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The Minimum of a Certain Linear Form 1 

Karl Goldberg 

(:Vlarch 23, 1959) 

The positive minimum of the in tegral linear forl11 L (xJ, ' , "xn) = aJxJ + + anx n is 
found subj ect to the conditions ai> O and L (xJ, ' , " xn) ~ 2aixi for i = 1,2, ' , " n, 

Let (Ll~ a2 ~ , , , ~a" be n;:::3 positive integcrs, positivcminimumMof thelineadorm 
We seck the posi tive minimum }.!{ of the lineal' 
form L(Xj,X2,X3) = ajXj + a2x2+a3x3 

oye]' all non-negative integers Xj, Xz, , , " X n such that i = 1,2,3, (2) 

(1) Let x~=-[(a2- a3)/atl . Because a2~ a3, x; is 

for all i = 1, 2, , , ,,11 , 

Let [aj,az] denote the least commou multiple of 
aj and az, 

Fo)' each i = 3, 4, , , " n, define 1' ; in the following 
way: If either al 01' a2 divides at, 01' if ai= aj for somc 
j ::j:: i, set 1' £= 0, Otherwise, let r i be the minimum 
of the least non-negative residues modulo al of 

We shall pro v e 

THE OREM: M is the minimum oj 2[al ,a2], 2a3+T3, 
2a4+r4, . , " 2an+ rn• 

As a consequence we have the inequality 

Also, if L (xl,xz, . . . , xn) = }.!{, then at most three of the 
Xk are positive. At least two must be positive. If 
exactly two are positive, then either Xl = [aJ,a2] /al 
and X2 = [aj,a2] /aZ, or Xj = at!aj and Xi= 1, or x2= at!a2 
and X;= 1, 01' x;=:1;; = 1 for some j > i;::: 3. If three 
of the Xk are positive, then both XI and Xz arc positivc ; 
the other positive Xi equals 1 and we have Xj = 

- [(a2xZ- ai)/al] for that i. Under any conditions l'vl 
is achieved only with Xi ~ 1 for all i;::: 3. We shall 
prove all this. 

M. Newman 2 refers to our th eorem in the case 
n = 3. We shall treat this case first . 

We have a l ~a2 ~a3, and we want to find the 
J Tbe preparation of tbis paper was supported in part by tbe Office of Naval 

Research. 
, M . Newman, Construction and application of a class of modular functions, 

n , Proc. London Math. Soc. 9. 373 (1959). 
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no ll-nega Live. It satisfies 

Beca use al ~a2' this implies 

Now consider L (x;, l ,] )= alx;+ a2+ a3' From (3) 
we have 

2a3+ al - 1 ;::: L (x; ,l ,l ) ;::: 2a3. (5) 

We know that 2a3~ 2a2, so thaL L(x~, l,1) ;::: 2a3;::: 2a 2' 
Finally, (4) yields L(x; ,1,1 );::: 2a3;::: 2alx;, 

This proves that XI=X~, x2= x3= 1 satisfies (2). It 
follows that the left-hand inequality in (5) holds 
for M: 

(6) 

From this point we assume that Xl, Xz, X3 saLisfy 
(2) and 

L(Xj,XZ,X3) = l'v1. 

Since L(Xl,X2,X3);::: 2a3x3, we have from (6) and 
a3;::: al that X3 = 0 or X3 = 1. 

If X3 = 0, than (2) implies alXl = a2X2. Under tL is 
condition the minimum value of L(XI,X2,X3) is 2[aj ,az]' 
occurring for XI = [aj,aZ] /al and X2 = [al,a2] la2' 

From now on X3 = 1. From M = alxl + a2x2+ a3 and 
(2) , we have M;:::2a3. From (6) we have 

2a3+al- l ;::: 2a3+ajXl + (a2x2- a3), 

from which it follows that XI > O implies a3- 1 ;::: a2XZ' 
If Xl = 0, then (2) implies a2X2= a3X3, so that M = 2[az,a3]. 



B ut 2[a2,asl>2as+ al- 1 unlees a2 divides a3' Thus 
Xl = ° is possible only if a2 divides as, in which case 
xZ= aS!a2 and M = 2as, Similarlyx2 = 0 is possible only 
if al divides as, in which case xj = as!a j and ]v[= 2as, 
Since as divisible by either a l or a2 leads to M = 2as 
which is the best possible result with xs= l , we may 
now assume tha t neither a j nor a2 divides as and that 
XlX2>O, 

"\iVi th X1 > 0 wo must have a3- 1 2: a2X2' Fix X2. "\iV e 
shall find tha t permissible value of Xl which mini­
mizes L (XJ,X2,xS) = alxl + a2x2 + a3' Clearly this is the 
least positive value of Xl satisfying (2). We have 

fo r any value of Xl' The other inequalities require 

Siuce 2a2x2 2: 2aZ>al, there are values of Xl satisfying 
these inequalities . The leaet such Xl is the least in­
teger greater than or equal to (a3-a2x2)!al' This last 
quantity is positive, so this value of Xl is positive. 
It can be writ ten 

Let 1'3(X2) be the least non-negative residue modulo 
al of aZX2 - a3' Then 1'3(xZ) = a2x2- a3+ alx;'. It fol­
lows that 

We wan t the leas t of these values for x2 lying between 
1 and [(a3- 1)/a21. Under our assumptions on the 
divisibility of a3, this is jus t 2a3+1'3 with 1'3 as defined 
in the theorem. This proves the theorem for n = 3. 

Now assume n > 3. We have al~ a2~ . .. ~an, 
and we Wf\,n t to find the positive minimum M of th e 
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lineal' form L (:t 1,xz, .. " J:n ) over all non -negative I 
integers Xj ,X2 , . . ., Xn satisfying (1). 

If XJ,X2,XS satisfy (2), then Xj,X2,X3, 0, . . . , ° 
sa tisfy (1) . Therefore our new lvI sa tisfies (6). Let 

Then 

It follows thfl t 

and t.ha t X3 + X4 + . .. + x ,,= 2 r eqUIres X1+X2=0. 
On the o ther hand, 

3ai>2a3+ al - 1 2: L (Xj,X2, ... , xn )2: 2aixi , 

i = 3,4, . . . , 11 , 

implies 
i = 3,4, ... , n. 

Ass ume X3 +X4+ . . . + x,,= 2. Then Xj=Xj= ] 
for some i,j 2: 3 and all other Xk = 0. Then (1) 
implies a j= aj and M = 2ai' Again this is the best 
possible result with Xj = l. 

If XS+ X4 + . . . + x,,= O, then (1) implies (t jXj 
= a2X2. As before, this implies M = 2[al, a21. 

If X3 + X4 + ... + xn= l , then xj= l for some i2:3 
and all other Xk = ° for k 2: 3. The problem then 
r everts t o the case n = 3 with ai replacing as. Om 
previous argumen ts complete the proof of the 
theorem, and the stfltements in the subsequen t 
paragraph. 

VV:\ SHINn 'l'O :-J, D.C. (Paper 64Bl- :2 0) 
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