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Formulas for Inverse Osculatory Interpolation

in the Complex Plane
Herbert E. Salzer'

Improved formulas for inverse osculatory interpolation in the complex plane are ob-
tained by inversion of Hermite’s formula and the use of appropriate grid point configurations.
They cover the eases for n=2(1)7, where n is the number of points required in direct oscu-
latory interpolation. The formulas provide an improved means for inverse interpolation
in the complex plane where the first derivative is either tabulated alongside the function
or is easily obtained.

Formulas for n-point inverse osculatory interpolation for finding z=ux,-+ph from f(x) in
verms of fr=f(2;) and f.=f"(2;), where the z,=z,+kh, the k ranging from —[(n—1)/2] to
[7/2], are equally spaced at intervals of i, have been obtained previously by the author [1]?
through the inversion of the Hermite osculatory interpolation formula [2,3]. Those formulas
are still applicable to analytic functions when z is replaced by a complex variable z=z,+ Ph,
and zy=z,+kh are equally spaced upon any line in the z-plane at interval A, which may be
any suitably chosen complex number. But for many analytic functions that are given with
their first derivatives over a Cartesian grid of length A in the complex plane (so that now A
is a positive number), the accuracy of inverse osculatory interpolation is considerably greater
when the points z, are chosen as grid points that lie much closer to each other, no longer in a
straight line beyond the 2-point case.

Improved formulas for inverse osculatory interpolation, which utilize the Cartesian grid,
will be particularly useful in connection with such tables for complex arguments as (1) log I'(z),
together with its derivative the psi function, (2) Bessel functions of the first or second kind
giving Jo(z) and Jy(2)=—J;(2), Yo(z) and Y,(z)=—1Y(2), or linear combinations of them,

‘2z

(3) probability integral | ¢~*du with its integrand ¢~**[4,8], (4) miscellaneous tables of integrals

0
of the more elementary functions where the first derivative or the integrand, although not
tabulated, is easy to calculate, viz., the function f (e *“/w)du [5], and (5) tables of solutions of

important linear differential equations, together with the first derivative [6]. In all such tables
and in many others, the user will find the inverse interpolation formulas that are given below
to be particularly convenient, especially in those cases where grid length 4 is too large for
sufficiently accurate complex inverse interpolation, using the formulas in terms of only the
functional values f; [7].

In accordance with the choice of grid points that has been employed consistently in earlier
papers of the author on complex interpolation, for n ranging from 2 to 7, the n-point formulas
in this present article are based upon the values of f(z;) and f’(z;) for z, in the following
configurations:
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1 Present address, Convair Astronauties, San Diego, Calif,
2 Figures in brackets indicate the literature references at the end of this paper.
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These formulas enable one to find z=z,+Ph by expressing P in terms of f(z,-+Ph)=/,
f(z0) =/, and [/ (z;) =17, for z,=z,+kh, where I ranges over the points of the selected n-point
configuration, the choice of n depending upon the number of points required in direct osculatory
interpolation. Although the direct interpolation formula for n=6 and n=7 is of the 11th-
and 13th-degree accuracy, respectively, (recalling that the n-point direct osculatory interpola-
tion formula is of (2n—1)th-degree accuracy), the inversion formula for P given below does
not go beyond the 10th-degree terms. 1In fact, most practical problems will require only the
first few terms, and it is very rarely that one would need this inversion series up to the 10th-
degree terms. Thus in this paper we do not use the coefficient of P in the 6-point Hermite
formula, nor the coefficient of P, P and P in the 7-point Hermite formula.

For every n we define »= (f—f,)/hf;, and corresponding to each of the above n-point con-
figurations, where n=2(1)7, quantities s, ¢, u, v, w, z, y, z, and Z are defined as follows:

Two-point

—3{fo— A} —h{2fo+S1D)/h] e,
t=Q@{fo—fi} +h{fst/1D /RS,

=== n=p=a=a=0
Three-point

s=3%(8ifo+ (1 —40)fi— (A-+40)f i +h{— @—4) fo+if 1—Fi}) /RS,

t=%(— (124+120)fo+ (7+59)fi+ (5+70)fi+h{ =8 o— @ +i)f 1+ (2—9)f 1) [Afo,
u=3(14fo— (7T—20)fH— (T+20f i +h{ (4 +40)f o+ 2 —)f 1— (1—29)f}) [hfs,
v=3%(—@—40)fo+ (1 =30/ i+ B—0fi+h{ —2fo+ifi—fi}) /fo,

W=g==p=7z=0,
Four-point

s=3 (19— (8+60)f1 + (8 —60)fi— Tif1s.i+h{ — (6—60)fo+2f1—2if i — (1 —)f 14 }) /o,
t=3(— (37+370)fo+ (32— 120)fi — (12— 32¢)f i+ (17 +179)f1 o+ A{ — 174f — (4 —64)f 1+ (4 +60) ;
—51f11.4}) [hfs,
u=3(70fo— (15—>500)/,— (154-500)f,—40f1 i+~ { (14 +144)f ;— (4+110)f 1— (11 +44)f
+ (6+62)f14.:}) /hfo,
v=3(—(38—384)fo— (25+370)fi + (37 +250)f;+ (26 —260)f1y .+ h{ —14f o+ (10+34)f1
+(10—=30)fi—8f 1+.:}) [hfs,
w=73(—=23%o+ (21+20)fi— 21 —=20)f, +-19if 1. +-h{ (4 —40) fo— (4 —30) fi— (3—4)f:
+ B =30 1.} /hfo,
¢=5(B+30)fo— B—=30f+ B—=30fi— B+3)firi+h{tfo—if i—if i+if 1. }) /s,
===l
Five-point
s= (4o { — (1875—62507)fy— (40004 60007)f, + (103+2541)f, + (2272 +4961)7,
+ (8500 — 10003y, i} 45 { — (200 —1504)f5+200f; — (3+44)fs+ (32 — 244)f;
— (504500)f14:}) /hfo,
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t= (o { — (15254+-39500)f 4 (5600 -+ 12008)f,— (223 +1144)fo — (1952 — 4644)f,
— (1900—24000)f 11 ;} -+ { (65—2300)f,— (240 —2407)f, - (9-+-20)fs— (32— 644)f
+(120-+209)f11:}) /RS,
U= (1o00{ (69750+371257)f,— (96000— 530007)f, + (5284 — 13132) o+ (29216 —263124)f;
1 (1750 —625000) 1 1) 11 { (625 16250)f;+ (100— 34005)f, — (39— 484)fs— (24 -+ 7324)f,
—(1125—=5750)f14.4})/hfs,
= (oo | — (72625 — 52500)f, - (48000— 1180004)f, — (4103 — 57467)fs— (14272 — 435047
(43000 +635000) 1. 1} ol { — (28001 1825)f) - (5200 +-62004)f,-- (96— 247:)f,
+ (896 +15284)f;+ (1450 —28000)f 4 :}) /fo,
— (s3] (3850 —30750)f, - (24501 92000)f, — (42 + 5814)fs— (658 -+ 33447)fs— (5600--22007) 14}
2L Q15— 50)f)— (600 1100)f; + (74 214)fs— (114 --720)f,+ (304+-2500)f 1)) /A,
2= (5o { — (3500 — 101254)fo— (17250 147500)f,+ (1022 + 11214)f, -+ (4978 + 62547)f,
1 (14750—27500)f 1)+ { — (375—2500)f,+ (1300— 6507)f,— (49 +324)f, + (316 3807
— (400+4-5000)f14.4}) /hfs,
Y= (1oo0{ — (1000+53757)fo+ (125004 20007)f; — (898 4 1892)f,— (3852 -+19367)f;
— (6750— 55000) 11} -+ 1o | (50—1008)f;— (200—3504)f,+ (18— i)fs— (82— 244)f,
+175+750)f11.}) [,
ool (37545004)f,— (1500— 5005)f; + (117 —444)f, + (508 ++444)f; + (500— 10008 )
zoo{ 25¢fo—100if— (4 —30)f; 4 (16 — 124)fi—50f11.4} ) [hf;,

Six-point
s= (1d'oo{ 16500ifo— (14336 11522, + (289 —980)f> -+ (14336 — 11524)f,— 140004f .,
— (289-+980)fo:} + 15 { — (400—4002)f; -+ (192—2565)f;— (4— 35)f 5+ (256 — 1922
— (200—2005)f 5, — (3—44)f2: 1) /hf,
1= (zgoo | — (86500 4-865007)f,+ (91392 —1026567)f; — (1219 —29834)f,— (102656 — 913924)f,
+ (96000-+960007)f 1.+ (2983 — 12199)fs,} + 555 { — 310045+ (896 +-30727)f -+ (4 — 534)f
— (896 —30727)f; —28004f1,;— (4 +53¢)f2:}) [f s,
u= (s35{95150fo+ (186881244164 )f, — (1463 -29341)f,+ (18688 — 1244167)f,— 1296007, ,
— (1463 —29344)f,,} +5{ (15004 15002)f ;— (2816 +11524)f 1 4 (38 +394)f 3 — (1152 4-28164)f;
+ (1920-+19200)f 14+ (394-38¢)f3:}) /Afo,
v= (155 { — (169500 —1695007)fo— (301824 + 1927687)f,+ (9957 +26017)f,+ (192768 +3018244)f,
+ (271200 —2712007)f1 . .— (2601 +99570)fo; } +1i5{ —4970f o+ (7808 —42244)f 1 — (172 — 94)f,

+ (7808 +42241)f ,— 8160f . i— (172 +90)f2:}) /f S,
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w= (go'oo{ — 10477500f,+ (1662976 —4663687)f, — (44774 —307437)f,— (1662976 +4663687)f,
+19190004f, ;- (44774 -+307434)f2} + oo (14650 —146500)f g— (8672 —424967)
+ (564 —7230)f,— (42496 —86720)f i+ (29300 —293000)f 1+ (723 — 5642)f 5.} ) /¢,

2= (155501 (919000 +9190007)fo— (1038592 —20802567)f; -+ (8369 —790334)f,
+ (2080256 — 10385927)f,— (1890000 + 18900007 f; , ;— (79033 —83697)f,} + 1o { 24850if
— (36096 +462724)f 1+ (271 -+ 13280)f 3+ (36096 — 462727 ; + 5860041 1, ;
— (271 —13284)f1:})/hfs,

Y= (g3 {—28450f;— (19568 +509767)f,+ (1393 +1449:)f,— (19568 — 509761)f,+ 64800, ;
+ (1393 — 14490) fo;} +1oe{ — (750 +7500) o+ (2752 +1440) f 1 — (61 +330)f ,+ (144 +27524)f;
— (2040+20409)f 1, ,— (33+613)f5.}) /hfr,

2= (1eo{ (12000 —120007)f, 4 (32224 +127684)f, — (1357 —99¢)f, — (12768 4 322244)f,
— (30000—300000)f14.s— (99 —13570)fs;} +1o5{310f;— (608 — 6244)f 1+ (22— 94)f 5
— (608+62440)f; +960f 14+ (22+94)f2.} ) [hf o,

Z= (sok0l 157500fo— (30688 —147847)f, + (812 — 11590)f,+ (30688 + 147847)f,—43000if, , ;
— (812+11594)fs;} +sio{ — (200—2007)f g — (64 +8482)f1— (7—247)f, + (848 +644)f;
— (700—7000)f 1.:— (24—70)f5: 1) [hfo.

Seven-point

s= (vosol — (1960—217807)f,— (38400 — 112002)f; — (11194 13424)f, + (15744 + 145924)F,
+ (28000 —460007)f, 4 ;— (2432 —641)foy s+ (167 —2944)f5,} +1h5{ — (480—4400)f;
—8004f;+ (24 +740)f5+ (384 4 1124)fi— (1400+2000)f1 4+ (32 4 160) 5 s — (3-+40)f5:}) /o,

t=(zool — (113316 +1470120)f,+ (193280 —4070407)f, + (21313 +16594)f,— (242688 -+ 307844)f;
-+ (120000 4-6000002)f,., ;+ (20736 —209280) fo i+ (675 +41050)f5,} +545{ (344 —40929)f;
+ (7040 6080¢)f1 — (268 — 1517)f, — (4448 — 1536¢)f;+ (13600 — 92007) 1, ,— (416 —1283)f,
-+ (60+150)f5:}) [hfs,

U= (oo { (825894 4 1402082)f, + (898176 -+22840324)f, — (94875 —8325047)f,
+ (1152000 —6720007)f,— (2760000 -+ 19920007)f, . ,— (2688 — 1728007)f, ;
— (18507 +16290%)fs;} -+ { (10044 +129084)f;— (51392 — 66564)f1 1+ (470 — 176 50)f;
-+ (14880 —217607)f; — (21600 —904004)f1, ;+ (1248 —22400) 5, ,— (333 —1580)f5.} ) /hfs,

= (ggool — (2094204 — 136 1372¢)f,— (7780992 +32285441)f, + (24441 — 4663871
— (1650816 —42565127)f;+ (11844000 — 14600007)f, , ;— (433920 +4663044)f5 ;
+ (91491 +33519)f5;} +gig{ — (44834 1 74880)f)+ (103744 — 1473921)f; + (3484 +58374)f;
+ (4704 -+ 918724)f;— (160800 +2896007) f1, -+ (2400 +91844)f5 -+ (588 — 12450) f3:}) [hfs,
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w= (50| (662260 —25734307)f,+ (9236480 —3900640:)f, -+ (404714 + 4376774/,

— (1662464 +51515524)f,— (9358000 — 110710003, ,+ (810752 +464967) 1, ;

— (93742 —704490)f,) 4545 { (38730—251900)f; 4 (4384042112804 f, — (8494 + 20174,

— (71904 +836720)f;+ (387500 413010021, - — (10352 +63761)fs. -+ (423 -+ 17244)f3,}) /b,
2= (r5hoo! (1955376 -+ 36844321)f)— (6505920 — 159945607)f,— (1095693 279994,

+ (7805568 -+ 50226241)f,— (1074000 +254340007) ., ,— (1139136 — 969888 )fs. ;

+ (53805 —2095057)f2; ) + 15| — (17684 —679624)f; — (3153604 1971204),

4 (13623 — 86867 )f5 4 (186528 4 371043)f; — (667600 —2930004)f,, ,+ (22016 — 46883/, ,

—(2615+20102)f3,}) /Afo,

— (2906640 —3424807)f; + (5796000 + 58230007) 1, ; + (52992—5037607) 5 ;
+ (29493 4 667807)fo; } + 5t { — (9306 177920)fs+ (114168 —278244)f,— (1095 — 53650/,
— (53460—273207)f;+4 (98100—2179002)f1 1 — (4332 — 63204)f5 .+ (1122 —120) 5, }) /hfs,
2= (15 hoo{ (985056 —4008087)f,+ (4675648 120239361)f, -+ (221 +3634037)/,
4+ (1877904 —1958528¢)f;— (7782000 +3940007)f; 1, + (306480 -+4002567) >, ,
— (633094342591)fa; } + 15 { (160764 59820)f; — (56336 — 932480)f,— (3071 +44787)f,
+ (23024 — 505681) 1+ (69600 +2194004) 71, . — (1200 +7576)f2; s — (877 —6900)foi }) JAf.
Z— (solo | — (74180—1509904)f,— (802080 —2974401)f, — (45912} 448917)f,— (35088 —4520164)f;
+ (1034000 —8390004)f, 1, — (89296 + 146087 fo .+ (12556 — 19470)fo;} -+ 2o { — (2490—9704)F,
— (4240417680714 (952 +1612)f5+(22324-89762)f;— (34300 -205002) 114+ (1096 -+ 8482)f., ;
+(51—1920)f3 1) [hfs.
For every n, P is given by the following formula:

P=r—ri+r3(2s>—t) +r*(— 58>+ 5st—u) +r5(14s* — 21 8% + 382+ 6su—2) +r5(— 425584 8% — 285t
—28s%u - Ttu—+7sv—w) 477 (1325 — 3308+ 180s%%+ 120s°u — 128 — 72stu— 3652+ 4u2 -+ 8tv
+8sw—ux) +13(— 4295+ 1287s% — 9908*>— 4955 u -+ 4958w -+ 1658t + 16550 — 452 — 4 5su?
—90stv — 4552w+ uw + 9w+ 9se —y) +r° (143055 — 500555 + 500552+ 2002 s5u — 143082
—28608%u— 7158+ 55t -+ 660st>u -+ 330s*u2 -+ 66080+ 2208w — 55tu— 55t20— 1 10suw
— 110stw— 5582+ 5074 10uw-+ 10tz + 10sy — 2) +11°(—48625° + 1944 85"t — 24024 55> — 80085
+10010s% 4 150158+ 300352 — 1001 st*— 60065221 — 20025 u— 4004530 — 100 1s*w
+286t3u - 858stu®+ 858 s%tw -+ 858st*w + 858s%uv + 286 8°x — 22u® — 132tur — 66120 — 66502

— 132suw—132ste— 665y + 1 low+ 11ux-F11ty4+11sz2—2)+. . . .
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WasHiNgTON, February 7, 1957.
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