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Sample Calculations of Gamma-Ray Penetration 
Into Shelters: 

Contributions of Sky Shine and Roof Contamination 1 

Martin 1. Berger and James C . Lamkin 

An approximate method is presented for calculating t he penet ratio n of gamma radia­
t ion in shelters . Sample calculat ions, for an assumed source energy of 1 million electron 
volts, are given for t il e followin~ problems: (1) Dose rate inside houses and underground 
shelters whose roofs are co vered wi th radioactive fallou t, a nd (2) dose rate in open holes 
duc to refl ected radiation (sky shin e) from fallout contamination on t he surrounding ground . 
A detailed examinatio n is made of t hc dependence of t he dose rate in a shelte r on t he sha pe 
of t he shelter , and on t he position of t he detector within t he shelte r. The est imated accuracy 
of t he calcul ations is ± 30 percent . 

1. Introduction 

The shielding against gamma radiation provided 
by sh elter s, houses, and similar structures is of con­
sidel'fible practical interest. The exp erimental data 
on this problem fire usually obtained under complex 
circums tances, so that they are difficult to interpret. 
It is desirable, therefore, to obLain some theoretical 
unders tanding of tbe shi elding problem . Calcula­
tions with th e r equired accuracy (SfiY 30 to 50%) 
appear feasible, and are perhaps easier than experi­
m ental determinations. 

The well-dev eloped semianfilytic theory of th e 
penetration and diffusion of gfimma radiation 
[1,3] 2 trea ts only infinite homogeneous m edia, and 
is thus not directly applicable to the problem under 
cons ider ation which involves more complica ted 
boundary conditions. Yet the theory provides th e 
foundations on which t'he calculations can be canied 
out. It would be possible, but rather laborious, 
to taJ;;e the boundary conditions into account by 
means of random sampling (Monte Carlo) . An­
other fipproach appears more promising- th e adapta­
t ion of infinite-medium results to r ealistic conditions 
through a suitable sch ematization. 

It is the purpose of this paper to explore one such 
sch ematization t hat can be applied to calculations 
of hielding againstfallout radiation. In this sch emat­
ization, the radiation dose inside a sh el ter is com­
puted as a suitable weighted integral over th e angular 
distribution of the radiation dose in an infinite 
m edium . The present paper contains only pilo t 
calculations. More extensive and systematic cal­
culations arc now in progress as part of a National 
Bureau of tandards program of shelter evaluation, 
carried out under t he auspices of th e F ed eral Civil 
D efen e Administration. 

1 Work supported by t be Federal Civil Defense Adm inistration . 
• Figures in brackets indicate t he literature refcrences at the end of this paper. 

2. Schema tiza tion 

The nature of the ch ematization can b e most 
easily explained by applications to specific problems. 
Generalization to other situations is th en traigh t­
fon.vard. Figure 1 illustrates th e sch ematization 
to b e employed for three typical situ ations that will 
form Lhe b asis for our discussion. 

2. 1. Underground Shelter With Roof Covered by 
Fallout 

The shelter roof and th e surrounding ground are 
assumed to be covered wi th radioactive material 
that con titutes a plane isotTopic SOUTce oj gamma 
mdiation of constant strene-th per unit ar ea, which 
emits gamma rays uniformily in all directions. 

Simplification 1. Different materials of low aver­
age atomic number , s uch as ail', concreLe, earth, or 
water, have n early the same gamma-ray mass 
attenuation coefficients. Provided that all distan ces 
from the source are expressed in units of mass per 
unit area, it is therefore a good approximaLion to 
r eplace the combination air-concrete (01' earth) by a 
concrete medium that is infini te and homogen eous, 
except th at it contains an ail' cavity (the inside of 
the shelter). 

Simplification 2. In order to r each a detector 
somewhere inside the shel ter , radiation must pen e­
trate varying amounts of concrete or earth , depend­
ing on its path. R adiation coming through th e 
ceiling has the least amount of m aterial to traverse 
and is th erefore least attenuated. There ar e two 
types of paths on which photons could r each the 
detector through th e floor . They can detour the 
shelter to come up from b elow, but in this case the 
attenuation is so s trong that th e contribution of the 
detoured photons is negligible. There is also th e more 
important possibility for photons to enter the shel-
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tel' through the ceiling, to penetrate into the 
floor (or side walls) and then to be backseattered. 
Some radiation will also penetrate to the detector 
through the side walls of the shelter. But because 
of the small size of a mean free path in concrete or 
earth ( a few inches) only a small side-wall region 
near the ceiling can make a nonnegligible contribu­
tion, resulting in an effective ceiling area somewhat 
larger th an the true ceiling area . Both the baek­
scattering correction and the side-wall penetration 
correction are small. They are briefly discussed in 
sections 6.1 and 6.2 but are omitted from the 
initial schern atization. It will be a good first ap­
proximation to consider only radiation entering 
through the ceiling. Th e mean free path in air is 
of th e order of several hundred feet, and is very 

S chemalizalion . 

large compared to the shelter dimensions. The 
radiation thus travels in a straight line inside the 
shelter and can reach a detector only if its direction 
of mo tion lies within the solid angle subt,ended by 
the ceiling with respect to the detector. This solid 
angle is indicated in figure 1 by the label "allowed 
directions." The no tion of "allowed directions" will 
be formalized later through the introduction of an 
"angular response function." 

Summary of the Oalculation. Th e calculation con­
sists of the following steps: (1) Replacement of the 
air-shelter complex by an infinite concrete medium; 
(2) computation of th e amount and angular distribu­
tion of the radiation in such a medium, at a distance 
from an infinite plane isotropic source equal to the 
thickness of the shelter roof ; (3) computation of the 
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angular response function for a specific shelter­
detector corr6guration; (4) computation of the total 
amount of radiation received by the detector, by an 
integral over the angular distribution weighted by 
the angular response function; and (5) corrections to 
account for additional radiation reaching the de­
tector through the side walls, and by the r eflection 
from interior surfaces of the sh el ter. 

2.2 . House With Roof Covered by Fa llout 

As indicated in figure 1, the schematizat ion for 
this problem is essentially the same as for the 
previous problem. A number of points require com­
ment, however. 

(1) The contamination now is confined to the roof 
so that the plane-isotropic source is finite. Yet the 
situation is practically equivalent to that of an 
underground shelter underneath an infinite con­
taminated plane. Note that in th e underground 
shel ter, fallout from r egions oth er than that directly 
above the roof does not contribute appreciably to 
the dose, beeause of the large amount of intervening 
ear th. 

The equivalencc is, of course, only approximate. 
To illustrate Lhe order of magnitude of the elTor in­
vol ved, one may consider the following point. In 
the schematization, approximately 10 to 15 percent 
of the energy emitted by the source is reflected back 
toward the roof. In the actual si tuation, with air 
above the roof, this reflected radiation would spread 
laterally, and most of it would come clown on the 
ground surrounding the roof. The reflected radiation 
assumed incorrectlv to be incident on the roof is low 
in energy and dif)"u se in direction, so that its pene­
trating power is much less than that of the source 
radiation. Hence, the resulting close-overestimate 
will only be a few per cent. 

(2) Th ere is a somewhat better chan ce than in the 
case of an underground shelter, that radiation o1"igi­
nating on th e roof will reach the drtector through the 
side walls. But this radiation consists mainly of 
photons wbich after r epeated air scattering arc 'inci­
dent on the side walls with low energies and therefore 
are not very penetrating. 

(3) If the ground surrounding the house is also 
covered wiLh fallout, the pen etration of radiation 
through the side walls becomes very important. The 
numrrical details of this case are not worked ou t in 
the present paper, but the same schematiziltion could 
be a.pplied as in the case of a roof contamination, 
through the introduction of appropriate allowed 
direc tions and angul ar response functions defined 
with rcspcct to th e side walls, or perhaps the windows. 

2.3. Open Hole Surrounded by Fallout 

Again , th e schematization is essentially the same 
as in 2.1. The detector is now in a position where it 
canno t "sec" the source, i. e., only scattered radiation 
can reach it. This scattered radiation will consist 
mainly of photons that have gone up into the air and 
are reflected into the hole by scattering. This radia­
tion component is custom arily called sky shine. The 

radiation distributions that must now be used in steps 
(2) and (4) of the schematized calculation arc those 
pertaining to the scattered flux at the source plane. 

3 . Mathematical Formulation 

An isotropic source of gramma radiation is as­
sumed to be 10ciLted in the plane z= O. Let i D(Z, 0) 
sin Odo denote the dose delivered to a detector in an 
infinite homogeneous medium at a dis tance z from 
the source plane, by photons inciden t on the detector 
at angles between 0 and O+dO (wi th respect to tb e 
z-axis). Dose means the quantity technically called 
"absorbed air dose", i . e., energy dissipated in air, 
m easured in rads (100 ergs/g) [2]. .It will be con­
venient to express th e dose distribution in the form 

i D(Z,O) = fe z) g( z,O), (1) 

where g(z,O) is an angular distribution normalized to 
unity: 

J:"" g(z ,O) sin odo= 1. (2) 

The factor ]( z) will represent the attenuation of 
radiation by the roof of thickness z in the problems 
of the house or undergro und shelter. For the open 
hole, one must replace ](z) and g(z,O) by quantities 
] s (z) and Os (z ,O) pertaining to scattered radiation. 

Let the shelter-detector configuration be such that 
only a fraction 1/; (0) of the photons with direction 0 
can r each the detector. This function is called the 
angular response fun ction and is further discussed 
in section 5. The do e D (z) r eceived by the partially 
shielded detector in the shel ter is expressible as the 
product of three factors: 

D (z)=Cj(z) O(z), (3) 
,vhere 

G (z)= So" g (z, O) 1/;(0) sin OdO , (4) 

and C is a correction factor taking into account the 
contribution of radiation penetrating through the 
side walls or reflected from the interior surfaces. 
The determination of the geometrical protection 
factor G is the main objective of this paper. 

4 . Calcula tion of the Radia tion Field 
The standard solution for an infinite homogeneous 

medium is providcd by the moment method [1]. 
T abulations based on this m ethod are available 
from which one can extract information about the 
dose ](z) from a plane isotropic source [3).3 The 
calcula tion of the angular distribution g( z,O) has been 
described in [4). 

The numerical computations of this paper all per­
tain to a source emitting I-Mev photons. This 
SOUTce energy is a little higher than the average 
en ergy of fallout radiation, but close to the energy 

3 As part of t he work sponsored by Fe DA, further tabulations, witb applica­
tions to shelter evaluatio n, are now being prepared at NBS. 
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FIGU RE 2. Angular distribution of absorbed air dose from a 
i-Mev plane isotropic source in an infinite medium. 

The calculation is for a watcr medium, but is in very good approximation also 
applicable to concrete. 

(a) g(z,e), at a distance l'oz= 4 from the sonrce plaue. 
(c) g.(z,e), at the sonrce plane 1'0z= 0 ('l'his distributiou represents only the 

contribution of scattered photons.) 
The curve (b) represents an isotropic distribution. 

of C06°-radiation, which is most suitable for con­
trolled experimentation. The choice was moti­
vated by the ready availability of results for g(z,O) . 
In any case, calculations with a I-Mev source will 
be sufficient for the illustrative purposes of this 
paper. 

Let j (z) be the dose in an infinite concrete medium 
at a distance z from a plane isotropic source. The 
results of a calculation by the moment method can 
be summarized by the approximate formula 

j (z) = jo (z) + j s(z) (5) 
with 

(5a) 

representing the contribution of unscattered radia­
t ion, and with 

j s (,z ) = 1.04ke- o. 9151'0Z, (5b) 

representing the contribution of scattered radiation. 
The range of validity of (5b) is 0 ::::; ,uoz< 8, El is the 

exponential integral [5], and ,uo= O.0635cm2/g is the 
mass attenuation coefficient for gamma radiation in 
concrete at the source energy (1 Mev). The constant 
k determines the source normalization. If the source 
plane is covered with 1 curie of gamma emitter per 
quare foot, and the dose rate is expressed in rads 

per hour, the normalization constant has the value 

k = 32.2. (5c) 

If the fallout is spread over a rough surface, the 
schematization of the source as a perfect geometric 
plane is not altogether suitable. A possible alterna­
tive schematization consists in assuming that the 
radioactive material is mixed homogeneously with a 
thin top layer of the ground of thickness t. In this 
case, the dose functionj( z) must be replaced by 

1J" +1 j* (,z, t) = y Z j (z')dz' . (6) 

Three angular distributions are shown in figure 2: 
(a) g(z, 0) at a distance ,uoz= 4 (0 .897 Ib of concrete 
per square inch); (b) a completely isotropic distri­
bution; and (c) the distribution gs(z,O) for scattered 
radiation only, at the source plane ,uoz= O. The 
distribution (a) peaks at 0= 0 0 and is for use in the 
problems treated in sections 2.1 and 2.2 . The dis­
tribution (c) peaks at 8= 90 0 and is for use in the 
problem in section 2.3. Both of these distributions 
pertain to an infinite plane-isotropic source and 
were calculated according to the method of reference 
[4]. The distribution (b) is fiat (when plotted against 
cos 8) and has been included as an intermediate case. 
Together, the three cases span a wide range of 
possible distributions. 

5. Calculation of the Response Function 

To each angle 0 there corresponds a family of unit 
'vectors (sinOcos~, sinOsin~, cosO) , indicating possible 
photon directions. If these unit vectors are required 
by the schematization to lie within a specified solid 
angle, then not all values of the azimuth rp are 
permitted, but only azimuths in a region Ae ::::;2 7r . The 
response function is defined as the fraction -.r(O ) = Ae/27r. 

5 .1. Cylindrical Geometry 

As a simple first example, we consider a shelter in 
the form of an upright cylinder of height Hand 
radius R, with the detector located at the center of 
the bottom of the shelter (see fig. 3) . The response 

o 
I PLAN

R 
I 

rn 
SIDE VIEW 

FIG U RE 3. Calculation of the response fu nction for a cylindrical 
shelter. 
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function is in this case particularly simple: 

5.2. Parallelepiped Geometry 

We consider a box-shaped shelter of length L, 
width W, and height H. It can be assumed without 
loss of generality that L'? W. The response func­
tion depends on solid angles, and is thus a function 
of the shape but not of the absolute size of the 
shelter. Therefore, we eliminate one parameter by 
dividing all dimensions of the shelter by L, so that 
the scaled length is unity, the scaled width is 

(8) 

and the scaled height is 

H/L = h. (9) 

The constru ction of the response function is 
illustrated in figure 4 for a detector in a bottom corner 
of the shelter. 

I 
Angular range I 

h 
OS OS Oo= cos- 1 .J h2+ E2 

h 
Oo< OS iJ1 = COS-1 I 

"\ h2+ 1 

'--1 

I 

TOP VI EW 

SI DE VIEW 

FI GUR E 4. Calculation of the response function for a box­
shaped shelter. 

R esponse function , y,( O,e,h ) 
--

1 

1. s in- 1 ( __ E_) 
2,,- h t a n 0 

(10) 

iJ1< OS O, = cos- 1 h l.. s in- 1 ( __ e_ ) _ l.. cos-1 (_1_ ) 
.,)h'+ e2+ 1 2,,- h tan 0 2,,- h tan 0 

O,<OS "-

The response function (10), evaluated with the 
parameters e= O.5 and h= 0.5, is shown in figure 5. 

5.3. Combination Rule 

Expression (10) can readily be generalized so as 
to provide the response function for an arbitrary 
detector location. In the first place, it is to be noted 
that- within our schematization- the vertical dis­
tance of the detector from the shelter ceiling (or top 
of the open hole) must be assumed as the effective 
height H. Now consider a detector located at the 
bottom of the shelter , in a horizontal position P with 
coord inates (a ,(3e), as illustrated in figure 6. We 
now imagine that the shelter is partitioned by two 
vertical walls (perpendicular to each other), which 
pa s through the point P, and are very thin, bu t 
perfect, radia tion shields. The detector can then 
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FIGURE 5. R esponse f unction f or a detector at a boltom corner 
of a box-shaped sheller with scaled width (horizontal eccen­
tricity) <= 0.5 and height h = 0.5 . 
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FI GU RE 6. Diagram illustrating the application of the com­
bination rule by which Tesponse functions f OT off-corner 
positions are calculated. 

be thought of as being located at the corner of each 
of four adjoining box-shaped shelters with the 
dimensions listed below. 

j f; h; 

1 ____ _____ __ min (a , {3.) h 
max (a, {3.) max (a, {3f) 

2 ___________ min ( I - a, {3f) h 
max ( I - a, {3.) max (1- 0', {3.) 

3 ___________ min (a, . - {3.) h 
max (a, . - {3.) max (a, . - {3.) 

min (1 - 0', . - {3.) h 4 ______ _____ 
max ( I - a, . - {3f) max ( I - a, f - {3.) 

O'::;a::;1, O'::;{3'::; l. 
min (x, y) = smaller of x and y. 
max (x, Y) = larger of x and y. 

The response function I/;p at point P is 

(11) 

5 .4. Legendre Polynomia l Expansion 

In order to obtain the geometric protection factor 
G(z), it is necessary to evaluate the integral in (4) for 
each distribution g(z,O) of interest. When many dis­
tributions must be included, this procedure tends to 
become laborious. It is then convenient to perform 
a set of standard integrations based on an expansion 
of the response function into a series of Legendre 
polynomials: 

ro 21 + 1 
1/; (0)= ~-2- azP!(cos 0) . (12) 

The theory of radiation diffusion provides as the 
most direct result, a similar Legendre polynomial 
expansion for the angular distribution: 

L 21 + 1 
g (z,0)=~-2- gz(z)P !(cos 0). (13) 

As a rule, only the first few harmonics (1= 0 , 1, . . . , 
L ~7) are at one's disposal, but they suffice to specify 
g(z,O). When (12) and (13) are substituted into (4), 
it follows from the orthogonality of the Legendre 
polynomials that 

G( ) _~~21+ 1 2n+ 1 () z - £.....J£.....J--al--gn z 
I = On=O 2 2 

(14) 

Thus, one can limit oneself to the calculation of the 
first few response function expansion coefficients 

a!= J:" I/; (O) P I (cos O)sin OdO, 1= 0, 1, ... , L. (15) 

With these coefficients, one is in a position to evaluate 
G(z) for any angular distribution g(z,O) through 
simple superposition according to (14). 

Numerical evaluations of G have been carried out 
for detectors in various positions in box-shaped 
shelters, on the basis of the angular distribution 
functions shown in figure 2. These results apply as 
follows: 

Angular Infinite medium 
Problem distribu- dose-rate 

tion rads/hour 
curies/foo t2 

Underground shelter or (a) f(z) = 0.983 
house with roof covered 
by fallout, roof t hick-
ness l'oZ = 4(0.896 Ib of 
concrete 
inch) . 

per square 

Isotropic comparison dis- (b) ------------
tributioll . 

Sky shin e (scattered radia-
t ion) into open hole. 

(cl f,(z)= 33.5 

The results are presented as functions of the 
following dimensionless parameters : 

H · 1 . . width onzonta eccentl'lclty=l-----l = e 
engtl 

V . 1 . . -v'roof-area.r; 
ertlCa eccentnclty= 1 . hIT. leIg t ~ 

(16) 

(17) 

The range of parameters considered includes 0 ~ E ~ 1 
and 0.2 ~ T ~ 20. This appears sufficient for all 
practical applications . 
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The curves labded (a), (b), an d (e) arc based on thc usc o[ the co rrespo nding 
anguJar d ist ributions i ll fi gure 2. 'r ho t riangles, solid ci rcles, and hollow circles 
represcnL results obtained with the respGnse [un ction (7) for a cylindr ical 
shelter. 

F igure 7 contains ploLs of G versus T , for f1 shelter 
wi th a squar e cross section (E= l ). Figure 8 con­
tains plo ts of G versus E, for differen t fixed values of 
T. R esul ts are shown for Lhe detector in a corner, 
and in a cen ter position (a= .B=t). The figures 
confirm quantit atively ",{ha t one would expect on 
the basis of a commonsense estimate. The pro­
tecLion provided by the shelter increases r apidly as 
T is incr eased, but is generally a very slowly vf1rying 
function of E for fi xed T. Rxr,r,n!; wh l'n ~ h Rf\ fl. Vf'rv 
mall value. D ose r ates in the corner are on the 

order of four times maIler th an dose rates in the 
cen ter . Th e angular distribu tion (a) with its strong 
forward peak gives rise to G-values 2 to 3 times 
larger th an those ob tained with the diffuse sky­
shine distribu tion (c), whereas there is li t tle difference 
between cases (c) and (b). 

The question may be asked to what exten t the 
resul ts for the geometrical protection factor are 
affected by the choice of a rectangular shelter cross 
section. To obtain a partial answer, calculations 
were carried out for a detector at the center of a 
cylindrical shel ter, with the use of the response 
function (7). As can be seen from these value 
plotted in figure 7, the resul t thus obtained are, for 
the same value of T, practically identical with the 
results for a detector at the center of a box-shaped 
shel ter with E= 1. This means that thc geometric 
protecLion factor depends very little on the shape 
of the cross section. Combined with the previously 
demonstrated in ensitivity of G with respect to the 
horizontal eccentricity E, this has the following 

.8 
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G .4 
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.5 

V:=;~~~~==~~==7==T==~~==.;:=,:==.::~.2~ O fr .Z .8 .2 .6 .8 .2 ,4 ,8 1,0 

FIGURE 8. Geometric protection factor versus horizonta! ~ccen­
tricity, f01' various constant values of the vertical eccentrtc~ty. 

The curvcs labeled (a), (b), a nd (c) pertain to thc corresponding angnlar dis· 
tributions o[ fi gure 2. (A) Detcctor in center; (B), detcctor in corner. 

implications: (1) The geomeLric protection factor 
at the centcr of a shel ter of any shape is, in good 
approximation, only a f unction of the vertical 
eccentricity T; (2) under these circumstances, a 
calculation using the very simple response function 
(7) will be adequate. 

Center and corner values provide upper and lower 
limits of G. T o indicate the transition between the 
two extreme, a systematic mapping of G is presented 
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in table 1 for numerous detector positions in the 
horizontal plane, the shelter being box-shaped with 
e= l and T= 2. 

TABLE 1. Geometric protection f actor G as a function of the 
position in the horizontal plane, f or a detector in a shelter 
with horizontal eccentricity e = 1 and vertical eccentricity 
T = 2, calculated f or the angular distribu tion (a) of figure 2 

The position indicators ", and {3 are those defined in fi gm e 6. Note th at the 
ransformations ",- >i -('(, {3-,>1- {3, or (a -'>{3, (3-'>a ) leave G unchanged . 

I~a O. 0 O. 125 O. 25 0.375 0.5 

{3~ 

0. 0 0.17 0.22 O. 26 0.27 O. 29 
. 125 . 22 . 31 . 34 . 37 . 38 
. 25 .26 . 34 .40 . 43 . 44 
. 375 .27 . 37 .43 .47 . 48 
.5 . 29 . 38 . 44 . 48 .49 

6. Corrections, Accuracy 

6 .1. Penetration Through the Side Walls 

This effect has, so far, been investigated only in a 
limited manner to obtain the order of magnitude of 
the necessary correction. To simplify the calcula­
tions, they were done for a detector at the center of 
the bottom of a cylindrical cavity. For the case of 
an underground shelter (the problem in section 2.1), 
the response function (7) could be amended as follows: 

o < O<'!!., if;CO)=rpCz+zl g(z+z"o) } 
1 -2 rp(z) g(z,O) 

~<O::; 7r, if;(0) = 0 
(7') 

where 
z' = H - R cot O. 

The meaning of (7' ) is that the surface elements of 
the side wall contribute to the dose in proportion to 
the intensity and angular distribution of the radi­
ation at the distance z=z' of the surface elements 
from the source plane. 

Sample calculations have been carried out for a 
shelter with roof thickness ].(oz= 4, horizontal eccen­
tricity e= l , and a depth of 8 ft. (The side-wall cor­
rection differs from the uncorrected response func­
tion in that it depends on the absolute size of the 

shelter.) It was found that for vertical eccentricities 

T= l , 2, and 4, 

the increa,se of the dose is 7, 3, and 1 percent, respec­
tively. 

6.2. Backscattering 

Some radiation will be scattered toward the detec­
tor by reflection from the side walls , floor, and ceiling 
of the shelter. The order of magnitude of this effect 
can be estimated roughly on the basis of available 
Monte Carlo calculations of backscattering. The 
results of reference [6] suggest a dose increase by 
approximately 15 percent. 

6 .3 . O ver-all Correction and Error Estimate 

In the final equation for the dose received by the 
partially shielded detector, 

D(z)=C}(z)G(z), (3) 

the factor 0, incorporating side-wall and backscat­
tering effects, is estimated to be 1.2. It is further 
estimated that the factors in (3) have the relative 
errors (Of G) IjO "" ± 0.2 and (80) /0"" ± 0.2, which 
leads to the following error estimate for D: 

The authors are indebted to L . V. Spencer for 
valuable discussions, and to J. Hubbell for help with 
the calculations. 
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