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Response Function of Thallium-Activated Sodium-Iodide 
Scintillation Counters * 

Martin 1. Berger and 1. Doggett 

M easurem ents of gamma rays with NaI (TI) crystals yield pulsc height distribu tions 
related to the true energy spectrum by an integral eq uation whose kern el (response fu nction ) 
is t he probability t hat an incident photon of energy E will give rise to a pulse of size E'. 
The response function has been calculated by t he Monte Carlo method for photons with 
energies from 0.279 to 4.45 Mev. Results are presented for cylind rical crystals ranging in 
size from 0.25 (radius) by 0.5 inch (length) to 2.5 by 9 inches. They a re based on the 
a nalysis of 50,000 photon histories sampled wi t h t he use of t he Standards Electronic Auto­
matic Comp uter (SEA C) . Analytical corrections were mad e for t he escape of ann ihilation 
radiation and bremsstrahlung fr om the crystal. 

1. Introduction 

The response function of a NaI(TI) crystal spcc­
trometer relates the observed pulse height distribu­
tion to the true gamma-ray spectrum. The primary 
mean s of determining this function is, and pre­
sumably will remain, experimental. Bu t a good 
theoretical understanding will contribute toward 
improving scintillation spectrometry. 

While the theory of the diffusion of gamma radia­
tion in an infini te medium is now well developed, the 
calculation of the response function is a boundary 
problem whose exact solution is beyond the scope of 
theory in its present state. 

The subj ect of this article is a Monte Carlo calcula­
tion of the response function, i. e., an experimen t 
carried out on paper. While this falls short of an 
analytical theory, it is relatively simple to do, and 
has important advantages compared to a physical 
experiment. One is no t hampered by the limi ted 
availability of monoenergetic sources nor by acci­
dental disturbing effects such as background radia­
tion. 

Exploratory Monte Carlo calcula tions of the 
response function have already been made by Camp­
bell and Boyle I for energies E~6 Mev, and by Foote 
and Koch 2 for E~4.45 Mev. An approximate 
analytical calculation for E -:::::' l. 3 M ev was carried 
out by Maeder, MUller, and Wintersteiger.3 These 
authors computed the effect of the first interaction 
of the incident photon in the crystal exactly and made 
an elaborate estimate of the effect of multiple inter­
actions. This approximation limits the validity of 
their considerations to small crystals not much larger 
than one mean free path of t he incident radiation. 4 

They confined their attention mostly to cylindrical 
crystals whose radius equals their lengtb. In view 

" rhis work was supported by the United States Atomic Energy Commission. 
1 J. G. Campbell and A. J . F . Boyle, Aust ralian J. P hys. 6, 171 (1953) . 
2 R. S. Foote and R . W. Koch, Rev. Sci. Instr. 25,746 (1954). 
3 D . M·aeder, R . Muller, and V. Wintersteiger, R elv. Phys. Acta 27, 3 (1954). 
• Maeder et aJ. also a ttempted a calculation for an "infinitely large" crystal, 

i.e., for asemi-infinitescatterin g medium, by considering the first two interactions 
exactly, and estimating the eITect of subsequent interactions. As we shall show 
In sect'Oll 4.l, this procedure was inaccurate (except at low energies) so that it 
does not provide a good basis for ex trapolating their resul ts from small to large 
crystals. 

of the complexity of their "orders of scattering" 
calculation and of the approximations whose con­
sequences canno t be easily surveyed, a direct re­
calculation of their results seemed of value. More­
over, one would also like to know more about tbe 
influence of the crystal shape on the response 
function. 

Monte Carlo calculations have been made of the 
response functions of cylindrical crystals of diverse 
shapes ranging in size from small to very large for 
radiation inciden t with energies of 0.279, 0.661, l.17, 
1.33, 2.62 , and 4.45 M ev. 

The absorp tion and Comp ton scattering of photons 
in the crystals were calculated by random sampling, 
the computations being carried out on t he SEAC. 
Approximate analytical corr ections were applied to 
the Monte Carlo results to account for the escap e of 
secondary bremsstrahlung and annihilation radiation 
from the crystals. 5 These corrections were quite 
small at 1.17 and 1.33 Mev, but appreciable at 2.62 
and 4.45 Mev. Because of the approximate nature 
of the corrections, the most important and accurate 
parts of this work are those pertaining to the four 
lowest energies wh ere the corrections were negligible. 
Most of the results are for coliimated sources, while 
some sample calculations pertain to broad beams, 
poin t-iso tropic sources, and off-axis collima ted sources. 

The main results of this investigation are: (1) The 
confirmation and expansion of the results of Maeder 
et al. for small crystals; (2) the extension to large 
crystals in which multiple interactions are impor­
tant and to higher energies; (3) last but not least, 
the creation of a SEAC code by means of which re­
sponse functions for source and cr~-stal geometries 
peculiar to a given experimen tal situation can be 
readily compu ted wi th a modicum of effort. 

, One of the reasons for this approximate procedure was the temporary non­
availability of BEAC during the latter part of this investigation. It would 
have been better to carry through the entire calculation on the automatic com­
pu ter. This is particula rly easy for quanta resulting from t he annihilation of 
positrons produced in a first interaction of the primary photon. The source 
distributions of these photons within the crystal can easily be calculated, and 
their subsequent history traced by means of the existing SEAC coele. We hope 
to change the SE AC code in the future so that it can handle the escape of all 
secondary radiation, and to extend the calculations above 4.45 Mev. In the 
meantime, there was some merit in reporting the present results for 2.62 and 4.45 
Mev, since calculations in this energy range have not been reported prev iously. 
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2 . Method of Calculation 

2 .1 Formulation of the Problem 

The response function can be expressed in the form 

R (E, E") = lE L (E, E') geE', E") dE' (1) 

\\~here L (E,E' )dE' is the probability that a pho ton 
of initial energy E will deliver to the crystal- as the 
result of one or more interactions- an amount of en­
ergy between E' and E' + dE' ; and g(E',EI)dE" is 
the probabilit~r that upon delivery of e.nergy E' to 
the crystal, the light output as amplIfied by the 
attached photomultiplier will indicate an apparent 
energy (pulse height) between E" and E" + dEli. 

It is an experimental fact that 

g(E' ,E") = (27raE' )- 1/2 exp { - (E' - E")2j2aE' }. (2) 

The value of the parameter a depends on the physical 
characteristics of the crystal-photomultiplier system. 
We shall consider this parameter as determined ex­
perimentally, and concentrate on the calculation of 
the loss func tion L (E ,E'). 

To clarify the physical picture, it is useful to break 
the loss function up into a number of component 
parts, wTiting 

L (E,E' )= Y (E){ K(E,E')+ p(E)o (E- E')} . (3) 

Y(E) is the efficiency, i. e., the probability that a 
photon incident wi th energy E will have at least one 
interaction (scattering or absorption) in the crystal. 
For a collimated source 

Y(E)= l - exp [- }l (E)L] (4) 

where L is the length of the crystal, and }l eE) the 
narrow beam linear absorption coefficien t. 

K (E,E') dE' is the probability that an interacting 
photon will emerge from the crystal after one or 
more Compton scatterings, leaving behind an 
fl.ffiOunt of energy between E' and E' + dE' . The 
fun ction peE) represents the probability that an 
in teracting photon will be absorbed (possibly after 
a number of Compton scatterings), while the delta 
function o(E- E') indicates that the entire energy 
E is delivered to the crystal in a pho ton history 
terminating in absorption. We note the normaliza­
tion 

lE dE' K(E,E')+ p(E )= 1. (5) 

For a wide range of conditions the shape of the loss 
function depends largely on the ratio of the num bel's 
of absorbed and emergent photons, and only rather 
insensitively on K(E,E'). In a rough approxima-

tion , the shfl.pe can therefore be characterized by 
p(E) , which- following Maeder- \'le shall call the 
phoLofraction. In experiment al terms, 

area under the "photopeak" of the pulse 
heigh t distribution 

peE ) arca under the entire pulse height distribution' 

(6) 

Knowledge of the pho tofraction is useful in other 
connections. Thus if one wants to use a crystal for 
counting pho tons in the presence of a high back­
ground, it may be desirable to count only the large 
pulses resulting from complete pho ton absorption. 
The required "photo efficiency" of the crystal is 
Y(E) peE) . Counting of photons in the "photo­
peak" only is particularly useful for disentangling 
complex spectr'1 containing several lines. 6 

2 .2. Random Sampling 

For the calculation of the loss function, a direct 
stochastic analog method paralleling the physical 
processes in all respects, has been chosen. Scintilla­
tion crystals are very efficient detectors; hence the 
effi ciency of an analog Monte Carlo calculation is 
also high, and the computational cost of statistical 
and analytical refinements would be out of proportion 
to the possible gain in efficiency. 

The calculation proceeds along the following lin es. 
We start a photon at a specified position on the 
crystal surface with specified energy and direction. 
The position of the first i?teract~on ~s determi~ed 
'1S if the photon moved 111 an mnmte scattenng 
medium; the distance traveled to the point of inter­
action is distributed exponentially, the mean of the 
distribu tion being the inverse of the total linear 
narrow beam absorption coefficient. If the inter­
action occurred outside the r egion occupied by the 
crystal, the photon is recorded as having had no 
interaction, and another photon history is begun. 
If the interaction is inside, we determine by random 
sampling whether it is an absorption or Compton 
scattering, the relative probabilities for these contin­
gencies being proportional to the respective cross 
sections. In case of an absorption, the photon 
history is terminated, and another begun . In case 
of a scattering, the new energy and direction of the 
photon after the collision are sampled from ~he 
Klein-Nishina distribution, whereupon the locatIOn 
of the next interaction is sampled in the same manner 
as before. If this interactio"l occurs ou tside the 
crystal, the photon is considered to have escaped, 
and the energy left behind in the crystal is recorded. 
If the interaction was inside , we proceed as before , 
deciding whether it was an absorption or scattering, 
etc. The procedure is repeated until the photon 
has either left the crystal, or has reached an energy 

' W. E. Kreger, Phys. Rev. 95, 1554 (1954); see also footnote 3. 
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lo "-er th an 50 k ev, in whi ch case the photon is 
considered as absorbed. The bias introduced by 
this cutoff is negligible because of the steep rise of the 
pho toeleetric absol'pLion cross section for N aI a t 
energies below 50 k ev. 

The deta,iled equation s for carrying out the 
sampling procedure have been p resented elsewhere, 
together with an accoun t of the numerical manipula­
tion required to adapt th e various cross sections to 
computation on a h igh-speed comput.cr.7 

The req uired absorption coeffi cients were obtained 
from th e tahulation of G. Whi te.s 

2 .3 . Machine Comp utation 

In the SEAC program, th e calculat ion was set up 
for the simul taneous consideration of nine crystals 
of different sizes. For th e sake of convenience, tb ese 
sizes were chosen so that the crystals formed a nested 
sequence, each crystal containin g completely the next 
smaller 011e. ' Vh en a ph oton in Lhe random sampling 
experiment escapcd from a crystal, the history was 
con tinued fo r all crystals of larger size. This pro­
cedure resulLed in great economy of comput in g time.9 

B eyond that, it increases the stat istical efficiency of 
comparisons of the response functions of crystals of 
different shapes. 

The ou Lpu t of a SEAC calclliation consists of the 
following information for each of n ine crystals: 

a. The effi ciency Y(E) . This information is in a 
sense redundant since it can also be eas ily ob tained 
by a direct analytical calculation (eq (4)). But a 
comparison between an alytical and 11 lonte Carlo 
effi ciencies provides a useful ch eck tha t the compu ter 
operation was elTor-free. 

b. The spectrum (in histogram form ) of the energy 
packets supp lied to the crystal b~T pllO tons whi ch 
e,-entually rsca pe: 

,,+1 

kn(E )= J 32 K (E, E')dE' 
n E 

32 

(n= O, I , . .. 31). 

c. The photofract ion peE). 
It was convenirnt to generate and process pllOton 

historics in groups of 1,CO O. For photons with an 
initial energy of 660 kev, this took about 35 to 40 min 
of SEAC time; for higher energies th e running time 
was a little longer. 

2.4. Escape of Secondary Radiation 

In th e ::vronte Carlo calcula tions it was assumed 
that the en tire energy r eleased in tll e successive 
scatterings or fin al absorpt. ion of Lhe incident photons 

1 M. Berger, J. Research NBS 56, 343 \1956) RP2640. 
B G. White (private communication). 
'There is another obvious way of increasing tbe efficiency of the computation, 

namely, by tre.ating the first interaction analytically, and sampling only subse­
quent interactions. Tbis procedure ","oids photon histories which result in no 
interaction at all , and tbus contribute only information on the efficiency (which 

remained in the crystal. Actually t hi is thc case 
only at low energies. At energies above the threshold 
for pair production, annihilation quanLa may escape 
from t.he crystal; addi lional energy can be lost in the 
form of bremsstrahlung. In Llw energy region of 
interest (up to 4.45 M ev) the e[ecL o( brem sLrahlung 
was found to be millor compared Lo that of annihila­
tion radiation. ::\f ot ()Illy is Lbe laLter greater 
quantitatively, but it also affecLs the sh ape of the 
response function in a more distinct fash ion, giv in g 
rise to two additional peaks corresponding to th e 
complete escape of 1 or 2 annihilation quanta 
subsequ ent to the absorption of a primary photon . 

The appropriate corrections were made according 
to th e approximate procedure outlined in the 
appendix. The photofraction p(E) ,vas corrected 
both for annihilation radiat ion and bremsstrahlung. 
In order to avoid excessive compu tation, the detailed 
shape of the response function was corrected only for 
annihilation radiation, and an adjustment for th e 
effects of bremsstrahlung was made by a subseq ucnt 
l'enOrmalizfl tion of the fun ction K (E,E'). 

2 .5. Gaussian Broadening of the Response Function 

It follows from eq (1), (2), (3), and (4) tha t t he 
l'Osponse function ~ 

R(E,E" ) 
Y ,E) 

, '271'aE· 

I E 1 
K (E,E') _. exp { -(E" 

o ,fE' 
- E'n2aE' } cZE' 

+ Y(E)p(E) exp {-(E"-E)2J2aE } 
.J27r aE 

= H (E,E")+ G(E,E") 
(tail) (photopcak) 

(7) 

For numerical applications the parameter a was 
ellosen Lv be 0.00140 E(lIev), cvrret>pomlillg to a 

width at half-maximum W = 0.09 E. This is a 
typical value in close agreement with experimen tal 
data of Foo te and 1\..och (see footnote 2). 

In the evaluation of H (E,E") one must take into 
account that K (E,E') is available only in histogram 
form 

n+l 

fazE 
k = K (E E' ) dE' 

n " n 
-E 

n = O, l , ... 31. 

32 

in any case can be determined analytically), but not the shape of the loss function . 
This procedure leads to complications when one tries to consider several crystals 
simultaneously. and it was decided that-on balanre--the possible gain in 
efficiency was not sufficient to compensate for the inc'reased amount of manipnla· 
ton and computing time. 
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It is assumed that the kn's have b een corrected if 
necessary, for escape of secondary radiation. vVe 
consider them to form a row matrix k (E ) = (kalel .. . 
k31). We similarly replace H (E,E" ) by a row matrix. 

n+l 

h(E)= (hohl .• . h31 ), where h,,(E)= J~E H (E,E')dE'. 
- E 
32 

The convolution of K (E,E') with a Gaussian is 
replaced by a matrix multiplica,tion: 

h= Tk, (8) 

where the matrix element T nm (a kind of transition 
probability) is given by 

I I 1 

o n+ t Tnm= dt~ . 
27T'a3"2 

",+1 

J32 E dE' exp 
m 
- E 
32 

(9) 

The exact location of a pulse within an interval of 
size E /32 is not known from the Monte Carlo cal­
culation. We assume a uniform distribution, which 
is the reason for the average with respect to tin (9) . 

3. Results 

3 .1. Efficiency and Photofraction for Collimated 
Radiation 10 

Crystals of such sizes as are either readily avail­
able commercially, or are in use in this laboratory, 
were selected for computation. In table 1, the crystal 

. efficiencies arc listed for collimated radiation of 
various energies incident along the axis of the cylin­
drical crystals, computed according to eq (4). The 
figures in parentheses indicate the values that were 
obtained by the Monte Carlo calculations. The 
agreement is excellent. 

In table 2, the photofraction peE ) is given. This 
is the corrected value taking into account the escape 
of secondary radiation. The amoun t D.p which had 
to be subtracted from the raw Monte Carlo result 
Po in order to make the correction is indicated in 
parentheses. The indicated errors are standard 
deviations computed as follows. The standard 
deviation of po is 

_ [ po(1 - PO) ] 1/2 
rJo- YN (10) 

where N is the total number of photon histories con­
tributing to the determination of po. (N is also 
shown in tables 1 and 2.) The correction D.p was 
assumed to have a standard deviation (l /10 )D.p. 
This is a nominal figure representing an "educated 
guess. " The total standard deviation is 

(11) 

IO Collimated radiation means a narrow pencil of radiation incident along the 
crys tal axis. 

TABLE 1. Crystal efficien cy 

The values listcd without parentheses were calculated according to eq (4); those in parentheses are the 'corresponding Monte Carlo results obtained tb rough th e 
analysis of the ind icated number of photon histories. 

Crystal ~o. 1 2 3 4 5 6 7 8 9 

Radius (in.) 2. 5 2. 5 2 . • \ 0.875 0. 75 0.75 0. 75 0.5 0.25 No. of 
Length (in.) 9. 0 8.0 4. 0 2. 0 2.0 1.5 1.0 1.0 0.5 histories 

N 
- ---

Efficiency Y(E) 

Energy E 
(Mev) 

0. 279 { I. 000 1. 000 0.998 0.958 0. 958 0.908 0.796 0. 796 0.548 6, 000 
(1.000) ( I. 000) (. 999) (.957) (.957) (. 903) (. 798) (. 798) (. 546) 

. 661 { 0. 998 0. 996 . 936 . 747 .747 . 643 . 497 . 497 . 290 10,000 
(. 998) (. 996) (. 938) (. 748) (. 748) (. 644) (. 497) (. 497) (. 295) 

I.li { . 988 . 981 . 861 . 627 . 627 . 522 . 389 . 389 .218 5, 000 
(. 987) (. 979) (.859) (. 635) (. 635) (. 529) (. 395) (. 395) (.223) 

1. 33 { . 984 . 975 . 84 1 . 602 . 602 . 499 . 369 . 369 . 206 5,000 
(. 986) (. 97i) (.833) (. 599) (.599) (. 495) (. 363) (. 363) (. 191) 

2. 62 { . 958 . 940 . 755 . 504 . 504 . 410 . 296 . 296 . 161 6, 000 
(. 964 ) (. 946) (. 760) (. 507) (. 507) (. 409) (. 292) (. 292) (. 164) 

4. 45 { . 950 .930 . 735 . 486 . 486 . 393 . 283 . 283 . 153 5, 000 
(. 947) (. 927) (. 741 ) (. 484) (. 484) (. 398) (. 282) (. 282) (. 1.13) 
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T ABLE 2. Photofracti on p (E ) 

T he valu es listed without parenth eses pe rlain to photofractlons corrected for the escape of annihilat ion radiat ion and bremsstrahlung. T h correspondIng figures 
in parentheses iJ1Ciicate the correction ap that had to be subtracted from the raw Mo nte Carlo values porE ). T he indicated stanei arei deviat ions were computedac­
cord ing to eq (11) . 

Cryst',l ~ o. I 2 3 'I 5 6 7 8 9 

Rad ius (in .) 2.5 2.5 2.5 0. 875 0.75 0.75 0. 75 0.5 0. 2.; 1\ o. of 
Length (i n.) 9.0 8.0 4.0 2. 0 2. 0 1. 5 1.0 1.0 0.5 histories 

I N 

Pbolofractio ll p ( /i ) 

Energ~T B I 
(MC\') 

0. 279 { 0.973 0.973 0.97 t 0.915 
±.002 ± . 002 ±. 002 ± . O04 

.661 { .887 .884 .821 . 542 
±. 003 ±.003 ± .004 ±.005 

{ . 778 . 775 .1182 . 3118 
1. 17 ±. O06 ±. 006 ±. 007 ±. 008 

(.002) (. 002) (. 002) C. 003) 

{ .767 . 758 . 667 . 35 1 
1. 33 ±.00H ±. O06 ±. 007 ±. 009 

(. 003) (. 004) (. 005) (. 009) 

{ . 653 .6'13 .53 1 . 243 
2.62 ±.OO8 ±. 009 ±. OlO ±.014 

(. 051) C. 056) (. 069) (. 117) 

{ .621 . 608 .491 . ]fi9 
4. ·15 ± .0 15 ±. 015 ±. 020 ±. O33 

(. 139) (. 141) (. 184) (.319) 

3 .2 . An Empirical Formula for the Photofraction 

It has already been noted by M aeder et al. , that 
for small crystals at an energy of 0.511 ~lev the 
pbotofraction is a smooth function of ,rr:i1 where L 
is the crystal length and R the radius. The results 
of table 2 sbow tha t this also holds true for large 
crys tals and in the entire energy range from 0.279 
to 4.45 Mev. 

Moreove r, the dependence of the photofraction 011 

the crystal size can be accurately represen ted by a 
simple empirical formula , under conditions where the 
correction due to the escape of secondary radiation 
is absent or small (i . e., at 0.279 , 0.661, and l.17 
M ev for all the crystals, and a t l.33 for all but the 
smalles t crystal considered .)ll 

'fhe forluula is: 

p(.jLll,E) = A (E)-B (E)e-C(E)..jLR (12) 

where Land R are the length and radius of t he 
crystal. With the parameters A, B , and ° list ed 
in table 3, formula (12) r epre en ts the values of 
p eE ) given in t able 2 with an accuracy that is 1 to 2 
percent in most cases, occasionally 3 to 4 percent, 
and in the worst cases 5 to 7 percent. These devia­
t ions are presumably due to the fact that peE ) de­
pends on Land R in a more complicated way than 
t lu'ough {lR. 

lIiAt higher energies !\ sirnpl~ expression of the type (12) does not appear to 
work well. In any case the high-energy resulls are not precise enough to m ake 
fitting by a formula wort hwhile. 

---

I 
0.900 0.882 0. 843 0.8 14 0. 711 6, 000 

±. O04 ±.OO4 ±. 005 ±. 006 ±. O08 

.508 .481 . 442 . 3i7 . 243 10.000 
±. 006 ±.006 ±. OO7 ±. 007 ±. 008 

. 343 . 315 . 282 . 235 . 140 
±. 008 ±. 009 ±. 01O ± . 0 1O ±. Ol l 5.000 

(. 003) C· 005) C. 005) (. 005) (. 003) 

. 325 . 303 . 272 . 224 . 120 
± . OO9 ±.009 ±. 01O ±. 01O ±. Ol l 5, 000 
(. 009) (. OlD) (. 013) (. 013) (. 011) 

.226 . 201 . 175 . 144 . 0950 
±. 015 ±. OIG ± .017 ± .017 ±. 018 6.000 

(. 122) C. 128) (. J35) (. 131) (. 130) 

. 157 . 132 . 11 9 . 0826 .0890 
±.033 ±.O35 ±. 036 ±. 037 ±. 039 5,000 

(. 319) (.332) (. 33 1) (.3 17) (.:m ) 

T ABLE 3. Pammete1"S of the empirical form ula, eq (1 2), for 
the photofracl'ion 

_. 

E A (E ) ll ( E) C(E) 

}\Jpv cm- 1 

O. 279 O. 973 O. 51-1 O. 658 
. 661 . 940 .8+1 . 219 

1. 17 . 980 .9M . 124 
1. 33 .985 . 9'J2 . 120 

Formula (12) also predicts the correct number 
albedo for a semi-infinite medium. Wl1en L --? ro 

and R --? ro 

p(ro,E) = A(E)= l - numbel' albedo. (13) 

When we extrapolate in the other direction 
(L --?O and R --?O) 

p (O,E) = A(E)-B (E )= fl.PII /fi. (1 4) 

where MPH/ M is the ratio of the p llOtoelec trie to the 
total atten uation coefficient . Thus, of the three 
parameters A, B, and 0, two are flxed by (13) and 
(14 ), and only 0, a quantity with the dimension 
of an attenuation coefficien t, is adj ustable. This 
makes it ra ther remarkable that a simple formula 
like (12) works. 
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3.3. Shape of the Response Function for Collima ted 
Radiation 

The response functions for all the crystals listed 
in tables 1 and 2 (except No.2) are shown in figures 
l ,a and l ,b for incident energies of 0.279, 0.661 , 
1.17, 1.33, 2.62, and 4.45 :Mcv. For the sake of 
clarity of presentation we have plotted only the 
response function exclusive of the photopeak, i. e., 

-
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w 
::J: 
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wl~ 
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" Q 

10 

1.0 

10'1 

R· 0 .25" 
L · 0 .5 ' 

I o· 4l.w..1.J..l.i...L.U.l.L1.J..!J..U.LLLl..lJ..JJ.l..ll!:,:-, 

o 30 0 

NO . 8 

R · O.5" 
L ' 1.0" 

10 

the function H (E ,E' ) as defined in eq (7). The 
photopeaks are indicated by arrows. 

'fhe Gaussian broadening has been calculated 
according to the prescription given in section 2.5. 
It should be mention ed that the shape of the response 
function is rather insensitive to the magnitude of a. 
The results are presented in histogram form, the 
range between the energy of incidence E, and zero 
energy b eing covered by 32 intervals of equal size. 

30 0 

32.1.' 
E 

NO .7 

R· 0 .75" 
L . 1.0" 

10 30 0 10 30 

F I GURE 1. R esponse f1tnctions of NaI (Tl) scintillation C1"ystaZs for collimated mdiation incident along the crystal axis . 

a, Crystals No.9, 8, 7, and 6. 

Only tbe "Compton b ils" of the spectra are sbown ; the photopeaks are merely indicated by arrows. All curves are normalized so as to correspond to one incident 
photon the area under them being Y(E) [l-p(E)) . T hc curves fo r difIerent euergies have been shifted apart througb multiplication by indicated scale factors 10". 
The sbaded areas represen t the pulses wh ich have been shifted fro m the photopeak because of the escape of annihilatiou radiation . 
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The histograms are normalized absolutely so that 
they correspond to one photon incident on a 
crystal. The arca undcr each histogram is thus 
Y(E)[1 - ZJ(E)].12 In order to supply the missing 
photopeah:, one need m erely add a Gaussian with 
the desired standard deviation (cf. eq (7)) and 
multiplied by a weigM factor Y(E)p(E) ; Y (E) 
and peE) can be foullel in tables 1 and 2. 

The shaded parts of the histograms indicate the 

12 To separate the histograms for d iITerent energ ies, the ordinates were multi· 
plied by indicated scale factors lOa . 

w 
w' 

I 

>< 
tj 
o 

10 

1.0 b-''''-='---------I-+-I 

contribution to the scintillation spec trum due to the 
escape of secondary radiation. In other words, they 
represent pulses whi ch would have ended up in the 
photopeak if the absorptions had not been spurious. 
It can be seen that at suffi cicntly high source energies 
the response functions have two peaks at energies 
mc2 and 2 mc2 below the inciden t energy E, which 
are associated with the escape of 1 or 2 annihilation 
quanta. 

It can be seen that the shape of the response 
functions for various crystal sizes, and even for 
different energics, arc on the whole rather similar. 

- NO.3 

R·2.5" 
L· 4.0" 

24 32 0 8 16 24 32 

FIGURE 1. Response f1tnctions of l~aI (Tl) scintillation crystals for collimated radiation incident along the crystal axis- Con t. 
b, Crystals No.5, 4, 3, and 1. 
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The statistical fluctuations of the Monte Carlo 
calculations, as evidenced by the irregularities of 
the histograms, are much worse for high than for 
low incident energies. It is noticeable that quite 
similar local irregularities occur for histograms 
pertaining to the same energy but different crystals. 
This phenomenon is due to the use of the same groups 
Df photon histories for all the crystals. 

3.4. Other Source Geometries 

Monte Carlo calculations of the response function 
for any desired source geometry can easily be 
accomplished through the proper choice of the initial 
conditions, photon positions and directions, in the 
Tandom sampling process. Sample results of such 
calculations for 0.661 Mev radiation are presented 
in figures 2, 3, and 4. 

a. Broad-Beam Radiation 

In figure 2 the ratio PBBlp is plotted against rlR , 
where PBB is the photofraction for a broad cylindrical 

Q 

'-..... 
'" '" n. 

1.0 f"";;;:-,---,----.--,--,----,--,---,---,---, 

.9 

.8 
CRYSTAL NO.3 6 9 

.2 .4 .6 .8 1.0 
r/R 

FIGURE 2. Comparison of the photofractions for broad beams~ 
and for collimated radiation incident along the crystal axis. 

The ratio PB B/P is plotted as a function of rl R , where r is the radius of the broad 
beam, and R that of the crystal. 'rhe source energy is 0,661 Mev. 

1.0 I I 

.9 f- -
a. 

........ 
~ 

a. CRYSTAL NO.6 

. 8 l-

E' 0.661 Mev 

.7 I I 
0° 15° 300 

ton-I RID 

FIGUR E 3. Compw'ison of the photofractions for point-isotTopic 
sources, and for collimated radiation incident along the 
crystal axis. 

The ratio PIsIl' is platted as a function of tan-I (D IR) , wbere D is the distance 
from the crystal to the pOint source (located on the crystal axis), and R is tbe 
crystal rad ius. 

beam with cross-sectional radius r, p is the photo­
fraction for a collimated source, and R is the crystal 
radius. Three curves are shown, for crystals No. 3, 
large; No.6 , medium-sized; and No. 9, small. 

b . Point-Isotropic Source 

In figure 3, th e ratio Prs/P is plotted against 
tan- 1 R/D where Prs is the photofraction for a point­
isotropic source located at a distance D from the 
crystal on the cylinder axis . The curve pertains to 
crystal No.6. The end-point of this curve, for 
tan-1R /D= 0°, was obtained from the corresponding 
broad-beam result. 

c. Off-Axis Collimated Beam 

In figure 4, the shape of the response function is 
shown for collimated pencils of radiation incident 
at various distances s from the crystal axis, for 
crystals No.4 and No. 1. The normalization and 
other details are the same as in figure 1; the photo­
fractions are also s hown. 

w 

W 
:c 
wl~ 

" o 

102 ~ ______ ~ ________ --. 
NO . 4 

10 

E. 0.661 Mev 
R· 0.875' 
L= 2 .0" 

FIGURE 4. Response function of NaI(Tl) scintillation crystals 
for collimated radiation incident ojJcenter at a distance s from 
the crystal axis. 

The curves are normalized so a~ to correspond to one incident pboton , tbe area 
under them being Y(E)[l -p(E)]. 'I' he curves for different values of 8 have been 
shifted apart through multiplication by indicated scale factors lOa. Only tbe 
"Oompton tails" of the spectra are shown; the pbotopeaks are ind icated by 
arrows, and the values of the pbotofractions are sbown beside the corresponclin!!' 
cun-es. 
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4. Discussion 

4.1. Comparison With O ther Calcula tions 

Our results for the value of the photofraction for 
collimated radiation incident on small crystals are 
in good agreement with those obtained by Maeder 
et al. For example, at an energy of 0.661 M ev 
one finds: 

Crys ta l number 
---------- ---------

9 8 I 7 I 6 I 5 I ~ 
------ - ----- - --

p (;\Iaeder) _1 0' 2,]'6 0. 368 0.418 1°.471 O. 507 0.546 
p (table 2) _ . 2'].3 .377 . 44 2 . 481 .508 .542 

At 0.279 M ev and 1.17 M ev the agreement is 
almost as good (with the exception of a 15 percen t 
discrepancy for the smallest crystal (No.9) at 
1.17 M ev). 

No other r esults comparable to our photofractions 
for large crystals No.1, 2, and 3 exist. Maeder et 
al. did, however, attempt to compute the photo­
fraction for the limi ting case of an infinitely large 
crystal (i. e., a semi-infinite medium), calculating 
the first two interactions of the incident photon 
exactly, and estimating the effect of the subsequent 
interactions. We have calculated the photofraction 
for this case by extrapolation based on the empirical 
formula (12) and arrive at the followin g comparison: 

I E nerg.v (Mev) 

Infini te ly large crys tltl 1------------
______ __ 0 ._2_7~ _~ 6_6_1 ___ 1._1_7_ 

p(:\ Ionte Carlo) _________ J 
p(:\1aeder) --------------i 

O. 975 
. 975 

O. 940 
. 8 76 

O. 980 
.802 

The "order of scattering" approach , in th e limit 
of very large crystals, agrees wi th the more exact 
t;ah;ula Lioll Ollly at 0.279 1\1ev, where multiple inter­
actions are unlikely because of the large gamma-ray 
absorption cross section, but leads to a significant 
underestimate of the photofraction at h iglwl' energies. 

Our albedo values I - p are in good agreemen t with 
the results of a calculation by Hayward and Hubble.13 
Note that the albedo is greater at 0.6G1 Mev than at 
0.279 or 1.17 Nrev. There is also experimental evi­
dence for the OCCUlTence of this maximum at an 
in termed ia te en ergy.14 

The pictures of the response fun ction given by 
:Maeder et al. are imilar in appearance to ours, bu t 
not detailed enough for an accurate comparison in 
regard to sh ape. 

4.2 . C omparison With Experimental Results 

For small crystals a detailed comparison with ex­
periments has been made by Maeder r~ al. , which 

13 E. H ayward and J . Hubbell , Phys. Rev. 93 , 955 (1954). 
14 H . ,,'. Koch (private com municatio lJ ). 

can equally well be applied to our results. It indi­
cates fair agreement bet.ween theory and experiment, 
but there is a consistent tendency for the experi­
menta'! photofractions to be somr what lower than 
the theoretical values. This di crrpancy may be 
reduced in part if one takes into account energy 
losses du e to electron escape from the crystal. 15 

M easurements of Foote and Koch (see footnote 2) 
indieate for collimated radiation incident on a large 
crystal (R = 2.5 in ., L = 4 in. ) pho tofractions p= O.( 
at 0.661 M ev, and 0.64 for cobalt-60 radiation , whil e 
the corresponding theoretical values are p= 0.821 , and 
0.675 respectively .16 

Further r esults for a large crystal (R= 2 in., 
L = 4 in. ) h ave recently been repor ted by Kreger (see 
footnote 6). His inciden t radiation was a broad 
beam with cross-sec tional radius r= 0. 25 R . H ence 
the comparison must br made for tl l P broad-beam 
photofraction PBB. liVe have so far only calculated 
this correction at an energy of 0.661 M ey, but esti­
mate that with an error of only a fe \\- prrce nt th e 
same frac tional correction can also be appli ed at the 
other energies of Kreger's experimen t. 

I 
Energ,v ( :\rc\') 

0. 279 10. 661 
I 

I. J 7 1 1. :32 2. 62 

-- -1-' -p (Kreger) _______ O. 93 O. 725 O. 57 1 O. 5 ~ O. '}7 
P (prcse nt result s) _ (. 90 ) . 7-l (. 60 ) (. 58 ) (. 50 ) 

, 

The agreement is seen to be quite good at 0.661 :Mev, 
where the exact value of the correction is known, 
and fairly good elsewh ere. 

Summing up th e en tire exp erimental evidence, 
both for small and large crystals, we can state the 
experimen tal photofract.iolJ is invariably below the 
theoretical values, by a smaller or great.er amount. . 
One is led to tbe conclusion that in th e experiments 
th ere is always background radiation present (such 
as back-scattered radiation from the radiation source, 
and from the material surrounding the detector) 
which would be coun ted in the tail end of the pul e­
heigh t spect,rum and would thus tend to depress the 
value of th e pho tofraction . 

The authors th ank Dr. Evans Hayward for several 
stimulating and enligh tening eli cussions, and Miss 
Mary Orr for her assistanee with th e h and com­
putations. 

5 . Appendix: Escape of Secondary 
Radiation 

5.1 . Effect on the Photofraction 

To estimate th e effect of the escape of secondary 
radiation on th e value of the photofraction p, we must 
determine th e probability that an absorp tion is 

" K. Liden and I • Star[elt, Arkiv Fysik 7, 428 (1954) . 
. _ Y (l.li)p(1.l7l+Y( 1.33)p( 1.33) 

16 The photo[raction [or cobalt-50 radiatIOn, p Y(1.l i)+Y(1.33) 
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"spurious." i. e., that it results in, or is preceded by, 
the escape of at least one secondary pho ton from 
the crystal (with an energy greater than 50 kev)Y 

We shall ignore the displacemen t of charged 
particles in the crystaJ.18 Bremsstrahlung and 
annihilation quftnta are thus assumed to be emitted 
at the point of absorption of the primary pho ton. 
Moreover, the emission is assumed to be isotropic. 
First, attention is concentmted on the spurious 
absorptions which occur in the first interaction of the 
incident photon (i. e., prior to any Compton sca tter­
ings), and return later to the relatively unimportan t 
spurious absorptions resulting from other inter­
actions. Secondary radiation is therefore considered 
as originating from an exponentially distributed line 
source on the axis of the crystal (on the assumption 
that the incident radiation is collimated). 

The following notation will be used for the various 
attenuation coefficients: /LPH = photoelec tric absorp­
t ion coefficient, }Lp = pair production absorption co­
efficient, .uc = Compton scattering attenuation coeffi­
cient ; }L = }LPH + }Lp + /Lc = total attenuation coefficient . 

Annihilation Radiation. If an absorption of a 
primary photon of energy E results in pair formation 
and subsequent annihilation of the positron, the 
probability that at least one of the two annihilation 
quanta will escape from a cylindrical crystal (with 
mdius R and length L ) is given, approximately, by 
the following expression : 

0= }L(E) ( L dxe- Jl. (E)x 
p l - exp [- }L(E)LlJ o 

i l d cos 0 {l - (I-e- s 1Jl.') (l-e- SzJI.')pfpn (15) 

where }L' = }L (mcZ) , and SI and S2 are the distances 
tmveledin the crystal by the two annihilation quanta 
(emitted in opposite directions). 

If 0-::;'x-::;'L/2 

cos 01 -::;. cos 0-::;'1 SI=X/COS 0 s2=(L - x)/cos 0 

cos O2 -::;. cos 0 -::;. cos 01 SI = x/cos 0 s2= R/sin 0 

0 -::;' cos 0 -::;. cos O2 SI = R/sin 0 s2= R/sin 0 

If L/2-::;' x-::;' L 

cos O2 -::;. cos 0 -::;'1 SI =x/cos 0 

cos 01 -::;'COS 0 -::;'cos O2 sl= R/sin 0 

where 

sz= (L- x)/cos 0 

s2= (L- x)/cos 0 

s2= R/sin 0 

(16) 

[ ( R )2J-1/2 [ (R)2J - 1/2 
cos 01= 1+ L - x ' cos O2= 1+ x . 

17 'l' he limit of 50 kev was selected because the same low-energy cutolI was also 
used in the main M onte Carlo calculation . 

" The ranges for 0.3,1.0, and 4.0 Mev electrons in NaI are approximately 0.02 
0.17, and 0.861 cm, respectively . B ence only at the highest energy (4.45 Mev) 
and [or the two smallest of the crystals considered (No. 8 and 9) could the neglect 
of electron displacement lead to a significant overestimate of the photofraction. 

pf and p~ are pbotofractions for the two annihilation 
quftn ta, which- we believe- can be accurately ap­
proximated by the photofraction p for an energy of 
0.511 M ev, as obtained by interpolation from table 2. 

Bremsstrahlung. The probability of escape of a 
bremsstrahlung quantum of energy E' can be ex­
pressed by a formula similar to (15): 

P1(E')= }L(Ei j'L dxe -Jl.(E)X 
l - exp [- }L(E)L ] 0 

1: Jl dcoso {e- SJI. (E' )+ [1- e- S JI. (E' )][1 - p*(E)]} 
2 - 1 

(1 7) 

where we again set p*(E) = p(E), and the path 
length s is defined as follows: 

cos O2< cos 0 -::;' 1; 

x 1 s=--
cos 0 

R s---

-:in~ J 
s= cos 0 

(18) 

(cos 01 and cos O2 have the same meaning as above) . 
Let cp (E , E')dE' denote the probability, per unit 
path length, for an electron or positron of energy E 
to produce a photon in the energy interval (E' , 
E' + dE' ) /9 and let dE/ds be the average energy loss 
pel' unit path length of an electron or positron due 
to ionizing collisions.20 The probability of an escape 
of a bremsstrahlung quantum produced by an 
electron or positron of energy E in the course of 
slowing down is 

P2(E) = RtE) J : dE' 

J :'dE" [4>(E"E")I-~ (E')J P 1(E" ), (19) 

where R (E) is the electron or positron range, and 
E=50 kev is the cutoff. 

Let 1f; (k )dk be the probability that one of the 
members of the pair has acqui.Ted initially a frac­
tion between k and k+ dk of the total available 
kinetic energy.20 The probability of the escape of 
at least one photon in t he form of bremsstahlung 
emitted by a pair of total energy E while slowing 
down is 

P3(E) = i l dk1f;(ki[P2(kE)+ P z(E- kE) 

- P2(kE)P2(E- kE)]. (20) 
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The above formula assume that each member of 
t he pair can em it at most one photon .with energy 
greater than 50 ke\T in Lhe course of slowing down . 
We believe Lha t Lhe eHecLs of plural photon produc­
t ion can be afely neglcclcd in tll e energy range of 
intel'cst hc1'c. 

Combined E.tJect. The probability that the ab­
sorption of a prim.ary phoLon of energy E in a first 
interaction will be spmious clu e to the combined 
~ffects of brem strahlung and annihilation radiation 
IS 

+ M+ [P3(E-2mc2) + Po-PlE- 2mc2)Po]. 
MPH J.Lp 

(21) 

In evaluating this fonnula we found that the neg­
lect of bremsstl'shluna (i. C. , setting P 2 and P 3= 0) 
,,-ould lower P4 b:v onl,v a few percent (a maximum 
of '" 11 % for cl')Tstal No. 9 at 4.45 :Mev). The prob­
ability, per incident photon, of a spurious absorption 
in the first interaction is 

Next we mList determine a corresponding probability 
of spurious absorp tion in a second interaction . One 
contribution to this probability is similar in origin to 
(21 ), and can be written: 

k(E ,E' )Q(E')Pt(E') , (23) 

where lc (E,E') is the Klein-Nishina differential co­
efficient for Compton scattering with energ.\T change 
from E to E'; Q is the probability that the scattered 
incident photon will not escape from the crystal with­
ouL furLlwr iULenld ioll 2l ; and Pt(E) is the probabil­
ity that a given absorption event is spurious, and is 
analogous to P 4 (E), but should take into account 
the fact that tbe source of secondary radiation is no 
longer concentrated on the crystal axis. We have 
ignored this circ umstance, because the evaluation of 
an exact expression for P !(E) would be exceedingly 
complicated, and have se t Pt(E) = P 4 (E ). It is 
hoped that t his will introduce only a minor error, 
for the following reasons : For small crystals, such a 
geometrical e1'ro]' might be serious, but a second inter­
action is quite rare; for la rge crystals, in which multi­
ple interactions are more common, the geometrical 

2l An expression for Q has been given by Maeder et al. (footnote 3, eq 44, 45, 46;) 
their lfo is our YQ. 

error is much les signiflcan t. In any CftSC, the 
contribution of P6 to thc change in thc photofraction 
will be small , so that a rough-and-ready treatment is 
in order . 

There is also the possibility that an ahsorp tion 
taking place in a second interaction is spurious be­
cause it was prcccded by the escape of fl, brcm -
strahlung quantum from a Compton ],ccoil elect ron. 
The probabili ty for this to llappcn is 

P 7(E )= [Y(E)/ M(E)] J: dE' MPH (E)1,)p(E') 

k (E tE')Q(E' )P tCE - E'). (24) 

Thus a spurious interaction will occur wi t h 
probability 

p el' incident photon in a second interaction ; and with 
pro babil ity 

in a first or second interaction. At the highest 
energy and for the largest crystal considered, the 
value of Pg was only 15 percen t of Ps, and generally 
it was much smaller. Subsequent interactions will 
lower the photon energy further and make spurious 
absorptions even more unlikely. H ence we felt jus­
tified in ending our calculations with the effects of 
the second interaction . The change m the photo­
fraction is thus 

I1p= - P g(E)Y(E). (27) 

5.2. Effect on the Shape of the Response Function 

In considering the detailecl shape of the response 
function we have calculated only the effects of an­
nihilation radiation from a first interaction. Other 
escaping secondary radiation was taken into account 
only insofar as it shifted pulses from the photopeak 
into tail of the response function (i. e., by an appro­
priate renormalization of K (E,E'». 

None, or one, or both of the annihilation quanta 
resulting from a pair production can escape from the 
crystal without fur ther interaction . The probabil­
ities for these con tingencies can be obtained by 
replacing the integrand in the inner integral in (15) 
by the expressions 

(28) 
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In case (a) the energy E' left in the crystal is the 
sum of three terms; two of them are each distributed 
as 

the third contribution is a constant amount of 
energy E - 2mc2 • 

In case (b) , E' is the sum of two terms, one dis­
tributed according to (29), the other a constant 

equal to E - 2mc2• In case (c) E' = E - 2mc2• The 
correction of the response function was performed 
by shifting the appropriate number of pulses from 
the photopeak to the " t ail" of the pulse height 
spectrum, distributing them according to the dis­
tribution functions described above weighted ac­
cording to (28). 

IV ASHINGTON, November 4, 1955. 
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