
Journal of Research of the National Bureau of Standards Vol. 54, No. 3, March 1955 Research Paper 2574 

Variation in Distortion with Magnification 
Arthur A. Magill 

The distortion introduced in t he image by a lens for a given axial inclinat ion of t he 
chief ray is a linear function of t he magnification. Specifi cally, if Do re presen ts t he distor­
t ion with parallel light incident on one side of t he lens (zero magnification) a nd D oo the 
distortion with parallel light incident on t he other , t hen t he di stort ion Dm at any magn ifica­
tion m is given by Dm= Do- mDoo . This equat ion has been expe rimen tally verified for 
examples of three types of symmetrical lenses. 

1. Introduction 

The growth of photogrammetry with its high­
precision imaging systems h as necessitated accurate 
determination of the distortion introduced by a lens. 
Because the distortion varies with the magnification, 
it has been customary heretofore to have the dis­
tortion measured for each objeet-Lo-image ratio em­
ployed. To avoid m a king such a series of 
measurements, a simple linear equation for a lens 
with. a single effective stop has been developed, from 
which the distortion at any magnificalion may be 
computed from the measured values obtained at 
two magnifications. The two distortions that would 
normally be used are those ob tained with parallel 
light incident, in turn, on the front and on th e back 
of the lens. These not only require the simplest 
experimental setup, but also h ave special significance 
as the limits of real image formation. Virtual 
images (i. e., negative magnifications) will be ex­
cluded as having little practical value. 

2 . Theoretical Development 

In 1907 E. Wandersleb 1 developed a hyperbolic 
relation between magnification and the raLio of the 
lateral displacement of the image from its distortion-

I E. Wall dersleb, Uber die Verzeichnungsfehler Photographi£cher Objecih- , 
Z. InstrumenLcnk. 27 , 33-37, 75-85 (1907). The equation is also used in many 
optical texts. 
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FIGU RE 1. Diagram of a lens and a given chief my. 
' L' he lells elements preceding and following t he stop image is at Eo and E 'o 

respectively. For the indicated nonparaxial cbief ray tbe spberical aberratio~ 
of t he elements rclocatcs these images at E and E'. 

less position to the height of the distortionless image. 
By defining the distortion as the later displacement 
of the image, the relationship may be reduced to a 
lineal' function , fully expressible by the introduction 
of the two values obtained with parallel light. 

In figure I , a lens of focal length j with surface 1 
and final surface k h as Lhe paraxial foci F and F' . 
It is equipped with a single effective stop . The 
paraxial pupils are located at Eo a nd E~ at distances 
Po and p ~ from the foci . The spherical abel'l'ation 
of the lens elements preceding and following the 
stop ch anges the positions of the pupils for non­
paraxial rays. For the chief ray with a slope angle 
of u to the optic axis in the object space and u' in 
the image space, the pupils are shifLed by amounts 
o and 0' to E and E' at distances p and p' from the 
foci. 

J ow eonsider the object point 0 with thi same 
chief ray located at a heigh t y from the opLie axis, as 
hown in figure 2. The sign convention is that of 

taking figure 2 as an all-posiLive diagram . The 
interseetion of the emergenL chief ray with the 
Gaussian image plane at 0 ' , a heigh t y' from the 
axis, will be taken as the image of O. For low­
aper ture lense with negligible zonal aberrations, 
this is eertainly a legitimate definition of the image 
position . Because most precision projeetion is done 
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FIGU RE 2. S ame len s as fig ul'e 1 with object and image planes 
included. 

The object 0 is imaged at 0' in t he Gaussian image plane. T be distortion 
D .. is the lateral displacemen t of 0 ' from its Gaussian posit ion, Dm=y'-my. 
All e1lstances and angles are to be considered positive, as sbo wn. 
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atI-numbers of 22 or larger, the definition is also in 
accord with photogrammetric practice. Thus, the 
magnification m, can be defined in terms of Gaussian 
optics as 

y' x' f m = lim -=-=-, 
y-'o Y f x 

(1) 

where x and x' are the distances of the object and 
image planes from their respective foci . A ray in 
the object space directed toward the first nodal point 
N, will emerge at the same slope angle in the image 
space as though emanating from the second nodal 
point, N'. This ray intersects the Gaussian image 
plane at the distortionless image position, a height 
my from the optic axis. 

The linear distortion for any magnification Dm is 
defined as the difference between the actual image 
position and this distortionless image position , that 
IS, 

Dm= y' - my. (2) 

From figure 2 it is apparent that the values of y 
and y' referred to the chief ray are 

y= (x + p)tan u , 

y' = (x' + p') tan u' . 

(3) 

(4) 

By substituting the values of x and x' from eq (1) 
and multiplying y through by m , the following 
equations are obtained : 

my= (j + mp)tan u , (5) 

y' = (mj+ p')tan u'. (6 ) 

Substi tution of eq (5) and (6) in eq (2) yields 

Drn= (p' tan u' - j tan u) - (p tan u - j tan u' )m. (7) 

For any given chief ray, all values in eq (7) arc 
constants with the exception of the magnification , 
and Dm is a linear function of m. 

The magnification for an object located an infinite 
distance to the left is zero and eq (7) reduces to 

Do= p' tan:u' - j tan u . (8) 

This is geometrically illustrated in figure 3 where 
parallel light incident on the left at the slope angle 
u forms an image in the paraxial focal plane on the 
right at a height of p' tan u' . The distortionless 
image position is given as the limiting value of my 
as m approaches zero and y approaches infinit:v, 
which from eq (5) is j tan u . 

For an object in the focal plane at the left, the 
magnification and the linear distortion are both 
infinite. However , if an object point is considered 
to be located at the position of the infinite image, 
it would in turn be imaged at the intersection of the 
chief ray with the focal plane on the left. The 
linear distortion D "" is here defi ned as that obtained 

F IGuRE 3. Same lens as .fig1l7e 1 at a magnification of zeTO. 
An infinite point object on the left is imaged in the focal plane at the right a t 

0 ', For this magnification of zero the distortion is given by Do= y' - f tan u. 

A I 

FIGuRE 4. Same lens as figur e 1 at a magnification of infinity. 
An object 0 ill the focal plane at the left is imaged at infinity on the righ t. If 

the infinite image "'ere replaced by a ll object, i t would in turn be imaged at 0 -
'l' he resulting distortion is deSignated D ", and ill this case is negative. ~ 

when parallel light is incident on the right at a slope 
angle of u' . R eferring to figure 4, it is clear that 

D ",= p tan u - j tan u f • (9) 

By dividing eq (7) by m, it is also true that 

D ",=-lim Dm=p tan u - jtan u' , (10) 
rll --+CO m 

where the negative sign indicates that D", is measured 
with the ligh t going backward through the lens. 
From cq (7), (8), and (9), 

(11) 

This equation gives the linear distortion at any 
magnification in terms of the two distortions obtained 
with parallel light for any given chief ray. The 
only restrictions are that there be a single effective 
stop and a requirement that the chief ray ade­
quately determine the center of gravity of the image 
or that, if it does not, the discrepancy be a linear 
function of the magnification. 
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FIG lJRll 5. Same lens as jig (ire 1 illustrating other TcJcrcna 
angles. 

It is of ton morc convenient to refer t hc distortion to t he slope "n~les w or f3 
t han it is to t he slope nnglc, n. For a sYIlIllletricallens, 'U, w, and fJ Inay be used 
interchangea bly with little errol'. 

3 . Experimental Method 

The equation has been verified for three types of 
commonly used symmetrical objectives at r elati ve 
apertures of J j22. The experimental method is the 
same as that described by Bennett/ using a nodal 
slide and optical bench. The probable error of 
measurement varies with the slope angle, ranging 
from approximately 1 to 5 fJ- at 45 0 with parallel 
incident light. For {-inite object cl.istanccs the 
probable enol' is greater by the nominal factor of 
(m + 1). 

For the measurement of D "" the valli e of u' that 
corresponds to any given u may be foun d from 
eq (8), providing the distance p' = (p~+o ' ) is known . 
Furthermore, for tbe user of t.he lens to be able to 
refer distortion to the chief ray requires that he 
know either (po+ o) or (Po' + 0'). The measurement 
of the location of the paraxial pupils presen ts no 
particular problem . To determine the values of 
o and 0', the stop could be equipped with a cross hair 
and the displacement of its image measured as tbe 
lens is rotated around each paraxial pupil in turn. 
The magnitude of 0 could also be computed from 
eq (9) as a check on the measured values. 

In practice it is often more convenient to refer 
the distortion to orne other basis than the slope 
angle of th e chief ray. In the nodal slide method 
the disto rtion is referred to the slope angle of the 
traight line joining the object and its Gaussian 

image, indicated as {3 in figure 5. The slope angle, 
10, of the ray in the object space directed toward the 
flrst nodal poin t migh t serve as a more convenient 
basis for the user of tlIe lens, who normally computes 

2 A. H . B en n('Lt . 'T'hc rli<:;tol'tion (If Sfl lll(\ typical photograph ic objecti\"(~s. J . 
Opt. Soc. Am . and Rev. Sci. In str. 14 .235 (M arch 192il. 

the conjugate distances from the nodal po ints. Tbe 
equations relating these two slope angle to tiIat of 
the chief ray arc 

Po+o+x . 
tan W= J+x tan u, 

Po+o+x tan f3 = tan u 
s ' f+x+-­m+1 

where s is the separation of the nodal poin Ls. 

(12) 

(13) 

For the ideal symmetrical lens, the pupils coincide 
with the corresponding nodal points and Po=p~=f, 
u = u' , and 0= 0'. Also from eq (8) and (9), D o= 
D",= o tan u . R emembering that x=f /m, eq (12) 
and (13) may be rewritten 

(14) 

1 tan {3 = ----- tan w. 
s m 

1+.1 (m+1)2 

(15) 

T hat u, w, and f3 may be used interchangeabl.,' 
with little enol' is superfi cially apparen t because 
Do is normall y a very small percentage of.f and th e 
discrepancy between f3 and W maximizes for m= 1, 
for which magnification the distortion is ze ro. 
.1lthough nominally symmetrical lenses are actuall y 
slightly asymmetric res ulting in obvious differences be­
tween Do a nd D"" the efi"ect on the reference slope angle 
has been ignored in obtaining the data for this paper ; 
that is, the assumption has lwen made tha t u, u' , 
and {3 are all equal. A detailed dcfrnse of this 
assumption for eac h lens tested would appear to 
be trivial in view of the good experimental agreement 
that was obtained. I t should be pointrd out, 
however , that if u' is not equal to u, the assump tion 
of equali ty will in itsclf tend t.o minimize the error 
introduced by employing a constant {3 for fmite 
object distances. 

4 . Experimental Verification 

The experimentally determined distortions are 
given for examples of the three types of symmetrical 
lenses in tables 1, 2, and 3. In all cases the val ue 
of the distortion at a slope angle of 50 is as­
sumed to be zero. The errors in magnification are 
so small wi th respect to the 0 ther errors in vol ved 
that all magnifications are considered exact. Th e 
measurements were made with a tungsten light 
source and a narrow-band filter having a dominant 
wavelength of 575 m}.t. 

The italicized digits represent the differences be­
tween the computed and observed values, and give 
a measure of the error involved in predicting dis­
tortion from Do and D ", . In general these dif­
fet'ences are what would be expected from the prob­
able error of measurement. The greatest discr ep-
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TABLE 1. Dis/ortion of two Hypergon-/ype lenses 

'rhe measured values of the linear distortion D m in millimeters for two H y­
pcrgon-Lype lenses are given [or the ind icated magnifications m and slope angles. 
'The italicized digits beneath each distortion give the differences in microns 
between the values compu ted [rom Do and D oo and the measured values_ 

Slope angle 

m 

I I I I I I I JOo 15° 20° 25° 30° 35° 40° 45° 

Lens AI, [/22, 127 mm 

0 0. 000 0. 001 0. 005 0. 012 0. 024 0.041 0. 067 ( n) 
00 . 001 . 002 . 004 . 003 . 000 - . 007 -. 013 (a) 

0. 2 .000 . 001 . 004 . 013 . 021 . 044 . 074 (a) 
0 0 0 -2 + 3 -2 - 4 

0. 5 - . 001 - .001 . 003 . 010 . 025 . 044 . 074 (,) 
+1 +1 0 0 -1 0 0 

1 -. 001 . 000 . 003 . 014 .029 . 054 . 087 ( a) 
0 -1 - 2 -5 -5 - 6 -7 

2 -.002 - . 005 -. 006 . 003 .022 . 044 . OS5 (a) 
0 + 2 +3 + 3 + 2 + 11 +S 

5 - .001 - . 014 -. 013 . 001 . 025 . 068 . 138 ( n) 
-4 + 5 - 2 - 4 - 1 +8 - 6 

Lens A2.!/22 , 127 mm 

0 0. 001 0.002 0. 003 0. 003 0. 002 - 0.001 - 0.004 - 0. ODS 
00 . 001 . 002 .007 . 013 . 031 . 048 . 064 . 093 

0. 2 . 000 . 000 . 000 . 000 -. 004 - 009 -. 019 -. 025 
+ 1 +2 + 2 0 0 -2 + 2 - 2 

0.5 . 000 - . 001 -. 003 - . 006 - .01 1 - 020 -. 036 - . 054 
0 + 2 +2 +2 - 3 -5 0 0 

1 . 000 . 000 - . 002 -. 007 - . 020 -. 040 -. 062 -. 096 
0 0 - 2 - 3 - 9 - 9 -6 - 5 

2 - . 002 -. 004 -. 012 -. 028 -. 049 - . 090 -. 146 -. 209 
+1 +2 +1 +5 -11 -7 +14 

I 

+15 

b5 -. 002 -. 003 -. 017 -. 046 -. 092 -. 160 -. 262 -. 375 
- 2 - 5 -15 -16 -61 -81 -62 - 98 

a The special barrel in wbich th is lens was monnted limited the effective 
total field to about 84° . 

b 'l'he differences obtained at this magnification are an example o[ the sys­
tematic error int rod nced b y a poor setting of tbe transverse axis over the center 
of rotation of the nodal slide . T he differences could be materiall y reduced by 
employing a calibrating proced ure su ch as that illustrated in fi gure 10. 

TABLE 2_ Distortion of three Dagor-type lenses 

The measured values of ihe linear distortion Dm in millimeters for three Dagor­
type lenses arc given for the indicated maglllfieatlOns m and slope angles. The 
italicized digits beneath eaell dis tortion give th e diffrfrl1ces in luicrons between 
yalucs computea from Do and D ro and the measured values. 

tl lope angle 
m 

I I I I I I 10° 15° 20° 25° 30° 35° 40° 

Lens B .f122, 6)" in . 

0 0. 004 0.018 O. 04S 0. 110 0.232 0. 462 0. 919 
00 . 005 . 017 . O4l . 101 .212 . 41 3 .83S 

0. 25 .002 . Oil . 032 . 0Sl . 173 _ 355 . 702 
+1 + 3 +6 +4 + 6 +4 +7 

1 .00l . 00 l . 004 . 010 . 020 . 052 _ 095 
- 2 U +3 -1 0 -3 -1 4 

4 - . 009 - . 048 -. 120 -. 280 - . 603 - 1. 194 -2. 380 
- 7 - 2 +4 -14 -13 +4 -63 

TABLE 2_ D is/ortion oj three Dagor-ty pe lenses- Continued 

The measured yalues of the linear distortion D", in milJimetcl's for three D agor­
ty pe lenses are gh'en for the indicated magn ifi cations In and slope angles. <,IThe 
italicized digits beneath each dis tortion give the differen ces in microns between 
m lues compnted fro m Do and Doo and the measured \·alues. 

Slope angle 

10° I 15° I 20° 25° 30° I 35° 40° 

=--~~--I--I-I--~~---
Lens B3.f122. 6,. in . 

0 I 0.004 o. ali O. 049 0. 116 0. 244 0. 488 0.9r.7 
00 . 002 . 01 1 . 002 .077 . 171 . 340 . 706 

0. 2.> . 005 . 01:1 . 043 . 100 . 20~ . 41 2 . 787 
- 1 +1 - 2 - 3 -7 - 10 +3 

l . 00 1 . 005 . OW . 038 . 073 . 1H . 265 
+ 1 +1 + 1 + 1 0 - 2 - 4 

4 

I 
- 004 - -.021 - , on - . IS8 -. 439 - SJl:l - 1. i'~4 

0 - 6 - 7 - 4 - I - 13 + 27 
---

Lons B4 .J122, r.}ji in. 

i 
I 

I 0 I 0. 004 O. OI H 0. 0·19 O. III 0.232 0.4 64 0.9 14 
00 . 002 . 012 . 008 . 086 . 18,) I . 372 . 745 

0. 25 . 00" , 0\5 . 039 . OS9 . 191 . 3i9 . 739 
-I 0 0 0 -5 -8 -11 

1 . 002 . 00.; . 013 .026 , 04, . 089 . 163 
0 +1 -2 -1 0 + 3 + 6 

·1 - .009 -. 031 -. 100 -. 2I f, -, 526 - 1.042 -2.098 
+,; +1 - 3 -17 +18 +18 + 32 

T A BLE 3_ Distortion oj two A rtar-type lenses 

T he measured yalues of the linear ois tortion Dm in mill imeters for two A rtn.r­
type lenses are given for the indicated magn Lfications m and slope angles. 'rhe 
italicized digits beneath each distortion give the d ifl'rrences in microns between 
the \'alurs computf'd from Do and D oo :tnd the measured values. 

Slope angle 
m 

I 
I 

I I 10° 15° I 20° 25° 30° 

Lens, CI, f l22, 12 in . 

0 

I 
0. 010 0.033 0. 088 0. 106 O. :192 

00 . 005 . 024 . 051 . 121 .222 

0. 25 . 008 . 026 . 073 . 163 .331 
+ 1 + 1 +2 + 3 +5 

0. 5 .008 . 023 . 064 . 107 .287 
0 - 2 - 2 -1 - 6 

1 . 004 . 008 . 034 . 073 . 154 
+ 1 +1 + 3 + 2 +16 

2 . 000 -. 006 -. 01 6 -. 054 - . Ool 
U -9 

I 

- 2 +8 + 2 

4 -. 008 - . 056 -. 120 -. 281 - . 509 
- 2 - 7 +4 - 7 +13 

Lens C2, f l22, 16)" in . 

0 0. 014 0. 043 O. 106 0. 214 0. 354 
00 . 011 . 040 . 098 . 215 . 386 

. 5 .OOS . 022 . 054 . 115 . 
0 +1 + 3 -9 

1 . 001 . 000 - . 901 - . 004 - . 036 
+ 2 +3 +9 +3 +4 

2 - . 006 - . 031 - . 090 - . 232 a 

- 2 - 6 0 +16 
I 

• T he conjugate d istances were too great for tbe range of the optical bench . 
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T A BLE 4. Distortion of twenty H ypergon-type lenses 

The measured values of the linear distortion D " in microns for 2() H ypergon-
type lenses are given for parallel light and t he indicated slope angles_ These 
lenses bave a nominal fo cal length of 127 mill and a nominal aperture of f122. 

I Slope angle 
Lens m 

10° 15° 20° I 25° 1 300 I 35° 40° 45° 

- A3 ___ ~1-0---2---3-1-3-1--7 ~~-;--:-
2 4 6 12 17 21 27 

A, ___________ - 1 -2 - -6 - 11 - 19 -24 -42 -63 
1 5 10 18 32 52 82 124 

A, _____ 
~. - - -- 2 8 13 20 29 41 64 

0 3 3 2 0 - 2 1 

A6 ___________ 1 1 0 1 3 4 6 12 
2 9 15 23 3'1 47 64 

A ; _______ __ . __ 0 -- 5 -- 7 - 6 - 5 - 4 6 
0 6 15 23 33 49 67 

A s _____ ------1 3 7 

1 

12 19 28 42 65 91 
- 2 - 4 - 7 -9 - 12 - 10 - ]9 - 19 

A, _ __ ".9 0 3 II 14 20 26 

I 

0 4 11 lG 27 45 

A IO ____ - - ~ -- 0 0 6 10 16 25 38 56 
5 r, 2 1 1 ] 

AlI ___ _ . - -- _. 0 3 8 12 12 12 
0 2 1l 17 30 52 

A I2 .. _ _ .. - 0 0 3 13 20 32 54 
1 3 10 II 16 22 

AI3 ___ -.----- 0 0 0 5 7 II 22 
] 3 17 27 39 .56 

A u __________ _ 1 3 1l 19 30 53 
0 6 12 18 23 

A l,:. __ ____ . . ___ 0 3 5 9 12 14 22 
-2 -2 11 22 39 55 

A16 ___________ 0 -2 -4 -5 -6 -6 -3 1 14 
1 3 7 12 25 32 40 58 

-~1 1 _ _ ~ ________ 2 9 
13

1 

18 25 
1 10 17 26 42 

A18 __ ____ _____ 0 1 3 4 6 7 7 9 10 
- ] -2 - 1 6 13 24 40 65 

A'9 _______ ____ 0 8 13 18 29 
3 17 24 36 60 

A20 ______ _____ 5 9 17 23 42 
11 15 21 35 49 

A,, __ ___ ___ ___ 0 14 17 28 32 48 
4 

2; 1 

18 

26

1 

47 

A 22 _ __ . ___ .~ _ _ 0 5 13 22 3 
16 34 44 57 

ancy occurs for lens A z at a magnifi cation of 5, 
representing about three times th e nominal probable 
error. The good agreement at other magnifica tions 
for this lens indicates that the greatest par t of the 
discrepancy is a resul t of errors in the obser ved 
value . That the differences have the same alge­
braic sign is evidence of a systematic error, which 
can be a ttribu ted to the m ethod of measurement. 
This consisted of making a run at 5° intervals of 
th e slope angle without resorting to th e time-con­
suming process of reset ting the lens on the nodal 
slide for each angle measured . Thus, any longi­
tudinal di placement of the transverse axis (located 
at T in fig_ 5) from the center of rotation of -the 
nodal slide for a given run results in a systematic 
error in the distortion. The magnitude of this error 
is very closely proportional to the tangent of the 
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slope anglc. -With the excep tion of B 2 and B 5, all 
of thc lenscs were submi tted to the Bureau for 
routine tests and were not available for suffic ient 
time to allow more than 2, and in some cases 3, 
such runs Lo be made at each magnification. 

T he data obtained on four other lenses arc pre­
sented graphically in figures 6, 7, 8, and 9_ For 
convenience in plo tting, the equation has been de­
fined in two regions around unit magnification. Dm 
is plotted against m for O:S; m:S; 1 and Dmlm against 
11m for l :S; m :S; co . This allows the point - D", to 
be included as the lim Dmlrr.. The points give the 

m-+ '" 
experimental distOl-t.ions and the s traigh t lines the 
computed values from Do and D", _ For the perfec tly 
symmetrical lens, all the lines would intersect at 
zero dis tortion and unit magnification ; only in this 
case would there be no discontinuity. For the lenses 
measured, minimum distortion occurs a t some other 
magnification than unity, indicating sligh t asym­
metries inlroduced in manufacture_ For very low 
distor tion lenses, these slight asymmeLl'ies can "i:esul t 
in pronounced differences in distol'Lion between 
lenses of the same type_ This is clearly illusLrated in 
table 4, where t he measured values of Do a nd D", in 
microns are given for 20 H ypel'gon-Lype lenses of t he 
same nominal focal length submitted Lo th e Bureau 
for test. 

E quation (11 ) may also be applie.d to minimized 
d istortions that have been calibrated by a given c]'i-
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FIGU R E 6_ Distortion plotted agains t magnifi cation f or the 

i ndicated slope angles. 
In ord er to include infinite magn ificat ions. t he graph has been spli t as shown 

into t wo regions at unit magn ification . The st raight lines represen t the values 
co mputed [rom the two equations shown in their respective regions_ Tbe points 
indicate the experimen tally determined values. The same graph ical [arm bas 
been employed in figures 7, 8, 9, 10, and 11 . 
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indicated slope angles. 
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Distortion ploUed against magnification for the 
i ndicated slope angles. 
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FIGURE 10. Calibrated distoTtion plotted against magnification 
.rOT the indicated slope angles. 

The data for the same lens as p resented in figure 8 has been calibrated to give 
zero distort ion at a slope angle of 300 • ' I' be magnitude of the change in distortion 
for any given magni fication is proportional to the tangent of the slope angle. 
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FHHJRE 11 . Difference between the experimentally determined 

distortions f 01' the indicated slope angles and those com­
p'uted from the measured values of Do and D", at fl22. 

' l' he open circlcs reprcscnt data obtained at an aperture of / /6.8. and the solid 
circlcs at an aperture of / /22. 

terion . At any given magnification , the magnitu de 
of the change in distor tion introduced by this cali­
bration is propor tional to t be tangent of the , lope 
angle, l'epre en ting an effective shift in the position 
of the nodal poin ts . For parallel inciden t lig b t this 
results in calibrated focal lengths, which are equal 
only for a perfectly symmetricallcns. At finite ob­
ject distances this results in a calibrated image dis­
tance or, more conveniently , a calibrated magnifica­
tion . The calibrated focal lengths and magnifica­
tions are applied solely as scale factors and are not 
used in the determination of conj ugate distances. 
Figure 10 shows the distor tion presen ted in figure 8 
calibrated to zero at a slope angle of 30°. 

A detailed discussion of the effects on distortion of 
zonal aberrations in troduced at apertures larger than 
j /22 is beyond the scope of this paper. However, 
their net effect can only resul t in a shift of the center 
of gravity of t he nonparaxial image and a change in 
the plane of best focus. If the center of graviLy 
shift is a linear fun ction of t he magnification and if 
the Gaussian iden ti tics cxpressed in eq (l ) adeq uatcly 
de termine the image plane of best focus wh ell the 
bigher aper turc focal length is used , t hen eq (11) will 
still be valid . 

In figure 11 the experimental dis tortions of a sym­
metrical-type lcns atf/22 and t he maximum aperture 
of f /6.8 havc been plotted as the difl'erencc fro111 Lhe 
values comput.ed from Do and D", at j /22. The 
focal lengths and tbe valu cs of Do and D", for both 
apertures are given in table 5. No attemp t was 
made to determine whethcl' thc image planes com­
pu ted from the measured focal lengths were aCLually 
the planes of bes t over-aU definition . At maximum 
~per~ llre the effectivc stops we re the ou ter lcns J'etain­
mg nngs. 

For this lells the expcrimcntal points for}/6. scem 
to lie along an S-shaped curve rather t han being 
distribu ted about thc straigh t line given by cq (11 ). 
The probable errol' of meaS1ll'emen t is ccr tainly 
higher atf/6.8 than at.j /22 , particularly for tb e large r 
slope angles. More data would have to be taken to 
determine if fi gure 11 is typical of all lenses of the 
same type, so at the present t ime the resu lts must be 
consid ered as applying only to this particular lens. 
It is of in terest that t he difference between the dis­
tortion at.fi22 andj/6.8 minimizes in the regio n about 
uni t magnification, aud elsewhere is generally greater 
than the devia tion of the experimen tal distortions at 
f /22 from the computed values . 

T ABLE 5. Change:in fo cal length and distortion with aperature 
~rh e change in Coeal length and dist3rti 111 with aperature [ ;:n two apertures of 

the Dagor-type lens E s, with a namin'1i focal l e n ~ th of 6 in. T Il(' dist Ot'Li 'J l1 is 
given in millimeters at the indicated slope angles. 
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Aperture Focal 
length 

Distortion 
m 

[---------------·1-----~~-----~--

mm 
//22........... ........ .. . 150.52 0.028 0.152 0.302 

. 04i . 224 . 435 

/ /6.8 ..... _ ............. _. 150. 12 . 052 . 199 . 3GO 
. Gi5 . 26i . 492 



5. Conclusion 

The findings reported show that for low-aperture 
symmetrical lenses, the distortion at finite object 
distances can be simply computed from the two 
values obtained with parallel incident Jight with 
about the same accuracy as the direct experimental 
measurement. The necessary modifications required 
in carrying out this computation on other types of 
lenses have been indicated, and it is hoped that ex­
perimental verification of these procedures will soon 
be available. 

Acknowledgment is made to F. E. IVasher, who 
suggested the project and to W . R. Darling, who 
made many of the calculations and experimental 
measuremen ts. 
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