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On a Theorem of M. Riesz'

Martin Pearl 2

The structure of the set of skew-symmetric, orthogonal matrices of order 4 with ele-
ments in the real field is studied. The first and second regular representations of the qua-
ternions are used to represent these matrices and known properties of the quaternions are
exploited to obtain characterizations of the skew-symmetric matrices. In the second part
of this paper, the underlying structure of the geometry is changed from the Euclidean to the
Lorentzian. It is then shown that there are no skew-symmetric, orthogonal (in the
Lorentzian sense) matrices of order 4.

1. Introduction

In a series of lectures [6]° recently delivered at the University of Maryland (Sept. 1957 to
Feb. 1958) dealing with Clifford algebras, M. Riesz proved the following

Turorem. If A and B are real skew-symmetric, orthogonal linear transformations on Iy (a
real four-dimensional vector space on which there is imposed a Fuclidean metric), then [A, Bl=
AB—BA is a multiple of a real skew-symmetric, orthogonal transformation on 1.

The main purpose of this paper is to exhibit a proof of this theorem which does not depend
on the structure of the Clifford algebra, but only on the properties of the matrices associated
with these transformations. Moreover, it will be shown that if the underlying geometry is
changed from the Euclidean metric to the Lorentzian metric, then the theorem is vacuously
true since no real skew-symmetric, orthogonal (in the Lorentzian sense) matrices of order 4
exist. The main tools used herein are real quaternions aud their representations by 4<4
matrices. Incidentally, a method is given for constructing all skew-symmetric orthogonal
matrices of order 4.

2. Regular Representations

Let A be an algebra over the (commutative) field § and let e, ¢, . . . , ¢, be a basis of
A. Multiplication of two elements in A is completely determined by the multiplication of the
basal elements. Since e;, e;, . . . , ¢, forms a basis for 2,

n
€165— ;Cﬁkek Cisned (1)
and it is well known that associativity in 2 is equivalent to the n* equations.

n n
;Cijkcklmzk_zlcikmcﬂk (I,j, l, 771:1, 2, s . s ,n). (2)

1 This work was completed while the author held a National Research Council-National Bureau of Standards Postdoctoral Research Associate-
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# Figures in brackets indicate the literature references at the end of this paper.
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If we define the n<Xn matrices R;=(¢;;;) and S;=(¢,;s) (where » denotes the row index and s
denotes the column index), then, by successively setting (1) m=r, l=s; (ii) i=r, m=s; and
(i) =7, m=s, we have

() BB~k (i) sisjzgci,ksk ®)
and
Gii) R,S,—S,R,, 4)

where R; is the transpose of R,.
Every element @ of 9 can be written uniquely in the form

=6t . . . Taue, . (5)
If we define

R@)=aRi+ ol . . . Fauly, Sl@)=aSi+ S+ . . . +aSh (6)

then the mappings a—R(a) and a—S(a) of 9 into the algebras of matrices, N and €, are homo-
morphisms, called the first and second regular representations of A. If we further assume that
I has an identity, then these mappings are isomorphisms.

We shall be interested in the particular case where 9 is the algebra Q of real quaternions,
that is, the algebra over the real field with basis elements ¢, ¢;, ¢, e; satisfying the following
conditions:

(i) e is the identity element of Q,
(1) e16a=—ese1=03, €263= —€32="01, €36,=—€,63= €3, (7)
(ill) ed=ei=es=—¢.

Then Ry=Sy=1 (the identity matrix) and

0 —1 0 0] 0 0 —1 07 0 0 0 —17
1 0 0 1 OO
B=y 0 — Ba=l 0 B= g 1 o0 of @
L 0 1 0] L 0 —1 0 0] L1 0 0 0]
0 1 0 0] 0 0 1 0] 0 0 o0 17
—1 0 0 0 0 0 0—1 0 _
Si= 0 0 —1 5= _1 0 0 o Sv= 1 of &
L 0 0 1 0] L 0 —1 0 0] L —1 0 0

Clearly, Ry, Ry, Rs, Sy, S,, S5 are each skew-symmetric and hence Q, the additive group of all
linear combinations of the R’s and S’s with real coefficients, is contained in Q,, the additive
group of all 44 real skew-symmetric matrices. However,

0 a b ¢
—a 0 d e
Q= :}é[a(sl_Rl)‘l‘b(Sz"'R2)+C(Sa‘—R3)—d(S3+R3)
S U S i) (10)
—c —e —f 0

that is, every skew-symmetric matrix ¢ can be expressed as a linear combination of R;, R,,
Rs, S, S, S;. Thus, ©; S Q¢ and hence Q;=LQ,. Since Q, has dimension six (when considered
as a real vector space), it follows that R,, Ry, R, S;, Ss, Ss are linearly independent and form a
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basis for ¢,. Hence, we have shown that every 4 X4 skew-symmetric matriz ©) can be expressed
as R(a)+S(b) for a unique pair of quaternions, a=oe;+ases+aze; and b= pe, 1 Boes1-Bses.
A quaternion whose ¢-coefficient is zero is called a pure quaternion.

3. Skew-Symmetric, Orthogonal Matrices

We are particularly interested in those matrices @ of Q, which are also orthogonal, and we
shall be able to characterize them in terms of the pure quaternions ¢ and b.
Since each of the R’s and §’s is skew-symmetric, (4) may be replaced by

R(a) S()=S(b) E(a). (11)

We define the norm, N(a), of the pure quaternion a=aje;+aest+aze; to be of +as+as.
Thus, N(a)>0 and N(a)=0 if and only if a=0. Furthermore, N(aa)=a’N(a) for every real
number «. It follows from (7) that a*= — N(a)e¢, and hence

R(a)’=S(a)*=—N(a) I. (12)

Furthermore, if a0, then ¢=a/yN(a) has norm 1 and is called the unit quaternion in the
direction of a.
We shall now derive some usoiul properties of the matrices R(a) and b(n) by means of

the mapping ¢ of the real vector (L—(ozl, s, az) into the quaternion a—a(a) This mapping
is clearly an additive isomorphism. Furthermore,

ab= V(Z)U(Z) = — (B + aBe -+ asBs) e+ (a1 Be— asBi)es
+ (B — auBs) e+ (B3 — azBs) ey = — (@ - I;) (/(J+U((;}*i)) (13)

- > - - - > =3 -
where @-b is the scalar or dot product of @ and b and a*b is the vector product of e and b. Since
the mappings a —R(a) and a —S(a) are isomorphisms; we have

R(@)R(®)=— (a-b)I+Ro(a*D)], S(@)S®)=— (a-b)I+S[s(a*b)]. (14)
It is well known that Z*Z: —Z*Z and since o(—a)=—o(a), it follows immediately from

(14) that

Levuva 1. If a and b are orthogonal pure quaternions (or equivalently, if 2-7):0), then
R(@)R(b)=—R(b)R(a). Similarly, if a and b are orthogonal pure quaternions, then

S(@)Sb)=—S®)S(a).

We define the conjugate, @, of the skew-symmetric matrix Q=R(a)-+S(b) to be R(a)—
S(b), and the norm, N(Q), of ¢ to be N(b)—N(a). It follows from (7) and (11) that

QQ=IR(@)+S®)] [R(a)—S®)]=[R()P—[S®)P= 00
=[—N(@)+N®)] I=N(@Q) I=N(@Q) I. (15)

- -
Now, let ¢ be any vector which is orthogonal to 6. Then ¢ is orthogonal to b and it follows from
(11) and Lemma 1 that

S©)QS(e)'=S()[R(a)+S®)1S(e) ' =R(a)—S(b)=q. (16)

Thus,  and @ are similar matrices and consequently have the same rank. Furthermore,
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det(Q)=det(Q) and by taking the determinants of the termsin (15) we have det(Q) det(Q)=
det[V(Q) I1=N(Q)*. Since the determinant of every real skew-symmetric matrix is non-nega-
tive, we have proven

Levma 2. Det (Q)=Det (Q) =N(Q)2.

We are now in a position to prove the main theorem of this paper. Riesz’ Theorem,
stated at the beginning of this paper, follows immediately as a corollary.

TaeoreM 1. The skew-symmetric matriz @ is orthogonal if and only if one of the following
conditions s satisfied:

(1) N(@Q)=—1 and b=0, (and thus Q=R (a)).
(1) N(@Q)=-+1 and a=0, (and thus (Q=S(b)).

Proor. Let @ be orthogonal. Then @ '=—@ and since, by (15), Q=N(Q) @7, it
follows that

@=—N(Q) Q. (17)

Taking the norm of each side of this equation, we have

N(Q=N(@)=N—N(@Ql=[-N@F N(@=IN@QFP. (18)

Since @ is nonsingular, N(@) >0 and hence N(Q)= 1.
Case 1. N())=-+1. Substituting this value in (17), we have

0=Q+Q=[R(a)+S®)]+I[R(@)—S®)]=2 R(a). (19)

Thus, R(a)=0 and hence a=0.
Case 2. N(())=—1. Again, by (17), we have

0=Q—Q=I[R(a)+SO®)]—[R(a)—8(b)]=2 S(b). (20)
As before, b=0.

Conversely, if =0 then Q=@ and it follows from (15) that if N(Q)=—1 then QQ@= @*=
—1. Thus Q is orthogonal. Similarly, if a=0 then Q= —@ and it follows from N(Q)=-1
that QQ=@Q?=—1. Again, () is orthogonal.

To prove Riesz’” Theorem, let P and @ be two skew-symmetric, orthogonal matrices.
Clearly, we can assume that P=R(a) for some pure unit quaternion a. If =S(b) for some
b, then, by (11), [P,Q]=PQ—@QP=0. On the other hand, if )=R(b) for some b, then, using
(14), we have

- -

[P, Ql=R(a)R(b)—R(b)R(a)=2 Rls(a*b)]=LR[s(2(a*b))]. (21)
If g::{:g, then 2*-()):0 and [P, Q]=0. If ;¢ :l:z, then ;L)*Z?f(). Since @ and b each have
norm 1, N[o(2(@*))]=4N[r(a*b)]=45 where 1>5>>0. If we now set c=2(a*b)¥E= (a*b)/43,

- -
then R[o(2(a*b))]=46R(c). Since cis a unit quaternion, F2(c) is a skew-symmetric, orthogonal

matrix and the theorem is proved.

CoroLrArY 1. Let P, Q be skew-symmetric, orthogonal matrices such that P+ +Q. Then
P and Q commute if and only if N(P)N(Q)=—1.

CoRrOLLARY 2. FEvery skew-symmetric matriz Q can be written as aR-BS for unique a, 8,
R, S, where «, 8 are real numbers and R, S are skew-symmetric orthogonal matrices.

92



4. The Lorentzian Metric
The Lorentzian metric on a real four-dimensional vector space V is defined by the matrix

+1 0 0 0
0 +1 0 0

J= - ! (22)
0O 0 41 0

0 0 0 ==l

We shall denote this space by ¥,.

The norm, N(z), of a vector x= (xy, 25, 25, z4) is given by z’Jr=a}-+a}+ 23— Clearly,
N(z) may now take on all real values. If N(z)=0, it does not follow that z=0. A vector
satisfying this equation is said to be isotropic or lightlike. We define a matrix A to be orthog-
onal with respect to J (or Lorentzian-orthogonal) if A’JA=J. An alternate definition for
the Lorentzian-orthogonality of a matrix is that it be the matrix of a norm-preserving linear
transformation on .

By analogy with the Euclidean case, we define a matrix  to be skew-symmetric if it
satisfies the equation z’@QJz=0 for every vector z in ®. Then, Q is skew-symmetric in the
Lorentzian sense if and only if ./ is skew-symmetric in the Euclidean sense. Furthermore,

Lievma 3. A is both orthogonal and skew-symmetric (in the Lorentzian sense) if and only
if A=QdJ for some skew-symmetric (in the Fuclidean sense) matriz @ and

(JQ)=(Q))*=—1. (23)

Thus, we have reduced the problem of Lorentzian skew-symmetric, orthogonal matrices
to a corresponding problem involving Euclidean skew-symmetric matrices satisfying (23).
Turorem 2. There does not exist @ matrixz @ satisfying (23).

Proor. A simple calculation shows that
JRJ=+8;, JSJ=+R,, (+ when =3, — when i1=1,2). (24)

Suppose there exists a skew-symmetric matrix @ satisfying (23). Then we can set
Q=R (a)+S(b) for some a and b and JQJ=R(c)+S(d). By (24), N(¢)=N(b) and N(d)=N(a).
Hence,

N(Q) =N(@Q)=—N(JQJ). (25)

Since (QJ)*’=—1, we have (det @)* (det J)*=(det Q)= (det (—1))=-+1. Combining this
with Lemma 2, we have

IN(Q)P=det Q=det @=+1. (26)

Also, it follows from (15) that Q'=(1/N(Q))Q and from (23) that Q-'=—JQJ. Equating
these two expressions and taking the norm of each term yields

N@Q=—NJQJ)=—N(Q)=—N[1/N@)Q=—[1/NQPFN@=—1/N@Q). (27)
Thus, N(Q)*=—1, which contradicts (26).

5. Conclusion

The corresponding problem in the two-dimensional case is trivial since there only exist
two skew-symmetric orthogonal (Euclidean) matrices, namely, I:—(l) (1)] and I:(l) _(1)] These
clearly commute since one is the negative of the other. On the other hand, if the quadratic

93



form of the metric is given by [(1) _(1)] then it can be shown that no skew-symmetric

Lorentzian, orthogonal matrices exist.

Little is known about the structure of higher dimensional skew-symmetric orthogonal
matrices. The methods of this paper are isolated and it is not expected that they can be used
in a discussion of higher dimensions.
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