Journal of Research of the National Bureau of Standards

Vol. 61, No. 2, August 1958 Research Paper 2893

Effect of Crystal Field and Spin-Orbit Coupling on
Magnetic Susceptibility of Systems with f* Electron Con-

figuration®

Charles M. Herzfeld and Daniel B. Levine

The effects of a crystal field of octahedral symmetry and of spin-orbit coupling on an

ro

ion with f2 electron configuration are considered.
The eigenvalues and eigenvectors of the resulting

field potential are taken into account.

Only fourth-degree terms in the erystal-

33 <33 secular determinant are determined numerically on the 704 electronic computer at
the National Bureau of Standards for eight values of D/¢, where D is a crystal-field param-

eter, and ¢ the spin-orbit

tabulated for D/f=—10"4 —2X1074,

—10-1.

interpolation, for values of D/¢ not tabulated.
caleulated and displayed as a function of temperature and D/¢, for ¢
The relation of the results of the calculations to measurements on compounds

5X 102 em™1,
of U**is discussed.

1. Introduction

The magnetic and optical properties of ionic and
atomic species in solids are affected considerably by
their neighborsin thelattice. Crystal-field theory [1]!
furnishes a simple but reliable technique for taking
such effects into account. In this paper are dis-
cussed the combined effects of the crystal field and
the ionic spin-orbit coupling on the magnetic sus-
ceptibility of ions with an f* electron configuration.
Examples of such systems are the Nd*™* (4/?) and U**
(5f* salts; in the discussion the results are applied
to some of the latter. Penney and Schlapp [2] have
studied the properties of ions with f* configuration
in a crystal field of cubic symmetry, with the assump-
tion that the energy of spin-orbit coupling is very
large (effectively infinite) compared to the crystal-
field effect. They considered terms of fourth degree
in the potential expansion, but neglected terms of
sixth degree. Recently Hutchison and Candela [3]
have treated the problem taking the sixth-degree
terms in the potential into account, but they also
assumed the effect of the ionic spin-orbit coupling
to be large compared to the erystal-field splittings.
The calculation reported in this paper makes no
special assumption about the relative size of the
crystal-field effect and the spin-orbit coupling, but
neglects the sixth-degree terms in the potential
expansion.

The Hamiltonian of an ion embedded in a crystal
lattice, in the presence of an external magnetic field,
may be written schematically in the form

H=H,+¢ L-S+H,+ p-H. (1)

Here H, is the sum of three types of terms: The
kinetic energy of the electrons of the ion, the potential
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energy of the electrons in the field of the nucleus,
and the energy of mutual repulsion of the electrons.
The term proportional to ¢ gives (approximately) the
spin-orbit interaction of the electrons. H, sum-
marizes the perturbations of the electrons arising
from the neighbors of the ion in the lattice, and u-F
is the energy of the ion with magnetic moment g in
an external magnetic field /7.  The eigenvalues of H
are required for the calculation of the magnetic sus-
ceptibility.

2. Eigenvalues of the Hamiltonian

The form of the crystal-field energy H, depends
on the symmetry of the site of the ion. If this sym-
metry is cubie, H, can be written in the form [1]

H,=C+ A= (xi+yi+zi— (3/5) rt)+ higher terms. (2)

Here (7is a constant which can be disregarded for
this calculation, x;, 7, and z, are the coordinates of
the 2th electron (the nucleus of the ion is at the
origin), r,= (xi+1i-+ 29", and A gives the magnitude
and sign of the classical potential energy. Two
sases of cubic symmetry are of interest: 1. The ion
is at the center of a regular octahedron, with nega-
tive charges located at the vertices. 2. The ion is
at the center of a cube, with negative charges located
at the vertices. In this calculation only the octa-
hedral case is considered, where A= (35¢e)/(4r}),
with ¢ the electronic charge, e the charge at a given
vertex, and 7, the distance from center to vertex.
The ground state of a free ion with f* electron
configuration is *//;, but since the effect of spin-orbit
coupling is to be taken into account explicitly, the
crystal-field calculation must involve all 33 states of
the 3H Russell-Saunders level: 3/, 3H;, and /.
The most convenient representation is SLMM,,
with S=1 and L=5. The matrix for H,4¢L-S is
written out explicitly in this representation, using
matrix elements calculated from the formulas {of
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Schlapp and Penney [4]. This matrix depends
on two unknown parameters: {, which gives the
magnitude of the spin-orbit coupling, and D, the
magnitude of the crystal-field perturbation. D is
proportional to A4 of eq (2), and to (), the average
of 7* for the f electrons. These parameters are dis-
cussed below. The secular determinant of the
33 (33 matrix so obtained can be factored into one
99 and three 88 determinants by rearranging
rows and columns. The eigenvalues of the matrix
are computed by solving for the roots of the factored
secular determinants; the eigenvectors are also ob-
tained. This computation was carried out on a 704
electronic computing machine, with a method due
to Jacobi, adapted for machine use by Givens [5].
The elgenvalues are shown in figure 1 as a function
of D/¢. The eigenvectors (which are also functions
of D/¢) are not shown, because the effect of their
variation with /¢ can be taken into account more
efficiently in ways discussed below.

The matrix u-H is caleulated in the SLMM, rep-
resentation, and then transformed for each value of
D/¢ to that representation in which H,4¢L-S is
diagonal, using the eigenvector matrix of H,+¢L-S
for the appropriate value of )/¢. Then the eigen-
values of w/l are calculated with second-order
perturbation theory.

The eigenvalues of H,+¢L-S-+pu-IH are of the form
W=W.,+WH+W,H?. Here W, is the eigenvalue

of H,+¢L-S, and W, and W, give the first-order and
second-order contributions of u-/. The values of
W./c, Wi/B, and Wyi/p* are tabulated in table 1, for
the eight values of 1)/¢ for which the caleulation has
been carried out (B8 is the Bohr magneton). Each
state is designated by a set N of two quantum num-
bers i and j; 4 is a label for the irreducible represen-
tation of the cubic group [6] of the level W, and j
indicates the factor of the secular determinant in
which the eigenvalue occurs. The original 33<33
secular determinant factors into four determinants:
(One basis vector is given, to identify the determi-

nants) D;: |[Mp=3, Jlsf—l> Dy:|—5, —1), Dy:|—4,
—1), and Dy:4, 1). D;is a 99 determinant, the
others are 8 X8. It turns out that the different states

belonging to a degenerate level W, arise always from
different determinants, and further that the set of
determinants from which they arise characterizes
the irreducible representation of the octahedral group
to which the level belongs [6]. Thus nondegenerate
levels with j=1 belong to T, and those with j=2
belong to T';.  Doubly degenerate levels, always with
j=1 and 2 belong, of course, to T}. lnplv degen-
erate levels with j=1, 3, and 4 belong to Ty, those
with 7=2, 3, and 4 to T5. The method of assign-
ment is simple One T, state must be identified as
such; the other assignments can be made by inspec-
tion, by noting whether any nonvanishing matrix
elements of w-H connect T, with the unidentified

200

200 T T
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e
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T

0 . . - e
-1073 2 5 -10-2 -107!
0/t

Frcure 1.  Eigenvalues W, of crystal-field and spin-orbit coupling as function of D/¢.

Calculations are made only for the values shown on abscissa.
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TaBre Y.  Cocefficients in expansion of encrgy levels: W= W - W H-+ W,H?

Dfe=—10- Df¢=—2X10-+
N Welt Wi/ Wag/B? N Wele LY/ ] Wat/8?
1,1 —6.0138 0 —133.0 1,1 —6.0276 0 —67.4
41 —5. 9820 0 —125.0 41 —5.9646 0 —61.3
43 —5.9820 —0. 404 —12.4 43 —5. 9646 —0.411 —6.22
44 —5.9820 L 404 =1 4,4 —5. 9646 L411 —6.22
3,1 —5.9502 0 258.0 Al —5.9194 0 129.0
3,2 —5.9592 0 —37.50 3,2 —5.9194 0 —18.8
5,2 —5.8901 0 37.31 5,2 —5.7801 0 18.7
53 —5. 8901 1.998 12.2 543 —5.7801 1.999 6.05
54 —5. 8901 —1.998 12.2 5,4 —5. 7801 —~1.999 6.05
41 —0.9936 0 —25.5 41 —0. 9872 0 —12.4
43 —. 9936 —3.013 —253.0 43 —. 9872 —3.006 —132. 62
44 —. 0936 3.013 —253.0 44 —. 0872 3.006 —132.62
5,2 —.9724 0 —75.02 5,2 —. 9454 0 —37.0
53 —. 9724 —2.587 221.0 53 —. 9454 —2.581 117.0
5,4 —. 9724 2,587 221.0 5, 4 —. 9454 2,581 117.0
3.1 — 9156 0 —1490.0 31 —. 8303 0 —789.0
3,2 —. 9156 0 75.06 32 —. 8303 0 37.0
4,1 —.9055 0 1520.0 41 —. 8107 0 801.0
4,3 —. 9055 2. 506 31.8 43 —. 8107 2.505 15.6
44 —. 9055 —2.506 31.8 44 —. 8107 —2.505 15.6
31 4.9924 0 —25.3 31 4. 9848 0 —1.34
3,2 49924 0 —5759. 6 32 4. 9848 0 —2025.0
5,2 4.9985 0 5041, 9 5,2 4.9971 0 2569. 0
5,3 49985 —0.696 —46. 4 53 4.9971 —0.688 —23.2
5, 4 49985 - 696 —46.4 5, 4 4. 9971 .688 —23.2
2,2 5.0168 0 623,82 2,2 5. 0336 0 309. 0
5,2 5.0823 0 93.97 52 5.1652 0 46.7
53 5.0823 —2.224 —956.0 53 5. 1652 —2.230 —478.0
5, 4 5.0823 2,224 —956.0 5,4 5. 1652 2.230 —478.0
4,1 5.0094 0 —1165.0 4,1 5.1992 0 —635.0
4,3 5.0994 —0.586 1000. 0 4,3 5.1992 —0.590 501. 0
4,4 5.0994 - 586 1000. 0 4 4 5.1992 590 501.0
11 5.1146 0 1190, 0 1,1 5. 2291 0 636. 0
D/ =—5X10-4 D/g=—10-3

N Wit Wi/B Wat/ge N Wt Wi/B Wat/B2
1,1 —6.0692 0 —27.43 1,1 —6. 1394 0 —14.08
4,1 —5.9158 0 —25.66 41 —5. 8451 0 —13.09
4,3 —5.9158 —0. 4251 —2.586 43 —5.8451 —0. 449 il
4 4 —5.9158 . 4251 —2.586 44 —5. 8451 . 449 —il iy
3.1 —5.8053 0 52.91 31 —5.6317 0 26.99
3,9 —5.8053 0 —17.670 3,2 —5.6317 0 —3.967
5,2 —5.4507 0 7.475 5,2 —4.9024 0 3.757
5,3 —5.4507 2.000 2. 405 53 —4.9024 1.998 1.18
5,4 —5.4507 —2.000 2.405 5, 4 —4.9024 —1.998 1.18
41 —0.9682 0 —4. 692 41 —0.9363 0 —2.122
43 —. 682 R —56.13 43 —.9363 —2.935 —30.90
4,4 —. 9682 2.978 —56.13 4,4 —.9363 2.935 —30. 90
5,2 — . 8685 0 —14.09 5,2 —. 7527 0 —6.546
5,3 —.8685 —2.578 50.02 53 —. 7527 —2.576 27.90
5 4 —. 8685 2.578 50.02 5, 4 —. 7527 2. 576 27.90
3.1 —. 5695 0 —335.9 ad —.1203 0 —198.0
3,2 —. 5695 0 14.14 3,2 —.1203 0 6. 605
4,1 —.5243 0 340.7 4,1 —. 0421 0 200. 1
4,3 —.5243 2,501 6.128 43 —. 0421 2.492 2.99
4 4 —.5243 —2. 501 6.128 44 —. 0421 —2.492 2.99
31 4.9628 0 —4.931 31 4.9280 0 —2.382
34> 4.9628 0 —1137.0 3.2 49280 0 —561. 5
5,2 4.9936 0 990. 3 5,2 4,9900 0 485.8
5,3 4.9936 —0. 6639 —9.030 53 4,9900 —0. 621 =7L5%)
5, 4 4.9936 6639 —9.030 5, 4 49900 L 621 —4.33
2,2 5. 0840 0 129. 1 2,2 5. 1680 0 67.30
5,2 5.4176 0 18,01 52 5. 8490 0 8. 557
5,3 5.4176 —2.258 —196.8 5.3 5. 8490 —2.300 —103.0
5, 4 5.4176 2.258 —196.8 5, 4 5.8490 2.300 —103.0
41 5. 5003 0 —257.1 41 6.0076 0 —134.4
43 5. 5003 —0.5979 206. 0 4,3 6.0076 —0. 614 107. 00
44 5. 5003 L5979 206. 0 44 6.0076 L 614 107. 00
ikl 5. 5732 0 262.2 1,1 6.1474 0 137.0
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TasLE 1. Coeflicients in expansion of energy levels: W=W 4+ W,H-+ W,H2>—Continued

D}¢=—2X10-3 D/¢=—5X10"3
N Wel¢ wi/B Wuglg? N We/§ wiB Wit/s?
1yl —6. 2820 0 —7.43 i il —6.722 0 —3.262
4,1 —5. 7382 0 —6.910 4,1 —5.616 0 —3.271
4,3 —5. 7382 —0. 504 ={).78 4,3 —5.616 —0. 7050 —0. 5133
4,4 —5. 7382 . 504 {1 71 4,4 —5.616 . 7050 —0.5133
3,1 —5. 3365 0 14.1 3,1 —4.7223 0 6.304
3,2 —5. 3365 0 =210 3,2 —4.7223 0 —1.222
5,2 —3. 8105 0 1.92 5,2 —0.7915 0 0.7243
5,3 —3. 8105 1. 991 0. 555 5,3 —. 7915 0. 4043 —14.86
5,4 —3. 8105 =il Gl 0. 555 5,4 —. 7915 —. 4043 —14.86
4,1 —0. 8705 0 —0. 873 4,1 —. 6382 0 —0.2233
4,3 —. 8705 —2.830 —18.4 4,3 —. 6382 —2. 494 2.200
4,4 —. 8705 2. 830 —18.4 4,4 —. 6382 2.494 2.200
5,2 —. 5600 0 —2.90 5,2 L0147 0 —0.8934
5,3 —. 5600 —2.571 17.0 5,3 L0147 =il (gl 12.34
5 4 —. 5600 2.571 17.0 5 4 .0147 1.071 12.34
3,1 . 8211 0 —138.0 3,1 3.623 0 —39.13
3,2 . 8211 0 2.94 3,2 3.623 0 —3.4767
4,1 . 9373 0 138.0 4,1 3.946 0 35.88
4,3 L9373 2.471 1. 46 4,3 3.946 2. 380 0. 5397
4,4 9373 —2.471 1.46 4,4 3.946 —2. 380 . 5397
3,1 4. 8674 0 —1.09 3,1 4.979 0 3.132
3,2 4. 8674 0 —276.0 3,2 4.979 0 —291.4
5,2 4. 9917 0 236.0 5,2 5.069 0 277.1
5,3 4.9917 —0. 543 —1.97 5,3 5.069 —0. 3325 —0. 5070
5,4 4.9917 . 543 —1.97 5 4 5.069 . 3325 —. 5070
2,2 5. 3360 0 36. 4 2,2 5.840 0 17.88
5,2 6. 7467 0 3. 89 5,2 9. 628 0 1. 256
5,3 6. 7467 —2.375 —55.9 5,3 9. 628 —2. 5010 —26.82
5,4 6. 7467 2.375 —55.9 5,4 9. 628 2. 5010 —26.82
4,1 7.0394 0 —72.7 4,1 10. 228 0 —35.21
4,3 7.0394 —0. 630 58.1 4,3 10.228 —0. 6806 27. 61
4,4 7.0394 . 630 58.1 4,4 10.228 . 6806 27.61
1kl 7.2980 0 7.0 ikl 10. 762 0 35.78

Dfr=-10"? D[¢=—10"1

N Wele Wil Wag/g? N Welt Wi/ Wag/g?
ikt —7.4748 0 —1.829 il —21. 447 0 —0. 384
4,1 —5. 8051 0 —1.796 4,1 —18.68 0 —. 012
4,3 —5. 8051 —1.0826 —0. 4688 4,3 —18.68 —2.289 =119
4,4 —5. 8051 1.0826 —. 4688 4,4 —18. 68 2. 289 = ki)
3,1 —4.1400 0 3.305 3,1 —13. 228 0 . 087
3,2 —4. 1400 0 —1.252 3,2 —13. 228 0 —55. 54
5,2 —0.3442 0 —0.3923 5,2 —12. 856 0 55.19
5,3 —. 3442 —2.706 —20.34 5,3 —12. 856 —2.583 —0. 064
54 —. 3442 2.706 —20. 34 5,4 —12. 856 2. 583 —. 064
4,1 —.1148 0 —0.0517 4,1 14. 374 0 . 041
4,3 —.1148 —1.972 19. 86 4,3 14. 374 —0.470 —. 872
4,4 —.1148 1.972 19. 86 4,4 14. 374 . 470 —. 872
3,1 4.2067 0 —0.1733 3,1 14. 81 0 0. 216
3,2 4.2067 0 —22.78 3,2 14.81 0 =ikt
5,2 4.8578 0 4. 865 5,2 19. 424 0 —3. 865
5,3 4.8578 1. 454 —0. 6913 5,3 19. 424 —0.143 0.972
54 4.8578 —1.454 —. 6913 5,4 19. 424 L 143 972
5,2 5. 5857 0 6. 340 2,2 21.8 0 6.010
5,3 5. 5857 0. 3332 0. 8526 5,2 99. 38 0 0. 0443
54 5. 5857 —. 3332 - 8526 53 99. 38 0.427 —1.46
2,2 6. 6800 0 12.03 5,4 99. 38 —. 427 —1.46
4,1 9. 0480 0 —22.92 4,1 100. 483 0 —0. 966
4,3 9. 0480 2. 247 0. 2985 4,3 100. 483 1. 426 . 874
4,4 9. 0480 —2.247 0. 2985 4,4 100. 483 —1. 426 874
3,1 9. 6933 0 23. 06 3,1 114. 018 0 —0. 004
3,2 9. 6933 0 0. 6781 3,2 114.018 0 —. 0716
5,2 14.741 0 . 5104 5,2 115. 452 0 . 1186
5,3 14.741 —2.582 —15.99 5,3 115. 452 —1. 206 —2.00
54 14.741 2. 582 —15.99 5,4 115. 452 1. 206 —2.00
4,1 15.712 0 —21.92 4,1 119. 223 0 —6.65
4,3 15.712 —0. 6925 16.48 4,3 119. 223 —0. 161 2.67
4,4 15.712 . 6925 16. 48 4,4 119. 223 161 2. 67
i 16. 555 0 22.33 1L 121. 247 0 7.67
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level. The lowest lying level belongs to I'; and arises
from D,. Matrix elements for u-# that connect any
eigenvector of [); with any vector of the matrices of
the other determinants must vanish. Therefore
only levels with 7=1 are thus connected to I';, and
hence levels with 7=1, 3, and 4 belong to I's. Sim-
ilarly for all other levels.

The results in table I cover a wide range of situa-
tions, and allow one to calculate magnetic properties
quite readily. The method of presentation of the
results permits their adaptation in two ways. First,
the eigenvalues can be adapted to any finite nonzero
value of the spin-orbit coupling constant ¢. For posi-
tive ¢ the problem corresponds to the octahedral case
with 2 configuration. (Kor negative ¢ the problem
corresponds to the cubic case with /2 configuration.)
The adaptation is straichtforward. Thus for D/¢=
—10~* and for the state N=2,3, W /t=—5.9820,
W,i/B=—0.404, W,¢/8*=—124. Hence W, =
—5.9820¢, W,=—0.4048, W,=—12.4p8%*/¢. If (=103
cm™!, W,=—5.9820X10% em™!, W,=—0.4048, W=
—12.4p°107%  The second adaptation involves
interpolation of the results for values of D/¢ other
than those covered here. This can be accomplished
by a graphical interpolation of the values in table I.
These vary sufficiently slowly to permit interpolation
of W,, Wi, and W, for each state.

3. Calculated Magnetic Susceptibility and
Discussion of the Results

The magnetic susceptibility per mole, X, of ions
with 72 configuration was calculated [7] for a powder,
as a function of temperature and /). The results
are plotted as x ' in figure 2. The results for our
calculation for ¢=10° em™, and {=5>(10* em™! are
given for several values of ). Also some results of
the theory of Penney and Schlapp [2] (effectively
{=») are shown. For D/f=—10"!, —1072, and

o ! 1 !
[¢] 100 200 300
TEMPERATURE ,°K

400

Ficure 2.

Curves Ax for D=—0.1 em~!; Bi for D=—0.5 cm~!; Ck for D=—1.0 cm!; and
Dy for D=—2.0 cm~!. k=1corresponds to =500 cm-1, k=2to {=103cm-!. Curves
C3 and Dj are taken from Penney and Schlapp theory (¢= ), and crystal-field
splittings comparable to C; and D;, respectively.

x~! versus temperature.
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— 51075 with {=10% em™!, x 7' is practically inde-
pendent of temperature up to 300°K, and equals
5,102, 1,080, and 602, respectively.

The matrix elements of H,+¢L-S are given [2]in
terms of the two undetermined parameters ¢ and D.
The value of ¢ in a solid is uncertain, though the free
ion value is often a useful first approximation. The
correct value of ¢ for U™ lies probably [3] between
600 cm ' and 800 em™'. Thus the calculated sus-
ceptibilities reported in this paper bracket the most
likely value. Direct calculation, using eigenstates
| /23H M M) obtained by standard methods [8] shows
for the regular octahedron that the parameter
D— —2mee(r*/(9r4°), indicating that D is negative.

The calculations reported in this paper agree in a
general way with the measurements and calculations
of Hutchison and Candela [3] on [(CH3)4N], U Cl,.
They find a value of x;'=520, which is independent
of temperature over the range measured, and explain
this satisfactorily with their theory. Because the
calculations reported in this paper always give a
nondegenerate groundstate (I';), they also give a
temperature independent x,' for sufficiently large
crystal-field splittings, and this for any value of ¢.
The calculations reported in this paper shed some
light on other measurements [9] of powder suscepti-
bilities of compounds containing U™, These measure
ments (on U(SOy), 4H,0, U(C,0,), 6H,0, UF,Nak,
(y)UF2NaF, and UF3NaF) cannot be explained by
a theory of the Penney and Schlapp type (. e.,
{= =), nor by the present theory, though the present
calculations somewhat improve agreement with the
measurements on U(C,0;) 6H,O. This indicates
that the finite value of ¢ does not play a very im-
portant role in these systems, and that a more
realistic crystal-field potential, involving terms of
second, fourth, and sixth degree, is required for an
understanding of these systems.

The computation of the eigenvalues W and the
eigenvectors was carried out on a 704 computer by
Miss Irene Stegun of the Computation Section of the
Applied Mathematics Division of the National
Bureau of Standards. Her help was essential for
this study, and is gratefully acknowledged.
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