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A Numerical Solution of Schr6dinger's Equation 
in the Continuum 1 

W. Futterman, E. Osborne, and David S. Saxon 2 

Con ti nu urn solu t ions of Schrodinger 's equa tion for t wo particles that in teract according 
to a ccn Lra l Yukawa potent ial are obtained by n umeri cal in tegra t ion . The resulting wave 
fun ctions a re tabu lated , as are the phase shif ts which d etermine th e asy mptotic behavior of 
t he solutions. 

1. Introduction 

The solu tion of Lhe Schrodinger equation for two 
particles that interact according to the Yukawa 
potential, 

e- r / ro 

V(r) = O - j- ' 
r 1'0 

(1) 

is unknown in closed form . N umerical soluLions of 
t his problem are of some in terest from a purely 
formal as well as physical viewpoint, since the 
litera ture of r ecen t years shows increased activity in 
the use of a variational principle 3.4 to obtain certain 
parameters of physical consequ ence. As ye t, how­
ever , with respect at least to solutions in the con ·· 
t inuum there exis t no intrinsic rriteria for the devia­
t ion of such approximate r esults from the correct 
values. An exact solution of the problem , of course, 
permits an exact calcula tion of these parameters, 
thus providing a comparison by which the valid i ty 
and usefulness of th fl vari n,t,ionn,j principle can b fl 
gaged.5 Fur ther , al thou gh the Yukawa intera ction 
(1) is an idealized one, it non etheless forms a r eason­
able basis for th e descrip tion of physical phenomena 
such as the pho toelectric disintegra tion of the deu­
teron and the so-called deu teron-stripping process.6 

2. Schr6dinger Equation 
For the Yukawa interact ion (1) the Schroclinger 

equation, expressed in the r elativ e coordinates of the 
two particles, is 

where E is the energy of the system , and m is the 
reduced mass. In virtue of the spherical symmetry 
of V (r), the solu tion of (2) can be decomposed into 
spherical h armonics ; that is, \/i (r ) can b e written in 
th e form 

\/i(r ) = .6 ai, m \/i1(r) y ;n(tJ,ct» , (3) 
1,7fi 

1 The preparat ion of this paper was s ponsored (in part) by the Offi ce of Naval 
Research. USN. 

2 National Bureau of Standards, Los Angeles, Calif. 
3 Lippman and Scbwingel', Phys. Rev. 79, 469 (1950). 
• Blatt and Jackson, P hys. Rev. 76, 18 (1949). 
, In particular. reference is made to a calculation of di ffercn tial cross sections, 

us ing variational method s, which is in preparation. 
6 Schiff, Phys. Rev. 78, 733 (1950); Scrbcr, Pbys. Rev. 72, 1008 (1947). (Appli· 

cations of QUI' results to these problcms are in preparation.) 

where the a i, m are arbi trary cons tants, and the Y7 
are the usual normalized spherical harmonics. The 
radial functions \/i l (r) th en satisfy th e equation 

(4) 

Introducing Lhe fu nction 

(5) 

and using (1), iL is convenien t Lo r ewrite (4) 111 th e 
dimensionless form 

where 
J{2= 2m I'02E jh2 

f3 = 2mro2('jIi2 

x=1'jro. 

(7) 

(8) 

(9) 

and where the parameters 1'0 and 0 (or (3) will b e 
chosen to fi t the low en ergy triple t n eu tron-pro ton 
data. 

As a consequen ce of (5), u l(1') satisfi es the boundar.,' 
condition UI(O) = 0, and thus we seek the solu tion of 
(6) r egular a t x= O. It is easily es tablished tha t in 
the n eighborllOod of the origin, this solu tion b ehav es 
as 

x-..,.o. (10) 

It should be no ted tha t the complete solu tion of th e 
Schrodinger equation consists of a sum over all 
spherical harmonics. However, for sufficiently large 
l the effect of th e interaction term can b e shown to be 
very small , and the solu tions may be ob tained b.,' 
pertmba tion m ethods, such as the Born approxi­
ma tion. Consequen tly, the numerical integra tion 
of (6) need be carried out only for th e firs t few l 
valu es. 

One ehould also r emark tha t for sufficien tly large 
values of x, no matter what valu e l has, the inter­
action term becomes n egligible, and h en ce the asymp­
totic form of U l must b e 
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where j z(z) is the regular and yz(z) the irregular 
spherical Bessel function,1 of order l , and where the 
factor cos [h is introduced for reasons of convenience. 
Thus the numerical integration need extend only to 
such values of x that (11) is valid, as discussed in 
section 3. 

The physical significance of the phase shifts lh 
defined by (11) may be seen from the fact that in the 
absence of interaction, (11) holds exactly every­
where. In this special case, the r equirement of 
regularity at the origin is satisfied only if each (h is 
zero. Thus the phase shifts measure the influence 
of the interaction on the asymptotic form of the 
field and so directly determine the scattering.s 

3. Procedure 

Integration of (6) is based upon the Gauss­
Jackson or ~2 difference method for reasons of 
accuracy and convenience.9 Let us rewrite (6) in 
the form 

(12) 

where 

(13) 

In central difference notation 

(T) __ 1_ [ -2F ~ F _ _ 1_ 2F ] 
u - 48 0 7+12 7 240 0 7+"" (14) 

where we tabulate 

(15) 

and where h is the interval, 8 is an arbitrary rounding­
off factor , and u (?)=uz(O). 

Because (12) has a regular singular point at x= 0 
care must be taken to determine the Fo for the various 
l values. However, they are readily obtained from 
(10), which gives 

l= 0 go (O)u (8) = constant 

l= l gl (O)uiO) = constant (16) 

l ;::: 2 gl (O)uiO) = 0, 

where the constants determine the otherwise arbi­
trary normalization. 

The series (14) is approximated to the order of the 
second difference term, using the third difference as 
a predictor. As a consequence, Fl and F2 are needed 
as starting values in addition to Fo. These are 
obtained from (10), which is a suitable first approxima-

7 These functions are defined in P. M. Morse, Vibrations and sound, p . 316-317, 
and they are tabulated in "Tables of spherical Bessel function" (Columbia 
University Press, 1947) . 

8 Mott a nd Massey, The theory of atomic collison s (Oxford, 1949) . 
, Samnel Herrick, Mathematical tables and other aids to computation 5, 61- 67 

(1951). (See also, page 131 of reference given in footnote 8.) Recently, P. O. 
Lowdin and A. S. J6lander, Arkiv filr Fysik, Band 3, No. 11, (1951 ) , claim an 
jrnprovement over ~2 procedure on the basis t hat no initial rraylor expansion is 
needed . However, in Ollr case no special diffi<.:ul ties were encoun tered in this 
respect . 

tion , as indicated by the rapid convergence of F2 to 
a constant value. Three iterations were made at each 
point to assure the constancy of the tabulated value. 

Keeping the interval small, h= .05, in this region 
of rapidly changing ordinate, we march out to x= 1 
where the interval is shifted to h=. 1. The integra­
tion is then carried out to a large value of x( "-'5). 
Rathel' than joining this solution to (11), which is 
obtained by neglecting the interaction term entirely, 
a more refined procedure was used in which the inter­
action was treated as a small perturbation. By a 
modified WKB technique,lO the asymptotic solution 
can be obtained in the form 

z(x) . 
uz(x)= Az cos OZ ,- [J z(z(x»- tan ozyz( z(x»], 

-V z'(x) 
(17) 

where the prime denotes differentiation with respect 
to .x, and where z is given by the semiconvergent 
senes 

1 (1 + 3/4K2) ] (e-2X
) +x 1+ 1/4K2 - ... +0 X2 ' (18) 

It is observed that as x approaches infinity, z(x) 
properly approaches Kx. A few terms of this alter­
nating series were always sufficient to give z with 
satisfactory accuracy. The logarithmic derivative 
of (17) was equated to the numerically obtained 
logarithmic derivative of the numerical solution at 
its end point, thus determining the phase shift. The 
amplitude factor was then found by equating (17) to 
the numerical solutions. 

In carrying out the actual computation, the origi­
nal data was programmed to six significant figures on 
the IBM card-programmed calculator, so that at 
least four figures could be assured for the phase shifts. 
'Vith a few exceptions, integrations were carried out 
to x= 5 at all energies. An internal check on the 
error was maintained through the third differences, 
which were kept uniform and small. 

To check the machine error a comparison of two 
integrations for K2= 1, /3 = 0 was made with the 
known solutions jz(Kx). For the cases l= 2 with 
the end point x=4, and l=3 with x=5 there was, 
at most , a 0.0002 percent error in the numerical 
solution. 

4. Numerical Results 

As mentioned earlier, the constants in the Yukawa 
interaction were chosen to fi t the low-energy triplet 
neutron-proton interaction. Using the tables of 
Blatt and Jackson,Il we choose 

/3 = 2.36500 , 1'0 = 1.35000 X 10- 13 cm . (19) 

" The details are giYen in the appendix. 
11 See footnote 4. 
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The parameter l{2 is easily expressed in terms of 
the incident neu tron energy, 12 

l{2= 2.19700 X 10- 2 E 1ab • (Mev). (20) 

Computations were carried out for the values of the 
energy, with the corresponding values of l{2 listed in 
table 1. 

T ARLE 1 

E 1ab. 

(MevL_ 20 50 00 120 150 

](2 __ _ ____ O. 439583 1. 09807 1. 978152. 63753 3. 2960 1 

The radial wave fun ctions U I(X) corresponding to 
these parameters are tabulated in table 2 for 
l= 0(1)5 and for x= 0(0.1 )5 (in a few cases for 
x = O(0.1 )4.0 or 4.2). For values of x that lie beyond 
the tabulated values, U I is given by (17) where the 
parameters 01 are listed in table 3. For convenience 
in physical applications, these functions hav e been 
normalized according to the rule 

1'" u{(x)u{' (x) d x = 2~{ o(l{ _ l{I ), 

where uf (x) is the solution when the energy cor­
responds to K and where oel{ - l{1 ) is the Dirac 
o-function. With this normalization the factors A I, 
which appear in (17), are then simply unity. 

Finally, for valu es of l that lie beyond the tabu­
lated values, the wave functions can be obtained by 
perturbation methods, such as the Born approxima­
tion, since, as already mentioned, the effects of the 
interaction are then very small. 

5 . Appendix 

We seek asymptotic solutions of eq (6) valid when x is so 
large that t he term (3e- x /x can be t reated as a small pert uba­
tion . For t his purpose we consider t he general spherical 
Bessel function Cl(Z), which is defined as the general solut ion 
of t he equation 

(A- I ) 

and which is thus expressible in t he form 

Cl( Z) = a] l(z) +(3YI(Z). (A- 2) 

Now as x in creases, u/(x) is ult imately given by 

Ul(X) '" [{XC 1 ([{X) , 

Substitution into (6) and use of (A-I) then yields 

[2A.' zz' + A zz"] dCl _ Azz '2 [1 _1(1+ 1 )J Cl(Z) 
dz Z2 

( A-4) 

where t he prime denotes differen tiation with respect to x. 
The unknown funct ions A (x) and z(x) are now determined 
by setting t he coefficients of CI(Z) and dc c/dz separately equal 
t o zero . The latter gives at once 

A 2z' = constant, (A- 5) 

whence, eliminating A, t he form er g ives 

- Z.2 [ 1 _ 1(1+ 1) J + [(2 [1 _ / (1+ 1 )] 
Z2 1(2x2 

( A- 6) 

which is an exact equation for z(x) . J ote that for {3= O, 
z= f(x is properl y a solution of t his equation. Adopting {3 
as a con venient parameter of smallness (since it occurs 
multiplied by t he small facto r e-x/x), we now find approximate 
solut ions by expanding z(x) in a power series in (3 as follows: 

'" z(x) = E x + '}; {3nV n (x) , (A- 7) 
1 

whence, by subst it utio n into (A-6) we obtain upon setting 
the coeffi cients of like powers of (3 equal t o zero 

v~' r 1(1 + 1) J ' 1(1 + 1) e- X 

4[(2+ L 1 - ](2X2 v 1+ [{.'x3 v 1= 2[{x ( A-8) 

and similarly for V2, etc. Sin ce x is prcsumed large, \l'e solve 
(A-8) a pproximately by wri t ing 

e- X a n 
vl = 2T.T l: - +1' A n=Oxn 

which finall y y ields 

ao= 
1 

1+ 1/4[Q 

1+3/4[(2 
1 + 1/41(2 ao 

( A- 9) 

as indicated in eq (11). H ence, we t ry to find an asymptotic Assembling these results, ,ye t hen obtain eq (17) and (18). 
solution of (6) o[ t he form 

UI(X) = A(x)Z(X)CI [Z(X) ]. (A- 3) 

" For convenience in physical applications. [(2 is expressed in terms of the 
energy in the laboratory system of coordina tes in which the proton is initially at 
rest. In (2) the energy that appears is that in the coordinate system in which 
the center of mass is at rest. 
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TABLE 2 

E 'ab.=20 Mev E 'ab.=50 Mel' 

x uo(x) "t(x) u,(x) " 3(X) ",(x) u,(x) x uoCr) Ut(x) ,,,Ct ) U3(X) ",(I') ",(x) 

---------

0. 1 0.2592 0.0042 0. 1 0. 24687 0.0076 0. 0001 
.2 .4592 . 0158 0.0003 . 2 . 43753 . 0286 . 0009 
. 3 .6128 .0338 . 0010 0. 00002 .3 .58090 . 0610 . 0031 0.0001 
. 4 .7297 .0572 .0022 . 00007 . 4 .68385 . 1026 . 0070 .0004 0.00002 

.5 . 8134 .0852 . 0042 . 00018 0.00001 .5 .75211 . 1519 . 0132 . 0009 .00005 

.6 .8701 . 1172 .0071 . 00026 . 00002 0. 000001 . 6 . 79046 . 2073 .0221 .0018 .00012 0.00001 

.7 .9041 .1526 . 0110 . 00065 . 00003 . 000001 . 7 . 80298 . 2675 . 0339 . 0032 . 00025 . 00002 

.8 .9189 .1911 . 0160 .00109 .00006 .000003 .8 . 79317 .3312 . 0489 . 0054 .00048 . 00004 

.9 .9174 . 2322 . 0222 .00172 .00011 . 000006 .9 . 76407 . 3972 . 0673 .0084 .00084 .00007 

1.0 . 9021 .2755 .0297 . 00257 . 00018 . 000011 . 10 . 71839 . 4644 . 0892 .0126 . 00140 . 00013 

1.1 . 8749 . 3207 . 0386 . 00370 . 00029 . 000019 1.1 .65855 .53 18 . 1l47 . 0179 . 00221 . 00023 

1.2 .8375 .3675 . 0490 . 00515 . 00044 . 000031 1.2 .58674 .5983 . 1438 . 0247 . 00335 . 00038 
1.3 . 7915 . 4157 . 0609 . 00698 . 00065 . 000050 1. 3 .50498 . 6630 . 1765 . 0332 . 00489 . 00060 

1.4 .7381 .4648 . 0744 .00925 . 00093 . 000078 1.4 . 41517 .7250 . 2126 . 0435 . 00694 . 00093 

1. 5 .6784 .5 147 . 0895 . 01199 . 00130 . 000116 1.5 .3 1905 . 7833 .2520 .0558 . 00959 . 00138 

1.6 . 6133 .5651 . 1063 . 01529 .00177 . 000169 1. 6 . 21830 .8373 .2944 . 0702 . 01295 . 00199 
1.7 .5436 . 6158 . 1249 . 01918 .00237 . 000241 1.7 . 11449 . 8862 .3396 . 0870 . 01714 . 00281 

1.8 . 4702 . 6664 . 1451 . 02374 . 00312 . 000336 1.8 . 00912 .9291 .3873 . 1062 . 02229 . 00388 
1.9 . 3937 . 7168 . 1671 . 02903 . 00404 . 000461 1.9 -.09637 . 9656 . 43ft . 1279 . 02852 . 00527 
2. 0 .3147 .7667 . 1908 . 02509 . 00516 . 000620 2. 0 -. 20062 .9951 . 4885 . 1522 . 03597 . 00702 

2. 1 . 2338 .8158 .2162 . 0'1200 . 00650 . 000823 2.1 -.30236 1. OliO . 5l10 . 1792 . 04476 . 00921 

2. 2 . 1515 .8639 .2434 .04981 . 00811 . 001077 2.2 -. 40037 1.0309 . 5943 . 2089 . 05503 . 01192 
2.3 . 0685 . 9108 . 2721 . 05858 . 01000 . 001392 2.3 -.49350 1.0365 . 6476 .2411 . 06690 . 01522 

2.4 -. 0150 . 9561 .3025 . 06835 . 01222 . 001778 2.4 -.58071 1.0336 . 7005 . 2760 . 08049 . 01920 

2.5 -.0984 . 9997 .3345 . 07919 . 01479 . 002248 2.5 -.66103 1.0220 .7524 . 313~ . 09592 . 02395 

2.6 -. 1813 1.0413 .3679 . 09114 . 01777 . 002814 2.5 -. 73357 1.0017 .8027 . 3529 . 11330 .02957 
2.7 -. 2632 1. 0808 . 4027 . 10425 . 02117 . 003491 2. 7 -.79757 0. 9727 . 8507 .3947 . 13270 . 03616 

2.8 -.3439 1. 1178 . 4388 . 11855 . 02506 .004294 2.8 -. 85234 .9350 .8959 . 4384 . 15420 . 04382 
2.9 -. 4228 1. 1522 . 4761 . 13408 . 02946 . 005240 2. 9 -.89732 .8891 . 9376 . 4837 . 11786 . 05265 

3.0 -. 4997 1.1837 . 5146 . 15088 . 03442 . 006349 3.0 -.93204 .8350 . 9753 .5305 . 20272 .06275 

3.1 - .5742 1. 2122 .5539 . 16896 . 03998 . 007638 3.1 -.95617 . 7733 1. 0084 .5782 . 23li8 . 07424 
3.2 - . 6460 1. 2375 .5941 . 18835 . 04618 . 009130 3.2 -.96946 . 7045 1. 0363 .6266 . 26204 . 08720 
3.3 - . 7148 1. 2593 .6250 .20907 . 05306 . 010846 3.3 -. 97182 . 6291 1. 0587 .6753 . 29445 . 10173 
3. 4 -.7802 1. 2777 .6765 . 23111 . 06068 .012811 3.4 - . 96326 . 5478 1. 0749 . 7239 .32895 . 11791 
3.5 -.8421 1. 2923 . 7183 .25449 . 06906 . 015049 3.5 -.94389 . 4613 1. 0847 . 771 8 .36546 . 13583 

3.6 -. 9000 1. 2031 . 7603 . 27918 . 07825 . 017587 3. 6 -. 91397 . :3704 1. 0877 .8186 .40383 . 15556 
3.7 -. 9539 1. 3099 . 8024 .30518 . 08829 . 020451 3.7 -.87384 . 2759 1.0835 .8639 .44392 . 17715 
3.8 - 1. 0034 1. 3127 .8443 .33247 . 09922 . 023671 3.8 -. 82399 . 1787 1. 0721 . 9071 .48555 .20064 
3.9 - 1.0483 1. 3114 .8860 .36101 . 11107 . 027275 3.9 - . 76497 . 0798 1.053 1 . 9478 .52850 . 22607 

4.0 - 1.0885 1. 3058 . 9271 . 39077 . 12388 . 031293 4. 0 -.69746 -. 0198 1.0266 . 9854 .57262 . 25345 

4.1 - 1.1238 1. 2961 . 9675 . 42169 . 13768 . 035758 4. 1 -.62222 -. 1193 0.9926 1. 0194 - - - ---- . 28276 
4. 2 -1.1541 1. 2820 1. 0070 . 45374 . 15251 . 040700 4. 2 -. 54008 -. 2176 . 9511 1. 0495 - --- - -- .31398 
4.3 - 1.1792 1. 2636 1. 0454 . 16837 . 046152 4.3 -.45197 -.3137 . 9024 1.0750 .34706 r 

-- - --- - --- ---- I 4.4 -1.1990 1. 2410 1.0826 - - ----- . 18581 . 052147 4.4 -.35887 -.4067 .8466 1. 0957 -- - ---- .38194 

4.5 - 1. 2135 1.2141 1.1182 -- - --- - . 20333 . 058717 4.5 -.26180 -.4957 . 7840 1.1110 -- - - - -- . 41850 

4. 6 - 1. 2226 1.1830 1. 1522 ------- . 22245 . 065895 4. 6 -.16184 -.5796 . 7151 1.1206 ------ - . 45664 
4.7 - 1. 2262 1.1478 1.1844 -- - ---- .24269 . 073714 4.7 -.06009 -. 6577 .6404 1.1243 ------ - . 49621 
4. 8 - 1. 2244 1.1085 1. 2145 --- ---- . 26405 - - - ---- 4.8 .04232 -.7291 .5603 1.1216 ------- . 53704 
4.9 _.1. 2172 1.0652 1. 2424 -- - ---- . 28652 - ------ 4.9 . 14426 -. 7932 . 4755 1.1124 ------- . 57894 

5. 0 - 1.20'J5 1. 0182 1. 2679 -- - ---- . 31011 - -- ---- 5.0 .24461 -.8491 .3867 1.0965 ------- .62169 
5.1 . 34227 -.8964 .2946 I. 0738 -- - ---- .66504 

I 
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x 

0. 1 
.2 
.3 
.4 
.5 

. 6 

. 7 

.8 

.9 
1.0 

1.1 
1. 2 
1.3 
1.4 
1.5 

1.6 
1.7 
1. 8 
1. 9 
2.0 

2. 1 
2.2 
2.3 
2.4 
2.5 

2.6 
2. 7 
2.8 
2.9 
3.0 

3.1 
3. 2 
3.3 
3. 4 
3.5 

3.6 
3. 7 
3. 8 
3. 9 
4.0 

4. 1 

4.2 
4.3 
4. 4 
4.5 

4.G 
4. i 
4.8 
4. 9 

.0. 0 

"o(x) 

0.24 151 
. 42629 
. 56 129 
. 65235 
. 70·160 

. 72266 

.71078 

.67289 

. 61274 

. 53391 

.40986 

. 33396 

. 2l946 

. 09952 
-. 0228l 

-. l4402 
- .26316 
-.37584 
-.48028 
-.5743(; 

- .6561.7 
-. 72413 
-. 77003 
- .8 1058 
-.80344 

-. 83620 
- .82187 
-. 79084 
-. 74378 
-.68169 

- .60588 
-.51789 
-. 41952 
-.3 1275 
-. 19973 

-. 08273 
. 03592 
. 15386 
.26874 
. 37828 

. 4803 l 

.57280 

.65394 

. 722 11 

. 77597 

.81447 

.83684 

. 842fi4 

. 83 11i 

.8044 4 

0.0 1070 
. 0403 1 
. 08.0.10 
. 14282 
.2096 1 

.28303 

. 360·16 

.43943 

. 517(i2 

. 59283 

. 66303 

. 7263·1 

. 78108 

.82575 

.85910 

.88008 

.88793 

.882 12 

.86242 

.82885 

.78 173 

. 72 1G3 

. 64940 

.563 12 

. 473 13 

. 37194 

. 26425 

. 15191 

.03589 
-. 07879 

-. 19306 
-. 30385 
-. 40913 
-. 50i98 
- . 59557 

-. 67325 
-.7J854 
-.79021 
- . 82725 
-.84894 

-.85483 
-. 84477 
-. 81891 

7770 
-. 72 188 

-.65248 
-.57077 
-.47827 
-. 37673 
-. 26805 

TABLE 2.- Continuecl 

E IRb. = 90 ]Vlcv El.b.= l20 Mev 
----------------~---------,-------~----~----~------------------

11 ,(.,) x "o(.r) ",(.1') ",(.r) I "3(.r) 
----- ------ ------1----1 ----1--- -1---- - -----11----1--- ·--1-- - - 1 

0.00025 
. 00192 
. 00622 
.0 1417 
.02658 

.04<[06 

. 0£)704 

. 09577 

. 13029 

. 17048 

. 21G03 

. 26046 

. 32 ll2 

. 37923 

. 43986 

.50 196 

.56439 

.6259·1 

.68533 

. 7'11 28 

. 79250 

.83774 

. 8758 l 

. 90559 

.92609 

. 93645 

.93599 

. 924 17 

. 90J70 

.86514 

.8 1852 

.76025 

.6911 8 

. 61208 

.52393 

. 42789 

.32530 

.2 1766 

. 10660 
-.006 16 

-. 1]88 1 
-. 22953 
-.33647 
-. 43783 
-.53186 

-. 6 1693 
-. 69 152 
-. 7M30 
-.80411 
- .8,100 1 

0. 00007 
. 00034 
. 00104 
. 00246 

. 00494 

.00887 

.O l465 

. 02270 

. 0334 1 

. 0'171 7 

.06404 

.08522 

. 11 002 

. 13892 

. 17199 

. 20919 

. 25010 
. 29538 
.31078 

. 359 13 

. 44886 

.50430 

.56057 

. 61713 

.67274 

. 72650 

. i7748 

.82155 

. 8657 1 

. 90294 

. 932'}8 

.95383 

. 96678 

. 97043 

.96420 

. 94766 

. 92055 

.88277 

.83440 

. 77570 

. 70714 

. 62936 

.54318 

. 44960 

. 349i7 

. 24500 

. 13672 

. 02644 
- .08423 

0.00001 
. 00006 
.00018 

. 00041 

.00093 

. 00177 

. 00310 

.OOS I! 

. OOSOO 

.0 1200 

. 0173., 

.02434 

. 03322 

.04428 

. 05779 

. 07401 

. 09316 

. 11546 

. 14106 

. 17007 

.20253 

.23843 

.27767 

.32008 

. 3654 1 

. 41331 

. 46:l36 

.5 1501 

.56778 

. 62090 

.67367 

.72531 

.77498 

.82181 

.86·191 

. 90341 

.93643 

. 963 12 

.98271 

. 99446 

. 99773 

. 99200 

. 97684 

. 95196 

------- I 

0,0001 
. 0002 
. 0004 
. 0006 

. 00 1l 

. 00 18 

. 0029 

. 0044 

. 0064 

. 0092 

.0 129 

. Ol76 

.0235 

. 0309 

.0399 

. 0508 

. 0638 

. 0791 

. 0969 

. 1173 

. 1406 

. 1667 

. 1959 

. 2280 

. 2632 

. 30 12 

.3421 

. 3855 

. 4312 

. 4788 

.5279 

.5781 

. 6288 

.6793 

. 7291 

. 7774 

. 8235 

. 8665 

. 9058 

. 9406 

. 9700 

. 9934 
I. 0100 
1. 0193 
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0. 1 
. 2 

· 3 
· 4 
· 5 

. 6 

. 7 

.8 

. 9 
1. 0 

1.1 
1.2 
1. 3 
1.4 
1. .0 

1. 6 
1. 7 
1. 8 
1.9 
2.0 

2.1 
2.2 
2. 0 
2. 4 
2.5 

3.6 
2.7 
2.8 
2.9 
3.0 

3. I 
3.2 
3.3 
3. 4 
3. 5 

3.6 
3.7 
3.8 
3.9 
4. 0 

4. 1 
4.2 
4.3 
4. 4 
4. 5 

4.6 
4. 7 
4.8 
4.9 
5. 0 
5.1 

0.24053 
. 42279 
. 5529 1 
.636 14 
.67735 

.6S 126 

.65246 

.59550 

. 51493 

. 41 527 

. 30 104 

. 17670 

.04665 
-. OS488 
-. 21384 

-. 33643 
-. 449 18 
-.54897 
-. 633 14 
-.69946 

- .74627 
-. 77241 
-. 77730 
- .76094 
-. 72387 

-. 66720 
- .5925 l 
-.50188 
-. 39778 
- .28304 

-. 16073 
-. 03414 

. 09336 

. 21 S38 

.33760 

. 44787 

.54627 

. 63021 

. 69748 

. 74631 

. 77541 

. 78404 

0.01259 
. 04734 
.09995 
. 16631 
. 24250 

.32475 

.40946 

. 49324 

. 57288 

. 64M7 

. 70805 

. 75922 

. 79614 

.8 l757 

.82240 

.8 1001 

. 78020 

. 73326 

. 66996 

. 59149 

. '19945 

. 39585 

.28300 

. 16347 

.04007 

-. 08429 
-.20662 
-. 02395 
-. 4334 2 
-.53230 

- . 61815 
-. 68880 
-.74245 
-. 77773 
- .79369 

-. 78990 
-. 76640 
-. 72371 
-. 66289 
-. 58540 

- .49317 
- .3885 1 
-. 27402 
-. 15260 
- .02731 

. 09867 

.22214 

. 33996 

. 44911 

. 54679 

. 63050 

0.00035 
. 00270 
.00S73 
. 01980 
. 03698 

. 06096 

. 09215 

. 13062 

. 17613 

. 22S14 

. 28581 

.34805 

. 41352 

. 4807 1 

.54793 

. 61337 

. 67517 

. 73 148 

.78045 

.82038 

.84967 

.86697 
87 11 3 

. 86133 

.8370·1 

. 79809 

. 74467 

. 67732 

. 59698 

. 50491 

.4027 1 

. 29229 

. 175S 1 

.05562 
-. 06575 

-. 18570 
-.30l57 
-. 41077 
-.5108 1 
-.59904 

-. 67427 
-. 73379 
-. 7764 2 
-.80107 
-.80705 

-.794 13 
-. 76251 
-. 71286 
-. 64627 
-.56425 
-. 46872 

0.00011 
. 00056 
. 00170 
.00402 

. 00804 

. 0 1 4~6 

. 02358 

. 03628 

. 05300 

. 074 21 

. 10029 

. 13147 

. 16785 

.20937 

.25577 

. 30665 

.36 137 

. 41915 

.47901 

.53983 

.6003.0 

. 659 19 

.71492 

.76605 

.811 09 

.84860 

.87720 

.89565 

. 90288 

.89799 

.88005 

.84957 

.80553 

. 74846 

. 67884 

.59751 

. 50559 

. 4Q<1.49 

. 29588 

. 18167 

. 06096 
-.05500 
-. 17286 
-.28722 

- .39570 
- .49597 
-. 58585 
- .66332 
- .72661 
-. i7423 

0. 00003 
.00012 0.00061 
· 00035 . 00002 

. 00084 

. 00175 

. 00332 

. 00579 

. 00948 

.01473 

. 02193 

. 03H6 

. 0·1373 

. 05913 

. 07 01 
· 100(;9 
· 12i42 

· 15836 
. 193GO 

.23010 

.27668 

. 3240(j 

.37480 

. 42832 

. 4839 l 

.5·1071 

. 5977li 

.65397 

. 70819 

. 759 19 

. 80570 

.8·16·16 

.88022 
. 90580 

. 922 10 

.928 15 

. 92316 
· 906~9 
.87774 

83673 
· 78~56 
. 71856 
.64235 
. 5558 l 

. 46009 
· :3565i 
. 2·1689 
. 13283 
. 01639 

-. ]0035 

. 00007 

. 000 18 

. 00038 

. 00076 

. 00139 

. 00239 

. 00390 

. 000l! 

. 00920 

.01343 

.01005 

. OQ635 

.03562 

. 04717 

. 06l00 

. 07832 

. 09849 

. 12204 

. 1491G 

. 17998 

. 21455 

.25282 

.29468 

. 33987 

. 3 07 

. 43880 

. 49 150 

.54547 

.50993 

. 65·lO0 

.70669 

. 75697 

.80375 

. 8'1591 

.88235 

. 9 11 97 

. 93373 

.94667 

. 94995 

.94284 

. 92479 

.89543 

.8M59 

.80233 

. 7389 l 

. 66 ~87 



TABLE 2.--Continued 

EI.b.=150 M ev Elab.=150 Mev 

x uo(x) UI(X) u,(.r) u ,(x) I 
,,,(x) 

I 
u,(x) x uo(x) "I(X) ",(x) " , (x) ",(x) ",(x) 

-------

0.1 0. 22994 0.01427 0.00046 2.6 -0.40735 -0. 41883 0.55142 0.84835 0.62495 0.32625 
. 2 . 42044 . 05357 .00350 0.00017 0.00001 2.7 -. 28848 -.52147 . 45161 .85348 .68178 .37771 
.3 .54636 . 11272 .01l29 . 00081 . 00005 2. 8 -. 15996 -.60S09 . 34040 .8440.\ . 73443 .43202 
. '1 . 62237 . 18662 . 02555 .00249 . 00019 0.00001 2.9 -. 02609 -.67534 . 22042 .81932 . 78123 .48839 
. 5 .65321 . 27031 . 04749 . 00585 . 00057 .00005 3.0 . 10865 -.72286 . 09468 . 77893 .82051 . 54584 

. 6 . 64n9 .35898 . 07786 . 01166 . 00136 . 00013 3.1 . 23977 -.74733 -. 03359 .72298 . 85065 . 60327 

. 7 . 59923 . 44801 .11691 . 02072 . 00285 . 00032 3. 2 .36293 - .74853 -.16093 . 65201 .87017 . 65942 

.8 .52488 .53306 . 16443 . 03382 . 00537 .00070 3.3 . 47405 -. 72634 -. 28387 .56703 .87776 . 71295 

.9 . 42627 .61016 . 21972 . 05169 . 00932 . 00137 3.4 . 5R946 -.68141 -.39895 . 46949 . 87232 . 76242 
1.0 . 30905 . 67573 . 28166 . 07495 . 01517 . 00250 3.5 . 64601 -.61509 -.50288 .36126 . 85304 .80636 

1.1 . 17895 . 72670 .34873 . 10406 . 02342 .00428 3. 6 . 70120 -.52942 -.59262 . 24462 . 81941 .84331 
1.2 .04166 . 76058 . 41908 . 13930 . 03461 .00695 3.7 . 73320 -.42707 -.66549 . 12216 .77130 .87182 
1.3 -.09728 . 77548 . 49057 . 18071 . 04925 . 01080 3.8 .74098 -.311 23 -. 71928 -.00327 .70894 . 89058 
1.4 -.23255 . 77021 .56086 . 22807 . 06785 .01616 3.9 . 72430 -. 18554 - .. 75230 -. 12860 .63296 .89836 
1.5 -.35923 .74425 . 62749 . 28090 . 09085 .02340 4.0 .68372 -. 05397 -. 76344 -. 25069 .544"9 . 89416 

1. 6 -.47285 . 69782 . 68796 . 33844 . 11860 . 03290 4. 1 . 62058 .07930 -. 75225 -.36638 . 44465 . 87717 
1.7 -.56952 .63180 .73984 . 39965 . 15133 . 04508 4.2 .53697 . 21006 -. 71892 -. 47259 .23553 . 84685 
1.8 -.64604 .54777 . 78082 . 46325 . 18915 . 06033 4.3 . 43567 . 33413 -.66433 -.56641 ----- - ----- .80297 
1.9 -.69991 . 44792 .80884 . 52771 . 23199 . 07905 4.4 . 32001 . 44755 -.59000 -.64522 ----------- . 74561 
2.0 -.72948 .33499 .82217 . 59122 .27958 . 10158 4. 5 . 19381 .54668 -. 49805 -. 70675 ----------- . 67521 

2. 1 -. 73390 .21218 . 81945 .65222 . 33147 . 12821 4. 6 . 06122 .62834 - . 39117 -. 749li ---- --- ---- . 59254 
2.2 -. 71318 . 08307 .79977 .70846 .38698 . 15915 4. 7 -. 07338 . 68990 - . 27251 -. 77114 --- --- - ---- . 49873 
2.3 -.66817 -. 04853 . 76273 .75807 . 44526 . 19450 4.8 -.20556 . 72937 - .14562 - .77190 ---- --- ---- .39525 
2.4 -.60050 -. 17866 .70846 .79911 .50521 .23426 4.9 -.33098 .74546 -. 01431 - . 75124 . 28390 
2. 5 -.51255 -.30337 . 63762 . 82975 . 56558 .27828 5.0 -.44551 . 73763 . 11743 - . 70960 ::::::::::: I . 16675 

T ABLE 3. 01 (mdians) 

Bl ab . (Mev) 

x 

~J_~ 20 50 150 
---- ----

0 1. 5886 1. 2958 1. 1255 1. 0483 O. 9907 
1 O. 18715 O. 3078 O. 3607 O. 3767 .3844 
2 . 0314 . 0878 . 133 1 . 15665 . 1723 
3 . 0040 . 0284 . 0555 .0712 .0839 
4 . 0007 . 0049 . 0234, . 0339 .0424 
5 . 00005 . 0027 . 0103, . 0168 . 0223 

Los ANGELES, F ebruary 12 , 1953. 
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