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Coatings and Interference Filters
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A theory is developed for dielectric multilayer coatings in which the layers depart from
calculated thickness. The theory is applied to alternating systems of quarter wave layers
of ZnS and MgF,. The effects of thickness errors are: (1) A shift of the wavelength at which
maximum reflectance occurs; and (2) a change in phase shift upon reflection. The magni-
tude of these effects, and also their dependence on various parameters, are determined.
Statistical tolerances for layer thicknesses are computed for given tolerances on the multi-
layer performance. The accuracy required for producing dielectric interference filters is
up to about 40 times higher than the accuracy sufficient for the production of dielectric
mirrors and beam splitters. Various techniques of experimentally controlling film thick-
nesses, and their accuracies, are discussed. The production of mirrors and beam splitters
deviating from theoretical maximum reflectance by only 1 percent seems to be possible with
Dufour’s simple single photocell method of monitoring film thicknesses. With more precise
methods, such as those developed by Giacomo and Jacquinot, or Traub, the production of
interference filters appears to be possible to within plus or minus one half their half widths.

Tolerances For Layer Thicknesses in Dielectric Multilayer

1. Introduction

In the production of dielectric multilayer coatings,
such as mirrors, beam splitters, or interference filters,
it is important to control the thickness of the layers
with an accuracy suflicient to attain experimentally
the high performance of which these coatings are
apable.

Heavens [1] ! has calculated, in some few examples,
the effect of errors in layer thicknesses on the energy
reflected from high-reflecting multilayer coatings,
and Giacomo [2] has done similar work on the effect
of these errors on the phase change upon reflection
from such coatings. Neither author, however, has
derived the tolerances onindividual layer thicknesses
that may be allowed if the coating is to meet a given
performance within certain explicitly specified limits.

Such tolerances are computed in this paper, and
rarious techniques of monitoring layer thicknesses
are compared from the point of view of these tol-
erarices.

2. Basic Formulas
2.1. General Case

The electromagnetic field at the plane of inecidence
on a stack of N dielectric lavers is, according to
o ) =]

Koehler [3],
E 1
—9(, 9 .
(). % <"8> (1)
(ng=substrate index), with
A,=cos B, U+ sin B, N,, (2)

/10 _(0 1/n)\ .
u=(, 1) 2=, ") 3)

*Present address: Ceciliengaerten 45, Berlin-Friedenau, Germany.
! Figures in brackets indicate the literature references at the end of this paper.

Here,

N 4)
(n,=refractive index, d,—=geometrical thickness,
A=vacuum wavelength) represents the optical thick-
ness of the pth layer.

The amplitudes transmitted and reflected by the
multilayer are

B,= (2x/N)n,d,,

m=Il 2 o o o

T=(2vnen,)/Ct =7 ¢*, (5)
(6)

where 7 and p denote energy transmittance and re-
flectance, and with

R=0C-/Ct=+/p ¢*,

CE=mE+ H

(ny=1ndex of medium of incidence). Hence
4ngn,
TZ“AL‘,-J*“S 2 (S)
(RC*)*4-(1CT)
and, for truly dielectric layers,
p=1—r7. 9)

Furthermore,

=0+, tanf=—ICH/RC*H, tan a=IC~/RC-.

(10)

Here, R and I denote real and imaginary part, re-
spectively.

Of the two phase angles 6 and ®, only ®, the phase
change upon reflection, is of practical significance in
most cases, as, for instance, for the energy transmit-
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ted by a Fabry-Perot interferometer (see eq (60)).
Throughout this paper, therefore, 6 is an auxiliary
quantity only that is needed for the cemputation
of ®.

2.2. Alternating Multilayers

Consider an odd number, N=2m-1, of layers of
nominally equal optical thickness, alternately of high
index ny and low index 7, \Vllh a high index on
the outside. If all layers are a qudltm wave thick
at a wavelength X,

Br=B= . . . =B=@/2)(M/N), (11)
eq (2) may be written as
() =18u@¥—Sur@: (, ) (12)
with
Wg=cosp U+ sinp Ny, (13)
Az =cosB 11— sinB N;. (14)

S, and S, are Chebychev polynomials of the
argument

o (ngtmng)*

T Ny Ny,

sin?g, (15)

defined by

Sp—1(x) = sinmy/siny, x=2 cos v, (16)
ete., see [4].  From eqs (12) to (14), and (7),
O*=A=* cos B+1B* sin 8, (17)
with
A*=K* (S,,—Sn-1), K¥=noEn,, (18)

PE=nng/ngtng, 1
1)
(F=ngns/ng £nz. |

I8FE =P Svm%“Qi Sm~17

Hence, eqs (8), (9), (10), and (17) yield

4ngng

=l = syt (Brampy 20
tan §=— (BT/A*) tan B,
tan a= (B~/A " )tan B, (21)

bd—0-+c.

3. Multilayers With Layer Thickness Errors
3.1. General Case

If, in the multilayer, the optical thicknesses n,d,
of the films differ from their calculated values by
slight amounts A,=A(n.d,), the (8,)’s of section 2.1

must be replaced by
B,=B,-+A8,, with AB,
Let AB, be sufficiently small, so that

cos B,=cos B,—AB, sin B,, (23)

= (27/N)A,.

sin B,=sin B,--AB, cos B,. (24)
Then, the matrices 2, will ke changed to
A=A, +A8,3,, (25)
with 9, from eq (3), and
®B,=—sin B, U+ cos B, N,. (26)

Therefore, eq (2) is transformed into
" )=(i)+2
—9 9
[1’> A Ay <n +2,

ith (£) 1 ), and
with <"> rom eq. (2), anc
} (28)
1—13, ‘)Izﬂ e Ay o

AE 1
4 :ABU{D’I' n )
In this first-order approximation, accordingly, each

A,
D,=AA,

AB, causes separate additive terms in /£ and H,

so that

(C%) =nE’ + H’

AL,
AH )

.....

N
=+ H)+ > (nAE, +AH,) &
r=1

N
=0*=+2,AC7. J

v=1
Thus, the individual errors Ag, may be considered
separately.

3.2. Alternating Multilayers
a. Incorrect High-Index Layer

thickness in one of the

Consider an error in

high-index layers, »=2k-41. Then, eq (28) yields

Dare1= (e e) By )™ " (30)
According to [4],

(UAeAp) =S, AW — 8,51,
and therefore,

Dot 1= 11— 1 A B AWy
— Sk 28m -k 1By
(31)

_Sk—ISm k— 2‘[H [L\\H
—|— SkAQSm*k*ZSBH' J
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From (13), (14), (15), and (26), the following
identities can be derived:

W B Ay=—[ (2> — 2+ 1)U+ (2—1)
NN+ N Np)] sin B+i[(z—1)* Ny (2—2)Nz] cos B,
BrA A= — (U + NpyNyz) sin B+i(z—1) Ny cos B,
A Br=— (N + N Ny) sin B+i(x—1)Ny cos B,

with
nL/nH 0
NeNz= ) (32)
0 ’an/nL
ng/ng, 0
%Lgb‘l: s (33)
0 ﬂL/nH

These together with the following recurrence re-
lation between Chebychev polynomials:

S,=2S,-1—S,_2,
provide
Do 1=—[(SeSm-r—[2—1]S4—1Sm-r-1)U
+ Spn-k—1(Sx— Sk 1) NNy,
+ Sk 1 (Sp—k— Sp—r—1) NNy sin B
+ [ (Sk—Sk-1) (Sm-t—Sm—r-1) Nz
+ (&—2) Se-1Sm-x-1Nz] cos B.

- (34

Thus, it follows from (28), (29), and (34),

ACH; 41=8Bx+1(AFi 11 sin B+1B3i 11 cos B), (35)
with
AF 1 =—K*[SiSp—x— (—1)Si—1Sn-k-1]
— L8 —1(Sk— Sk-1) (36)
—M=Sy—1(Sm-—x—Sm-x-1),

B23§C+1:I)i(sk_SI:—l)(Sm—k S’"_}'_I)
(37)
.+_ Qﬂ: (1:—2) Sk_lsm—k—ly

K=, P*, and Q*, from eqs (18) and (19), and

(38)
J[i :'nonH/'an :t nsnL/nH.

LE=ngng/ng +nmng/ny, }

b. Incorrect Low-Index Layer

Next, consider a thickness error in one of the
low-index layers, »=2k, so that

®2k: (?[Hﬂl)k_l?IH%L(QIH?IL)"‘_’QIH. (39)

Because of [4]

(9[11?[1,)"9[1{:Sn?[i1 Sn l‘[L )

this 1s equal to
Dop= Sk —18m—1NeBrAer— St — 28— A7 B
— Sk—18m—x—1AaBL AL
+ S—2Sm—r 1Az B AL ?

(40)

From (13), (14),
that

(15), and (26), it can be shown

B A= —[(—1)U+ NN+ NNy sinp
+i[(z—2) N+ Nz] cosp,
Az ' VA= — NNy sin+iNy, cosp,
B AL =—NegNy, sinB+1 Nz, cosp,
Az "B AL =sinB U-+iNy, cosp,
so that
Dar=—[([£—1] Sk=18m-r— S-2Sm—z-1)U )
+ Sk-1(Sm-r— Sn—r-1) NuNz
+ S (Sg-1— Si—2) Mz Nz] sinp
F1[(2—2) Sp—1Sn—1Nu
+ (Sk-1—Sk-2) (Sp-t—Sm-r-1) Nz] cosB. J

- (41)

Eventually, (28), (29), and (41) provide the result

ACE=ABy (A3 sin B+1 B3 cos B), (42)
with
Az=—K*[(2—1) Sg-1Sn-— Sk—2Sn—x—1]
—L*8:-1 (Sn-t—Sm—g-1) (43)

—Mﬂ:Sm_k(Sk-l_ Sk—2) )

BE=P* (z—2) Sx-1Sn—x
(44)
+Qi(Sk I—Sk 2) (Sm K m —k— 1):

and coefficients K*, L*, etc., already known.

c. Validity of Approximation

Introducing into (29) and (6) the AC’s of eqs (35)
and (42), one may calculate the desired amplitudes,

R'=7 e,

reflected from multilayers in which one, or several,

(45)
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film thicknesses differ from their calculated values
B by given amounts AB. The mathematics developed
is based upon the assumption of small A8’s, made by
eqs (23) and (24). In order to establish the validity
of this approximation, the p’ and ®’-values of three
different zinc sulphide-magnesium fluoride multi-
layers with in each case one film deviating by Ag=
10 percent were calculated both from the formulas
derived here and also by exact computation. A
comparison of results is given in figures la, b, and
c. Agreement of exact and approximate p’-values,
while poor for the single film (where an approxima-
tion is hardly needed), is good for higher numbers
of layers (within 0.005 for the 5-layer, 0.001 for the
9-layer). The ®’-values are in almost perfect agree-
ment (within 0.1°) in all cases, including the
monolayer.

4. Effects of Errors in Layer Thicknesses

Besides showing p” and &’ for various nonideal
coatings, ficures la, b, and ¢ also show p and & for
the respective ideal coatings, thus making apparent
the results of thickness errors:

Contrary to what might be expected, such errors
do not result in a noticeable decrease in reflectance
at the central wavelength X\, see [1]. This is illus-
trated once more by table 1;in the examples chosen,
a 10 percent error causes a decrease ranging from
only 0.004 for a single film to 0.001 for a 9-layer.2

Tasre 1. Effect of 10 percent thickness errors A on reflectance,
at central wavelength No, of allernating quarter wave layers of
ZnS and MgFy between air and a glass substrate (ng=1, ny=
2.3, n,=1.38, ny=1.52); ZnS bottom layer

Reflectance at ho
Type of Coating - .

A=0 A=No/40
Single ZnS film_____ . _— 0. 306 [ 0. 302
Five-layer, error in top layer___ ________ — . 861 | . 859
Nine-layer, error in central layer________________ == . 981 . 980

The noticeable results of incorrect layer thick-
nesses are a parallel shift of the p and ®-curves.

Maximum reflectance py occurs at f=90°-}58,, or
at a wavelength X=X\,+4-6\,, instead of at 8=90°, or
A=N,. All other p’s are shifted correspondingly.
To find 88,, plot p’ as a function of B, and read
the displacement 48, of the maximum. Then, eq
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Froure 1.  Effects of errors in layer thickness on reflectance

(11) provides

90 °—+58,=90 °No/(\o+-81,), } o

or O\ =—Ned8,/(90°+88,). f

The phase angles & differ from their nominal

ralues ® by amounts ¢, that practically are con-
stants over a wide wavelength range,

' =+ 5b,. (47)

2 Table 1 was obtained by exact computation. Because of the smallness of the
effect, the approximation is not accurate enough here.
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p and phase shift wpon reflection ® of allernating quarter

wave layers of ZnS and MgF, between air and a glass sub-

strate (np=1, ng=2.3, n,=1.38, n.=1.52), ZnSj; bottom

layer.

(a) Single filtu of ZnS$, off by 10 percent,

(b) five-layer with top layer (»=1) off by 10 percent, and

(¢) mine-layer with central layer (»=5) off by 10 percent.
Solid lines: exact values. Dots: approximate values. Wavelength scale for
Ao=5000 A. For comparison broken lines show p and ® for the respective correct
multilayers. Effects of errors are wavelength shift §8, or é\, of maximum re-
flectance, and change 6% in phase shift upon reflection.

Since the nominal values are ®=180° for f=90°,
6®, is found by computing ®" at 8=90°, only, and
taking the difference to 180°.  This is readily done



because of the simplified expressions of C* and AC*
at that particular g.

Note that, for the multilayers with thickness errors
the values of B at which maximum reflectance occurs
are distinet from those at which the phase change
upon reflection is 180°.  The five layer of figure 1b,
for instance, exhibits maximum reflectance at B;
88.5°, and 180° phase change at B=86.0°, the two
1)011)0 as much as 2.5° or, f()r No=5000 A 135 A
upart. Therefore, ®=180° is no criterion for maxi-
mum reflectance.

Figures 2 a and b show how, in two typical ex-
ample% 68, and 6%, depend upon the magnitude of
the thickness error A (ny(/) The relationship is a
straight proportionality

BN, (48)
where 8, stands for either 88, or 6®,, a, for coeflicients
a,(B) and a,(®), and A, for A (n,d,).

As, in general, the thickness of more than one

layer will e in error, it is important to know the

24
N=5, v=1
1+
N=9, v=5
A% —— 4 - = | }
-10 o 5 10
1
-1-}-
-2+
(a) o
38
N=5, v=
5+
N=9,v=5
5 10
A% ———t- + i
-10 -5
1
AL
(b) 56°

Ficure 2.  Dependence of (a) 8 and (b) 6P upon 8A.

N=5, »=1:5layer with wrong top layer; N=9, »=5: 9-layer with wrong central
layer. ZnS-MglF - films.

total errors 68 and 6P produced by simultaneously
occurring A,’s.

For three examples chosen at random, both the
individual 6,’s as well as the total §'s were computed,
using eq (29) for the latter. These computations,
of which the result is given in table 2, provide with
good accuracy

N
=>4, (49)
r=1
or, with (48),
N
6=>" a,A,, (50)
r=1

6 standing for either 68 or 6®. For 6=, (48) is in
accordance with Giacomo [2].

TaBLE 2. Indwidual and total errors

_Ay=thickness error of oth layer in percent of ho/4; 88», ¢»=results of A, if occur
ring alone; 68 dp=results of all A,’s occurring simultaneously. ZnS-MgF,-films.

Type of (‘n‘mng } 268 i B | Sddv 8¢
|
|

Five-layer, A1=10%, Ar=5%, | |
Ay=— 5‘,6, As=—10%.-c-oo| —0.70 —0.6° | —8.8° —8.70

Seven- Ilwl, A1=A1=5%, ' ‘
A=10% oo —1.70 —2.00 —5.60 —5.60
—8.20 —19.20 —19.00

Nine-layer, all A)/s=10%. ‘ —8.0°0
|

For a number of stacks of alternating zine sulphide
and magnesium fluoride layers between air and a
glass substrate with, in each case, an error of 410
percent in one of the layers, 68, and o®,, as well as

,(B) and a,(®), were computed. In figures 3 & and
b, the a,’s are plotted versus the number, N=2m -1,
of films in the btd( k For either a,, the three curves
show the effect of thickness errors occurring in the
top, central, or bottom layer (v=1, m-+1, or ! ",
respectively).  With the exception of a;(®), all a,’s
tend to decrease as N increases.

According to figures 3a, b, and furthermore to
figure 4, the a,’s also show a pronounced dependence
upon »; i.e., upon where in the stack of layers the
111(‘0110(‘t one is located:

The wavelength shift of the reflection maximum,
or a,(B), 1s gl(‘lt(‘bt il caused by the central layer,
smallest for the bottom layer, and intermediate for
the top layer. This result is not in agreement with
Heavens’ statement [1] that the effect is greatest for
the top layer, apparently because Heavens did not
include in his treatment others than top or bottom
layers.

The dependence of a,(®) upon » is different.
Here, the effect increases steadily from the bottom
towards the top layer, which is in agreement with
Giacomo’s result [2].

5. Statistical Tolerances
5.1. Propagation of Errors
The observed general trend of 63, and 6%, to de-

crease with increasing N does not imply that moni-
toring film thicknesses becomes easier as the number
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Ficure 3a, b. a,(8) and a,(®) as functions of N and v for

ZnS-MgFs-multilayers.

300—

200—

Dependence of a,(8) and a,(®) upon v for a

Frcure_4.
ZmS-MgFo-5-layer.

of films increases. It must also be taken into ac-
count that at high N’s the production of the multi-
layer requires control of a larger number of layers,
so that there is an increased number of sources of
error.

Let +s(4,) be the random thickness error (stand-
ard deviation) of the »th film, determined by sam-
pling 7 multilayers,

s*(A) = (23 M) /(Z—1) (51)
1
(1=1,2, . . . Z),and =+s(8) the standard deviation
from the multilayer performance,

(0= (32 9/(Z—1), (52

with 6 standing for either 8 or é®. KEquation (50)
and the law of propagation of errors then provide

N
§(8)=2 ai s*(A,).

r=

(53)

Assume that monitoring the film thickness is
equally difficult for each layer; i.e., that s(4,) is
independent of »,

s(A,)=s(A). (54)
Hence,
SO =AW,
or
s(A)=s(8)/A4, (55)
with
N
AP=57 aF (56)
r=1

By means of (55) it is now possible to determine
within, what limits 4+s(A) each film thickness has to
be controlled so that, on the basis of standard devia-
tions, the finished multilayer will stay within a
given tolerance +s(5).

For the accuracy required, A(8) and A(®P), not
a (8,) and a(®,), are the determining factors. A(B)
and A(®) are plotted versus N in figure 5 showing

400

300(—

Ado

200—

AB) and A(®) as functions of N for ZnS-MgF .-
multilayers.

Ficure 5.
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that, besides being quite different in magnitude,
A(B) is a rapidly decreasing and A(®) a rapidly
increasing function of /N.

These important differences between the effects
of thickness errors upon the intensities of reflected
waves and upon their phases lead to a separate con-
sideration of the two cases; i.e., the “intensity” and
the “phase” case.

5.2. Intensity Case: Mirrors and Beam Splitters

Consider a multilayer designed to render a certain
maximum reflectance p, at a wavelength A,. Let

(57)

be the permissible deviation from p,, with /<1. 1If,
then, 2 g, is the “f—width” of the ideal multilayer;
i.e., the width of the range of B’s for which fp,<
p< po; it follows immediately from ficure 6 that the
permissible wavelength shift of the reflection maxi-
mum 1s

£ Ap=(1—1)po

86= == AB,. (58)

With this value substituted for s(88), eq (55) then
provides, for the thickness tolerance,

2 _ / 5
s(A)= + AB,/A(B). (59)
o248y ———————
e Po
[ - | >~
// \\
~ N
¥ N f-Py
k3
/| %
// ; \
/| ‘ N\
| 7 | | \
/ | \
/ \
/ | \
P / \\
/
‘ / \ \\
/ ; \
/ | \
1 \\
|
| | 4
| | \
] | \
I | !
| |
‘ | |
90°-AB84 90° 90°A8
o
Ficure 6. f-width 2A8s of multilayers and permissible wave-

length shift of the reflection maximum.

Assume 7=0.99, corresponding to the rather
strict requirement that theoretical reflectance has
to be reproduced within 1 percent. The 0.99-widths
of zinc sulphide-magnesium fluoride multilayers,
taken from reflection curves as in figures la, b, ¢,
are given in figure 7. Figure 8 shows the correspond-
ing s(A)’s computed from (59) with the A(8) values
of figure 5.

The obvious conclusion from figure 8 is that, even
if very narrow tolerances are to be met, the produc-
tion of a multilayer mirrow or beam splitter hardly
presents any experimental difficulties. The permis-

ABo.99

ag°

DB yw

ol | |

o
o
~
ooy =

Frecure 7. 0.99-widths of ZnS-MgFy-multilayers versus
number of layers N.  Half widths of first-order interference
filters having N alternating ZnS-MgFs-layers on each side of
the (air) spacer.

T I
0.100— —
INTENSITY
CASE
o
~<
S
g
3
0.010{— —
PHASE
CASE
0.00I [ I ] | |
| 3 5 7 9
N

Ficure 8. Thickness tolerances s(A) for mirrors or beam
splitters to yield specified reflectance at No within 1 percent
(¢nlensity case) and for interference fllters to yield maximum
transmission plus or minus one half their halfwidth (phase
case).

ZnS-MgF~films.

sible thickness error rises sharply as /N increases so
that, the mere complicated the multilayer gets, the
easier it becomes to produce its individual layers.
In the example chosen, the permissible thickness
error varies from 0.023 X\, for the single film to 0.069
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Xo for the nine-layer stack, corresponding te as much
as about 10, or 28 percent, respectively, of the nom-
inal thickness of A\j/4. Simple monitoring systems
should, therefore, be sufficient for obtaining exper-
imentally the theoretical reflectances of which al-
ternating multilayer coatings are capable.

5.3. Phase Case: Interference Filters

The energy transmittance of a Fabry-Perot in-
terferometer 1s given by the familiar Airy formula [5],

2/(1—p)?

lt—14+4pshﬁvﬂl——pf’

(60)

with

y={(x/\) OPD. (61)
p and 7 denote energy reflectance and transmittance
of either interferometer plate, and OFPD is the optical
path difference between two successive beams, which
at normal incidence is

OPD=2n(t+At),

where 7 is the refractive index of the spacing medium,
t its geometrical thickness, and A the change in
path due to phase change upon reflection from one
of the interferometer plates. By convention [6],
the calculated value for the phase change represents
an increase in optical path of

nt=(N\/2m) (u2r—P),
w being an integer. Thus,

= u2r+ 2t A —®.

Consider an all-dielectric (nonabsorbing) first-

order interference filter. Then
p:1 -,
nt:>\()/2,

and because of (11),

y=u2m+2B—>.
Therefore,

1’:[1 +

4p T~ o ¢
5 sin?(2—®) | - (62)
(l=p)*

For the ideal interference filter, having ideal
quarter wave multilayer coatings on either side of
the spacer layer, one has $=180° and therefore
maximum transmission, 7=1, at 3=90° where

26— B=0. (63)
The half width of the pass band,
20Baw=2 |90°—Bawl, (64)

follows from 7=14, or

Sin(2Buw— @) = (1—p)/2+/p. (65)

Using the values of ® and p calculated previously
in this paper (and thereby assuming the somewhat
simplified case of an air spacer), the half widths
shown in figure 7 were obtained for interference
filters with N=1, 3, 5, 7, and 9 alternating zinc
sulphide-magnesium fluoride layers on each side of
the spacer.

Incorrect layer thicknesses will cause a phase
change of @, rather than of ®. As a result, the
center of the pass band will be shifted from g=90°
to B=90°+vp, the maximum being again 7'=1.
One may obtain v from (63), or

2 (90°4vp) =&+ 5.

According to sec. 4, 6® is independent of 8. In the
neighborhood of 8=90° ® is a linear function of g,

V=== j){S}=r 0

(see figs. 1a, b, ¢), with
p=(m-+2) 90°
because of ®=180° for =90°.

2 (90°+vB)=—m(90°+Vp) + (m+2) 90°+ 5,

Therefore,

or

VB=206®/(m+2). (66)

Allow a tolerance of one hall the width of the

pass band,
(67)

which, according to (66), corresponds to a tolerance
on the phase shift upon reflection of

&=+ (m-+2)ABuw. (68)

Transmittance at X, then, may depart from
the desired value 7=1 by 50 percent.

With 6@ from eq (68) substituted for s(6®), eq (55)
then provides the thickness tolerance

§(8)= £ (m+2)ABuw/A (D). (69)
Using the values of A(®) and AByw from figures
5 and 7, and with m’s taken from ®-versus—g-curves
as in figures la, b, ¢, the s(A)’s of figure 8 were
obtained.

It is obvious from figure 8 that, in the phase case,
monitoring film thicknesses is by lar more demanding
than in the intensity case. The permissible thick-
ness errors decrease very rapidly as N increases so
that production of the filter becomes increasingly
difficult with increasing filter performance. For the
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widely used seven layer coatings on each side of
the spacer, a tolerance of as little as s(A)= +0.0043
No, or 1.7 percent of the nominal thickness of X\/4,
i1s required in the example chosen. For 9-layer

coatings, the t()lvrzmcv i1s even further reduced to
§(A)==+0.0016 Ny, or 0.65 percent of N\/4. Com-
pared hereto, the ])(‘ll]lls‘il])](‘ s(A)’s for 7- and 9-

layer reflectors are about 10 and 42 times greater
in the example chosen for the intensity case; see
figure 8.

The production of all-dielectric interference filters,
therefore, requires monitoring equipment much
more efficient than that sufficient for producing
dielectric mirrors and beam splitters.

6. Comparison of Monitoring Techniques

A simple and widely used method of controlling
layer thicknesses, first deseribed by Dufour [7], is
measuring with a photo cell and a galvanometer
the 111((\11%11\ of a fairly monochromatic light beam
reflected from the growing dielectric film, and ceasing
evaporation whenever a maximum or minimum
galvanometer deflection is reached. In this author’s
experience, an accuracy ol about +6 percent of the
desired thickness of a quarter wavelength of visible
light can be obtained with this “single photo cell”
technique, using as light source an incandescent lamp
plus a gelatine filter of about 300 A hall width.
Somewhat better accuracies may be obtained by
employing, instead of the simple gelatine filter, a
narrow pass band interference filter or a mono-
chromator. According to the results of sec. 5.2,
therefore, this technique of controlling film thick-
nesses should be fully sufficient for the production
of multilayer mirrors and beam %plltlms

Provision has to be made, however, to fulfill eq
(54), according te which each layer in lhe stack
can be prepared with equal facility, and upon which
the conclusions of sec. 5 were based. Towards the
completion of a high reflection multilayer, the differ-
ence in reflectance caused by each additional layer
is rapidly decreasing; see table 3. Direct moni-
toring of more than five or seven layers is, therefore,
impossible with the described method. To over-
come this difficulty, one may either use the technique
of monitoring on separate glass plates only a few

TaBre. 3. Reflectance p of N alternating layers of ZnS and
Mgl between air and a glass substrate.
ZnS bottom layer.
Change in p Change in p
N p caused by Nth N » caused by
layer Nth layer
‘ o7 0
/ /
0 75.3 —10.8
1 94.8 +19.5
2 90. 3 —4.5
3 8. 1 +7.8
4 96.9 —1.2
5 ‘ 99.3 42,4
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layers at a time [7], or employ a differential photom-
eter such as described by Linberg and Irland [8].

If eq (54) is not fulfilled, appmplmlo weight
factors w, must be applied so that

s(4)=w, s(4),

instead of (54), and with s (A) being a suitable start-
ing value. KEquation (56) would then be changed to

N

A‘-’:Xl) w?a?,
=

and the results that follow would have to be altered

accordingly. In view of the vast range of possible
weight  factors, however, their consideration is

beyond the scope of this paper.

The accuracy of the single photo cell method is
limited by the fact that it measures the change in
reflectance with thickness and that, at the desired
quarter wave thickness, this change is zero [7].  The
method, therefore, is not likely to provide the high
accurancies required for the production of dielectric
interference filters

Giaccmo and Jacquinot [9] have developed a more
precise monitoring technique in which, rather than
reflectance, its differential quotient with respect to
wavelength is observed. At a quarter wave layer
thickness, this differential quotient goes through
zero, its change with thickness being a maximum.
A similar but in practice simpler method was de-
scribed by Traub [10]. The accuracy of these
methods is better than 1 percent of the layer thick-
ness [10]. According to sec. 5.3, the production of
dielectric interference filters to within plus or minus
one-half the width of their pass bands, thercfore,
appears to be possible with Giacomo and Jacquinot’s
or Traub’s techniques. KEquation (52) may be
satisfied by using separate monitor glasses.

The author is indebted to Theodore R. Young for
valuable discussions and suggestions concerning this
paper.
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