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.Thc di s tur?ance .created at the inte ~'face o~ a two-lay~r liquid system by the horizontal 
motIOn of a cy l ~nd~r In th~ upper lay~ r IS studIed for vanous sizes and shapes of cylinders, 
depths of the hqlllds, cyllllder velOCItIes, and density ratios. The disturbances fall into 
thrce categories. First, when the layers are of equal thickness in most cases a train of 
progressive o.scillatory waves is produced at the interface. Seco;ld, when the depth of the 
denscr layer IS much less than the d epth of the fresh-water layer, the profile of th e interface 
usua lly resembles that corresponding to positive internal solitary waves. Third, when the 
dept h of the denser layer IS much greater than the depth of the fresh-water layer in most 
cases an internal hydraulic jump is produced. The characteristics of the disturbances 
in ea~h category a!'e related to t he size of the cylinder, the depths of the liquids, the cylinder 
velOCIty, the denSIty ratIO, a nd the total distance of travel of the cylinder. A t heoretical 
a nalysis is given for disturbances of the first category. 

1. Introduction 

. Almost a centmy ago Stokes gave the theory of 
mternal waves of infinitesimal height in a two-layer 
system, the lighter liquid resting on the heavier one 
[1],2 and about a quarter centmy later the problems 
of multilayer systems were considered by Webb 
[2], Grenhill [3], and Burnside [4]. Following these, 
the wave motions of hetrogeneous liquids with 
continuou ly varying density gradients in the vertical 
were taken up by Love [5], Rayleigh [6], and Lamb 
[7]. These s tudies relate to an endless succession of 
waves , standing or progressive, without reference to 
the generation of the disturbance such as would result 
from the motion of objects through a stratified 
medium or from the uniform flow of fluids over a 
ridge fixed on the bottom. 

The first studies of the latter category go back 
to Ekman, who considered distmbances of the inter
face of a two-layer system initiated when a body is 
towed over tha smface [8]. The occasion of the 
study was the classical account by N ansen of dead 
water experienced by the Fram dming the North 
Polor Expedition near the coast of Siberia. Ekman 
approached the problen with much encouragement 
from Bjerlmes both from an experimental and 
theoretical point of view. In addition to consti
tuting the first serious attempt at model procedures 
in stratified fluids, the investigation is significant 
in two respects. First, working with a model of 
the Fram, Ekman showed that the internal waves 
brought into play an added resistance having a 
magnitude dependent on the ratio of dTaft to fresh 
water depth, the ratio of layer depths , and the pro
portionate density differences. The maximum 
values of the added resistances were obtained when 
the ratio of the velocity of the model to the velocity 
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of long internal waves of the bilayer system attained 
the value 0.73 , and the added re istance gradually 
decreased for larger velocities of the model. Second, 
the question of the added resistance was considered 
using a method of approach originally adopted by 
Kelvin in a similar problem applied to a homogeneolis 
fluid. In the evaluation the complete representation 
of the rufflement of the interface was avoided, and 
attention was focused only on the part contributing 
to the resistance. In this theory the incidence of 
the maximum is correctly predicted. 

The converse problem, that is the problem of a 
two-layer system moving over a ridge, was considered 
by Zeilon [9]. The investigation had its inspiration 
in the views of Pettersson to the effect that the 
internal boundary waves resulting from the interac
tion of the Atlantic tides on the irregular bottom con
figmations had a dominating influence upon the 
circulation of the Baltic. The problem investigated, 
thus, was the perturbed state of the interface owing 
to a ridge at the bottom of a two-layer system in 
simple harmonic horizontal motion. Experinlents 
were carried out which were intended to verify in 
a qualitative sense the r esults of the lengthy mathe
matical analysis. 

Among the recent studies the contributions of 
Robert Long have much to offer. A novel aspect is 
the fu'st integration of the hydrodynamic equation 
for the two-dimensional case of nonviscous flow con
fined to the space between two rigid horizontal 
boundaries, the initial velocities (always horizontal) 
and the densities of the undisturbed regions being 
prescribed. Rigorous solutions were obtained for 
the cases where the liquid flows initially with uni
form velocity and with linearly varying densities 
over a flat rectangular ridge [10]. The analysis 
was repeated for a smooth object, and experiments 
were made which showed a wave motion giving 
qualitative confu'mation of the theoretical results 
[11]. The interpretations of the theory and ex-



perimen ts have numerous aspects, but it should suf · 
fice to state h ere that in general the cri terion of th e 
densimetric Froude number (to be defined later) 
equaling 1/7r divides th e types of in ternal flow. Of 
p ar ticular interest is the examination, experimental 
and theoretical , of the flow of two superimposed 
layers over a ridge. In ternal waves were generated 
when t he ridge was of small proj ection, whereas 
with the much enlarged and elevated ridges the most 
significant event was the formation of leeward hy
draulic jumps [12] . 

The question of cri tical flows and the manifes
tation of hydraulic jumps in a bilayer or a multi
layer system is an importan t one. The significance 
of the occurrence to meteorology was first empha
sized by Tepper [13]. The matter has b een ap
proached from various points of view by Rossby [14], 
Cr aya [15], Benton [16], Yih [17], and others. 

The mat ter of fini te amplitude waves for a t wo
layer system has been considered by K eulegan and 
Long [1 8, 19]. Theory predicts the exist ence of 
positive internal solitary waves for th e condition 
th a t the upper layer has the greater dep th . The ex
periments by K eulegan tend to confu'm the results 
of theory relating to shape and dependence of ve
locity of propagation on wave height [20]. 

In common with the disturbances produced in a 
nonhomogeneous system by liquid moving over 
ridges on the bottom or of obj ects being towed on the 
surface, other related phenomena would be associated 
wit h bodies moving through the interior of the 
medium. The simplest situation arises with the 
two-dimensional flow of a two-layer system, and this 
is the subj ect of the present study . Weare here 
concerned with disturbances of the in terface pro
duced by a cylinder moving with constan t hOI·i · 
zontal velocity in the upper layer as illustrated in 
figure 1. The liquids are ini tially at r es t , and the 
density difference is small. E xperiments are made 
with various depths of th e layers, sizes and shapes of 
cylinders, and cylinder velocities . Further experi·· 
men ts wi th continuous density gradients will be 
described in a later r eport. 

2 . Apparatus and Procedures 
The experimen taJ chfmnel is 26 .25 m long, 23.3 cm 

wide, 57 cm deep, and is made up of 21 glass-paneled 

sections, each 125 cm long. The salt wa ter was 
mixed and dyed with acid chrome blue and then ad
mitted to th e channel to a depth of 2 or 3 cm above 
the desired level of the interface. The salt water 
was circulated in th e channel by a circulating pump 
to assure uniform density of the salt layer . After 
the mixing was complete and the circulation had 
subsided, fresh water for the upper lay er was in tro 
duced at the cen ter of the channel through the de
vice shown in figure 2. The device was lowered 
until the lips touched the water surface. The fresh 
water was introduced very slowly at first so as to 
produce as little mixing as possible. A siphon was 
placed at each end of the channel to remove the 
mixed liquid at th e interface. The process was con
tinued until the in terface had been reduced to the 
desired depth , h, and the total depth had increased 
to the desired valu e, h+ h' (see fig. 5) . 

After the channel was filled and all in ternal mo · 
tion of the liquid subsided, the density distribution 
was determined by t r aversing ver tically with a salin
ity electrode. V mious shunts were used in the cir
cuit for greater accuracy in determining salini ties 
within various ranges . The electrode was cali
brated wi th each shunt so the milliampere current 
readings could b e used to determine the density of 
salt solutions. An example of the ver tical distri-
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bution of density is given in figure 3. The thick
ness of the layer of mixed liquid was 1 to 1.5 cm in 
all cases which was small compared to the depths of 
the fresh and salt layers. 

Cylinders of three differen t diameters, 2.54, 5.08, 
and 10.16 cm, and three different shapes, circular, 
len ticular, and tear drop , were used. The lenticular 
and tear drop shapes are shown in figure 4. In 
all cases the center of the cylinder \vas placed 30.0 
em from the bottom . 

The cylinders were towed by an elec tric mo tor 
through a variable speed transmission, a sys tem of 
pulleys, and two 0.81-mm phosphor bronze towing 
wires. Four 1.22-mm piano wires under tension 
were used as guide wires to preven t ver tic,tl oscilla
tions of the cylinder. Through the variable speed 
tran smission any velocity from 0 to over 1 m/sec 
could be selected . The cylinder velocity was de-
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FIGUR E 4. Cross sect'ions of lenticular and tear drop cylinders. 

termined by timing the travel over a distan ce of 
5 m, the fir'st r eference mark being 2 m from the 
star ting position. 

The proftle of the interface during the nIH was 
recorded wi th three fL~ed cameras which could be 
triggered simul taneously or individually. F or the 
majority of the runs, the pictures were taken after 
the cylinder had traveled abou t 8 m . 

3 . Scope of the Experiments 

In an experimental study relating to the effects 
of a cylinder when moving in one of the layers of a 
two-layer sys tem, the items to consider fU'st are the 
state of ruffiemen t of the interface, the deforma tion 
of the free surface, and the par ticle velocities in 
the parts far removed from the cylinder. The 
examination and the measuremen t of the last two 
quanti ties may be omitted in a first study, as these 
may be infen ed from the in terface deformation on 
the basis that the flows are inotational and the 
liquids incompressible. A second item would be 
the additional resis tance due to the effect of the 
in ternal waves. The observa tion of this quan tity 
may be omitted, likewise, as it is amenable to a 
close evaluation from a descrip tion of the in terface, 
using for example, th e method 01' Ekman [8] . 

Accordingly, in the presen t study only the in terface 
deformation is considered (see fig. 5) . The two 
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fundamental quan tities to be established were the 
wave heigh t and wave length in relation to the 
cylinder speed, cylinder position, the thickness of 
layers, and the proportionate density differen ce. It 
was very surprising to find that the tests in their 
en tirety failed to show a unique type of disturbance. 
In effect, three modes of deformation could be 
dis tinguished. If the layers were nearly of the 
same thickness, then the interface in most cases 
yielded a picture of numerous progressive oscilla tory 
waves. If the lower layer was of a smaller thickness 
than tha t of the upper , the cylinder was usually 
followed by an in ternal solitary wave. On the 
other hand, if the upper layer was much thinner 
than the lower, the interface ordinarily deformed 
into a hydraulic jump. 

4 . Internal Oscillatory Progressive Waves 

For those runs of the study for which th e salt 
water and fresh water layers were of equal depth, 
h' = h, progressive waves were produced a t the 
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interface as illustrated in figure 1. The wavelength, 
A, and the semiwave height, a, of the internal waves 
depend on the following variables: 

U, velocity of cylinder; 
r, radius of cylinder; 
h, depth of saline layer; 
h', depth of fresh layer; 
p, density of saline layer; 
p' , density of fresh layer; 
g, acceleration of gravity; 
s, vertical distance of center of cylinder above the 

undisburbed level of the interface; 
{3, shape parameter of cylinder; 
L, distance traveled by cylinder at time of 

observation. 

Viscous effects are not considered. For the densities 
used, p' = 1 and 1.02 ':::; p':::; 1.08, we may write 

2 p_ p' = t1p "'" t1P . 
p+ p' p P 

The values of the variables for the various runs 
of this class, h=h', are given in table 1. Now 

or 

A= A (U, r, h, t1; g, s, (3, L) 

~ j (~' ~, ~, (3 f). h t1p h h h 'h - g 
p 

In figures 6, 7, and 8 plots are given of A/h against 
U2/ (t1p/p)gh, a form of densimetric or internal Froude 

10 I 

CIRCULAR CYLINDER 

0 h = 20.0 em 

" h = 15.6 em 

B f-
TEAR DROP CYLI NDER 

e h = 25.0 em 

B h = 24.0 em 

"" h = 23.1 em 

6 I- ~ h = 20.0 em 

"iT h = 15.6 em 

~ 

/9 
4 ... 

I 
8 

~/ 

~/ 
21-- /t' 

v,rf> 

0 

f)<fl 
elj 

a' 
0/ 
o 0.2 

I 

e 
8 

A 

0.4 

I 

~THEORY 

.. 

8 

9 
e 

U' 
6P gh 
P 

'" 

0.6 O.B 

FIG URE 6. Variation of the wavelength of internal progressive 
waves, l' = 1.27 cm. 

number. The wavelengths for the experiments 
were taken as the mean value for three or four waves 
immediately following the cylinder. The line repre
senting the theoretical wavelength is taken from 
Lamb, Art. 231 eq (17) [21], which represents wave 
motion of two superposed fluids with the upper 
surface free. For the case 
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Run Cylin- h'=h 8 t.p U 
del' a p 

------------------

em ern em/sec 
1 2.54A 25 0 0.02 S.4. 
2 2.54 25 0 .02 12.1 
4 2. 54 25 5 .02 l b.O 
5 2.54 25 5 .02 4.0 

10 2.54 25 5 . 02 9. 1 

11 2 54 25 5 . 02 10.0 
12 2.M 25 .1 . 02 13.9 
15 2.54 2.1 5 . 04 12. 0 
16 2.54 25 5 . 04 13.8 
17 2. 54 25 5 .04 .1 5.7 

JS 2.54 25 5 . 04 I S. 0 
19 2.54 25 5 . 04 21. 3 
21 2.54 25 5 . OS 16.9 
22 2.54 25 5 . OS 18.9 
23 2.54 25 5 . 08 23.9 

24 2.54 25 5 .08 22.2 
25 2.54 25 5 . 08 27.6 
7J 2. 54 26 4 . 04 13.7 
72 2.54 26 4 .04 19.2 
75 2. 54 26 4 . 04 12.8 

76 2.54 26 4 .04 17.0 
77 2.54 26 4 .04 22.7 
78 2.54 24 6 .04 12.8 
79 2.54 2'1 6 .04 JO.2 
80 2. 54 2'J 6 . 04 11. 3 

81 2.54A 24 6 .04 14. I 
82 2 . .\4 24 6 .0'1 15.7 
S3 2.54 24 6 .04 19. 5 
85 2.54 23 7 .0'1 10.4 
86 2.54 23 7 .04 11. 3 

87 2 .. 14 23 7 .04 J2. 8 
88 2.54 23 7 . 04 13.8 
89 2. 54 23 7 . 04 16.2 
90 2.54 23 7 .04 19. J 
91 2.54 23 7 . 04 21. 6 

92 2.54 23 7 .04 9.5 
93 2.54 23 7 . 04 5. 7 
94 2. 54 23 7 . 04 6.7 
95 2.54 23 7 .04 7.8 
96 2.54 20 10 .04 6.4 

97 2. 54 20 10 .04 7. 7 
98 2.54 20 10 . 04 9.8 
99 2.54 20 10 . 04 II. 3 

100 2.54 20 to . 04 13.0 
101 2.54 20 10 . 04 J3.8 

102 2.54 20 10 . 04 16.7 
103 2. 54 20 10 . 04 .1 9. 2 
104 2.54 18 12 . 04 n 105 2.54 18 12 . 04 
106 2. 54 18 12 . 04 10. 0 

107 2.54 18 12 . 04 11.4 
108 2.54A 18 12 . 04 12.4 
109 2.54 18 12 . 04 14.1 
110 2. 54 18 12 .04 J5.6 
112 2.54 16.25 13.75 . 04 7. 0 

113 2.54 16.25 13.75 .04 9.5 
114 2.54 16.25 J3.75 .04 10. 3 
115 2.54 16.25 J3.75 .04 11.6 
116 2.54 16. 25 13. 75 . 04 13. 0 
117 2.54 16.25 13.75 .04 14.2 

11 8 2.54 16.25 13.75 . 04 J6.6 
142 2.54B 25 5 .04 11.1 
143 2.54 25 5 . 04 16.6 
144 2.54 25 5 . 04 20. 0 
145 2.54 20 10 . 04 7.7 

146 2.54 20 10 . 04 13. 7 
147 2.54 20 10 . 04 19. 7 
148 2.54 10.25 13.75 . 04 7.8 
149 2.54 16.25 13.75 . 04 12.6 
150 2.54 J6.25 13.75 . 04 15.5 

153 2.540 25 fi . 04 11. 1 
154 2.54 25 5 . 04 16.4 
155 2.54 25 5 . 04 20.2 
156 2.54 20 10 . 04 7.9 
157 2.54 20 10 . 04 13.9 

549993- 60--6 

TABLE l. Far£ables fOI' h'= h 

a 

---
em 

3.9 
5.3 
2.5 
1. 2 
3.6 

4.0 
2.3 
3.5 
4.3 
4.7 

5.2 
2.2 
4.3 
3.5 
5. 1 

50 
2.2 
4.4 
3.3 
4.2 

4.5 
1.3 
3.9 
3.3 
3.5 

4.1 
5.0 
2.5 
2.8 
3.3 

~.8 
3.8 
4.8 
2.8 
1.4 

1. 8 
0. 4 
1. 2 
1.7 
0.6 

1.1 
2.1 
2. 7 
3.4 
3.8 

4. 0 
2.2 
0.5 
1.0 
1. 8 

2.7 
3.2 
3.4 
3.8 
0.7 

2.8 
3.2 
5.2 
6.4 
6.3 

4.1 
3.4 
.1.7 
3.2 
1.0 

4.5 
1. 7 
1.0 
4.6 
4.7 

3.5 
4.2 
2. 7 
0.8 
3.8 

A 

em 
40. 

101. 
---------. 

10. 
4S. 

70.0 
11 5.0 
43.5 
65.5 
S7.5 

107.0 
----------

44.3 
59.5 

102.5 

9J.5 
----------

52.7 
Il l. 0 
46.3 

97.5 
----------

50.6 
26.2 
36.3 

66. I 
87. 5 

107.0 
29.3 
36.0 

53.0 
6 1. 3 
89.0 

107.0 
------.' 

26.4 
11.1 
J4.8 
16.7 
.14.4 

J9.8 
28.8 
39.3 
52. 0 
61. 0 

98.7 
105.0 
16.6 
22.2 
33. 8 

44.6 
53.5 
68.3 
80.5 
19. 8 

32.2 
37.0 
49. 4 
63. 7 
71. 3 

84.0 
35.5 
89.3 

120. 0 
19.2 

66.7 
102. 0 
24. 0 
61. 5 
82.2 

34. 8 
96.0 

107. 0 
21. I 
73.7 

Run Oyl;n- h'=1I. 8 t.o U (L A --
df'r t1 p 

--------------------
em em cm/src em em 

158 2. 54 20 to . 04 19.3 2. I 97. 
160 2.540 J6.25 13. 75 .04 8. 0 0.9 25. 
161 2.5-1 16.25 13.75 .04 12.3 5.8 57.0 
162 2.54 16.25 13.75 .04 15.8 4.2 83. 
163 2.54 16.25 13. 75 .04 18.7 1.8 88.0 

170 5.08A 17.54 12. 46 .04 14.0 7.3 ----- ---
17 1 5. 08 17. 54 12.75 . 04 16. 0 6.0 -------- -
172 .5. OS 17 . .54 12.75 . 04 19.5 4.5 ----------
173 5.08 17.54 12. 75 .04 22.8 5.2 --------.-
174 5. 08 22. 46 7.54 . 04 Ifi 2 9.0 83.0 

175 5. 08 22. 46 7.54 .04 19. 5 3.5 110.0 
176 .1.08 22. 46 7. 54 .04 22.4 3.5 ------ -- --
178 5.08 17.54 12.46 . 04 13.6 -- -------- 57.5 
183 5. 08B 22.46 7.54 . 04 11. 9 4. 9 41.0 
IS4 5. OS 22. 46 7.54 . 04 10.8 --.------- 40.0 

185 5. 08 22. 46 7.54 .04 9.4 3.3 25.0 
186 5.08 22. 46 7.54 .04 14.2 6.3 67.0 
187 5.08 22.46 7.54 . 04 16.4 8.3 89. 0 
188 5.08 22.46 7.54 .04 19.5 4.5 11 5.0 
189 5. 08 22.46 7.54 .04 23.3 2.2 110.0 

196 5.08 17. 54 12.46 . 04 13.7 ---------- 61.0 
197 5.08 17.54 12.46 .04 16. 1 ---------- 78.0 
198 5.08 17.54 12. '16 .04 19.6 ---------- 90.0 
210 1. 27B 25 5 . 04 8.0 1.2 21. 6 
211 I. 27 25 5 .04 5.3 0.5 11. 3 

212 I. 27 25 5 .04 9.5 1. 5 29.2 
213 1. 27 25 5 .04 10.7 1. 6 38.2 
214 I. 27 25 5 .04 12. 0 1.6 4 ~. 8 
215 I. 2713 25 5 .04 13. 8 1. 8 64.5 
216 I. 27 25 5 .04 16.3 2.0 ----------

217 1. 27 25 5 .04 19.6 1. 7 135.0 
218 I. 27 25 5 . 0'1 22.4 0.9 127.0 
219 I. 27 23. 12 6.88 . 04 5.2 O. I 10.0 
220 I. 27 23. 12 6.98 .04 8.0 0.8 21. 3 
22 1 I. 27 23. 12 6.88 .04 9.5 1.2 29.5 

222 I. 27 23. 12 6.88 .O·J 10.6 1.3 36.0 
223 I. 27 23. 12 6.88 .04 12. 1 1.5 47.3 
224 I. 27 23. 12 6.88 .04 13.8 1.6 64. 0 
225 I. 27 23. 12 6.88 .0<1 16.3 2.3 94.0 
226 1. 27 23. 12 6.88 . 04 19.3 1.5 146.5 

227 l. 27 23. 12 6.88 .04 21. 5 0.9 -------- --
228 I. 27 24 6 .04 5.3 0.2 10.4 
229 I. 27 24 6 .0·1 7. 8 0.9 19.8 
230 1. 27 24 6 .04 9.6 1.3 29.3 
231 1. 27 24 6 .O'J 10.5 1. 5 35.1 

232 I. 27 24 6 .04 11 .8 1.5 45.0 
233 I. 27 24 6 .04 13.8 1. 8 63.0 
234 I. 27 24 6 .04 16. I 2.0 90.5 
235 I. 27 24 6 . 04 19.2 1. 9 146.0 
236 1. 27 24 6 . 04 22.2 0.8 162.5 

237 I. 27 20 10 .04 6.3 0.2 14.0 
238 I. 27 20 10 . 04 7. 9 0.4 20.9 
239 I. 27 20 10 .04 9.5 0.8 30.5 
240 I. 27 20 10 . 04 10.7 1.0 37.7 
24 1 I. 27 20 10 .04 12.2 1.2 49.2 

242 I. 27B 20 10 .04 13.8 1. 5 66.0 
243 I. 27 20 10 .04 16.2 2.3 00.2 
244 1.27 20 10 .04 19.5 1.0 160.5 
245 I. 27 15.635 14. 365 . 04 6.2 0. 1 ----------
240 l. 27 15.635 14.365 . 04 7. 9 0.2 22.0 

247 1. 27 15.635 14. 365 . 04 9.6 0.8 31. 6 
248 I. 27 15.635 14.365 .04 10.9 1. 3 41 . 0 
249 1.27 15.635 14.365 . 04 12.2 1.9 53.0 
250 l. 27 15.635 14.365 .04 14. I 3.3 77.5 
251 I. 27 15.635 14.365 . 04 16.3 2.0 126.0 

252 1. 27 15.635 14.365 . 04 19.3 1.0 13S. 4 
275 I. 27A 20 10 .04 1l..8 1.0 45. 0 
276 I. 27 15.635 14.365 . 04 10.8 1.2 39.0 
2i7 I. 27 15. 635 14.365 . 04 14.1 3.7 75.5 

• Oylinders are tabulated by radius (in centimeters) and b y sha pe; A circular 
1\ tear drop, 0 lenticular. 
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in which we are interested the equation may be 
wl'itten 

\"here 
N1= coth kh coth kh' + l 
N 2= coth kh + coth kh' 

k= 27r1>.. 
==kU. 

The equation reduces to 

~=~ [l± /} 4NI~J 
I1p (lh 2Nl~kh -V - N 22 
P . 

where ~= I1p j p. There are two solut ions of this 
equation corresponding to the plus and minus signs 
for the last term. The minus sign represents the 
case of interest here where waves are produced 
primarily at the in terface. Sin ce the quantity 
Nl~jNl is small, we may expand the square root 
obtaining. 

U2 
- 1 [ Nl~ ] 
I1Pgh= N 2kh 1+ N 22+··· . 
p 

For the present experiments Nl~jN22<0.03 , so only 
the first tcrm is taken 

U2 1)" 1 
I1p =- -- ----::---:-------:,-------;-
- gh 27r h th 27rh+ th 27rh' 
p co T co - ),,-

This relation lS the general expression for wave 

velocity of a two-layer system. Taking the limit as 
Ajh--?> 00 we obtain 

m _~ 
i:J.p h- h+ h' - g 
p 

(a) 

for the velocity of long waves. For the co ndition 
of the experiments, h' = h, we have 

U2 =...!:.. ~ tanh 27rh 
I1p I 47r h )" - gl, 
p 

which is the basis of the theoretical curves in figures 
6,7, and 8. The agreement is good when U2 j(l1p j p)gh 
does not exceed 0.3. For larger values of U2 j 
(l1p/p)gh the wavelength tends to be constant. At 
the present t ime no explanation can be given for 
this result. 

For the wave h eighLs, neglecting viscous effects , 
we have 

a= a (U, T, h, s, (3, 11: gJ L) 
or 

;= j (~~2 hJ 11~2 J~' (3J i)· 
- g - gs 
p p 

A plot of ajT against U2 j(l1p jp)gs is given in figure 9. 
Those poin ts eorresponding to cases where the 
cylinder touches the free surface , (s + r )! h' = 1, would 
not correlate well with the other points and are 
plotted separately in figure 10. An explanation for 
this will appear in the theoretical development where 

r = 2 54 em r - 127 em , 
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O h~25.0em , " .. 
6 h ~ 24.0 em, 
o h ~ 23.0 em, 
o h ~ 20.0 em , 
-0 h ~ 18.0 em, 
e h ~ 25.0 em, TEAR DROP 
'" h ~ 20.0 em , 

2 .4 1--- CD h ~ 25.oem, LENTICULAR .. 
<P h ~ 20.0 em, 
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FIGU RE 9. 11ariation of the wave height of internal p rogressive waves for those cases where the 
cylinder do es not louch Ih e sw:face. 
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FIGURE 10. FaTiation of the wave height of internal pTogrescive 
waves f or those cases whel'e the cyl1;nder touches the sw'fctce. 

uccessive images of the cylinder in the surface are 
taken. A plot of air against UZI(t::,. plp)gh is given in 
figure 11. TJle maximum value of all' occurs at 
abo ut UZI(6p!p)gh= O, 3. CompiU'ing this with the 
expression for wave velocity U c of long waves it is 
seen that UmIUc= 0.77 , where Um is the velocity 
corresponding to maximum wave height. In this 
Trspect t lJere appears to be a close agreement with 
Ekman's results of maximum added resistance, as 
large wave he.ight reHects the brgeness of the added 
Tesistance, The di.ta of all' from runs where the 
cylinder was not in con tact with the surface are 
plotted against 

U2 U2 
-- for --<O,3 
6p gs 6p gh 
p p 

in figure 12. 
From the data on wavelengths and wave heights 

it would be difficult to distinguish any significant 
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FIG UUE 12. Va'riation of the wave height of intemal pTOgTessive 
waves where the cylinder does not touch the sw'face for 
U2/ (6 pj p)gh < 0 .3. 

difference between the waves produced by the 
cylinders of various shapes. This may be due to the 
wake being independent of the cylinder shape, al
t.hough no observations were made of the wake. 

For sufficiently large values of rls there exists 
a minimum velocity below which progressive wave 
are not produced, Instead, there is a vortex forma
tion below the cylinder followed by a smooth un
clistLll'bed boundary. It can be seen from figure 12 
that the wave height increases as rls is increased. 

For large val uC's of Tlh the disturbance assumrs 
the form of an internal hydraulic jump which will be 
discllssed in section 6. 

The effect of the parameter Llh cannot be evalu
ated at this t ime since L Wet S nearly constan.t for 
all tue runs. 

5. Translation Waves of the Bottom Layer 

For those runs for which h< <h' , translation 
waves of the form illusLrated in figure 13 were formed 
a,t the interface, In all t,he runs of this class the 
cylinder touches the free surface. If the cylinder 
were completely below the surface, waves of the 
same form would be produced. The characteristics 
of the intumescence are similar to t hose of in terna.l 
solitary waves. Letting a be the height of tbe Wfwe 
crest above the undisturbed level of the interface, 
we have, neglecting viscous effects 

or 

a= a(U, T, h, h', s, (3, 6; g, L) 

~ = f (6~Z h' '~:, X' ~. (3, X), 
-- q 
p • 

The values of the variables for the runs of this class 
are given in table 2. 

In figure 14 a plot is given of all' against U21 
(6 plp)gh. Examining the figure, the maximum value 
of all' occurs for U2/(6 p/p)gh= 0.52 . Comparing this 
with the velocity for long waves, eq (a), the ratio 
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FIG U RE 13. Example of translation waves of the bollom layer produced when h < < hi. 

r :1,27cm, holO.Oem, h'=2i.3cm 
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r'2.54cm, h= IOO cm, h'=22.5cm 
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pS.OS em, h=7.5cm, h':27.6cm 

L:J. CIRCULAR CYUNDER 

'" 

O~~OP __ r-o __ ~ 
o 

0.6 1.0 1.2 1.4 

F I GUR E 1 4. Fariation of the wave height of translation waves of 
the boltom layer. 

Run 
--

131 
132 
133 
134 
135 

139 
140 
141 
152 
164 

180 
181 
199 
200 
201 

207 
208 
278 
279 
281 

TABLE 2. Variables for h < < hi 

Cylin der" 
------

2.54A 
2.54 
2.54 
2.54 
2.M 

2.54 
2.54 
2.54 
2.54B 
2.54C 

5.0SA 
5.08 
5.08B 
5.08 
5.08 

5.08 
5.08 
I. 27B 
I. 27 
I. 27 

~=0.04 for all runs 
p 

h' h s 
------ ------ ------em em em 

22.5 10 20 
22.5 10 20 
22.5 10 20 
22.5 10 20 
22.5 10 20 

22. 5 10 20 
22.5 10 20 
22.5 10 20 
22.5 10 20 
22.5 10 20 

27.62 7.46 22.54 
27.62 7. 46 22.54 
27.62 7.46 22. 54 
27.62 7.46 22.54 
27.62 7. 46 22.54 

27. 62 7.46 22.54 
27. 62 7.46 22.54 
21.27 10 20 
21. 27 10 20 
21. 27 10 20 

U 

em/sec 

9.6 
11. 0 
12. 7 
14.3 
15. 7 

19.8 
22.2 
17. 7 
14.4 
14.8 

13.7 
16.2 
7. 9 
9.5 

10.7 

13. 8 
15.9 
10. 8 
13.8 
18.6 

a 
------

em 

1.7 
3.S 
7.3 
8.4 
6.0 

2.7 
3.0 
3.5 
7.5 
6. 7 

14. 0 
8.6 
1. 8 
3.0 
5.0 

13.0 
4. 6 
1. 2 
4.0 
2.0 

" Cylinders are tabulated by radius (in centimeters) and by shape; A ci rcular 
B tear d rop, C len t icular. 

Uml Uc has the values 0.87 , 0.87, and 0.81 corre
sponding to the cylinders 1' = l.27 em , 2.54 em , and 
5".08 em., r espectively. 

For the runs of this class, h< <hi , the cylinder 
touches the surface so the value of rls is sm all in 
nearly all cases. Thus for low velocities, waves are 
produced and these are of small wave hei.ght. For 
these cases progressive wa ves are produced as in 
section 4 . The apparen t cri terion for transition 
from progressive waves to tnw slation type waves 
is the following: F or low velocities progressive waves 
of small amplitude are prod uced. For larger veloci
ties the amplitudes increase un til they become sig
nifican tly large in comparison to the depth h of the 
lower layer for t he transla tion type waves to be 
produced. No effor t was made to determine pre
cisely these transition veloci t ies. 

6. Hydraulic Jump of the Upper Layer 

For those runs for which hi < < h, translation 
waves of the form illustrated in figure 15 wer e 
formed at the interface. H ere again the cylinder 
touches the free smface in all cases. At the star t 
of a run progressive waves are formed. As the 
cylinder moves on , the waves grow in amplitude and 
the first crest fla t tens out b ecause of the proximity 
of the fresh water surface. L et ting A be the hori
zontal distance between the cen ter of the cylinder 
and the first trough, A incr eases with the distance 
of travel L. In general, n eglecting viscous effects, 

A= A (U, r, hi , h, 6,: g, 8, (3, L)-

The values of the variables for the runs of this class 
are given in table 3. 

We wish AIL as a function of dimensionless com
binations of the variables. The best correlation 
that was obtained is given in figure 16 where AIL is 
plotted against 

U2 
-6, -~rIL. 
~ gh' 
p 

H ere again , as in section 5, there are cases, for low 
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l i'I GURE 15. Example of internal hyd1'a1tlic j ump of the upper layer pl'oduced when h' < < h. 
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FiGURE 16. VaTiation of the length of the " plateau" of translation waves of the u pper 
layer. 

velocities where progressive waves are produced at 
the interface. There are also intermediate cases 
where the first crest is flattened, but in other r espects 
the profile has the characteristics oJ a progressive 
wave train. There are still further cases when 1'l h 
is large where the hydraulic jump is produced when 
the two liquids are of equal depth (runs 178, 196, 
and 197 listed in table 3) . 

7, Theoretical Development 

In order to see to what degree the observed wave 
heights are in conformity with the laws of hydro
dynamics, the case of a cylinder moving with uniform 
horizontal velocity in the upper layer is considered . 
This analysis refers to the oscillatory waves of the 
interface. Corresponding analyses of the translation 
waves of the bottom and upper layers are being 
considered . 

It will be assumed that l' is small comparcd with 
the distance 8 (see fi g. 5). Since the speed of motion 
U is many times smaller than the quantity ..,Ig(h+ h' ) 
the surface disturbance due to motion of the cylinder 
as it would be in ahomogeneo us liquid would be un
appreciable, and also owing to small !:;.pl P I'atio the 
surface displacement associated with in ternal waves 
would be negligible. In this case, when the cylinder 
is near the free surface, i t will be necessary to take 
the successive images of the cylinder in the surface 
as if it were a plane boundary in order to reduce the 
normal velocity at the slll'face to zero. For the 
present plll'pose, since 1'18 is assumed small, all of 
the image doublets within the cylinder may be 
placed at the center which effectively increases the 
radius of the cylinder by a factor 'Y . The values of 
'Y as a function of (h: -8) 11' are determined by the 
methods of reference [22] and plotted in figure 17 . 
The sharp rise in'Y for (h' -8) 11'= L accounts for the 
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TABLE 3. 11 w·iables for hi « h 

~=O.04 for aU runs 
p 

Run Cylin- hi h S U Al LI A, L , A, L a 
del' a 

------------------------ - - ---------
em em em em/sec em em em em em em 

119 2.54A 7.5 25 5 9.4 ----_.---- - - -----.-- ---------- ---------- 73.0 867.5 
124 2.54 12.5 20 10 12.6 - --------. ---------- -----.---- ---------- 94.0 839.0 
125 2.54 12.5 20 10 13.7 ------ - --- --------- - --- - -- - --- ---------- 114. 0 842.0 
126 2.54 12.5 20 10 16.3 ------ - --- ---------- -- - --- - --- ------- --- 115.5 819.0 
128 2.54 7.5 25 5 10.8 91. 0 517.0 96.0 557.5 ---.-.---- -.--------

129 2.54 7.5 25 5 12.1 96.0 363.0 121. 5 572.0 164. 0 851. 0 
130 2.54 7.5 25 5 13.2 107.0 309.0 151. 8 622.0 187. 0 848.0 
136 2.54 7.5 25 5 15.5 136.0 415.0 206.0 613.0 ---------- -- -------. 
151 2.54B 7.5 25 5 1:1. 1 91. 5 284.5 131. 5 553.0 183.0 846.0 
159 2.54C 7.5 25 5 13.1 99.0 310.0 142.0 571. 0 186.0 839.0 

178 5.OSA 17.54 17.54 12.46 13.6 90.0 344.0 102.0 615.0 106.0 834.5 
196 5.OSB 17. 54 17. 54 12.46 13.7 82. 0 331. 0 94.0 582.0 111. 0 S40.0 
197 5. OS 17.54 17.54 12.46 16. 1 112.0 352.0 142.0 614.5 159.0 867.5 
203 5.0SB 12.62 22.46 7.54 14.0 100.0 317.5 138.0 583.0 176.0 84S. 0 
204 5.08 12. 62 22.46 7.54 16.6 131. 0 332.5 ---------- -.-----.-- 208.0 854.0 

205 5. OS 12.62 22.46 7.54 19.5 177. 0 336.0 -- --- ._--- ---------- 328.0 840.0 
206 5.08 12.62 22.46 7.54 22.6 --_.-.-.- - -----.-.-. -----.---- ---------- 370.0 824.0 
253 1.27B 3.77 27.5 2.5 6.2 20.5 331. 5 20.0 591. 0 20.5 847.5 
255 1. 27 3.77 27.5 2.5 6.7 15.5 324.0 15.5 600.5 17.5 828. 5 
256 1. 27 3.77 27.5 2. 5 7.8 78.0 322.0 115.0 551. 0 152.0 841. 0 

257 1. 27 3.77 27.5 2.5 9.6 68. 0 294.5 112.0 573.5 152.0 837.0 
258 1. 27 3.7i 27.5 2.5 10.6 66.0 292.0 SS.O 565.0 118 0 840.0 
259 1. 27 3.77 27.5 2.5 11. 8 91.0 305.0 126.0 590.0 156.0 839.0 
260 1. 27 3.77 27.5 2.5 13. 8 131.0 317.5 204.0 609.0 259.0 840.0 
263 1. 27 6.27 25 5 10.5 5S. 0 303.5 73.5 .568.5 90.0 817.5 

264 1. 27 6.27 25 5 13.8 107.0 302.5 148. 0 571. 0 186. 0 865.0 
269 1. 27 8. 15 23.12 6. SS 13.9 92.0 317.0 113.0 590.0 131. 0 826.0 
272 1. 27 1 I. 27 20 10 13. 8 77.5 324.5 SO. 5 575.0 84.0 829.5 
274 1. 27A 3.77 27. 5 2.5 11. 4 100.2 294.3 147.5 590. 2 ISS. 5 S57. 5 

• Cylinders are tabulated by radius (in centimeters) and b y shape; A circular, B tear drop, C lenticular. 

I.> ~--r---_,_--...,.--_,_--_,_--_,----, provided X' +x; is negligible there. The ongm i 
taken at the undisturbed level of the interface 
directly below the center of the cylinder. The y
coordinate is positive upwards and x is positive to 
the right in figure 5. 

If r/ (s+h) is small the normal component of 
velocity at the bottom from the terms in the bracket 
would vanish. Again x + x1 and X' +x; are so 
selected that the normal components of velocity due 
to these terms vanish at the surface and at the 

1.0,L.O-----'-----'-----',------'L-----:2L.O---2L.2--~2.4 bo t tom. Thus assume 

FIGURE 17. Variation of radius factor with distance below the 
surface. 

increased wave heights when the cylinder touches 
the free surface found in section 4. 

Letting ¢' be the velocity potential of the upper 
layer and ¢ that of the lower we write, after super- and 
posing a velocity U on the system, 

and 

x' = So'" c/(k) cosh k (y-h') sin kxdk 

x;= So'" a;(k) cosh k(y- h') cos k xdk 

x= So '" a(k) cosh k (y+ h) sin kxdk 

Xl=J~ '" al(k) cosh k(g+ h) cos kx dk 

(3) 

(4) 

where a'(k) and a(k) are to be determined . For the 
equation of the interface, assumed to be steady, we 
put 

Thus the normal velocity at the cylinder IS zero TJ = So'" (3(k) cos kx dx , (5) 
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and 

The kinematic boundary conditions at the interface 
require that 

d [orP' ] [0rP] U - (1)+1)1) =- - = - - . 
elx oy y=Q oy y=Q 

(6) 

Equations (1) and (2) may be written in the form 

4>' =-Ux-U( 'Yr)2J~'" [e-k(s-y)+ e-k(2h'-S-V) ] 

sin kxdk+x' +x~ (7) 
and 

</> = -Ux-U( 'Yr)2i '" [e-k(s-y) + e-k(2h'-S-Y)] 

sin kxcllc+ x+x1 (8) 

for s-y> O. Differentiating eq (5) with respect to 
x and eq (3), (4), (7), and (8) with respect to y, eq 
(6) yields 

a'(k) sinh kh'=-a(k) sinh kh (9) 

so that 

a'(k) = 

and 

a(k)= ~ {iJ(lc) + (I'r) 2[e-kS+ e-k(2h'-Sl]} . 
"mh kh 

Also 

(10) 

(11) 

So the terms x;, xJ, and 1)J correspond to a system 
of free waves and will be dropped from the equations . 

If the pressme at the free surface is taken as zero 

and 

p' 1 (0</>')2 , 1 - 2 -=-gy-- - +gh + - U 
p' 2 ox 2 

P 1 (0r/»2 p' ( U') -= -gy-- - +- gh'+- . 
p 2 ox p. 2 

(12) 

(13) 

provided that p' / p is nearly unity. Letting p' = p 
for y= 1) and omitting higher order terms in the 
d istmbance 

p' i '" {giJ(k) + U2(l'r) 2k [e- kS +e- k (2h' -Sl ] 

-Uka' (Ic) cOEh kh' } cos kxdk 

= p { " {giJ(k) + U2 (I'r) Zk [e - kS+e-k (2 1" -Sl ] 

-Uka(k) cosh kh } cos kxdk (14) 

or 

J~ '" {U 2('Yr)2k [e-kS+e-k (21i' -Sl ] (p' - p) 

+ giJ(lc)(p'-p) - p'Ulca' (Ic) cosh lch' 

+ pUlca(k) cosh kh } cos kxdk= O. (15) 

Introducing a'(Ic) and a(k ) from eqs (10) and:(ll) 

U2( I'r)21c [e-kS+e-k(Zh'-Sl ] [(p' _ p) 

or 

+ p' coth Ich' + p coth kh] + iJ(Ic)(g(p' - p) 

+U2kp' coth kh' +uzlcp coth Ich] = O (16) 

iJ(k)=-(l'r) Z 

(p'-p) ( tp- Ic) 1 
p' [ Jz+ 1c coth kh' ] - p [ Jz- k roth lch] J 

[e-kS+e-k(Zh'-Sl ]. (17) 

Now eq (5) becomes 

(p'-p) ( tp- lc) 1 
p' [ J2+ lc coth kh' ] - p [ Jz-lc coth kh] J 

• [e- kS+e-k(2h'- S) ] cos kxdlc (18) 

or 

The integral in eq (19) is improper, the denominator 
becoming zero at the value of lc for which 

k[p c3th kh+ p' coth lch'] =t2 (p-p'). (20) 

This value, ko= 27r/'A, corresponds to the wavelength 
of free interfacial waves at the velocity U, as derived 
in section 4. As U increases the wavelength 'A also 
increases. Taking the limit of eq (20) as lc ----'70 we 
have 

p+p' 9 ( ') Ii h' =U~ p-p 
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or 

u = jg(p-p')hh' 
C -V ph' + p'h 

(21) 

which is the velocity of propagation of long waves. 
For larger values of U there is no real singularity of 
the integrand in eq (19). Taking the principal value 
of the integral in eq (19) for x positive, 

r s 2h'-s 7r(p' - p) (62 -ko) [e-koS+e-ko(2h'-S) l sin kox 

'I/ = -("(r)21 [ x2+s2+ x2+(2h' -SF] + p' [coth koh'-koh' csch2 koh'l+ p [coth koh- koh csch2 kohl 

\.. 

d ' p - p m cos ms cos m - ms e d i '" (p'-p) Ug2 [sin ms+sin (2mh'-ms) le-mx i "" (') [ + (2 h' )l -mx } 

- 0 -p ,- [""u-g-2.-t--m-c-o-t -m-h-,-:::;] ,--p---;=[ c-J-2--m-co-t- m- h-=O;] m - 0 p 'l [J 2 +m cot mil,' ] - p [t
2 
-m cot mh] m . 

(22) 

For large values of x only the second term is signif
icant. Since '1/ is an even function of x, eq (5), the 
corresponding expression with x replaced by -x 
holds for negative x . Adding a system of free waves 
to cancel the disturbance far upstream, the result is 

r s 2h' -s 27r(p'-p) (J2-ko) [e -koS+e- ko (2h' -S) ] sin kox . "'I 

'I/=-('Yr)2 i [X2+S2+ X2+(2h' -s)2] + p' [coth koh' - koh' c8ch2 koh'l + p [coth koh-koh CEch2 kohl ~ 
\.. ) 

+ etc for x>O 

and 

'I/=- ('Yr)2 [X2: S2+ x2+2~h~~s)2]+ etc for x< O. 

Thus there is a local disturbance followed by pro
gressive waves of length A, where 

is determined by eq (20). 

8 . Comparison With Observation 

Recalling the conditions of the theory, it is clear 
that it does not apply to the translation waves of 
either section 5 or 6. For a comparison with the 
observed progressive waves, when h= h', eq (20) 
glves 

47r ~ coth 27rh= t,p gh 
A A p U2 (24) 

which can be solved numerically to give Alh as a 
function of U 2/(t,pjp)gh. 
The values are given by the curves in figures 6, 7, 
and 8. The agreement with experiment is good for 

U2 
--<0.3 . 
t,p 71, - g 
p 

(23) 

Regarding the wave height a, we have from eq (23) 

a r 7r t,: (b~-kch) [ e-koh f+e- koh (2-D] 
_=1'2 - --~---,.-~~c;-;---c;-;;--;-;-----= 
r h coth koh- kohcsch2 koh 

(25) 

approximately. Thus air is a function of U2 I (t,pl p' gh 
for given values of sill, and rill,. In figure 18 one of the 
theoretical curves is given along with the corre
sponding experimental points. For small wave 
heights the observed values are considerably greater 
than the theoretical values. This disparity may b e 
du e to the wake produced by the cylinder or the 
limitation of the theory to small waves. For the 
smallest waves which could be measured accurately, 
figure 18, the observed values are approximately 
twice as large as predicted by theory. It appears 
that the disparity between observed and theoretical 
wave heights is largely due to the wake produced by 
the cylinder. 

252 



4 r---
S
-
I 

h- z- O.-9 I 9 --I 
r/h = 0_081 

o CIRCULAR CYLINDER 

3 - 9 T EAR DROP CYLINDER 
o 

a 9 

r 21---------+---- / 

/ 9 
/ @ 

/ 9 

THEORY 

~ 

9 

0 __ 9 ..---: 9 ----:"-:-----:'=-----;:'-::----;:: 
o 0. 1 0.2 U' 0.3 0.4 0.5 

/>,p gh 
P 

FIGURE J 8. Variation oj wave height of internal oscillatol'Y 
waves; compa1·ison with them·y. 

9 . Summary 

The disturbances created at the interface of a 
two-layer liquid system by the horizontal motion of 
a cylinder in the upper layer fall into three categories. 
First, when thc layers arc of equal thickness, in most 
cases a train of progressive oscillatory waves is pro
duced at the in tcrface. Second, when th c depth of 
the lower laycr is much less than the depth of the 
fresh-water layer, the profile of the interface usually 
resembles that corresponding to a succession of 
positive internal solitary waves. Third, when the 
depth of the lower layer is much greater than the 
depth of the fresh-water layer, ill most cases an 
internal hydraulic jump is produced. The cxccp
tional cascs correspond to low cylinder velocities. 
The theory for disturbances of small amplitude pre
dicts waves of the type observed in the first category, 
but the observed amplitudes arc greater by a factor 
of two in those cases where the conditions of the 
theory are most nearly satisfied. This discrepancy 
is ascribed to the effect of the wake behind the 
cylinder. 

For the progressive oscillatory waves there is a 
distinct change in the manner of variation of the 
wave h eights corresponding to U2/6,.p /p)gh= O.3 
where the wave height reaches a maximum. For 
U 2/ (6,.p /p)gh< O.3 the wave height air depends 
primarily on the quantity U2/ (6,.p /p)gs while for 
U 2/(6,.p /p)gh> O.3 the wave height depends on 

U2/ (6,.p /p)gh. Figure 12 shows that the wave 
height increases as r/ ' i increased . 

The experiments with different shapes of cyl inder 
did not yield a significant difference in the eli turb
ances produ ced. This may be due to the manner 
in which the wake depends on the cylinder shape . 
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Phase shirt effects in Fabry-Perot interferometry. C. J. 
Koester, J. Research N B S 64A, No.3, M ay- J une 1960. 
A method is demonstrated for ut ilizing in F abry-Perot 
inte rferolTl E't ry t he data on refl ection phase shift dispersion 
obtained from frin ges of eq ual chromatic order. Unknown 
wavelengths can be calculated from t he F abry-Pcrot patterns 
obtained wi t h a la rge etalon spac ing, even "' it hout prior 
kn owledgf' of t he phase shift of the refl ect ing surfaces. When 
t he t heoretical phase shift as a fun ction of wavelength is 
kn ow n approx imately, th en t he correct orders of in terference 
can bl) determined for both t he Fabry-Perot frin ges and 
frin ges of eq ual chromatic order. F rom t he wavelengths of 
t he latter the phase shift dispcrsion can be measured t o a n 
accuracy of a bout lOA. The mE'thod is especia lly useful for 
refl ectors wit h la rge disp ersion of ph ase shift , such as mul t i
layers. Results in t he v isible spectrum arc reported fo r 
a lumi nu m films a nd a pair of dielectri c 15 layer broad-ba nd 
refiectors. 

Separation and determination of small quantities of aluminum 
in steel, B. B. Bendigo and R K. Bell , J . Research NBS 64A, 
N o.3, May- J une 1960. 
A method is desc ri bed for dete rmi ning small a moun ts of 
a luminum (0.0] to 0.3 percent) in carbon and stai nless steels. 
A perchlori c-sulfuri c acid solu t ion of t he steel is electrolyzed 
in a mercury cathod e cell to r emove most of the iron, and a 
chloroform extraction re moves elements such as a luminum, 
res idual iron, and t itanium as cupferrates fro m a solu tion 
buffered at pH 3.5. These elements a re co nverted from 
cllpferrates to perchloratcs; a ll except aluminum are t hen 
extracted as cupferrates wit h chloroform fro m 'l N hydro
chlori c acid. Aluminu m in t he acid solu tion is determin ed 
photometri cally, using a luminol] (amm onium aurin tri car
boxylate) a nd a wavelength of approximately 540 mI-'. 
Accuracy to wit hin ± O.005 percent alumi n um is ind icated . 

A symmetric continuous poker model , A. J . Goldman an d 
J . J. Sto ne, J . Reseal'eh NBS 64B, No. 1, J anuary-March 1.960. 
Beginning wit h Von Ne um ann, mathematicia ns concerned 
wi th t he rat ional analysis of confii ct sit uations have r eali zed 
that in vest igation of acc urate or simplifi ed versions of co mm on 
card games leads to techniq ues and ins ights app li cable to 
s it uations of mili tary Ot' eco nomi c interest. I n the p resent 
paper, a sy mmetri c poker model one stage more co mpli cated 
t han t he origin a l Von Neum ann ga me is solved. There are 
t wo bet levels a, b and a n an te of 1 uni t (a> b> 1); no ra ises 
a re permi tted. The game has a unique opt imal strategy, 
which forbids bluffing on a low h and . The limi t ing case 
b = 1 is shown to yield t he Von Neumann model. 

Characteristics of 488 megacycles per second radio signal 
reflected from the moon. B. C. Blevis a nd J. H . Chapman , 
J. R esearch N BS 64D, N o.4, J u ly-11u(Just 1960. 
R adio signals at 488 M e, rece ived after re fl ection from t he 
moon, have been studied us in g a cont inu ous wave bist a tic 
radar system located near Ottawa, Canada. These experi
ments were carried ou t cl lll'ing 1957 a nd co nsisted of moni to r
ing t he signals received on two orthogo nal d ipoles mounted 
at t he focus of a 28-foot para bolic tracking a ntenna. The 
total mean received signal yielded an effect ive rada r cross 
section of t he moon at t his frequency of 0.05 of t hc projected 
a rea. The li bration fading as observed in t he t wo ort hogonal 
receiver chan nels was in sychronism, wit h a cross-correlation 
coeffi cien t of 0. 89 . It was established t hat t he signal is not 
depolarized signifi can tly on refl ection at t he surface of t he 
moon, or in passing t hrough the ion osphere. Rotation of t he 
p lane of pola ri zation of the radio wave in t he double passage 
t hrough t he ionosphere was observed to change by nearly 
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180 degrees over a 6-hour period during quiet ionosp heri c 
condit ions. 

The use of polarization fading of satellite signals to study th e 
electron content and irregularities in the ionosphere, C. G. 
Li t tle and R. S. Lawrence, J . Research N B S 64D, No . ·4, 
J U/y-111'(Just 1960. 
A proced ure is described fo r using t he Faraday-rotation 
fading of a satelli te rad io signa l to meas ure t he ionosp heri c 
elect ron conten t per unit column up to t he height of the satelli te. 
Full account is taken of ionospheric refraction by usin g t he 
collision-free form of t he Appleton-H art ree eq uation. Re
sults based on observations of 1958 D elta 2 a re p resent~d . 
The sub-satelli te electroll co nte nts deri ved t hroughout t he 
satelli te passes for heights below t he F-peak co mpare \\'ell 
with values dedu ced from simul taneous ionograms. I ono
spheric irregula ri t ies, hav ing lateral dim ensions of a few 
hundred kilometers, and fractional deviations in sub-satell ite 
electron co ntent of about 0.02 have been detected . Our 
observations suggest t hat satelli te pola ri zat ion stuclies offer 
important ad vantages over other methods of in vest igating 
t hese irregularities. 

Determination of piezoelectric properties as a fn nelion of 
pressure and temperature, J. E. McKi nney a nd C. S. Bowyer, 
J . 11coust . .soc. 11m. 32, No.1 , 56 (1960). 
Piezoelect ri c data on a mi xed t i tanate ;:;ystem (82 % BaTi 0 3, 

9. 1 % CaTi 0 3, 3.6 % PbTi 0 3, a nd 4.4 % TiOz) was obtain ed 
from an ap paratus inten ded t.o measure t he dynami c com
pressibili ty of materials . The cali brat ion constan t of t he 
apparatus in volves the p iezoelectri c an d d ielectric constants 
of t he ceramics used as transdu cers. T he method is dis
cussed a nd a n operating equat ion fo r t he apparatus de ri ved . 
P iezoelectri c and dielectric constants have bee n measured 
over a fa irly extensive te mperat ure and pressure range and an 
apparent phase transit ion observed near 5° C. Thi s transi
tion corresponds to t hat fo und in p ure barium t itanate, and 
might be due to imperfect mi xing of the t itanates t hat leaves 
a small amount of p lll'e ba rium titanate present. The method 
described appears more sensit ive for t he detect ion ofcha llges 
in crystal sy m metry in s Llc h materials t han either X-ray or 
dielectri c meas lll'e rnen ts. 

Determination of the recording performance of a tape from its 
magnetic prOIJerties, E. D . DaJJ iel and 1. Levin e, J . Acoust. 
Soc. 11m. 32, No . 2, 258 (1960). 
This is t he seco nd of two papers . The first (I ) dealt wit h t he 
general magnetic p ropert ies of reco rdin g tape. T he p resen t 
paper gives an a nalys is of hf biased reco rdin g based upon t he 
a n hysteretic propert ies of t he tape as specifi ed in 1. Calcu
lations of perfo rma nce a re compared wit h t he r esu lts of abso
lu te measurements carr ied out on a conven t iona l recording 
machine, a nd on la rge Rcale models. Satisfactory agreemen t 
is obtained when t he ];heory is co rrected to take into account a 
loss attributed la rgely to a dynami c fo rm of demagnetizat ion 
which takes place during recording. The co rrected t heory 
can be used to compare tape p erforman ce und er a vari ety of 
operat in g conditions wi thout r eference to a par ticular test 
recorder. Attent ion is confined to r ecord ed wave lengths 
whi ch a re la rge co mpa red with coating t hi ckness. 

Gages for measuring the thickness of chromium on the in
ternal surface of small-bore tubes, V. A. La mb a nd P . A. 
K rasley, P lating 47, No.2, 176 (1960). 
Two gages of t he eddy-current type for measuring t he t hick
ness of chromium coatings on t he in terna l surface of caliber 
.30 and caliber .50 gun ba rrels h ave been developed . Meas
urements are nondestru ctive and a re loca lized to a small area, 
less t han ~~ in ch dia meter. The gages may readily be modi
fied t o be genera lly appli cable t o t he measurement of t he 
t hickness of variolls coatings on the in te rn al surfaces of metal
lic t ubes of t he same or larger diameters. 



Experimental and theoretical investigation of the magnetic 
properties of iron oxide recording tape, E . D . Daniel and I. 
Levine, J. Acoust. Soc. Am. 32. No.1, 1 (W60) . 
Part A gives t he results of remanen t magnetization tests made 
under o rdin ary a nd anhysteretic condi tions, and shows t hat 
t he major a nhysteretic properties of a recording tape can be 
-expressed in terms of three easily measured constants. The 
design of t he test eq uipment is di scussed and test results are 
li~ted for t hirteen representative types of tape. Part B r e
V1ews RO me of the theories of fine particle magnets that can be 
a pplied to recording tape, and gives an extensive t reatment 
of rema nent magnetization based upon t he Preisach di aoTam. 
Some aspects of t he Preisach di:lgram treatment mav'h e of 
'interest to workers outside t he magnetic recording field. The 
a nhysteretic properti es are important in hf bi ased recordinO" 
and a second paper describes how t bese properties can be used 
t o predict certain recording performance characteristics. 

Efficient harmonic generation, G. F. Montgo mery, P roc. IRE 
48. No.2, 251 (1960) . 
An harn~onic. generator l~sing a re ~ tifi er n?ultiplier follower! by 
a n amphfi er 1S more effiCl ent than ltS eqLllvalent class-C multi
plier. A proposed rectifier-transistor harmoni c generator is 
capable of high effici ency t hat is nearly independent of ha r
monic number. 

Precise measurement of heat of combustion with a bomb 
(!alorimeter, R. S. J essup, NBS NT onograph 7 (1 960). 
This Monogra ph gives detailed descriptions of apparatus and 
methods which a re used at the National Bureau of Standards 
for precise determinations of heats of comb ustion of liquid 
hydroca rbon fuels. N umerica l examples are given of methods 
of calculatlng resul ts of measurements from observed data. 
The t ec hniqu e of making a nd filling glass bulbs to conta in 
samples of volatile liq uid fu els is described. 
The accuracy of t he methods described is about 0.1 percent. 
This is intermediate between t he accuracy of 0.01 br 0.02 
p ercent attained in certain meas urements on pure com
pounds, and the accuracy of several tenths of one percent 
obtainable with published standard procedures for measure
m ents on fuels. 

Conductive flooring for hospital operating rooms, T . H . Boone, 
F. L. H ermach, E. H. MacArthur, and R. C. McAuliff, 
NBS Jl!Jonograph 11 (1960) . 
C haracteristics and performance of availa ble types of con
?uctive flooring m ateria ls were investigated in the laborato ry. 
rhe study showed that t he electrodes and instruments 
u se.d t o measure t he floor greatly a ffected t he meas ured 
re.slstance, but that the method specified by the National 
Fll·.e Protection Association for measuring the electri cal 
resistance reasona bly Simulated t he conditions under which 
a floor fun ctions in r educing electrostatic hazards. The 
physical, chemical, and serv i ce.~bility characte ristics of 
conductive f100ri ngs in vestigated showed results comparable 
With t hose of nonconductive floorin g of the same type. 
C.onseq.u ently, with some li mitations, a n archi tect may base 
Ius cholCe of a conductive flooring material on his knowledge 
of the behavior of simila r nonconductive materials. 

Tabulation of data on receiving tubes, C. P. Marsden, W. J. 
Keery, a nd J. K. Moffit t, NBS Handb. 68 (1959). 
A tabulation of R eceiving Type Electron Tubes with some 
characteristics of each type has been prepared in the form 
of two major listings, a N umerical Listing in which the tubes 
are arranged by type number, and a Characteristic Listin g 
in which t he tubes a re arranged by tube type and further 
ordered on the bas is of one or two important parameters. 
The tabulation is accompanied by a list in O" of simila r tube 
types and basing diagrams for the listed t ub"es. 

Are life testing procedures robust? M. Zelen and M. C. 
D an nemiller, Proc. 6th N all. Symp. Reliabilzty and Quahty 
Control in Elect1'onics, Jan. 11- 13, 1960, I ns!. Radio Engrs. 
Inc., p. 185 (1960). 
Almost all t he stat istical procedures in current use for evaluat
ing the reliability of components or equipments rest on t he 

assumption t hat t he failure times follow t he exponential 
distribution. In practical situations one rarely has enough 
data to determine whether fai lure times are actually exponen
tial. This paper studies the behavior of several statistical 
life testing procedures based on t he exponent ial failure law 
if the true failure law is the Weibull distribution. It is found 
t hat t hese stat istical techniqu es, which a re widely used, are 
:,ery sensitive to. departur~s from init ia l ass umptions. AppJy
lllg these techl1lques to bfe test data when the exponential 
failure law is not satisfied may result in substantially increas
ing t he probability of accepting components or equipm.ents 
having poor reliability. 

Improved NBS abrasive jet method for measuring abrasion 
resistance of coatings, A. G. Roberts, ASTM Bull. N o. 244 
48 (TP52) (1960). ' 
A description is given of the changes made in t he NBS 
Abras ive Jet Method since publication of the original article 
describing t his rapid, reproducible, and versati le means for 
measuring the abrasion resistance of organic and other 
coatings . Improvements include use of a free-flowing ab ra
sive, a redesigned abrasive sifting chamber to minimize 
t urbulence and in terference effects, better control of abrasive 
flow, addition of an electronic contact device for set ting 
nozzle-to-coating distance, an d automatic timing. Precision 
of measurement has been significantly in creased by use of a 
reference panel. 

Flame-spread measurements by the radiant panel flame
spread method, D. Gross, Forest Products J. X, No.1 , 33 
(1 960) . 
The results of a limited number of tests for evaluation of the 
flame spread properties of un treated and of fire-retardant 
coated wood-base mate rials are presented. It is shown by 
use of the radia nt pa nel flame spread test method t hat 
variations in moisture content and mean density can have 
a significant effect upon the fla me spread index of un t reated 
wood . For t h e same mean density and moisture content, it 
was observed that variat ions in t he surface grain struc ture 
of untreated wood had an appreciable effect upon t he fla me 
spread index. The flame spread indices of the fire-retard ant 
coated assemblies were considera bly lower than those obtained 
,,-,ith uncoate~ or conventionally coated materials although 
slgl1lficant differences between coated assemblies were 
observed. A test method such as this can be used to ad
vantage for th e development and evaluation of effective and 
practical fire-retardant coatings for wood-base materials . 

Report of the 44th National Conference on Weights and 
Measures 1959, NBS M isc. Publ. 228 (1959). 
This is a repor t of the proceedina;s (edi ted) of t he Forty
fourth National Conference on Weights and Measures, spon
sored by N BS, held in Washington, D.C., June 8- 12, 1959, 
and attended by State, co unty, and city weights an d meas
ures officials, and representatives of t he Federal Govern men t 
business, industry, railroads, and associations. ' 

What price accurate test methods? A. T. McPherson , 
ASTiVJ Bull. (AC R Not es Column) No. 244, 7 (1960). 
Inaccura~e test me~hods used !n specifications frequently 
I~ad to difficulty, mlsllnderstandlllgs, and unn ecessary rej ec
tIOns because much of t h e tolerance that is allowed in dimen
sions, composition, or other characte ristics of a product may 
be taken up by th e un certainty in testing. Accurate methods 
can pay dividends by lowering the rej ection rate, avoid
lllg referee tests and other sources of delay, and affording 
greater assurance that products which are found by test to 
comply with the specification will actually serve t he in tended 
purpose. A furth er saving may be effected with many prod
ucts by widening the tolerances and t hereby reducing the 
cost of production. The development of accurate test meth
ods, however, may require long and expensive research . 
Bef~r~ undertaking to d evelop any specific new test method , 
a cntica l survey should be made to determine whether th e 
anticipated savings and other benefits will exceed the prob
able cost. Such a survey will involve both economic and 
technical factors and may well make use of methods fl.nd 
techniques which are employed in market research. 
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Many changes reflected in new dry cell standard, W. J . 
Ha mer, ~Mag. of Standards 31, No.3, 81 (1960). 
The seventh edi t ion of t he American Standard Specification 
for Dry Cells and Batteries was published in December 1959 
as Handbook 71 of t he National Bureau of Standards. It 
supersedes t he previous specification which was published in 
1954 as Circular 559 of the National Bureau of Standards. 
The new specification in cludes ma ny changes. Cell dimen
s ions a re given in both t he English a nd met ri c syste ms: t !le 
metric system was added in lin e with t he trend toward Its 
increased usc in co mm erce and industry. Cell a nd bat
tery designations recommended by T C- 35 qommittee on 
Primary Cells and Batterics of t he In ter natIOnal E lectro
techni cal Co mmission was incorporated in keeping with 
attempts to sec ure internation al cooperation in t he standar~
ization of primary batten es. The most notab le change In 
the new specifi cation is t he inclusion, for t he first t llne, of 
cells and batteries for use with t ransistorized circuits. Other 
minor changes in clude a ll ew test for lantern batteries used 
in alarm circui ts, so me new ter min al designs, and the d rop
ping of specifi cations for batter ies to be use~ wi t h " car bon
type" hear ing aids sin ce t hese types of Instrum ents are 
rapidly beco ming obsolete. 

Water pe netration testing machine for sole leather, T . J . 
Carter, J. Am. Leather Chem. Assoc. J,V, No.3, 139 (1960). 
A t es t to measure t he water resistance of sole leather has been 
developed . A leather specimen is flexed at a freque ncy ~ f 
30 cycles per minute wi t h one sid e exposed to water un t tl 
penetration occurs. T he specimen is clamped so t hat t he 
angle of bend is a pproximately 90°. The r es ults show t hat 
fl exing increases t he rate of water absorptIO n as well as the 
rate of water penetration compared to ther ates under static 
conditions. Studies were made on t he Influence of t hIck
ness of specimen, location on t he sole leather bend, and com
pression of t he specimen on dyna mic water penetra tion a nd 
water absorption . The logari thm of t he Dumber of flexes 
required for penetration is a direct function o ~ t he t hickness 
of the leather. The rates of water penetratlOn a nd water 
absorption depend on t he location of the specimen on t he 
sole leather bend . Compression of t he impregnatcd Icather 
decreases the rate of water penetration a nd th e rate of water 
absorp tion . 

Be nding and stretching of corruga ted di aphragms, R. F. 
Dressler, Tmns. ASME 81D, No. 4, 651 (1 959) . 
Solutions of the exact l inear ela tic sh ell equ a tions for a ll 
s tresses a nd displacements in a typical corrugated diap hragm 
are presented for th ree cases over a 9 to 1 range of t hi ck nesses. 
Results were obtained by numeri cal integrat ion in an elec
t ronic digital computer. The effect of thickn ess variation is 
discussed with respect to both stresses a nd resul tants, a nd 
peak values needed for design purposes a re presented. Cir
cumferential and merid ional stresses are found to be eq ually 
important throughou t the t hickness r a nge a na lyzed. Bending 
and membra ne stresses a re likewise eq ually important 
throughout the range. P eak values in some cases occur 
near the outer rim. 

Tria xial tension at the h ead of a rapidly running crack in a 
plate, J. M. Frankland, Tmns. ASME, SeT. E 26, No.4, 570 
(1959). 
Two-dimensional solut ions have been fo und for the state of 
stress in a plate loaded in tension at right angles to a crack. 
One of these concel'l1s the stationary crack and the other an 
advancing crack. No three-dimensional solu tions are avail
able. It is shown, however, th(l,t i t is high ly probable t hat 
cracks propagating at high speeds develop an appreciable 
triaxial tension near t he head of the crack. This is believed 
to be significant with regard to the observed brittle behav ior 
of plates under such circumstances. 

Transistor P -A a mplifier, G. F . Montgo mery a ncl F. R. 
Bretemps, Electronic Ind. 19, No.1, 196 (1960). 
A portable public-address amplifier using t ransistors and 
powered by flashlight cells develops an electr ical power of 
about 0.75 watt and is useful for moderately la rge a ud iences. 
The complete unit consists of the amplifier, two loudspeakers, 
batteries, and a dynamic m icrophone and is contained in an 
attache case. Battery life is about 20 hours. 
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