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The tracing of radio rays is normally carried out under the assumpt ion that t he r efrac­
tive index varies only in t he vertical direction. Although this assumption appears to be 
quite reasonable in the average or climatic sense, it is seldom satisfi ed under actu al conditions 
and is strongl y violated by horizontal airm ass changes occ urrin g near frontal and land-sea 
interfaces. This lattcr casc is investigated by tracin g rays t hrough two instances of ob­
ser ved marked horizontal variation of t hc refract ive ind cx. The bending for t hese ray 
paths was t hcn co mpa red wIth valucs obtflincd und er t he normal assumption of horizontal 
homogeneity . 

Although at 1 kilom ctcr and abo\'c t hcse horizontal changcs appear to have littl e cffect 
!"a.VS emitted at low clcvation a nglcs a rc sensit ive t o cxtrcme horizontal variations of th ~ 
atmosphere near t he surface, such as those assoc iaLed with ducLing con di tion s. H O" 'cver 
sin ce it ap pea,rs that such condit ions occur lcs t han]5 percent of t he t im e at most locations' 
t hc majority of r ay-pat h calcu la.lions may be ca.rried Oll t under thc norma l assl.l mpLion o·r 
hori zo ntal straLifi cation of the r cfrflct ivc ind ex. 

1. Introduction and Background 

It is co mmon in ray Lracing s tudies to assume that 
the rcfracLi,:e indcx ofLlle aLmospllere is sph erically 
traLlfl ccl With respect to th e surface of th(' earLh 

[1, 2, 3, 4, 5].2 Thus, 1,ll e eHect of refractive index 
changes in th e horizontal diroction is normally not 
consid ered, al though recenLly \Vong [6] has con­
sidered th e effect of matb emaLicaliy smooLb hori­
zontal changes in airbo rne propagation probl('ms. 

Neglecting Lh e effect of lLOl'izontal gradi ents see ms 
quite r easonable in the tropospher e bccause of the 
!'elativel? slow horizonLal change of refracLive ind('x 
111 contrast to th e r apid decr eas(' with llOight. In 
fact, examination of cl imaLic data indicaLes that one 
must eomparc sea level s tations located 500 km from 
each other on the earth 's surface in order to observe 
a Clifference in refractive index values wbich would 
b e comparable to tbat obtained by taking anyone 
of tbese locations and comparing its surface value 
witb tIle refractive index 1 km above the location. 
Although the assumption of small borizontal changes 
of the refractive index appears to be true in the 
average or climatic s('nse, there are many special 
cases sucb as frontal zon es and land-sea breeze 
eff ec ts wh ere one would expect th e r efractive index 
to change abruptly wi thin tbe SO-odd kilometers of 
horizontal distance traversed by a tangential ray 
passing through the first kilomeLer in h eight. 

It is these latter variations that ar (' investigated 
in the present paper. Two cases of marked hori­
zontal change of rofractive index conditions were 
studied ; one which occLllT('d over Lhe CanLerbury 

I This work was sponsored in part by 'l'ask 31 of the U.S. Navy Weather 
Research F aCili ty, Norfolk, Va. 

I Figures ill brackets indicate the li terature references at the end of this paper. 

Plain in K ew Zealand and the oLhel' aL Cape Canav­
eral, Fla. Althou gll these particular sites wer e 
chosen for s('veral )'easons such as land-Lo-sea paths 
and a subtropical location (wh ere marked changes 
in )'efr ac tion cOlldi tions are common) th e maj or 
co nsider ation was that detailed aircraft and ground 
meteorological observations were available for pro­
longed periods. 

Th ese deLailed m eLcorological rn('asurements allow 
a quantiLative evaluation of the error apt to be in­
curred by assuming Lhat Lhe refracLive ind ex is 
horizontall~- straLified . Th e procedure used was to 
determine the refractiv e index strucLure vertically 
over the transmitter and assume that this same 
structure described Lhe atmo ph ere ever:rwh er c. 
H.ays were th on traced through this horizontall)T 
larnmated atmosphere. Tlwse ray paLhs were then 
compared with those obtained by the sLep-by-step 
ray tracing tbrough the detailed convolu tions of 
refractive index structure in. th e two eases under 
study . 

In tbe sections that follow wo will discuss the two 
cases chosen for study, tll e l11etlLOds of calculations 
used to evaluate refraction cfI'ects, and the degree of 
confidence to which standard predic tion m ethods 
may b e used under cond itions of horizontal inhomo­
geneity. 

2. Canterbury 

Tbe Canterbury data was co mpiled by a radio 
meteorological team working from September 1946, 
tbrougb November 1947 , on the So uth Island of 
New Zealand under the leadership of R S. Unwin 
[7] . Tbis report proved invaluable in this investiga­
tion as it v,ras very carefully prepared, giving minute 
details of tbe experiment on a day-to-day basis. 
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Anson aircraft and a trawler were used for meteoro­
logical measurements over the sea, and three mobile 
sounding trucks for observations on land. Tb e 
trucks and the trawler carried wired-sonde equip­
ment, whereby elements for measuring temperature 
and humidity up to a height of 150 m to 600 m (de­
pending on wind conditions) were elevated by means 
of balloons or kites. Standard meteorological in­
struments provided a continuous record of wind, sur­
face pressure, temperature, and humidity at sta­
tions at th e coast and 14 km and 38 km inland. 
The headquarters of the project were at Ashburton 
Aerodrome, and the observations extended out to 
sea on a line perpendicular to the coastline of Oanter­
bury Plain . Aircraft were equipped with a wet­
and dry-bulb psychrometer , mounted on the port­
side above the wing. Readings were taken three or 
four times on ea,ch horizon tal fligh t leg of 2 or 3 min 
duration. Special lag and airspeed corrections 
were applied, resulting in accuracy of ± 0.1° O. 
It was found that, under tbe variety of conditions 
in 'which observations were made, the aircraft 
flights were more or less parallel to tbe surface 
isobars; hence, the sea-level pressure as recorded 
at th e beach site was considered to hold over the 
whole track covered by the aircraft. The rela­
tionship used for calculating the prossure; P, in 
millibars at a h eigh t 11, in feet was: 

P(h) = Po- h/30 

where Po is tbe surface pressure. This approxi­
mation (determined by averaging th e effect of tbe 
temperature and humidity distributions on pres­
sure in a column of air) resulted in a maximum error 
in the refractivity of 0.5 percent at 900 m. Radio­
sonde ascents at Hokitika on tho west coast of Sou th 
Island and Paraparaumuo and Auckland on North 
Island were used to supplement tbe aircraft measure­
ments, particularly in the alti tude levels above 1 
km. 

Tbe observations, diagrams and meteorological 
records were studied, and a profile of unusually 
beterogeneous nature was chosen. The synoptic 
situation for the morning of November 5, 1947 was 
selected, as it revealed a surface-ducting gradient 
near tbe coast with an elevated layer about 100 
km off shor e. A cross section of the area from 
Ashburton to a point 200 km off shore was plotted 
with all available data, and isopleths of modified 
refractive index, M, were drawll to intervals of 2.5 
units. 

(1) 

where Ke= (15.70) (10-8)/m and 

wbere P is the station atmospberic pressure in milli­
bars, RH is the percent of the saturation vapor pres­
sure, e., in millibars at the absolute temperature, T, 
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in degrees Kelvin and n is the refractive index [8]. A 
simplified version of the lower portion of this cross 
section with the corresponding M curves is accom­
panied by a sketch of the general location of the 
experiment in figure 1. Some smoothing was neces­
sary, particularly near the sea surface and in those 
areas where aircraft slant ascents and descents caused 
lag errors in altimeter readings and temperature 
and bumidity elements. Isopleths over land were 
plotted above surface ratber tban above sea level 
witb an additional adjustment in tb e scale ratios of 
b eigbt and distance in an attempt to simplify tbe 
reading of values from tbe diagram. 

3. Cape Canaveral 

The second area studied was tho Oape Oanaveral 
to Nassau path for the period of April 24 to May 
8, 1957. This material was suppli ed by the Wave 
Propagation Brancb of Naval R esearch Laboratories 
and the University of Florida. Th e particular 
case chosen for study was the meteorological profile 
of May 7, 1957, (2000 e.s.t.) due to its heteroge­
lleous nature, showing a well-defined elevated layer 
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at about 1,500 m . Fourteen refractometer soundings 
from aircr aft measurements taken at various 10-
caLion along the 487-1011. path (fig. 2) and six r efrac­
tive index profiles (deduced from radiosonde ascents 
from Cape Canaveral , Grand Bahama Island, and 
Eleuthera Island) were read in order to plot a eross 
section of the atmosphere which would represent 
as closely as possible th e actual refractive conditions 
at that time. Unfortunately, the data near the 
surface (up to 300 m) were quite sparse compared 
to those r ecorded in the Canterbury Project, and 
calibration and lag errors had not been noted as 
carefully in this preliminary report; therefore, some 
interpolation and considerable smoothing of refrac­
tive index values were necessary wh en drawing 
isopleths. 

4. Ray Bending 

The classic expression for the angular change, 
r, or the bending of a ray passing from a point where 
the refractive index is nl to a second point where the 
refractive index is n2 is given by [5) 

(3) 

REFRACTOMETER F~IGHT PATH 

FLORIDA 

X DENOTES RAOB SITES 

FIGURE 2. I sopleths oj rejmclive index and map 0/ refractom­
eter flight/or May 7, 19157, Ca pe Canaveral to Nassau. 
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where 8 is the local elevation angle. Equation (3) 
was evaluated by use of 

where 

(N 1-N2) _ . 
M = X lO- 6 cot 8 

1,2 nl, 2 ' 

'0 81+82• 

2 

(4) 

The value of () at each point was determined from 
Snell's law : 

n 1 rl cos 81= n 2 r2 cos 82 =consLant, (5) 

where r is the radial distance from the center of the 
ear~h and is given by a+ h, wher e a represents the 
radlUs of the earth and h the altitude of the point 
under consideration . For simplicity one may re­
write (5) as 

(1 + N 1 X lO- 6) (a+ hl ) cos 81 = 

(1 +N2 X 10- 6) (a+ h2) cos 82• (6) 

Then, when () is small, one may expand (6), neglect 
second order terms and obtain the convenient 
expresslOn : 

82= {8~+ 2 (hr;: hl ) 2(N1-N2 ) X lO -6 } 1/2, (7) 

where all values of 8 are in milliradians. 

After obtaining r by use of (6) or (7), one may 
determine the distance, d, along the earth's surface 
that the ray has traveled from : 

(8) 

Thus by successive application of the above formulas, 
one may trace the progress of the radio wave as it 
traverses its curved path through the atmosphere. 
Normally the use of these equations is quite straight­
forward . When considering horizontal changes in 
n, however, one must satisfy these equations by 
iterative methods. In the present application, ince 
n had to be determined by graphical methods, it was 
felt to be sufficient to assume a constant distance 
increment of 250 to 500 m, solve for appropriate 
height increment from 

flh= /ld tan 81 [1 +~J I (9) 

graphically determine Nfor the point d1+ fld, hl + flh 
and then determine 82 and rl .2' 

This la tter type of ray tracing was done for varions 
rays of initial elevation angles between 261.8 milli­
radians (mr) (15°) and 10 mr (",0.5°). The calcu­
lations were not carried to smaller elevation angles 
since this type of ray tracing is not valid within 
surface ducts for initial elevation angles below the 
angle of penetration [9, 10]. 



5 . Comparisons 

Although bo th of the calculated ray paths consis ted 
of an oversea itinerary with coastal transmission 
sites, they are quite differen t in other aspects. 
Can terbury Plain is located southeast of the 10,000-
ft chain of the Southern New Zealand Alps a t a 
la t it ude of 44° S (the equa torward edge of the 
westerly belt of winds in November) . Cape Ca­
naveral is located on a sea level peninsula a t 28° N 
(the poleward edge of the northeast trade circula­
tion in M ay). While the Can terbury profile showed 
superrefractive tendencies, the Canaveral profile 
illustrated subrefraction at the surface counter­
balanced by an elevated trade wind inversion layer, 
indica ting that the total bending valu es of Can ter­
bury would be higher than normal, while the Ca­
naveral example would have values near or lower 
than normal. 

These differen ces are illustrated by figures 3 and 4 
where the bending, T , in milliradians is plo tted 
versus altitude in kilometers. The effect of hori­
zon tal changes is most pronolmced for rays wi t h 
initial eleva tion angles of 10 mI'. On these figures 
the term "ver tical" ray is used to designate the ray 
path through the horizontally homogeneous n struc­
ture determined from the refractive index ver tically 
over the station. The term "horizontal" ray 
designates the ray path through the complex actual 
n structure. It is quite eviden t that a consisten t 
difference in bending of about 1 mr exists between 
the "ver tical" and "horizontal" ra:vs at Canterbury 
above 1 km for 00= 10 mr. This would be expected 
since the verti cal M proflle (fig. 1) at the beach (our 
hypothetical transmitter site) is nearly normal in 
gradien t while as little as 10 km to sea a duct exists, 
thus indicating a n ear maximum difference between 
the "horizontal" and the "ver tical" rays at any 
initial elevation angle small enough to be affected 
by the duct . This is in contrast, however , with the 
case of Cape Canaveral where, excep t for the region 
of the elevated duct cen tered at abou t 1,500 m, the 
"ver tical" and "horizontal" rays are in qui te close 
agreement. These two examples illustra te that 
horizontal variations must be near the surface to be 
most effective. The importance of the altitude of 
the variation is due to the fact that refraction effects 
are very heavily weigh ted toward the init ial layers 
[10]. 

Also shown on figures 3 and 4 are the values of the 
bending which would be predicted from the Cen tral 
R adio Propagation Laboratory corrected expo­
nential reference a tmosphere [11 ]. The values 
shown are ob tained from the value of N at the trans­
mit ter site as corrected by the vertical gradien t over 
the first 100 m . It is no ted tha t, for 00= 10 mr at 
Canterbury, the value of bending predicted by the 
model is in essen tial agreement with the "ver tical 
ray" bending bu t underestimates the "horizontal 
ray" (which h as the largest variation of n with 
horizontal distan ce) by about 1.25 mI'. For Cape 
Canaveral at 00= 10 mr, the model atmosphere over-
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estimates the bending by about 1.25 mI' for al titudes 
in excess of 2 km. It should be emphasized that, 
although the model eA"})onen tial atmosphere appears 
to represen t the average of the two specific cases 
studied, the departure from this average arises from 
quite differen t causes in each case. The differences 
in the Canterbury case arise from the marked effect 
of horizontal variation of n as is indicated by the 
agreemen t of the ver tical ray bending with the model 
a tmosphere. The disagreemen t in the Canaveral 
case is due to the presence of a very shallow surface 
layer of nearly normal gradien t topped by a strong 
subrefractive layer; therefore, i t represen ts a short­
coming of the model rather than an effect of hori­
zon tal changes of n. 

The preceding analysis of bending throws the re­
fractive differences in each case in to sharp relief. 
The effect of refraction, of course, is to vary the ray 
path. Figures 5 and 6 show the ray paths corre-
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ponding to th e bendillgs of figures 3 and 4. Note 
that for Canterbw'y at 00= 10 mr the effect of the 
horizontal variation of n is to produce a difference in 
es timation of about 1 km in height or 20 km in 
ground distance at 300 km from what would be ob­
tained from considering the vertical n profile as a 
representation of th e entire path. The effect of the 
subrefractive layer at Cape Canaveral is not so 
large, but it does cause an overestimation of the 
growld distance by about 5 km and an underestima­
tion of the height by less than one quarter of a Imo­
meter at a ground distance of 300 km by assuming 
that the vertical profile may be used throughout the 
entire ray path . 
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of th e more extreme cases is represe nted by th e 
November 5th example, one might conclude that 
much less than 20 percent of th e observations would 
show th e same degree of horizontal n change as the 
profile studied. 

If one furth er hypoth esizes that the greatest 
JlOrizontal11 change would be associated with ducting 
conditions, th en the percentage incidence of ducts as 
evaluated from radiosonde observations, listed for 
various stations in table I, would indicate that th e 
effects of horizontal changes of 11 sufficien t to cause 
variations in th e ray path as large as tbose of th e 
present study would be observed less than 15 percent 
of the time , r egardless of geographic location . 

TABU~ 1. Percentage occurrence of swjace duels during the 
years 1952 to 1956 

Station 

Fairbanks, Alaska ... . ...... . 
Columbia, Mo .. _ .. . ........ . 
Washington, D .C ...... . .... . 
Canton Is la nd .... _ .........• 
Miami,li'}u __ _______________ _ 

February 

9. 4 
.7 
.7 

10.0 
0. 7 

% incidence 

Auyust November 

0. 4 
2.5 
4.8 
9. 2 
3.5 

0.4 
8.4 
4.3 

12. 4 
8.5 

6.2 
1.3 
1.4 

11.5 
2.7 

The probable importance of subrofractive layers 
upon the prediction of refraction effec ts has emerged 
as a secondary res ult of th e present s tudy . Although 
subrcfraction is norma.lly n eglec tcd , it is poten tially 
a very important refractive fac tor for distances of, 
say, lcss t]l an 40 km. Even though th e perce ntage 
OCC UITence of subrcfractive layers can be as large as 
6 pOl'cent (see table 2), this eHcc t is fr('quently offset 
by Ll lO concurrent occurrence of an adj acent super­
refractive layer, as is illus trated by th e Cape Canav­
eral example. 

T ABLE 2. Percentage occurrence of s~!rface subrefract'ive layers 
dW'ing the years 1952 to 1956 

Station % inciden ce 

February May Auyust November 

F a irbanks, Alaska . .. _.. . .... 0. 0 0. 0 1. 2 0.4 
Columbia, Mo ... _._._ ..... _. . 0 1. 6 0.6 4.0 

360 Washington, D. O .. _._... . ... . 9 2.2 5.8 2. 7 

F ramm 6. Cape Can averal, 0 to 10 km, altitude of ray 
versus dis tance. 

6 . Extension to Other Regions 

It should be pointed out that the ducting case a t 
Canterbury represen ts an extreme refraction condi­
tion and is not necessarily t ypical of conditions 
observed in other r egions or, indeed , a t Canterbury. 
Th e Canterbury proj ec t was purposely restricted to a 
s tudy of ducting conditions with th e result tha t less 
than 20 percent of the total observations for th e 
fiftoen months are reported. Therefore, because one 
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Canton Island ... _. __ .... _... . 0 0.0 0.0 0.3 
Miami, F la ...... _._._ .. __ .. . . 7 .3 .9 .7 

7 . Conclusions 

The conclusions of tb e present s tucly could be 
considerably modified by th e analysis of many more 
examples, although it is eviden t that horizontal 
variation of n ncar thc ear th 's surface produces th e 
mos t marked deviations from th e ray paths obtained 
by assuming horizontal s tratification of 11. Th e 
effec t of hori zontal cbangcs occurring more than a 
kilometer above th e surface appear from our present 
examples, to have little effect . Further, th e effcc ts 
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of horizontal changes appear to be most pronounced 
in the presence of surface ducts and at small elevation 
angles. The tentative conclusion is reached that 
the effect of horizontal n change is normally small 
since ducting will occur less than 15 percent of the 
time. 
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Whittaker for their aid in tlle laborious calculations 
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and the Wave Propagation Branch of the Naval 
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