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The evaluation of lens distor tion bv means of the inverse nodal slide method is discussed. 
The sources of error inherent in t he inethod are investigated, Emphasis is given to t he 
e ffect of asymmetric use of apertures. Measuremen ts are reported on t he same lens for 
which distortion values were measured by the direct nodal slide and photographic methods. 
A comparison of results obtained by t he three different methods is given . It is concluded 
t h at accurate values of t he distor t ion of a lens can be obtained by t he inverse nodal slide 
method and th at the p recision of measurement is comparable to that of the t wo other 
methods mentioned when proper :l.tt ention to sources of error is given. 

1. Introduction 

In the course of an extended invcstigation into 
the factors a fl'ecting the accuracy of measuremcnts 
of lens distortion, a variety of wa~Ts were emplo~'ed 
to facili tate the location of possible somces of elTor. 
In a previous paper, the values of dis tor Lion for a 
single lens by two different methods were reporLed 
[1].I These were designated method A and B ; 
A is pho tograp hic employing the precision lens 
testing camera. [2], while B is visual emplo~'ing Lhe 
nodal slide bench [3]. It was established that r e
sults comparable in accuracy and in good agreemen t 
could be obLained by ei ther process provided proper 
consideration is given to variou potenLial sources 
of error. 

In this paper , a third manner of evaluating dis
tortion is presenLed. This is a visual method that is 
essentially the r everse of the nodal slide method 
B . For that Teason i t is de ignated the inverse 
nodal slide method a nd is hereinafter referred to as 
method D. 'While thi cannot be regarded as a new 
method, it is sufficiently different from A and B 
that it can be Tegarded as independent and so serve 
as a valuable check on the reliability of the values 
of distortion obtained by methods A and B. In 
addition, i t pl'ovides a proces for determining 
quantitatively the effect of asymmetric use of 
aper tures upon the measured values of distortion. 
This is an especially valuable featme as it is probable 
that errors from this source can and do occm in 
some of the di erse methods presently employed for 
the measm ement of distortion. 

To facili taLe the comparison of the reliability 
of method D with methods A and B, the values 
of distortion obtained by method D for wide angle 
lens No. 3 arc contained in this article together 
with the resul ts obtained on the same lens by A 
and B. This lens has a nominal fo cal length of 150 
mm, maximum apertm e of } /6.3, and a half-field 
angle of 45°. 

lt should also be mentioned for pmposes of clarity 
that a methocl C was also developed and used in 

1 Figures in brackets indicate the li terature references at the end of tbis paper. 

the course of this study. This differed from method 
D in that a larger aper ture (4 in ,) viewing telescope 
was used ; and while fully as r eli able as D, it was not 
a co nvenient to use in studying the e:ITecLs of 
asymmeLric u e of apertures. For this reason 
detailed discussion of resulLs obLai ned by method 
C is not repor ted. 

2 . Inverse Nodal Slide Method 

In the direct nodal slide method, transverse linear 
displacement of the image formed in the image 
plane of the lens under test of an illuminated target 
located in the focal plane of Lhe coll imaLor are mea -
m ed with the aid of a viewing microscope. In the 
inverse metbod, transverse ang ular displacemen ts 
of the parallel beam of light emergen t from the lens 
under test having a point source of light located in 
i ts focal plane are measured with the aid of a viewing 
telescope. 

2.1. Description of the Apparatus 

The optical T-bench (figs . 1 and 2) which is de
scribed in some detail in an earlier paper [4] is well 
suited to the measurement of distortion by the inverse 
nodal slide method. The lens under test is mounted 
in the nodal slide with its front facing the viewing 
telescope as shown in the figures . The illuminated 
target is mounted on a separate movable slide behind 
the lens. The viewing telescope has a full aperture 
of 40 mm and is mounted on a flexure plate fixture 
that permits precise pointing of the telescope at the 
target as seen through the lens. Micrometers on the 
flexure plate mounting permi t the measurement of 
changes in the direction of pointing of the telescope. 

2 .2 . Method of Measurement 

In the inverse nodal lide method, a point source 
of light, or a properly illuminated reticle bearing 
well-defined cross lines, is initially placed at the 
focal point of the lens under test as shown in figure 1. 
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FIGlCRE 1. Photogroph showing test equipment for method D 
((l,xial conditicn). 

The lens under test is sho\\'n mounted en the nodal slide in the ccnter of tIle 
photograph . The illuminating system and target reticle are shown at the rigllt 
behmd . the lens. The viewin g telescope is shown at the left. It is equipped 
wIth micrometer adJllstments to change its pointing and the whole assembly 
can move transversely on the ways formin g the upper part of the T. 

FIGURE 3. Photogl'aphs showing test equipment for method D 
(off-axis condition) . 

The same equipment appearing in fi gure 1 is sbown with tbe lens rotated about 
the vertIcal ax is ,md the reticle displaced to maintain pl'Opcr focus eondition for 
extra·axlal measurements. 

T?is target is viewed through the front of the lens 
wIth a telescope focused for infinity. The lens is 
properly mounte~l in the nodal slide and so adjusted 
that small rotatIOns of the lens about its vertical 
axis do not produce noticeable deviations of the 
emergent ~ea~. , (In the present work, if the point 
source of lIght IS unaged on the crosshair of the view
ing telescope and the image does not move when the 
lens is ro~ated about its vertical axis by amounts 
not excee,dmg ±.2 .deg1 the adjustment is satisfactory.) 
When tIlls condItIOn IS present, the rear nodal point 
of the lens lies in the vertical axis of rotation of the 
nodal. slide. and the test may begin. To determine 
the dIstortIOn at angle {3, the target reticle is moved 
away from th~ lens until the distance separating the 
rear nodal pomt of the lens and the point source is 
f sec {3. The lens is now rotated by an amount + {3 
and the'pointing of the viewing telescope is changed 
by a mICrometer until coincidence of its crosshairs 
with the image is achieved. The settinO' of the 
micrometer in scale divisions is read and ~'ecorded 
as R.. 'rhe le~s ~s now rotated through zero to -{3 
and SImilar pomtmgs made with the reading recorded 
as L. 

The values of radial distortion D{3 for a o'iven lens 
h d . b "b 

W et?- etermllled y m~thod ~ are fairly simply 
obtallled from the followll1g relatIOn 

where r is t.he m~asured distance on the nega Live 
fI~om the axtal POlllt to the image of an infinitely 
dIstant object point. lying in the direction marking 
ang~e {3 WIth the aXIS of the objective and f is the 
eqmvalent focal length of the objective . In the 
evaluation of distortion by method D the value of 
the radial distortion Df3 is g iven by the 'equation 

- k (R- L )f 
2 cos2 {3 , 

(1) 

where f is the eq,uivalent focal length of the lens 
under test and k IS the constant of the micrometer 
in radians/scale division. The value of k is known 
from previous calibra tions to be 2.8323 X 10- 5 radians 
or 5.8421 sec of arc per scale division. The terms 
R and.L in. eq (1) are the readings of the angle 
measurmg mICrometer in scale divisions. The values 
of R an~ L ~re measured with respect to an arbitrary 
zero wlu?h IS ~he same fO.r both ; it is customary to 
select thls arbItrary zero III such a manner that the 
values of Rand. L ~re ~pproximately equal in magni
tude but OppOSIte m slgn for comparable conditions 
of + {3 and - {3. 

2.3. Discussion 

When distortion is measured directly on the usual 
type of optical bench, the infinite object is provided 
by a large collimator that is well corrected for longi
~udinal spherical .aberration. Consequently, there 
IS usually no occaSIOn to be concerned about whether 
or ~10t the portion of the collimator aperture from 
whICh ~be parallel beam emerges is concentric with 
the aXIS of the colhmator or displaced laterally 
therefrom. However, under the condition de
scribed in 2.2, it is evident that the beam of collimated 
ligh.t e.mergent from the lens under test will usually 
be ll1c~dent upon the objective of the viewing tele
scope m such a manner that asymmetric use of the 
telescope aperture will result. This belief was borne 
out by the first set of measuremen ts from which 
were derived values of distortion so different from 
those obtained with the same lens by methods A 
and B that they were initially believed to be value
less. This was particularly true for the larger 
values of (3 where the clipping of both telescope and 
lens apertures was most pronounced. It therefore 
seemed worthwhile to make a study of these effects. 

3. Effect of Aperture on the Measured Values 
of Distortion 

It has long been known that asymmetric use of 
apertures can ?ause .errors in. telesc?pe pointing [5]. 
Most of the dlscussIOn of thiS subject has been in 
the field of proper centering of small pr isms on 
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spectrometer tables, eLc. In other fields, it has 
been cus t.omalY to warn against asymmetric use of 
aper tures when doing work of highest accuracy. 
There is, however, a dearLh of publication dealing 
with the probable magnitudes of errol' from this 
source likely to be introduced when evaluating lens 
distortion. Accordingly, a series of car eful meas
urements haye been made which are b erein reported. 

3 .1. Method of Measurement of Aperture Effect 

As mentioned in section 2.1, method D is used on 
the T -bench. The lens and source are on the vertical 
arm of the T and the viewing telescope is mounted 
on the c1'ossbench . The telescope is pointed at 
right angles to the bench ways and the whole tele
scope assembl:y can be moved transversely across 
the emergent beam of the lens. The bench ways 
are quite stritight so the pointing of the telescope is 
not affected by the transverse displacement. In 
making it se t of measurements, such as shown in 
table 1, the lel1 s is rotated by amount + (3, the 
telescope sl ide is moved Lo the left along its wa~'s 
until no light from the targe t is see n through the 
telescope. Th e telescope slide is then moved 
slowly while Yiewing through it until the first fain t 
image is seell. The reading of the bench scale for 
this point is recorded and no ted as fi rst image 
(F .r. ) . Tn e telescope is then moved transversely 

T ABLE 1. raTlation of distortion for (3 = 5° with relat ive 
location of measuring aperture in th e emergent beam f or wide 
angle tens ~Vo. 3 

T h e col umn , head ed ben ch scale, gives the successive positions of thc angle 
m easuring telescope as its apert ure is moved transversely across tlle beam C' lller
gent from the t es t lens. '1' h e clifTeren ce in telescope pOinting Is given in sca le 
divis ions, R for f3 ~+5° an d L for f3 ~ -.'o (I scale divis ion ~5 .8421 sec). DR anelDl" 
a TC the corresponding values of distortion, })fJ is the average val uC'. '-rho lOccltion 
of the center of the em ergent beam is indi cated by the underlined va lue of t he 
bench scale. Part (a) shows the val ues of distor tion with Ihe telescope a perture 
set at 40 mm an d part (b) shows s imilar inform ation for the telescope a perture 
set at 8 mm. Y alues of ciistortion are given inll1icrons. 

Bench I R scale I D R 

I 
Bench 

I 
L scale 

I 
D L 

I 
D~ 

scale d i \"i:- ions scale d i\' isions 

(a) Telesco pe of 40·mlll aperture 

mm mm 
- 0. 7 F. l. -------- - 1.7 F. r. - --- -- -- ----- ---

5 0.3 - 1 3.4 1. 4 + li 2 
10 - 1.1 5 8.4 1.1 + 5 5 
15 -2. 4 10 13.4 1. 5 + 6 8 
20 - 2. () I I 18. 4 1.7 + 7 9 
25 - 2.6 11 23. 4 2.4 + 10 II 

SO -2. ti II 28 .• 2.6 + ll II -
35 - 2.2 ]0 33.4 2.6 + ll 10 
40 - 2. 2 10 38.4 2.9 + 13 II 
45 -2. 2 10 43. 4 3.8 + 16 13 
50 -2. 2 10 48.4 2.6 + ll 10 
55 - 1.0 6 53.4 3.9 + 17 II 
60.7 L. l . --- -- --- 58.8 L. r . - ------ . ----- - --

(b) T elescope of 8·mm aperture 

15.2 F . l. -- -- -- -- 13.6 }'. r. -- ----- - --- -----
20 0.4 - 2 18.4 2.4 + 10 4 
25 - 2. 0 9 23.4 0.7 + 3 6 

SO -2.4 ]0 28· 4 2. 4 + 10 10 -
35 -3.3 14 33. 4 2.5 + 1] 13 
40 -1.3 6 38. 4 2.9 + 13 9 
44.8 L.I. -------- 43. 2 L.r. -------- --- -----

along the bench un til the image begin s to disappear ; 
this bench scale readillg is recorded and noted as 
last image (L.L ) . The midpoint of these two bench 
seale read ings is assumed. to be the proper se tt ing 
fo r ce ntcred apertures of len and. tele cope. Th e 
telescope is then se t successively at 5-mm intervals 
above a nd below Lhis en Lral reading of Lhe ben ch 
scale (this center point is underlin ed in table 1) 
u 11. til the whole range for which the image can be 
seen is covered . Pointi ngs of Lhe telescope a rc read 
a nd recorded for each of these settings . The 
readings of the pointing micrometer arc recorded 
under R for + (3 and under L for - (3. The same 
procedure is repeated with the telescope aper ture 
rcduced to 8 mm. In order to give a clear pictlll'e 
of how the portions of the apertures are being used, 
the drawings shown in figure 3 and 4 were prepared. 
Figure 3 shows the relation of the cross seetion of 
the emergent beam from the lens and the telescope 
aperture for successive 5-mm displacements of the 
telescope assembly along its ways. This drawing 
is based on the displacements shown in table 1 for 
(3 = + 5°. It is to b e no ted that th e cross section 
of the emergent beam from the lens is assumed to 
be still circular and tha t it remains s tationary while 
the telescope aperture move across it . The de
parture from a true circle is not significant at 5°, 

FIG U R E 3. Sketches showing the relation of the CI'OSS secti(>n of 
lhe beam, L, emergent fr om the lens 1mder test and the 
aperture, T, of the viewing telescope. 

'1' h e sh aded a reas sh ow the portion of the 40-mm telescope apert ure being 
used. The n umbers correspond to successive p ositions occupied by th e telescope 
assem bly a ild are th e bench scale readings shown in table 1 (a) when determining 
DR . 
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FraURE 4. Sketches showing the relation of the cross section of 
the beam, L , emergent from the lens tmder lest and the aperture, 
T, of the viewing telescope. 

The shaded afeas show t.he portion of the S-mm telescope aperture being used 
and its relation to tbe total emergeut beam from the lens. The numbers corres
pond to the bench scale readings in table l (h) in the determination of DR. 

but at the larger angles of {3 the transverse diameter 
is reduced in proportion to cos B and may be still 
further reduced at large values of {3 because of 
vignetting by the lens mount. 

While the value of the distortion D {J is customarily 
computed with the aid of eq (1), this method of com
puting the values of D {J does not lend itself readily 
to the determination of the effect of aperture. It is 
reasonable to assume that the most nearly correct 
value of distortion will be obtained when the exit 
aperture of the lens under test is centered with re
spect to the entrance aperture of the viewing tele
scope. Ho·wever, when the lens is turned through 
the angle {3 about its vertical axis, the center of the 
exit aperture of the lens is moved transversely by the 
amount X{3 where 

(2) 

where N p is the distance separating the rear nodal 
point of the lens under test and the center of its exit 
aperture. This means that the telescope must be 
moved transversely by amount 2x{J from the position 
properly occupied when measurements are made at 
angle + {3 to the position properly occupied when 
measurements are made at angle - {3. Even when 
this is done, it is possible for RfJ to differ in magnitude 
from - L {J although the value of D {3 is still given cor
rectly by eq (1 ) . This condition does not neces
sarily reduce the reliability of the final values of D{3 
as this dissimilarity of values of RfJ and - LfJ usually 
results from small misalinements of the viewing tele
scope or small transverse maladjustment of the rear 
nodal point of the lens with respect to the axis of 
rotation of the nodal slide. It can be s11O"wn that 
the presence of the e maladjustments does not pro
duce error in the accepted values of D fJ. 

However, for convenience in computations and 
graphing of r esults, it was decided to establish the 
zero of the micrometer at a point such that RfJ= - L {J 
for the condition of optimum reliability even though 
the telescope was moved transversely between the 
two determinations. With the zero so established 
it was then possible to evaluate the partial distortions 
DR and DL in a convenient manner. 

The values of the partial distortions DR and DL are 
computed with the aid of tbe following rela tions: 

and 

- kRf D - -
R - cos2 {3 

D = + kLf 
L cos2 {3 

(3) 

(4) 

and the final value DfJ is obtained from the relation 

(5) 

which is equivalent to the expression shown in eq (1). 
In table 1, values of DR are shown for {3 = 5° for each 
successive setting of the bench scale; the values of 
DR are also plotted in figure 5. It is clear that the 
magnitude of DR varies with position of the viewing 
telescope along the bench scale. It is also clear that 
different portions of th e apertures of lens and tele
scope are being used for each position. For the tele
scope of 40-mm aperture, the value of DR (shown in 
box A of fig. 5) remains fairly constant during the 
middle part of the run bu t dips sharply at th e ex
tremes. It is probable that this effect arises from 
spherical aberration in the lens and telescope objec
tive with the lens making the greater contribution. 
That the contribu tion of the lens is the greater is 
evident from consideration of the curve showing the 
values of DR (shown in box B of fig. 5) obtained when 
the telescope aperture is reduced to 8 mm. The 
relation of the cross section of the emergent beam 
from the lens and the telescope aperture is shown 
in figure 4. In this instance, the telescope aperture 
is so small that it is unlikely that spherical aberra
t ion in the telescope objective can produce appreci
able error in poin ting. None theless, a comparable 
rise and fall of DR is evident at the start and finish 
of the traverse of the telescope aperture across the 
lens aperture. 

While figures, comparable to figures 3 and 4 show
ing the relation of apertures in determining DL , are 
not included in this report, it is obvious that they 
would look very similar to figures 3 and 4. The 
values of DL are determined in the manner already 
described for DR' The values of DL are shown in 
table 1 and are plotted in figure 5. Two methods 
are used in determining D {J . The first and preferred 
method is to average DR and DL with the aid of eq (5) 
for comparable relative positions of the aperture. 
Values of D {3 by this method are shown in table 1. 
A second, but less sound method, is to average for 
identical settings of the bench scale. 
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FIGURE 5, Variation of distortion, DR and D L as a function of 
transverse displacement of the viewing telescope with 1'espect 
to the aperture of the lens under test. 

'I' he boxes designated A SllOW vai lles of DR and DL obtained with tbe viewing 
telesco pe of 40·mm aperture for fJ =5° and 15°. The upward pointing arrows 
attacllccl to tbe cireles mark the positions of ce ntered apert lll'es for tbe positb'e 
vailles of fJ ; tne down ward pOint ing arrows at tached to the crosses mark the 
pOSitions of ,centered apertures for the minus :values of fJ . The boxes deSignated 
B gIve Ilke mformar. '0ll obtamed wltb the VieWIng telescope of 8-mm aper turo 
for fJ =5° and 15°. 

The foregoing pl'Ocedures of determining DR, DL , 

\l and D fJ were repeated at successive values of {3 rang
ing from 10° to 45° at 5° intervals, and the values 
for D {J for {3 ranglug from 5° to 45° are sho",'n in 
table 2. The values of DR and DL , obtained for 
{3 = 15°, 30°, and 45° are shown graphically in figures 
5 and 6. It is evident throughout this array that 
values of the distortion remain fairly constant in the 
center portions of the run and vary sharply at the 
extremes for the telescope with the 40-mm aperture. 
On the other hand, the results obtained with the 

> -l11l11 aperture vary throughout the range of bench 
settings used . The center points for the various 
values of {3 varied in location with respect to the 
bench scale as indicated by eq (2). For the four 
values of {3 for whlch values of DR and D£ are plotted, 
the short al'l'OWS in the figures mark the accep ted 
cen ter point for each rm1. It may be noted that 
their separations increase with increasing {3. The 
values of the separations of aperture centers are 
shown under the heading 2x{J in table 3 and are 
plotted as a functlon of sin {3 in figure 7. It is evi-

T A BLE 2. VaI'iation of values of distortion in microns, D~ with 
l'elative location of the measul'ing aperture in the emergent beam 
fOI' wide angle lens No. 3 for a eries of values of (3 

Part (a) shows the variation of D p with soparat ion, h, of tho center of the meas· 
uring aperture with res pect to tho center of tho emergent beam from the lens for 
a viewing telesco pe of 40·mm apcrture. Part (b) shows t ho rcsults for similar 
meas urements when the telescope aper ture is reci ll coci to 8 mill . 

Varia tion of D p with h for {J = 

h 

I I I I I I I 45· 10° 15° 20° 25° 30° 35° 40· 

(a) Telescope of 40-mm apertu ro 

mm 
-25 15 35 66 106 161 212 ---- 92 -20 24 50 77 140 183 232 227 
- 15 27 56 92 146 198 240 234 96 
- 10 29 56 96 148 199 241 235 96 
- 5 28 55 96 149 200 242 235 94 

0 30 58 99 149 201 240 235 91 

5 30 55 98 149 199 240 234 89 
10 29 55 97 146 198 243 234 94 
15 27 56 98 150 201 245 236 91 
20 25 55 90 138 206 251 244 91 
25 24 49 82 135 197 281 ---- --

(b) 'I'elescope of 8-mm a pertllre 

-10 13 31 59 103 162 232 ---- --
- 5 20 47 88 136 192 252 226 93 

0 29 56 98 150 207 252 241 91 

5 27 50 87 142 208 253 240 98 
10 25 42 78 131 201 ---- -.-- --

T ABf.E 3. Displacement oj cente1'S oj apertllTeS 2xp, detel'
mined with telescolJe at ltO-mm aperture, of emergent beam 
!Tom lens with rot(ttion of lens about its Teal' nodal point as a 
function of an(J1tlar sepamtion from the axis 

Angular Bonch scale 
separation D isplaco-
fronl a.x is mont 2xp 

Right Left 

dey mm mm mm 
0 29,2 29.2 0,0 
5 30.0 28.4 1.6 

10 31. t 27.5 3.6 
15 32.0 26.5 5.5 
20 33.4 26,1 7, 3 

25 33.7 25.3 8,4 
30 34.9 24.4 10.5 
35 36.0 24.2 11.8 
40 37. 23,4 14,4 
45 40,6 21. 5 19,1 

dent from the maximum value of 2x{J, that if the 
telescope were to remain permanently located at the 
position of optlmum centering of lens and telescope 
apertures for /3 = 0, the maxlmum aperture of the 
viewing telescope should be not les than the sum of 
2x{J and d cos~ where d is the effective aperture of 
the lens under test. For the lens used in this experi
ment, the minimum acceptable aperture of the view
ing telescope is 36.2 mm. 

This separatlon of the aperture eenters as the lens 
is rotated about the vertical axis passing through the 
rear nodal point from + {3 to - {3 arises from the fact 
tha t there is an appreciable axial distance separating 
the real' nodal point and the plane of the entrance 
pupil of the len s. Consequently, the lens aperture 
moves from ide to side and the light proceeding from 
it i incident upon the objective of the viewing 
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FIG U RE G. r m'iation of partial distortions DR and DL as a 
function of ImnsveTSe displacement of the viewing telescope 
with respect to the aperture of the lens under test. 

The boxes, designated A. sho\\" ..-alues of DR and Dc obtained with the \'ie"'ing 
telescope of 40·mm apertme for /1 =30' and 45°. The upward pointing arrows 
attached to t he ci rcles mark the positions of centered apertures for the posith'e 
values of {J ; the downward pointing arrows mark the positions of centered apeI'
tureslfor the minus yalues of /I, T he boxes designatcd B give like information 
obtained with the Yiewing telescope of 8-mm aperture for # = 300 and 45°. 
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° 
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Sin (3 

FIGURE 7. Jl easured sepamtion of right and left aperture 
centers 2xp as a function of sin (3. 

For a rotation of tbe lens under test about a vertical axis passing through the 
rear nodal point, tbe position of the aperture centcr of the emergent beam for 
the setting + /1 is separated from the position occupied by the same aperture 
center for the setting - /I by amount 2:t~=Np sin/l, eq (2). 

telescope in a different region for each value of (3. 
This effect is seen more clearly in figure 8 which 
shows a photograph of the lens aperture as seen in 
the exit pupil of the viewing telescope for successive 
settings of the lens (3= ± 30° and (3 = ± 45°. In 
making this photograph, the viewing telescope was 
made coaxial with the lens at (3 = 0 so that the two 
apertures were centered with respect to each other. 
The viewing telescope was left fixed and the lens 
rotated to + {3 and a photograph made. Without 
changing any adjustment of the camera or viewing 
telescope, the lens was ro ta ted to - (3 and a second 
exposure on the same camera film was made. Con
sequently, the figure shows the relative portions of 
the telescope aper ture used under the two conditions. 
Unless the correction of the viewing telescope is 

(a) 

(b) 

FIGURE 8. Photographs showing the appearance of the aperture 
of the lens under tests as seen in I,he exit pupil oj the viewing 
telescope for two successive settings of the lens at (a) (3 = + 300 

ana (3 = - 30° and (b) (3 = + 45 0 and (3 = - 45°. 

The apertm es of the lens and view iog telescope were centered initially at /1 =0°. 
Tbe position of the telescope remained fixed wbile tbe lells was rotated to the 
successive positions, The dark circular arca shows tbe exit pupil of the telescope 
wbile the light area sho\\"s tbe apcrtme of the lens under test. 

excellent, it is evident that differing performance for 
the two areas can produce differences in the meas
ured characteristics of the lens. In addition, it is 
also apparent that the lens aperture can be so far 
displaced with respect to the telescope aperture that 
partial obscuration can occur thu s permitting the 
aberrations of the lens itself to make differing con
tributions with resultant errors in the final average 
values of distortion. To minimize the effect of un
symmetrical use of apertures, it is desirable that the 
aperture of the viewing telescope be sufficiently large 
that the cross section of the emergent beam from the 
lens shall at all times be within the boundaries of the 
aperture of the viewing telescope. Moreover, the 
objective of the viewing telescope should be excel
lently corrected over its entire area. In the present 
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instan ce, the diameLer of excellent correction should 
be not les Lha n 37 nun. It i ques tionable if this 
condiLion is satisfied by the objective of the viewing 
tele cope used in this work for a diameter greater 
than 25 mm. 

3.2. Effect of Incorrect Use of Aperture on 
Distortion Values 

In section 3. 1, i t 'was shown that appreciable 
variation ill the values of DR and DL can be produced 
by the relative location of the cross section of the 
emergent beam from the lens within the aperture 
of the viewing telescope. It is of interest to de
termine the probabl e magnitude of the differences in 
the final values of the distortion that can be produced 
by tJIC asymmetrical use of apertures. To determine 
th is th e maximum value of DR was paired with the 
maximum value of DL for each value of {3 and a 
maximum value of D~ for each value of {3 was 
determined. Th ese maximum values of D~ are 
sh own in table 4 under the heading DE. In a similar 
manner, min imum values of DR and DL are paired 
to detcrmine a minimum value of D{3 for each value 
of {3. Finally, the cen tered values of DR and DL 
are pai L'ed to determine the most probable value 
of D. All of tllese combinations are listed in table 
4 under the appropria te value of DE (the dis tortion 
referred to th e equivalent focal length ). The proper 
adjusting term to convert DE to distortion r eferred 
to the calibrated fo cal length Dc is shown under the 
heading IlD. T hc r esul ts are also shown graphically 
in figure g where the various values of distortion , 

T ABLE 4. Extreme values of distortion in microns obtainable 
by possible con; binations of the partial values of distortion, 
DR and DL 

Tbe norma l values {or centered apertures are also sbown. The value-of d:s 
tort icn referred to the eq u ivalent fo rallength is DB; the valne of diswrtion re· 
fen'ed to the calib rated focal len ~th is Dr; and AD= AF ta n (3, is the adj usting 
factot'. Part (a) shows the vallles of the di stortion with the telescope apertlll'e 
set at ' .0 mm a nd part (b) shows similar information for the telescope aperture 
set a t 8 mm. 

).l axi mu!ll Minimu'n ;\onnal 

J\ ngulal' 

~.t~~I~~)K ~D '- J)C ~)K I AD ,-DC sep3rrtt ion 
from ax is 

(a) \ ' aluc3 of distol'ti'1n wit h rre~~u J'ing aper tu re of 4() mm 
--- ---

deg 
0 0 (, 0 0 0 0 0 0 0 
.5 14 20 -6 2 1.' - 13 I I 17 - 6 

JO 23 40 -7 6 29 -23 30 34 - 4 
J5 70 (;2 -R 11 44 - 30 .>8 52 6 
20 114 S3 ;j\ 3:') 60 - 25 ?9 7 1 ?8 

25 J66 1')7 59 75 77 -2 J·19 91 58 
30 223 132 m 137 9.5 42 20 [ 11 2 8J 
35 281 JGO 121 20n II G 90 240 J36 l n4 
40 259 192 67 2J2 139 73 235 JG3 73 
45 108 229 - 12.1 75 I ll.> - 90 91 19.1 - 104 

(b) Values of clistartion with mcnsu ring aper ture of 8 nun 

0 0 0 0 0 0 0 0 0 0 
5 14 20 -f3 I J5 - 14 II 18 -7 

]0 37 :\9 - 2 I 29 -Z8 29 36 - 7 
1.5 66 !i9 7 7 14 - 37 56 54 2 
20 lI7 ~ I 36 20 (1) - 040 98 73 25 

25 170 103 67 63 77 - i -t [50 94 5f\ 
30 234 J28 lOn 120 9f) ;{3 20e JJ6 90 
35 256 ]5.1 lJ I 201 11 6 85 252 141 JII 
40 2W J86 66 2 15 J:19 76 24J 100 72 
45 I II 222 - 111 81 J66 -8'> 91 202 - 111 

III 

E 
E 
z 
Q 
f
a: 
o 
t;; 0 .2 0 
a 

0.10 
__ - x- ..!. ... 

....... "'~~ 
"' ---- 3 /'2 __ ",___ /X 

o t--=;-.;;;;...;;:;..;:;;=~----!!> ._X~--------w""'1 ---x- -_x _ __ x-

-0.10 

-0.20 

o 15 30 45 
ANGU LA R SE PARATI ON FROM AXIS, mm 

FIGU RE 9. T' aI'iation of d?:stort-ion fa ?· incorrect and correct rela
tive locations of the lens apel'ture with respect to the aperture of 
the viewing telescope as a function of ungula?' sepal'ation (3 from 
the axis. 

The values of the distor tion, DB, referred to the equivalent focal lengtb Bre 
shown in box A; t be values of th e distort ion, Dc, referred to t he calibrated focal 
]ongth arc shown in box ll. rrhe cUr\7 es marked 1 show tho max imum incorrect 
values obtained; the CUl'Vas mar ked 2 show t he minimum incorrect val ues; wbile 
tbe eUl'ves, marked 3, sbow tbe normal Ot' correct "allies of the distortion. 

DE, a re shown in box A and similar "alu es of Dc are 
shown in box B . T he resul ts for the 40-mm meaSllr
ng aperture alone arc shown in the graph. 

It is evident that strikingl~' large differences eA'"ist 
between the maximum and minimum values of 
distortion ranging as high as 90,u foL' DE and 60jl 
for Dc. It is, of course, unlikely that one would 
arrange the conditions of measurement to produce 
the values shown in curve 1 or 2 throughout the 
entir e range but it is not unlikely that experim ental 
conditions are frequently such that th e experimenter 
obtains values nearer to those shown bY CLU'ves 1 
and 2 than those shown by curve 3. The'magnitude 
of the differences show how important it is that the 
relative positioning of test and measuring apertures 
be such as to minimize the possib ili t~r of errors 
arising from unsymmetrical usc of apertures. It 
m ust be mentioned that while th is study was made 
by the inverse nodal slide m ethod, sil11ilal' results 
could be obtained by improper usc of the d irect nodal 
slide method or any other method where asymmetrical 
use of apertures could occur. 

4. Evaluation of Distortion by Method D 

4.l. Preliminary Remarks 

In the foregoing section, an important potential 
source of error in the measured .. alues is described 



and the analysis leading to an evaluation of the 
possible magnitude of its contribution is discussed 
at length. On the basis of this study, the importance 
of well-centered apertures is emphasized. We are 
now ready to proceed to the evaluation of distortion 
for a given lens and to determine the precision of 
such measurements by method D . 

4.2. Results of Measurement 

Seven separate determinations of the values of the 
distortion were made on lens 3 using the centered 
aperture reading as far as poss ible in each instance. 
The results of measurement are lis ted in table 5. 
The average for each value of {3 and the departures 
from the average for each run are shown. Finally, 
the probable enor for a single determination, PEs 
is shown for each value of {3. It is clear that the 
precision indices in each case are satisfactorily low 
and compare favorably with values obtained by 
m ethods A and B. The values of the distortion 
obtained by method D also compare favorably with 
values obtained by methods A and B as is shown in 
table 6. The values of distortion obtained by 
methods A and B are taken from an earlier paper [1]. 
On considering the values of distortion listed in 
table 6, it is clear that in only one instance is the 
difference between the values obtained by any of 
the three methods and the average as great as 5f.L. 
The average departure does not exceed ± 3f.L. 

5. Conclusion 

It is evident from the information contained in the 
foregoing section t hat the inverse nodal slide method 

TABLE 5. Measured values of the distortion in microns, re
f en'ed to the calibmted focal length, obtained for wide angle 
lens No. 3 by method D (visual inverse nodal slide method) 

Beven separate determinations, th eir nveragc, the departures froIn the average, 
and the probable error of a single determination (PE.) arc shown. 

Angn-
lar (a) YaJues of distortion obtained from calibration Aver-

sopa- age for 
ration seven 
from 
axis 1 2 3 4 5 6 7 

---------------------
0 0 0 0 0 0 0 0 0 
5 -6 -6 -5 -5 - 6 -5 -0 -5 

JO - 4 - 7 - 7 -6 -7 -7 -5 -6 
J5 6 5 1 4 5 2 3 4 
20 28 26 25 26 24 26 28 26 

25 .'8 59 57 61 58 57 58 58 
30 89 91 8, 93 S7 90 91 90 
35 104 103 108 113 109 J 12 109 109 
40 72 7R 78 80 78 76 76 77 
45 -104 -103 -108 - 113 -109 -112 - 109 -108 

(b) Departures from the average for calibration 
PE. 

1 2 3 4 5 6 7 
----------------

0 0 0 0 0 0 0 0 ± O 
5 - 1 -1 0 0 -1 0 0 0 

10 2 - 1 -1 0 - 1 - 1 0 1 
15 2 J -3 0 1 -2 - 1 1 
20 2 0 - J 0 -2 0 2 1 

25 0 1 -1 3 0 - 1 0 1 
30 - 1 4 -3 3 -3 0 1 2 
35 -4 -5 0 5 1 4 1 3 
40 -5 1 1 3 1 - 1 - 1 2 
45 4 5 0 -5 - 1 - 4 -) 3 

TABLE 6. Comparison of the valtles of distortion DD obtained 
by the inverse nodal slide method with values of distortion 
DA and DB for the same lens obtained by the precision lens 
testing camera and the direct nodal sli de 

Part (a) shows tbe measured values of the distortion obtained by methods A 
B, and D and their average. Part (b) shows the departllres from the average for 
eacb metbod and the average departure fo r any of the three methods. All values 
are gi ven in Juicrons. 

(a) Values of di"tortion ohtained 
Angular by method Average 

separation for the 
from axis three 

A B D 

deq 
0 0 0 0 0 
5 -5 - 7 -5 -6 

10 -5 -8 - 6 -6 
15 4 1 4 3 
20 21 21 26 23 

25 49 52 58 53 
30 82 87 90 86 
35 113 JOG )08 109 
40 79 79 77 78 
45 - 113 - 106 - 108 -109 

(b) Dcpartlll'es from the average 
for metbod 

A R D 

0 0 0 a 
5 ) - 1 1 

10 1 -2 0 
15 1 -2 1 
20 - 2 -2 3 

25 - 4 - 1 5 
30 ·-4 1 4 
35 4 -3 - 1 
40 1 I -1 
45 -4 3 1 

is satisfactory for use in the evaluation of distortion 
provided that care is taken to insure the symmetric 
use of apertures. FLU,ther experiments were also 
made using a larger telescope having a clear aperture 
of 4 in. and an objective well corrected for spherical 
aberration. With this larger telescope, it was not 
necessary to traverse the telescope mount sidewise 
to center the aperture. The values of distortion 
obtained with this larger telescope were essentially 
the same as those obtained with the 40-mm centered 
telescope and so are not herein reported. 

The authors express their appreciation to M1'. E. O. 
Watts who made the drawings that appear in this 
article. 
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