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On Transient Solutions of the "Baffled Piston" 
Problem 
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(September 14, 1960) 

The acoustic fi eld produced by the movement of a piston in an infinite rigid wall for 
arbitrary t ime d ependency of t he motion is given. 

1. Introduction 

The case of the time harmoni c movement of a piston membrane in an infinite rigid wall 
(" baffle" ) can easily be generalized to the case ,v"hen the motion of the pis ton is not periodic 
but an arbi trary function of time. Such trans ien t solution ha ve become of considerable i n
terest in recent times (for a detailed treatment of the propagation of such sound pulses, see [5)2). 
The procedure for the case treated here is the same as used elsewhere [7], i .e., t he Green's func
t ion for the exponential decay case (modified wave equa tion /::" U-,,/2U= O, "'/ = ilc) is uscd to 
obtain the solu tion for the pulse problem . The aceustic field (velocit? po ten t ial) for the time 
harmonic movement of the piston includ e representations given by Bouwkamp [1], Kin g [6], 
and Wells and Leitne r [9J . The first of t hese contributions gives the solu tion in the form of a 
series expression while the second and third in volve in tegral reprcsentations that are obtained 
using integral transform methods (Hankcl transform [4 , p . 73J and Lebedev transform [4, p. 75J 
respectively). These l'eprescn taLions can be used Lo t l'Cllt Lhe ge ll eral case of an arbitrary move
ment of the p iston . In view of the method to be cmployed here, sueh J'cprcsen tations should be 
used for which the inverse Laplace transform of Lhe veloci ty poten tial with respect to the purely 
imaginary wave parameter "/ = ilc can be given. Such an expression can be obtained in a direct 
way by regardin g each point of the moving disk as an aecustic point source and in tegrating 
over all points of the disk . 

2. Exponential Decay and Time Harmonic Solution 

The pis ton is represented by an infinitely thin circular disk of rf1dius a. located in the x,y
plane with its center at the origin of a three-dimensional Oar tesian system of coordinates. The 
remaining part of the x,y-plane consisLs of a rigid wall. The movement of the disk is t ime 
harmonic of the form 

(1) 

where v. is the velocity of the disk. 
E ach point Q of the disk can be considered as a point source with the velocity potential 

(2) 

(w = lcc , c is the velocit? of sound), which represents Green's function of the wave equation in 
free space (see fig. 1). 
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Upon substituting 

P(p ,CP,Z) 

FIGU RE 1. 
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(3) 

one obtains, after isolation of the time-dependent factor erel for the free-space Green's func
tion of 

the expression 
e- rT , , , 

U = -7] -4 p dcp dp , 
7fT 

(4) 

(5) 

(6) 

The transition from k to 'Y by (3) amounts to the transition from a wave problem to an expo
nential decay problem. At first the exponential decay problem for positive real 'Y is solved and 
the solu tion for tho wave problem can be obtained by returning from 'Y to k. This, however, 
is not necessary here, since the exponential decay solution win be used in order to solve the 
problem of an arbitrary moving disk. If the expression in (5 ) is in tegrated over the whole disk , 
one obtains- observing (6) : 

U=-~ (211" ra [p2+ p,2_ 2pp' cos (cp_ cp' )+Z2j-1/2 
471" J ",,= o J p'= o 

. exp {[p2+ p,2_ 2pp' cos (cp_cp' )+Z2JI/2} p'dp'dcp'. (7) 

Here 7J is the (( density distribution" over the disk. Since the disk moves as a whole, this prop
erty is a constant; it is determined by the fact that according to (1) 

(aU) {I, for p< a, 
V z=- 2)Z z=o= 0, for p> a. 

This function U as defined in (7) satisfies 

(a) 

(b) 

(c) 

aU 
-=-1 for p< a oz ' 

6.U- --/U= o, 

aU 
- = 0 for p> a az 

lim U -'70 when p or Izl-'700 , 
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at z= O, 
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In order t o perform th e in tegration in (7), one r eplaces the in tegrand in (7) using the well
known formula [3, vol. 1, p . 191 , 9], 

or, upon subs titu ting 

(9) 

If this formula is used to r eplace t he integrand in (7), one obtains upon in terch anging th e 
order of integration 

U = - 4:1'" T(T2+'l)-1/2e-Z(r2+-y2)1 /2X {Ia 12 .. J O(d p2+ p,2 - 2pp' cos (cp-q/) JI/2)p' dp' dq/ } dT. 

(10) 

To evaluate the in tegn1l in (10), one 11ses t he addi t ion t h eorem for th e B rssd fun ctions [4, 
~ p . 101] 

> 

{c, 

l 

'" J o{ T[p2+ p' 2_ 2pp ' cos (cp _ cp ' )]l/2} = L; €mJ ", ( T p) J",( T p' ) cos [m(cp - cp' )], 
m=O 

Integra t in g wi th respect to cp' and observin g that only th e term m= O gives It con tribution, 
yields 

Finally, usin g t he rcs ulL [4 , p . 45, 1] 

one ob tains 

U =-~a1) 1'" (T2+ ,yZ) - 1/2e- Z(r2+-y2) 1/2 J O(Tp) J , (Ta)dT. 

Now, according to (1) 

- - = 1 (oU) 
oZ Z~ O ' 

_(oU) =0 oz z~ o ' 

t herefore by [3, vol. 2, p . 14], 

H ence 
1) = - 2. 

The final r epresen ta tion becom es therefore 

U = a 1'" (T2+ 'Y2)-1/2e-Z(r2+-y2) 1/2 J o (T p) J[ (Ta) (iT , 

Zf:; O. 

(11 ) 

(12) 

Clearly U sa tisfies th e conditions a , b , c, stated following (8). The res triction z f:; O in (1 2) 
means no loss of generality, since it is sufficien t to consider the upper half space. If one wishes 
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to return to the wave problem one has to replace 'Y by ik according to (3 ) and one arrIves III 
this case at King's solution [6]. 

Approximate evaluations of King's and related integrals for various cases have been 
carried out [2, 6,8]. 

3 . Transient Solutions 

The expression (12) is now used to investigate the corresponding pulse problem. Let the 
movement of the piston be represented by a pulse starting at t= O; let the pulse function be 
g(t), and get) = 0 for t< O. Under the assumption that tbe pulse function get) is such that it ad
mits its representation by Laplace's integral formula 

(13) 

one can represent the expression for the acoustic field generated by the pulse in the form 

(14) 

where U is the representation (12) for the" exponential decay" field. (The velocity of sound 
has been chosen to be unity.) ~ 

If the order of in tegration can be interchanged one obtains 

(15) 

The integral in the bracket is the inverse Laplace transform of the" exponential decay" solution 
with respect to the wave parameter 'Y. If this is known, then the velocity potential <p(t) of the 
acoustic field for the case of an arbitrary movement of the piston can be obtained by a further 
integration involving the pulse function get ) according to (15). The inverse Laplace trans
form of the integrand in (12) with regard to 'Y is known [3, vol. 1, p. 248]: 

(16) 

according as t>z 01' t<z, respectively. 

The acoustic velocity potential due to a pulse function get) ("Dirac" pulse movement of 
the piston at t= O) is by (14) 

Hence, (15) can be written as 

The integral is known. One has [3 , vol. 2, p . 21]: 
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O<y<lb-cl 
Ib-cl<y<b+c 

y>b+c 

(17) 

(18) 

(19) 

(20) 



x 

In order to evrdunte (J 9) identify y witll a, b with (t2_ Z2)ii2 and c with p. Two different cases 
have to be distinguished : 

Case A. a> p, 

i.e., the two possible different cases where the projection Sot the point of observation Pinto 
the x,y-plane lies either inside or ou tside the disk are treated separately (fig. 2 and fig. 3 
respectively) . 
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FIG U RE 3. 

The largest and the smallest distances of a point on the circumference of the disk from the 
point of observation P are denoted by Rand R' respectively. 

(21) 

One obtains then for if>D(t) by (19) under consideration of (20) and (2 1): 
For the case A, a> p: 

= 1, 

(22) 

= 0, t> R. 

( For the case B, a< p: 

t< R' 

R' < t< R (23) 

= 0, t> R. 
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The physical interpretation of these results is obvious. The parts in (22) and (23) that 
are different from zero represent the transient acoustic field at a point P due to a "Dirac" 
pulse movement of the piston for a time which lies between th e smallest and the largest distance 
of the point of observation P from the disk. Outside of this the field is zero . (No te t hat t he 
velocity of sound was assumed to be unity .) The "Dirac" pulse solutions (22) and (23) can 
now be used to construct the acoustic field in case of an arbi trary time dep endency get) of the 
movement of the piston according to (18) . One obtains immediately: 

For the ease A , a> p: 

(24) 

For the ease B , a< p: 

(25) 

The case p= O (poi nt of observa tion on the axi s of Lite d isk) redu ces to 

<I> t = T elT. Jl -Z 

( ) t - (02+ z2) 1/2 g ( ) (26) 

It has to be rememb ered that get) = 0 for t< O. Therefore no possibly negative part of tbe 
in terval of integration in (24) to (26) gives a contribution. Furthermore, the time parameter t 
in the above form ulas has to be replaced by et, where e is the velocity of sound . 
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