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The Condition of Certain Matrices, 111 1 
John Todd 2 

The eondition-l1umbers of ce r ta in matrices associated with various di Rc re (i~atiol1 R of t he 
two-dimensional L aplacian 0pJrator are estimated. The condi t ion-number gives an estim ate 
of the er ror obta ined b,' solving l he corrBs ponding system s of simul taneous linear eq uations. 

1. Introduction. In a previo us paper [Todd, 8a] 3 the condition of a rna Lrix as oc iaLed with 
a partic ular meLhod of sol ving a simple partial difl'e renLial equalion \Va discussed. Certain 
experimental computations of D. M. Young a nd his collabora to r [Yo ung, ] 3] suggested th e 
discussion of other methods of handling the sam e equation. Tlte P-conditiOIl number of a 
matrix J1£ is defined as AI J..i where A is the maximum and J..i is thc minimum of th e absolu te value 
of the eigenvalu es of Nf; it gives a measure of the d iffi cul ty in the numerical inver sion of JI;[, or , 
more precisely, of an er ror in the in ve rse comp uted b.v an elimination m ethod [von N eltmann 
and Goldstine, 11 ; T odd, a , 9]. 

In [Sa] we co nsidered the solution of the Laplace equation in a unit squar e, with given 
bou ndary valu es. VI/ e then used the fo11owi ng five-poi n t approximation to the Laplace operator: 

(1. 1) zxx+ Zl/Y : h-Z[z(r - ] ,8) + Z(I" ,8- ] )-4z(r ,8) +z(r,s+ 1) + z(r + 1,8)], 

where z(r,s) =z(rh,sh) and h= ]/ (n + l ) , n a positive in Legel" . Follow in g ~liln c [4 , p. 13]] we 
indicate this approximation b.\- lhe "stencil" 
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(This has bee n called a "comp utation al molecule" by Bickley [2]). The n2 X nZ matrix which 
corresponds to the equations for the z(r, 8) ca.n be ind icated as 

z,~( .. , I ,X,I , . . ) where x ~( ., 1, - 4, 1, .. ) 

is a n n X n matrix and J is th e n X n unit matrix . Here, and elsewhere , for brevit.'" we ha.ve 
indi cated only the gene rfLl row in thc lriple diagonal matrices. For dariL.'- wc describe ZI and 
Xin words. ThematrL\" Zl is an nzX nz matrix partitioned in to n X n blocks; of these Lhc diag­
onal blocks are all X and the blocks acij acc n t to the cliagonal are uni t malrices. The matrix X 
is an n X n matrix with diagollal elemeills fLll - 4 and the clements adjacent Lo lhe diagonal 
all 1: In s.vmbols X =(x ,j) whE're xtt=-4 , i= I ,2, .. . n, and for i~..j , X; j= O unless ii-ji= l , 
whell x;j= l. 

The equations corrcsponding lo the problem 

z=f on boundary 

can be \H itte n as 

1 The problems considered he re W('l'e suggested by lectures of D . ~L Y oun g, Jr. , in the ~ation'11 Bureau of Standard s-National SCience F'oltnda­
lion "-'''ra inin g Program in Nu merical Ana lys is he ld in 1957. 

: Presc nt address, California Institute cf 'rechnology. Pasadena 4. Calir. 
FigLJI"es in hmcketF inci ical(' the literature references at the end of this paper . 
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where the variab les z(r,s) are combin ed as the n 2-dimensional vector: 

z = (z(J,n), z(2,n), . . . , z(n,n); z (l ,n-l), z(2,n- 1), . 

z(n,n- 1) ; 
a na where 

. , 
. .. ) 

- f = (f(O.n) + f(J ,n+ 1) , f(2,n + 1), . , f(n,n+ 1) + f (n + 1,n); 

z( l.l ), z (2 ,1), .... z (n,1)) 

1 

f (O,n- l ),O, . . · , f (n + 1,n - l); ... ;f(O,1)+ f(1, 0),/(2,0 ), .. . ,'/(n,0)+ '/(n + 1,1)) . 41 

The essential r esult established in [8] was that 

We shall now obtain the corresponding resul ts for other d iscretizations of the Laplacian [panow 
5, Bickley 2] . 

2. Auxiliary results . ' '''e require the following resul ts : 
(2. 1) The characteristic values of the triple diagonal matrix of order n: 

C~( , ,," a, b, ' , ) 

are 
k = 1,2, .. . ,n 

where 

This is well known ; it is easily proved by solving the difference equation 

for the characteristic pol~Tn omiaJ ~ I/(A ) = I C- Af l . 

We shall use th e not ation 8= 7r/ (n + ] ) throughou t this paper. 
(2.2) The characteristic roots of the quintuple diagonal mal.rix of order n: 

rz-~ ' 2a, {3 

2(~, z, 2a , {3 l 
{3, 2a , ;, 2a, {3 

{3 , 2a , z, 2a , (3 

A= 

{3 , 2a, z , 2a, {3 

{3 , 2a, z, 
2a J 

(3, 2a , z- {3 

are 
k = l. ,2, .. . ,n. 
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'fhi rcsul t has becn givell by Hutherford [6 , 7] . lL ca ll be Ycrifi cd as fol lows : If in the 

matrix C \I-e put c=b an d square we obtain essc iltially the matrix A. 1n fact if we e!too e 

b= \ '~, a= a./-/13, thcn 

(2. :n L et F bf a 1nairi.t of order n2, partitiollNI i.nto an (lJ"/"(lY of n2 s1tbmairices f il' e(lch of 
order n, such that each I i) is a mtional function f ij (a) of (l.fixed main·.I: a2 of o/"{Iel" 1/. If the ch(lr­
ac/eristic mlues of a an 0'1, 0'2, .. , a " th fn those of Fare gil'en by the characieristic ralues of the 
n mfltl"ices 

k= 1.2 , . .. Il , 

each of order n. 
This hfl s bee ll establi sh ed by 'Wi lli amson [12]; 1'0 1" extens io ll s sec Afri at [I ]. 

,. :3. Wc b cgin by di sc uss in g ano t her fiyc-point approximation which i reprcsen.ted by the 

L 

stenc il 

+ 
0 

+ - -10 
2 

I 0 

Omitt ing the fac t ol"~ ' we sel' th at th e COlTCSPOlld illg 1/ 2Xn2 matrix is 

where 

X~ ( .",0", . ) 
is n n n X n mntrix and I th e /l X n ullit, matrL,. Th e charactcris ti c v fI,luc o[ X are, from (2. 1), 

- 2 cos kO, k= I ,2, . . . ,no 

]t fol lo\\' s that tho e o[ 2 2 flrl' thosr of thl' 1/ tripJr di ago na l matrices 

z,'''~( ., - 2 coe k8,~4·, - 2 co, kO , . . )­

whieh arc. from (2.1), 

vVe have 

so that 

)l k, I=-4[1 + cos ko cos (OJ , k= J,2, ... ,n, 

}.. (Z 2) = 4 [I + cos20] 

J.L (Z 2) = 4 sin20 

3 

k = J,2, .. . ,n, 

l = 1,2, .. . ,no 



4. W e next discuss t he nine-point approximation represented by th e stencil 

Omitting th e factor~, we see that t he correspo nding n 2 X n 2 matrL,( is 

z,~( ., Y, X , Y, . ) 

where 

' and Y~( .. , " 4, 1, . } 

W e note that (2 .3) will apply sin ce 

Th e characteristic values of X are 

- 20 - 8 cos leO , k = 1,2, ... , n. 

It follows that th e characLeristic values of Z3 are those of th e n matrices 

Zi" ~( .. , 4 - 2 coe k8, - 20 - 8 eoe kO, 4 - 2 coe k8 , . ) 

which are 

vk,z=- 20 - 8 cos lcO - 8 cos lO + 4 cos leo cos to , k = 1,2, .. . , n , 

Hence 

which gives 

}.. (Z3) = Vl ,l : 32 

j.t (Z 3)=Vn, n : 127f2n-2 

P(Z ) ' 8 - 2 2 
'-'3 . '3 7f n . 

l= 1,2, ... , n . 

5. vVe conclude by discussing the n ine-point approx imation J'cPJ'csc llt ccl b~' th e s tencil 

o 
o 

16 

o 
o 

- 1 0 

] 6 0 

- 60 16 

16 0 

- 1 0 
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This stencil must b e modified for points neal' the boundary. Thus, at th e com er (1,11), we usc 

0 0 0 0 0 

0 0 14 0 0 

1 
0 14 

12 
- 58 16 - J 

0 0 16 0 0 

I.. 
0 0 - 1 0 0 

this means that " ' 0 h ave estimated t} le outside valu e b~' lin eal' in terpolation on th e two nearest 
values on the samc line. For poi nts (7',8) at th e edge, i. c., 1'= 1 or 1' = n or 8= 1, 8=n which 
ar c no t corner s, e. g ., 1'= 1, 8=n- 1, we have to usc a stencil of th e form : 

o 0 0 0 " 

o 14 

- 59 

16 

- 1 

o 
J 6 

o 

o 

o 
- I 

o 

o 

Omitting th e factor 7{2 we St'e th at tJ lC cOlTespo ncling n 2 X n 2 matrix is 

Z + I , 161, - I 

161, Z , 161, - I 

- I , 161, Z , 161, - I 

- I , 161, Z , 161, - I 

- I , 161, Z, 161 

1 

l - I , 161, Z + I 

wh ere Z is the 71 X n m atrix : 
-59, 16, - 1 

16, - 60 , 16, - 1 1 
- 1, 16, - 60, 16, - 1 

Z= 

- 1, 16, - GO , 16, - 1 

l - 1, 16, - 60, 16 

- 1, 16, -59 
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From (2.2) the characteristic values of Z are 

k = 1,2, ... , n, 

and b~· (2.3 ) Ole characteristic roots of Z4 arc those of the n matrices 

16, X", 16, - 1 1 
- 1, 16, X,; , 16, - 1 

Z ( k )-
4 -

l 
\\"hich are, again lIsing (2.2 ), 

It follows that 

so that 

- 1, 16, X,., 16, - 1 

- 1, 16, A,.+ L 

k = 1,2, .. . , n, 

}:> (Z ) -~ 2- 2 ~4 - 3 7r n. 

k= ],2 , .. . , n, 

1= 1,2, . . . ,n , 

6. An evaluation of the various methods could now be made . In addition to the in­
version error, which is given in terms of the P-condition number by von l'\eumanll and Gold­
stine, the truncation error must be considered. The local truncation errors for the various 
stencils have been given by Bickley [2] ; however , it seems that the global truncation errors 
have been studied only in the case of the approximation (1.1 ) by S. A. Gerschgorin , P. C. Rosen­
bloom, J. L. Walsh , VV. Wasow, and others. \Ve shall not, however, carry out an evaluat ion, 
for it seems clear that the elimination method is not the most suitable one for problems illyoly­
ing sparse matrices; numerical experience, nevertheless, does show that the P-condition number 
of a matrL,( is a good indication of the intrinsic difficulty of the inversion problem. 

7. R emarks. 
(1) Dr. Young pointed out that our results could be obtained b.," solving the difference 

equations by separating the variables (cf., e. g., B. Friedman [3]). 
(2) As in [8] the estimates of the N-condition of Turing [10] can be obtained, SIn ce we 

know all the eigenvalues of the matrices ill question . 
(3) Similar results can be obtained for the biharmonic eq uatioll (d. [9]). 
(4) I take this opportunity to correct slips in two papers in this series. 
In p. 117 of [8] the expression for "i',j for .i~k~n should read (n + l)l'kj=- k(n -.i + l) + 

(n + 1) (k-j). This was pointed out by D. E. Rutherford [7]. 
In p. 471 of [8a], line 3, the adjective "symmetric" (or "normal") should be insertecL to 

qualify "matrix" . This was pointed out ill cOllversation by :'Iartin Pearl. 
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