn)= C(a2+ x2) - !S-t, where X2= ~X~ : 
[c]41 :54, l\1lR16:51. 

[w]8:235 

10.8 . Spherical 

D (Xl' .. . , xn) = 

(27T) -~1l r tll+1i'" pin J ln- 1(l'p )Ch(p)dp, 

[c]41 :45. 

lO.9. Poisson Multivariate 

D el'i valion: [e]11 :120, [d]28 :466, [i]37:1. 

D (Xl, ... ,xK) = [nl/II(x,l)]II(p,x,): 
[7]1 24, [18]1 - 160. 

[6]58, [2]290, Without correlation , multiple Poisson 

MGF (Xl, ... ,Xk) = (lhet1 + ... + Pke \)n: [4] 
51. 

[4]52, [14]85. 
Mom ents: B 71ll. Amer. ]"1ath. Soc. 41 :857 [7]127 , [e]19 :210, Z12 :11 3, 410. 

Introductory article with applications: [15]36. 
10.10. Binomial Multivariate 

PGF : [18]1- 146. 

C hi-square test: [1']13:2, [c ]36:11 8, [15]739. 

Information and estimatIOn : [e]8:325. D (x), etc., in speci.al case: [i]18 :271. 
MLE : [e ]18:1 39. 

Distinguishing between two llluitinomials, asymp- 10. ll. 

totic form: [e]7:401. Negative binomial multivariate: [i ]1 8:274·, [i]19: 
Tri variate: [7 ]146, [d]21:420. 211, Konilel. Nederl. Alcad. (A)60 :1 21 . 

Bivariate mullinomial: [d]23:547, Rev. da FCLc. 10.12. 
de Ciencias de Lisboa 2 SeTie (A) 2:197. 

lvr ultinomialmul ti variate: [c ] 36:47. 
See also: [d]8 :1 27, [d]21 :416, [e]11 :367,[ d]25 :772, 

[d]28 :861 , rJ]13:451 , [t]2:84 , Am. Math. Monthly 53: 10.13. 
59, Koninlrt. Nede1'l. A lwd. (A) 60:121, Z8:122, 
MR17:56, MR16:839, JVlR1 3:665. Hotelling multivariate: [lc]9 :258, [x]7:70. 

10.4 Typ= X Multivariate 10.14. 

[c]41 :54. ::'1ultivariate distribution s obtained from the norm al 
multivariate : [i]27:235, [i ]28 :20. 

10.5. 
10.15. 

GamllH1 mul tivariate: [e]11:45. 
GeneI'ttlization of No. 9.14: [lc ]9:245. 

10.6. Student Multivariate 

10.16. 

Generalization of No . 8.3: [1c]11 :1 3G. 
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10.17. 

Generalization of No. 8.6, No. 9.29: 

10.18. 

lv]3:153. 

Hypcrgeometric multivanate: 
488, lYJR17:634, MR12:722. 

[e]15:391, [f]13: 

10.19. 

Gram-Charlier multi variate: MR14:486. 

10.20. Run Length 

D(x) : [d]11:367 , [4] 202,206, [8]5:143. 

10.21. Beta Multivaria te 

Tolerance limits : [4]94. 
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-1916 ______ 79 ________ 11 ________ 15 _______________ 18 
]917 ______ 80 ________ 11 ______________ 15 
1918 ______ 81 ________ 12 ____________________ 16 
]919 ______ 82 ________ 12 ____________________ 16 ______ 
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1927 _____ 90 _______ 19 ____________________ 22 6 10 6 2 ________________ 7 ______ 3 _________________________ 23 
1928 ______ 91 ________ 20A, B ____________________ 23 7 II 7 3 ________________ 7 ______ 

;j -------------------------- 24 
1929 ______ 92 ________ 2l 24 I ]2 8 _ ------------------- 8 ______ 

;j ------ ------------- 25 
1930 ______ 93 ________ 22 I ______________ 25 2 13 9 4 ________________ 8 ______ 3 __________________________ 26 

1931. _____ 94 ________ n 2 ______________ 26 14 10 4 ________________ 9 ______ 3 __________________________ 27 _________________________ 1- 2 
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1933 96 ________ 25 4 1 ______ 28 ___ 16 12 5 1 ______ 10- 11 ______ 4 __________________________ 29 ____________________ I ______ 5- 7 
1934 ______ 97 1 26 5 1 ______ 29 ___ 17 13 G 2 ______ ] 1- 12 ______ 4 _________________________ 30 ___________________ 2 ______ 8- 10 

0) 1935 _____ 98 2 27 6 2 _ 30 __ 18 14 6 12 ______ 4 _________________________ 3 1 ____________________ 3 ______ !o- 12 
0 

1936 ______ 99 3 28 7 2 _ 3 1 __ 19 15 7 4 ------------ 4 __________________________ 32 ____________________ 4 ______ 12- 15 
1937. _____ 100 4 29 8 3 ___ 32 ______ 20 16 7- 8 5 ____________________ 5 __________________________ 33 ____________________ 5 ______ 15- 17 
J938 ______ !O1 5 30 9 3-4 ______ 33 ______ 2 1 17 8 G ___________________ 5 _________________________ 31 ____________________ 6 ______ 17- 19 
1939 ____ __ 102 6 31 10 4 _ 34 ______ 22 18 9 7 _____ 5 __________________ 35 __________ 7 ______ 19- 2l 
1940 _____ lO3 32 11 4- 5 ______ 35 ______ 23 19 10 8 ______ 14 ____ --------------------------- 36 ____________________ 8 1 21- 23 

194L _____ 104 32 ] 2 5 _ 36 ______ 24 20 11 9 - 14 - - - - - - - - -- - -- - -- - - - -- - --- - -- - - - ----- 37 _____________ 9 2 23- 24 
1942 ______ l OS 32 ]3 6 _ 37 25 2.1 11 10 ___ --- ---------------------- - ------------ 38 ____________________ 10 3 ______ 
' 943 ______ ]06 ____ 33 14 G 38 ______ 2(i 22 ] 2 11 ------------- --------------- 39 ____________________ II 4 ______ 
1944 ____ ]07 ________ 33 15 G 39 ----- 27 23 12 12 _ ------------- ------------------- - 40 ____________________ ]2 5 ______ 
1915 ______ 108 33 ]6 7 40 ___ 28 24 12 13 _ 5 ________ ------------- 41 ____________________ 13 6 ______ 

1946 ______ 109 8 33 17 7 2 4 l ______ 29 25 13 14 _ ----------"-- o ____ 1 _ 42 ____________________ 14 7 ______ 
1947. _____ ] 10 9 34 18 8 3 42 _ 30 26 13- l 4 IS __________________ 6-7 ________ I I 43 ____________________ 15 8 ______ 
1948 ______ 111 10 ~5 19 9 4 43 _____ 31 27 l4 16 ___________________ 7- 8 ____________ 2 1 44 ______________ 1 ]6 9 ______ 
1949 ______ 112 11 36 20 9 5 '14 32 28 14 17 15 I 8 ____________ 3 2 45 ______ 1 ______ 17 10 ______ 
1950 ______ lJ3 12 37 21 10 6 45 ______ 33 29 15 18 _____________ 2 9 4 ______ 4 2- 3 46 I 2 2 18 II ______ 

1951 ______ 114 13 38 22 11 7 46 __ 34 30 15- I{j 19 _ 16 3 10 I 3- 4 47 3 19 12 ______ 
1952 ______ US 14 39 23 12 8 47 ______ 35 31 10- 17 20 1 _ 4 ___ 1- 2 4 48 4 20 13 ______ 
1953 ____ ll6 15 40 24 12- 13 9 48 _____ 36 32 17- 18 21 2 17 5 II 2- 3 4- 5 49 5 21 14 ______ 
] 9M _____ 11 7 16 41 25 13- 14 10 49 _ 37 33 ]8- 19 22 3 6 12- 13 3 5 53 6 22 15 
"1955 ______ 118 17 42 26 14- 16 11 50 ____ 38 34 19- 20 23 4 6- 7 13 4 6 51 7 23 16 ______ 

1956 ______ ] 19 18 40 27 17 12 51 39 35 20- ?l 2"l 5 ______ 7-8 13 6-7 10 G- 7 52 8 8 24 Ji ______ 
1957. ____ 120 19 44 28 18 13 52 _ 40 36 21 25 6 18 8- 9 7 11 7 53 9 _ 25 18 ______ 

(Paper 64B- 4.5 ) 
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