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Given the voltage distribution along the slot, expressions for the radiation pattern,
input admittance, and the external efficiency of an insulated slotted-sphere antenna sur-
rounded by a homogeneous, isotropie, strongly ionized sheath are obtained.

At low frequencies the input impedance is proportional to the sum of the intrinsic
impedance of the sheath and an equivalent inductance due to the insulating coating, the
radiation pattern reduces to that of a small loop, while the external efficiency is the product
of three factors arising because of the power dissipated in the sheath by higher order modes
that contribute little to the radiation field, attenuation through the sheath of the modes that
do radiate, and reflection loss of these modes at the outer surface of the sheath.

Since the reflection loss decreases with increasing frequency while the attenuation

increases, there exists an optimum frequency of operation.

At this frequency, the ionized

sheath has a thickness equal to two-and-one-half skin depths.

1. Introduction

In connection with the re-entry of a space vehicle
into the earth’s atmosphere, a knowledge of the
characteristics of a transmitting antenna in its pre-
vailing environment is important in order to achieve
the most effective design for efficient radiation.
Particularly important is the behavior of an antenna
in a strongly ionized medium.

To study the behavior of such an antenna analyti-
cally, it is natural to represent the vehicle, antenna,
and surrounding mediums by means of simple geo-
metric surfaces leading to mathematical expressions
that can be handled readily. One such surface is the
cylinder, which has been used by Wait to study a
number of radiating structures including the dielec-
tric-clad slotted-cylinder antenna radiating into free
space [1].2

The spherical surface also yields simple, tractable
models for initial studies of the subject. The slotted-
sphere antenna radiating into free space has been
treated by Mushiake and Webster [2].

The model used in this paper is an insulated slotted-
sphere antenna surrounded by an homogeneous,
uniform, strongly ionized plasma sheath. Expres-
sions for the input admittance and radiation charac-
teristics of the antenna are derived. While the model
adopted does not duplicate the shape of the space
vehicle and the surrounding sheath, the analysis
nevertheless sheds light on the physical processes
involved and provides approximate formulas for
estimating some quantities of interest. The assump-
tion that the sheath is homogeneous is not a good one
for the physical situation under consideration, but

1 Contribution from Electromagnetic Research Ccrporation, Washington 5,
D.C. The research reported in this paper was supported by the Missile and
Space Vehicles Department of the General Electric Company under a Depart-
ment of the Air Force contract.

2 Figures in brackets indicate the literature references at the end of this paper.

was made for the sake of mathematical simplicity
and in the absence of information about the gradients
existing in the sheath.

The conditions existing in the sheath surrounding
a space vehicle during re-entry are not well known at
present. If one assumes, however, that a tempera-
ture of 5,000° K, a particle density of 10% per cubic
meter and an electron density N of 10" per cubic
meter are representative [3], then simple calcula-
tions [4] give a collision frequency »~10 per second
and a plasma frequency wy~10" per second. The
gyromagnetic frequency due to the earth’s magnetic
field is roughly 27> 10° radians per second, which is
much less than the value calculated for the collision
frequency. Inspection of the usual formula for the
index of refraction given in magneto-ionic theory [5]
shows that the effect of the earth’s magnetic field on
the values obtained for the index of refraction is
very small in such cases. Consequently it will be
assumed that the sheath can be regarded as an
isotropic medium with an index of refraction given
by n’~1— (wy/w)?/(1—iv/w) where w is the radian
frequency of the signal emitted by the antenna.

If the transmitted frequency w/27 can be made
sufficiently large, n reduces to unity and the operation
of the antenna is not affected by the presence of the
sheath. On the other hand, over a wide range of
frequencies, both »/w and wy?/wr are much greater
than unity and the index of refraction is given by
n~wy*/iwv. In this case the medium behaves like a
good conductor with a conductivity o= ewy®/v=
97 107°N/y. The treatment here 1s confined to
this range of frequencies.

In the frequency range considered, then, it is to be
expected that much of the power supplied to the
antenna will be dissipated through ohmic losses in
the conducting sheath. The electromagnetic field
established by the spherical antenna can be decom-
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posed into the sum of spherical waves corresponding
to various spherical modes. Because of the con-
ductivity of the ionized sheath, these spherical
waves are attenuated as they progress through the
sheath. When the waves reach the outer boundary
of the sheath, reflection takes place, and the ampli-
tudes of the waves transmitted into free space are
further reduced.

It is important to compare the magnitudes of the
effects of attenuation and reflection on the trans-
mitted waves. The attenuation of all lower order
modes is essentially equal to that of a plane wave
propagating through a medium having the same
electromagnetic properties as the sheath and the
same thickness. Being exponential, it is the more
significant loss over most of the frequency range
under consideration. Measured in decibels, the
attenuation is directly proportional to the square
root of the transmitter frequency. It follows that
attenuation loss 1s reduced by lowering the fre-
quency, at least in the range in which the sheath acts
like a good conductor.

In contrast, reduction in amplitude of the trans-
mitted waves due to poor transmission through the
outer boundary of the sheath increases as the fre-
quency is lowered. Eventually, then, an optimum
frequency is reached which represents the best
compromise between attenuation and reflection loss.

In view of the necessity to operate at a fairly low
frequency to minimize attenuation loss, it is logical
to consider the case where the frequency is so low
that the sphere is a small antenna, i.e., that it has a
radius that is small compared to the free-space
wavelength. In this case, simple expressions are
obtained for the input impedance of the slot, the
radiation pattern, the external efficiency of the
antenna, and the optimum frequency of operation.

In fact, for a small antenna, the reflection of a
given mode at the outer boundary of the sheath
increases strongly with the order of the mode, so
that the radiation pattern is due only to the lowest
order mode and is essentially the pattern of a small
current loop. Since the higher order modes con-
tribute little to the radiation field in this case, the
expression obtained for the ratio of power radiated
by the slot to that delivered to the slot turns out to
be the product of three factors, one representing the
ratio of power supplied to the lowest order mode to
that supplied to all modes, the second representing
attenuation of the lowest order mode in its passage
through the sheath, and the third representing the
transmission coefficient for the latter mode at the
outer boundary of the sheath.

In all cases it is necessary that the antenna be pro-
vided with an insulating cover in the immediate
vicinity of the feed in order that the assumed voltage
or current distribution is realized and that conduc-
tion losses in the ionized medium not be exorbitant.
The case treated here is that of an insulating layer
which covers the entire spherical surface. A cri-
terion is established for the thickness of this insu-
lating layer.
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2. Formulation oi the Problem

Consider a perfectly conducting sphere of radius
a covered with a dielectric coating of outer radius b,
which in turn is surrounded by an ionized sheath
of outer radius ¢. On the sphere, a narrow slot of
length 2/ (measured along the surface of the sphere)
and of width 2s is located with its center at §==/2,
¢=0 and its ends at 6==/2, ¢=+I/a as shown in
figure 1.

(r,8,¢)

FREE SPACE

S L— |
_ s
Ny, |
T~ -
X
Ficure 1. Insulated slotted-sphere antenna.

The problem under consideration is to determine
the exterior admittance of the slot, assuming that
it 1s fed at the center, and to obtain the radiation
field.

The outer medium is assumed to be free space.
The electromagnetic properties of the dielectric
coating will be characterized by its permeability
wi, and its complex dielectric constant e. Since
the coating is assumed to have no conductivity,
the complex dielectric constant is real and equal
to the ordinary dielectric constant, e=¢. The
properties of the ionized sheath are characterized
by the constants u, and e. In this case, however,
the medium has finite conductivity, and the complex
dielectric constant e, is equal to e+ (¢/iw) where e
is the equivalent dielectric constant and o the
equivalent conductivity of the ionized layer. The
permeability, p,, of the ionized region is the same
as that of free space, uo. It has been assumed that
the ionized sheath acts like a good conductor. Thus
o is large compared to we, so that e&;=~oc/iw.

Use will be made of the constants k=cwy/pue
and n=+/u/e’, ik being the complex propagation
constant and n the complex impedance of the medium
to plane waves. In the dielectric and in free space



while in the
iT4/

both of these constants will be real,
ionized sheath k, =+ wuso ¢ /%
Rationalized MKS units
etiet are employed.

A formal solution of the exterior electromagnetic
boundary value problem for a sphere has been given
by Bailin and Silver [()] Written below is a formal
solution obtained using their procedure under the
assumption that the impressed electric intensity
Ey (a, 6, ¢) on the surface of the sphere is an even
function of ¢ (since the slot is fed at the center)
and that the impressed electric intensity £, (a, 0, ¢)
is negligible. The functions employed differ from
those used by Bailin and Silver, however, and the
constants obtained differ by a common factor.

Using the index X=1,2,3 to refer to the dielectric,
the sheath, and free space, respectively, the formal
solution for the electromagnetic field is

and 7, =+ ou/o ¢
and a time variation
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The superseripts /£ and H refer to electric and
magnetic type modes, respectively. The constant
dom=1 1f m=0; 6,,=0 if m>0. The functions P~
(cos ) are normalized associated Legendre polyno-
mials [7] while the radial functions ZZ*(x\r) and
2N (k) are linear combinations of the functions

I (2) :\/1r—2/_2— Snt172(2)
(I)( ) = \-n-“/)llnu/z( ) (4)
b2 (2) =22 H%u (2)

where J,.12(2), H®.,,(2) and H®,.(z) are the
usual Bessel and Hankel functions or order n--1/2 [S].

The voltage distribution across the slot is assumed
to be known. Since the slot is fed at the center, the
distribution is an even function of the azimuthal
angle ¢, and can be expanded in a Fourier cosine
series

V$)=3 V, cos pé. (5)

»=0

The electric intensity tangent to the surface of the
sphere is, then,

> V,cospp w
E;(a,e,@:{ D N S R

(|l g otherwise
E3(a,0,6)=0.

3. Formal Solution

The equations given in section 2 above can be
used to derive formal expressions for the input ad-
mittance and radiation field of the slotted-sphere
antenna of figure 1. In this section, the procedure
for obtaining these expressions is given.

3.1. Input Admittance

To obtain a formal expression for the input ad-
mittance is a fairly straightforward procedure,
Equation (6) is substituted into (3) to obtain

AE and AZ,

Wir P (0)
E
Anm ZEU (kla/) n(n+ 1) (7&)
where _
/2+sla Pm!
Ip=—— ! w sim?0do
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Jof n .
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where
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T f pr Py (cos 6) do-
28 77 (0)
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I; and [y are approximately equal to unity for
narrow slots and values of n that are not too large.

Equations (7a) and (7b) now are substituted into
(2) to obtain II*% and 117, and these in turn are used
to obtain Hy from (1). The input admittance is
obtained by equating the conjugate of the complex
power supplied to the slot to that radiated by the
slot.

Y1V<0)!2=f" f "E#(a,6,6)H,(a,6,4)a sin ad6ds.
- 0

Here the integration can be taken over the entire
sphere since this must give the same result as inte-
gration over the face of the slot alone (£; being zero
elsewhere). /0% is the complex conjugate of /5, and
is obtained from eq (6). This procedure gives a
double series expansion for the input admittance.

£ (1—}—6..,,,)W{Z71’(k10’)

n=1 m= M Zfl“(kla')
m*Pp(0)2 04 ZE\(ka) Py (0213 )
nn+1)  ZEV(ka) n(n-+1)

Equation (8) is exact if the impressed voltage distri-
bution given by (6) is realized and if the radial func-
tions are known.?

3.2. Determination of the Radial Functions

Since the voltage distribution across the slot is
assumed known, the only quantities left to determine
in eq (8) are the radial functions, ZZ (k) and
ZH (k). They are determined from the boundary
conditions of continuity of the tangential components
of the electric and magnetic intensities at the inner
and outer boundaries of the sheath, and by the radia-
tion condition at infinity. If the sheath is sufficiently
thick, it may be assumed that waves reflected from
the boundary ¢ between the sheath and free space can
be neglected at the boundary b between thesheath and
the dielectric. This assumption is not necessary, but
it is a good one for the physical situation considered,
and it simplifies the expressions obtained. Under
this assumption, the input admittance is the same as
if the ionized sheath were of infinite thickness.

a. Determination of Z”' and Z%!

Treating the electric type modes first, in the

dielectric let
Z7 (k) =H 2 (keyr)—R% j (key7)

which represents the superposition of an outgoing
and a standing wave* resulting from reflection, and

(9a)

3 In the case treated by Muskiake and Webster of an uninsulated slotted sphere
antenna radiating into free space these functions are simply the functions h®;
defined in eq (4).

¢ The function A" (k1r) which represents a reflected wave can, of course, be used

instead of j.(kir), but the latter turns out to be more convenient when the func-
tions are approximated for small values of the argument since it turns out that
only one term in the series expansion for j,(kir) needs to be retained, while two

are needed if & (k1r) is used.
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in the sheath let

23 (ko) =T7" hi? (ko) (9b)
which represents an outgoing wave only, in accord-
ance with the assumption above that waves reflected
from the boundary at ¢ may be neglected at b.
RE' and T%' are constants which must be chosen to
satlsfy the boundary conditions at the intertace be-
tween the insulating layer and the ionized sheath.
The boundary conditions will be met if EkZZ (k)
and e Z% (k) are continuous at the boundary.
Therefore we have

kb’ (Feyb) — R % ky g (Rer0) =T'7 keoh 2 (Re2b)
ah? (k1d) —R7 €15, (k1d) =T 5 21,2 (k2b).

Solving for R and 7%

kresh®" (kD) hs2 (keob) —koes B (1b) P (keob)
~ kiegfn (ki b) A (ko) — ko1 jo (i &) AP (eob)

pm_ ke [Jn (k1b) b (heyb) — 7, (&) " (Feyb)]
" kyeagn (kyb) P (kob) — (kezey g, (h1b) B (o)
(10)

The expression above for 77" may be simplified by
using the Wronskian,

El__
Pn

Jn (kib) B (k&) — i (Rib) Bi? " (erb) =1i.

The radial functions Z# (k) and Z22(kyr) for the
magnetic type modes may be determined in the same
manner. Thus let

Zi (ki) =hy? (k) — R0 o (hyr)

23 (keor) = T3 i (kear). (11)
]n this case the boundary conditions are satisfied if

28N (k) and  wZ2 (k) are continuous at the
boundary. Companng the boundary conditions for
the electric and magnetic cases, it is evident that the
expressions for R and 7" are the same as those for
[’E1 and 7% given in eq (10) but with w replacing
e, (or e, where ee=¢,) throughout.

With the radial functions ZZ' and Z%' given by eq
(9), (10), and (11), eq (8) provides a formal solution
to the problem of an insulated slotted sphere antenna
radiating into an electrically thick conducting layer.

b. Determination of ZZ¥(kyr) and Z”*(kyr)
In order to obtain the radiation field from (1), (2),

and (3), the functions 223 (kyr) and Z%(ky) must be
determined. Let

Z22 (k) =T5 b2 (kar) — R *hs (feor)]

27 (o) =T T ha® (o). (12)



The first term in the upper equation represents the
outgoing wave given in (9b). The second term
represents the reflected wave which was neglected
in (9b). The lower equation represents an outgoing
wave only, in order to satisfy the radiation condition
at infinity. The procedure for determining 7% is
the same as that used to determine 72!, except that
the function A" 1eplaces the function 7,. Conse-
quently

_koes[hi?" (ko) i (o) —hy” (ko) P’ (Fee)]

kol (ko) i (fege) — keseshs? (Rac) i (kesc)
(13)

The Wronskian in the numerator in this case is equal

to 2i. TH2 can be obtained from (13) by substi-
tuting wu for .

E2
Ty

3.3. Radiation Field

With the radial functions in free space determined
from (12) and (13) and from the corresponding ex-
pressions for the magnetic case, the radiation field
can be derived from (1), (2), (3), and (4). The 6 and
¢ components of the electric intensity in free space
are

. R
EG ):Z Z ——k3“1nlrnl m 11Z2 ”
n=1 m=0 7
X P™ (cos 6) sin 6 cos m¢ —iwus AL, THL T

L (kgr) P (cos 6) 7 Cos m¢}

r sin 6

X

E®— S \E_TELE? b2 (kesr)
LS —‘2 _kS" nmd n L g ) (]4)
n=1 m=0 r
P (cos 6) . . .
XL; m sin mo— twpus AZ, TH TH2

sin 6

D (fr) =
XL iksl) P (cos 6) sin 0 sin md)}-

The radiation field is obtained from the expressions
above by replacing A2 (ky) and AP’ (ks) by their
asymptotic expansions for large 7:

i i T —{ vT—4—~1-1r
RO (kegr) ~e {Co ); BD" (kgr) ~—ie (=),
Also, for large r, H® ~ — E{ 93 and H $) = E® [9;.

- The radiation field so determined is exact for an
insulated slotted sphere antenna radiating through
an electrically thick sheath.

4. Approximate Solution

The expressions for the input admittance and the
radiation field can be greatly simplified in the case
~ where the sphere is a small antenna. If the frequen-
cy is sufficiently low, then the distance b is small

551273—60——8

compared to the wavelength in the dielectric, and ¢
is small compared to the wavelength in free space.
The conductivity of the sheath has already been
assumed large so that b is a large number of skin
depths. Then ka, kb, and ks are small while £.,b
and k.c are large. Functions of ka, kb and ks
consequently can be replaced by their approxima-
tions for small arguments, while functions of %,b and
kyc can be replaced by their asymptotic expansions
for large arguments. It will be assumed that the
msulating layer is thin, i.e., that (b-a)/b<1.

4.1. Input Admittance

When these approximations are made the input
admittance eventually reduces [9] to

1 LY
. ! o m ( 2
Mo+ 1w (0—a) n(n+1) Pr(0)

Y =335 (148,07

n=0 m=0

I:','l ‘

. Py | [ Va2 .

+ ')("L_FT) (b(l)ll(}[ﬁ—l)} "(())‘ (l-))

pt—
Tweab J

In form, eq (15) represents the total admittance of
two types of circuits in parallel, one circuit corre-
sponding to each mode. The first type of circuit
contains the surface impedance 7, of the ionized
sheath in series with an equivalent inductance
w(b—a). This circuit apparently is associated with
the currents flowing on the surface of the sphere
together with those induced on the interface between
the dielectric and ionized layers. The second type
of circuit also contains the surface impedance s,
this time, however, in series with an equivalent
capacitance C=eab/n(n-+1)(b—a)between thesphere
and the interface. This ecircuit is associated with
displacement currents flowing between the sphere
and the interface.

If b—c is made extremely small, the properties of
the first medium disappear from eq (5), which reduces
to the admittance of a sphere with no dielectric
coating. The admittance would then be very large
because of the low impedance 7, of the 1lonized
medium, so that the slot would be virtually short-
circuited.” This makes evident the need for an
insulating covering of the sphere. We shall consider,
therefore, only the case where the dielectric coating
is thick enough to be completely effective in reducing
the shunting effect of the ionized sheath across the
slot; that is, we assume that [ky|(b—a) > > (uo/u) kiab.
This is equivalent to

b—a
we, b

l’?z\<< (16)

5 Also, the assumed voltage distribution might not be realized in this case.
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The requirement above on the size of b—a can be
interpreted as requiring that this spacing between
the plates of the equivalent capacitor be large enough
so the capacitive reactance is large compared to the
complex impedance of the ionized medium. In other
words, we require the spacing to be large enough to
pr event the surface currents on the sphele from buno
short-circuited by displacement currents flowing to
the ionized sheath.

Under this stipulation, which is given quantita-
tively by eq (16), the final expression for ¥ becomes

1 el n

e s P”‘
! 712+W#1(b_a)7;1m 1 n(ﬂ—H)

(17)

This was obtained under the assumptions that

kb1

2>
(18)

Since the slot length is small compared to the wave-
length, a triangular voltage distribution will be
assumed. In this case the coefficients in the Fourier
cosine series expansion of V(¢) are

V= 27@ V(0)
(19)
shﬁln—l
Vamie 2 y(0)
wl

Using this distribution, the summation in eq (17)
is dependent only on the ratio //a (through the
factor V2,/V2(0)), where [ is the half-length of the
slot and a is the radius of the sphere. The double
summation converges approximately as 1/n? and 1/m?
(since V2/V2%(0) varies as 1/m* for the assumed
triangular voltage distribution), so the series may be
evaluated numerically without retaining an extreme
number of terms. For a slot of length l/a==/2, the
results are roughly

1
Y | amrs2 ~0.38"

o+ toouy (b—a)
7 =0.26[ 1y top (b—a)|

| ~0.26 {]"ZI_H oy (b— a)—l—"’?']}

4.2. Radiation Field

When the various approximations listed in (18)
are used, and in addition, when it is assumed the
outer radius, ¢, of the plasma sheath is small com-
pared to a wavelength, the radiation field is found
to be due only to the TFE, (H-type) mode. Other

(20)
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modes can be neglected because they all contain
higher powers of the quantity ks as factors. The
radiation field due to the 7T/;; mode has the form

‘ 7 — ik,
E® z_éﬁﬁcﬁ_ﬂ; ¢ ~ikglc=0) e oS¢
47" motiow (b—a) r
(21)
3 . 7}01/7 ik ~thr 2
E® ~2ife— 1271 ,—iky(c=b) cosfsing.
4 47 7o+ iwp; (b—a) ¢

The electric field has components in both the 6
and ¢ directions. These differ only in their de-
pendence on the 6 and ¢ coordinates. If a trans-
formation is made to new coordinates 6, ¢/, as
shown in figure 2, where the new polar angle 60’ is
measured from the y-axis, and the new azimuthal
angle ¢’ is measured from the z-axis, then the electric
field has only a single component, given by

3 . n ‘7 —ikgr

5% ==z Mg

ny+ e (b—a)

e-z‘kz(c—b) sin @’-

(22)

The field pattern is now given by the factor sin
6. This is exactly the pattern of a loop lying in the
xz-plane with center at the origin. This is the
meridian plane of the currents which flow from one
edge of the slot around the sphere to the opposite
edge of the slot.

Z (r,8,9)
(r,6,¢')
PLANE OF
EQUIVALENT ,
LOOP o
Y
\
Y
é
B SLOT
-
Fiaure 2. Slotted-sphere antenna and equivalent loop.



4.3. Radiation Intensity and Input Power

From eq (22), it is easy to calculate the power
radiated per unit solid angle, or the radiation
intensity.

The radiation intensity is

2‘ @) lz <4 )

The total input power, P, which includes both
the power radiated and the power absorbed by the

N2

N9+ ’Lwﬂl(b @)

Vi V2Kl =)

sin? 6’
2773

(23)

sheath, is given by the real part of Y'1V(0)%/2. From
eq (17) this is found to be
o 1 ’ﬂzl - E\ ] r
e N om 0 2V
2\/9 [n2t-twum (b—a) > =1 m=1 n(n+l) A2
(24)
4 .4. External Efficiency

A measure of the efficiency of the antenna can
be obtained by calculating the external efficiency,or
ratio of the radiated power to the input power
supplied to the slot. This ratio then can be ex-
amined for an optimum choice of the design param-
eters. This, however, is only a partial optimization
procedure, since it does not consider all the factors
which determine the overall efficiency of the antenna.
In particular, it does not include the losses in the
matching networks necessary to feed the slot from
the source of power. These losses will depend on
the @ of the matching network and the input im-
pedance. This latter problem, however, can be
evaluated since the input impedance of the slot
already has been determined.

Denoting the external efficiency by &,

=)L)

Substituting (23) and (24) into (25), and inte-
grating

2
’;4’})7 sin 0"d6’dg’ - (25)

Tome _1
o | TR D +1> POy V(())2
= S RO V(SL)Z

l:(kc)zzh;slnzl o~ VElkal e b)] (26)

Each of the brackets in (26) has physical signifi-
cance. The first bracket is the ratio of the power
delivered to the magnetic type mode n=m=1
(TEy), (which is the only mode contributing signifi-

cantly to the radiation field) to that delivered to all
the modes. The second bracket is the overall power
transmission coefficient for this mode (i.e., the ratio
of power of this mode that is radiated to that entering
the sheath). Tt consists of an exponential factor
representing attenuation through the sheath, and a
second factor due to reflection at the outer surface
of the sheath. The latter is the product of (ksc)?
and the factor 4+/2|n,|/n; which in turn is the power
transmission coefficient for a plane wave progressing
across a plane surface from a medium of intrinsic
impedance 7, to one whose intrinsic impedance is

73 (with [ne|<<ns).

5. Optimization Procedures

The expression above is proportional to the
efficiency (ratio of radiated power to total input
power) of the slot antenna if it is assumed that feed-
mg losses are not nnport‘mt compared to losses in
the sheath. Therefore, it i1s desirable to consider
the means for nmximizing the expression given in
eq (26). In the first place, if the size of the vehicle
is given, the quantities b and ¢ are fairly well fixed.
Since the outer medium is free space, 7; will be
equal to 377 ohms. The quantity ki=w’uze; varies
as the square of the frequency while 12| = Vwus/o
and |k.|=+wp,o vary as the square-root of the
frequency. Consequently ¢ varies as o"? exp
[—+2mo(c—b)w"”?. The latter expression is maxi-
mized by setting the exponent equal to —5:

V2450 (¢—b)wii=5.

The optimum frequency then is

25 1 .
f”'” 4 /./.)U((?—b) i (27)
This is the frequency that makes the sheath thick-
ness, ¢c—b, equal to two-and-one-half skin depths in
the 1onized medium.

The only other quantity in (26) besides the
frequency that can be varied to make the expression
a maximum is the ratio

1”(0)2 V(E),,) m_l
m* P0)? V,?L .
w0 0y

n(n—l—])
P E I

n=1 m=1

(28)

The magnitude of this can be varied by changing
the length of the slot. In general, the efficiency is
increased by increasing the slot lcngt h.

The thickness, b—a, of the dielectric layer does not
appear in the expression (26) for the efficiency pro-
vided condition (16) is met. It does, however,
appear in (20) where it is present as a term repre-
senting an additional series inductance.

531



6. Appendix

A situation that is possibly of greater practical
interest than the entirely insulated spherical antenna
treated above is the case of the partially insulated
slotted sphere, one octant of which is illustrated in
figure 3. The angular width of the dielectric cover
is the same as the angular width of the slot and is
equal to 2¢,. The angular height of the slot is 2y,.
The outer surface of the dielectric is flush with the
surface of the conducting sphere. The input im-
pedance of this configuration was estimated [9] (for
low frequencies) by calculating the input admittance
of a rectangular parallelepiped obtained by straight-
ening the curved dielectric slab. The result was

r 14(%) —0.23 (¥o)
%nmw;}l(b_a) ¢0><¢0> ) 015
Po

v 4

1.63

1 2
e 1.5<—-
3 na+twu (b—a) ’ j<¢>0

The external efficiency resulting in this case was
also derived. The attenuation and reflection losses
are given in db by

42n,|  — ik o
10 log l:<k36)2 _\_7]3‘.77_2‘ P 2| ks € b):l

where the bracket is, of course, the same as the
second one in eq (26). The loss to hicher order
modes is given by a different expression, however,
and is plotted in figure 4.

CONDUCTING
SPHERE

IONIZED
SHEATH

DIELECTRIC COVER

Ficure 3. Partially insulated slotted-sphere antenna.
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LOSS DUE TO HIGHER ORDER MODES ,db
)
1
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i
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m|=1 =

1

a 37
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Higher order mode loss for the partially insulated
slotted-sphere antenna.

Frcure 4.
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