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Nonnegative Trigonometric Polynomials and
Certain Rational Characteristic Functions

Eugene Lukacs ! and Otto Szdsz

Let 0<b,<b,< . .. <b, be n integers and 0<d,<d,< . . . <d,, be m(m=n) real
numbers (not necessarily integers). Denote by ¢(6) the Vandermonde dct(‘rminant formed

from the b? b2, . . ., b2 with the first row replaced by 7—X; cos b,6, where \;= II (l—bz/dz)

for j=1,2, . . . n. The question whether g(6) is nonnegative for all values of 0 is closely
connected with the problem whether certain rational functions are characteristie functions.
Four configurations of the b;, . . ., b,, and d,, . . ., d, are studied, which lead to non-
negative trigonometric polynomials.

1. Introduction

In this paper we study several nonnegative trigonometric polynomials that are connected
with the question whether certain rational functions are Fourier transforms of distribution
functions (characteristic functions).

We consider in the following a rational function ¢(¢) whose poles and zeros have the same
mmaginary part ¢ and assume further that all poles and all zeros have the order one. Let
—ia, w;, —i0;(j=1,2, . . . m) be the poles and —iw,, —ww,(k=1,2, . . . ;m), m<n, be the
zeros of ¢(1), where v,=a-1b;, wy=a-+id, and a >0, 0< b, < b,< ... <b,, 0<d,<d,< ... <d,.
Such a function ¢(?) fulfills the necessary conditions that a rational function must satisfy in
order to be the Fourier transform of a distribution function. These conditions were given
in two earlier papers |1, 2].2

In the following we denote by

| B2k ok 2%k
7. e, B
| 12 2 2
| b3, 2, N & ‘
VW= o R 58 0o < (1)

‘ o
‘ bf("_l), bg(n-—l)’ . b'Z.(n—l) |
the generalized Vandermonde determinant formed from the numbers b:{) 5 o0 o b with the
=} ) ) n

exponents k£, 1,2, ..., (n—1). We write further A; for the minor of the element in the first
n

row and jth column of this determinant, so that V,=>(—1)7"1%A,.
=1

In order to decide whether the function ¢(¢) is a characteristic function, we decompose it
into partial fractions and apply the Fourier inversion formula. We see then after some com-
putation that ¢(f) is the Fourier transform of a certain function f(z), i. e., ¢(1) =f e f(x)dx,
where f(z) is given by

0, if <0

J@= Ce“‘“‘{ V0~ji“l (—1)7*A;\j cos b,x}; if 2>0 (2)

1 National Bureau of Standards.
2 University of Cincinnati. Deceased September 19, 1952,
3 Figures in brackets indicate the literature references at the end cf this paper.
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with

o TI (a2 b?) L d2
=1 =1

0=-1 &
VoIl (a*+d3) 1T b?
k=1 j=1
(2a)
m b2 .
=TI <1——;> (G=1,2, . . . n).
k=1 d;
If we introduce the polynomial
H(z)=co(z—d?) (2—d3) . . . (Z—dfn)=lgo cx2™F, (3)
where
m =i
co=(—1)™ { i df} and ¢,=1, (3a)
k=1
we can write
WEslElR), =1 o o o ik 4)

The function f(z) as determined by (2) is real, after some computation it is seen that
f J@)de=1. 1f f(z) is nonnegative, it is the frequency function of an absolutely continuous
0

probability distribution. We obtain therefore the following condition:
ConprrioN 1. The rational function ¢(t) is a characteristic function if, and only if,

(I—X cos by6), (1—Nycosbf), ..., (1—N\,cosb,b)
b3, b3, Ce b:
g(6)= . o 5 oo g . >0 (5)
. . C ey .
)
bf("_l) bg(n—l)) b?(n—-l)
, C e, £
Sfor all 6.
If we consider a rational function without zeros, that is, if we assume that ¢,(¢) is the
reciprocal of a polynomial whose roots are —ia, —iwv;,, —iv; (j=1,2, ..., n), then we

derive by a similar reasoning the following statement:

ConprrioN 11, The function ¢o(t) is a characteristic function if, and only if,

1—cos b6, 1—cos b.0, ..., l—cosb,b
b3, b3, Ce b?
go(0)= . . R . >0 (6)
. . Ce :
)
b%(n =1 bg(n =il , b?(n =i0)
9 g oo w n
Sfor all 9.
This condition is analogous to (5), in fact, (6) may be obtained from (5) by putting ;=1
forj7=1,2, . . . ,n. We agree, therefore, to put \;=1 whenever m=0.

In this paper we consider the determinant (5) only for integer values of the b; and show
that it represents for certain configurations of the b; and d; a nonnegative trigonometric poly-
nomial. In this manner we can construct certain rational characteristic functions.

154



2. Some Lemmas

For the discussion of the nonnegativity of ¢(8) we need the following lemmas:

Levva 1. If by, by, . . ., b, are integers, the determinant (5) can be factored so that
g(0)=(1—cos 6)" "™A(cos 6), (7)
where A(z) is a polynomial in x of degree b,—n-+m.
Leyva 2. If by, by, . . ., b, are odd integers, and if n_>m, we have
g’ (0) =sin (1 —-cos? )" 1B(cos 6), (8)

where B(x) is a polynomial of degree b,—2n-+2m--1.
Luvva 3. Let

1
Ps(x):f (1—) 1> dt forts=0%1" (9)
and
Q@,$)="P1(z) — *Po(x). (10)
The polynomial Q(z,¢) 1s nonnegative in the interval —1 <z <1 if, and only if,
§<z2p. (11)
Here z, is the root of the equation
1
R(Z)EQ(—z,z)Ef (1— )7 (#2— 22) dt =0, (12)

which falls into the interval (0,1).

Moreover, let wn:\/nr—ké Zn-

Then lim w,, = p exists and is the root of the equation

F(p)=+r (%—p2>—2p3J (1 -0~ d1=0 (13)
0

which is located in the interval (0,+/%).

The proofs of the lemmas 1 and 2 are completely analogous to the proofs given for the
corresponding lemmas in an earlier paper [3], in which nonnegative trigonometric polynomials
of the form (6) were studied. Lemma 3 is identical with lemma 3 of [3]; we omit therefore
the proofs of the three lemmas and refer instead to [3].

The function g¢(6) as defined by (5) and (2a) depends on the parameters

by, .. ., by di, ... d, It is sometimes convenient to indicate this fact by writing
g(0)=g(0|by, . . ., bydy, . . ., d,). Similarly, we shall write occasionally Vo= Vy(b;, . . ., b,)
for the Vandermonde determinant formed from the numbers b3, . . ., b2.

It is possible to obtain some of the results of our previous paper as particular cases of
results obtained in the present paper. For this purpose we need the following lemma.

Lumma 4. Let g(0\by, . . ., byidy, . . ., d,) be the function defined by (5) and (2a). If
we put d,=b,, we obtain

WOy o o op 0l Wiy o o op @ity W @ity o o op @)
Vo(by, . . ., b,

:{](G‘bl, o o oy bp._l, bp+1, e ey bn; dl, . 0y d,_l, dv+1, . o oy dm)

VO(b17 GO oy bﬁ—l) bP-I-l? D Qo bn)
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that is, the substitution d,=b, transforms the function

9(0by, . . ba;dy, ..., dy)
Vo(by, . . ., ba)

into a similar function that does not contain any more the parameters d, and b,.

It is possible to give an elementary proof of (14) by a straightforward computation.
The validity of (14) becomes apparent, however, if we remember that the rational function ¢(t)
is the Fourier transform of Ce=%g(x|by, . . ., b,; di, . . ., d,).

3. Nonnegative Trigonometric Polynomials

In the following we assume that the b, b,, . . ., b, are positive integers, while the
dy, . . ., d, may be any positive real numbers. The function ¢(6), defined by (5) is then
a trigonometric polynomial. According to condition (I) the function ¢(t) is a characteristic
function if, and only if, g() is nonnegative. The purpose of this paper is to consider con-
figurations that lead to nonnegative trigonometric polynomials. For this discussion it is
convenient to introduce occasionally a new variable:

z=cos 0, (15)
and to use the notation
P(x)=g(arc cos x). (16)

Since we assume from now on that the b,’s are integers, the substitution (15) transforms
cos b,0 into T,(z), where T, (z) is the b;th Tchebycheff polynomial of the first kind. There-
fore, we see from (5) that under the conditions of lemma 1,

P(x)=]§ (=D —NT,@)]=(1—2)" " A(2). 17y
In a similar manner, we have under the conditions of lemma 2,
Ple)=2 (—DANT; (@) =— (1 —a*)" "' B(). (18)
=

When we make this substitution we shall use the fact that the trigonometric polynomial g(6)
is nonnegative for all 4 if, and only if, the polynomial P(z) >0 for [z|<1. From (17) we obtain
immediately

ConprrionN (I11).  The trigonometric polynomial g(6) is monnegative if, and only if, the
polynomial A(z), introduced by lemma 1, is nonnegative for |z|<1.

We use condition (I1I) and the lemmas obtained in section 2 to derive conditions for certain
trigonometric polynomials. The results are contained in the subsequent statements.

StaTEMENT 1. If the b; are the first n consecutive integers, i. e., b;=j for j=1, 2, . . ., n,
and if m=1, the trigonometric polynomial g(6) is nonnegative if, and only if, 2d; >n.
In this case we have \;=1—7%/d;, 7=1, 2, . . ., n and obtain from (17)

P(x):jg"l(— 1)-1a, [1 —(1 —glf) Tj(x):|=(1 2 Ya-ba).

From this equation it is possible to determine the coefficients @ and b. After some elementary
computations we obtain

_on-14 [Mn—1)+1dj] ot 5
A=z, O o g o
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Clearly, P(z) >0 for |z[<1 if, and only if, |n*—d} <n(n—1)+di This inequality can be
written as —n’4n—di <n’—d; <n*—n-+d;. Sincenis a positive integer, this condition reduces
to 2di >mn.

CoroLLARY TO sTATEMENT 1. If the b; are the first n consecutive even integers, i. e., if
b;=2jfor j=1,2, . . ., n, and if m=1, then the trigonometric polynomials ¢(6) is nonnegative
if, and only if, & >2n. The corollary follows almost immediately from statement 1.

StaTEMENT 2. If the b; are the first n consecutive integers, 1. e., if b;=7 for j=1,2, . . ., n,
and if m=2, the trigonometric polynomial g(0) is nonnegative, if, and only if, a certain polynomial
Q(z) is nonnegative for x| <1. Here

Q(x) =L(n,d,,dy)2*+ M (n,d,,dy)x+ N (n,d;,ds), (19)
where
L(ndy dy) =n'—n*(d2+d3) + B, l
M(n,d,,dy) =2n*—6nP+4n*—n~+n(d;+d3) — 2d3dZ, (20)
N(n,d,,dy) =n*—6n°+ Tn?*—2n -+ (n*—n) (di +d3) + didz. S

Proor. From (2a) we see that

(1= (1-7
(1) (1)
for j=1,2, . . . n, and obtain from (17)
n ) j2 j2
Pz)=32 (-1)1%1.{1—(1—?) (1—@ T,»(x)}:(l~x)"‘2(a;z2+bx-{—c).
J=1 1 2
From this equation it is possible to determine the coeflicients a, b, and ¢.  After some elemen-

tary computation, one obtains

P@) =2 5" (1= Q)

A particular case can be discussed easily. If d,=(n+1) and d;=(n+2), we obtain from (20)
L=4(n+1)2n+1), M=—42n+1)(2n*+n+2), N=4n*+4n*+19n*+5n+4. It is then easy
to show that @Q(z) is positive in —1<z<-+1 so that P(z) is nonnegative for the
values k,=j(j=1,2,...,n) and m=2, d,=(n-+1), d;=(n-+2). This means in probabilistic
language that the rational function with 2n-4-1 poles —i(a-1)(j=1, . . ., n) and —ia and the
four zeros —i(a-+1id,), —i(a+1d,) is a characteristic function.

STATEMENT 3. If the b; are the first m consecutive odd integers, i. e., if b;=27—1
for 7=1,2, . . ., n, and if m=1 while n_>1* then the trigonometric polynomzal g(0) is non-
negative if either one of the following two conditions is satisfied
(1) d>+2n—1,

(i1) d<~/2n—1,
but

(2n—1)—d?*
mﬁ%-h

4 The case n=m=1 is covered by statement 1, and can therefore be excluded here.
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where z,_; 18 the root of the equation
1
f (1—t)" 22— 23 dt=0,
—z

which falls into the interval (0, 1).

If meither (1) nor (ii) is satisfied, then the function g(8) assumes also negative values.
COROLLARY TO STATEMENT 3. [f for large n and d<2n—1

(n+3) [(2n—1)—d*
Cn—1)y—d

<p=0.5939157 . . . ,

then ¢ () is nonnegative.
In formulating this statement, we wrote for d; simply d. From (2a) we see that

s )2
)\jz1~(2‘7d21) @R p=ls 2 o o o 5 B

According to lemma 2, as expressed by (18), we have
I L . .
P’ (x) — ; (=D [d*— (29— DA T 1 ()= — (1—2) " 2B(x),

where B(z) is a polynomial of the second degree. From this equation it is possible to determine

B(x), we obtain
B(x)zy{l:1 J%ﬁ]-l} —<2"d_2 1)2] xZ}; 21)

where
v=2%""%2n—1)A, >0.

From (21) we see that

B(—1=pu=22=L =D |
Bo=[ 1= |y>0 » 22)
B(r)=—2y [1—(27‘;1)2] r; B(2)=—2y [1_(2“(;;”2] :

We first assume d>2n—1, then B’(z) <0 for 0 <x<1. Since B(1) >0, we have B(z) >0 in the
interval (0,1), from B(—z)=DB(z) it is seen that B(z) >0 for [z|<1. Next we suppose
(2n—1)>d>+/2n—1, then B(z) has a minimum at the point z=0, so that B(z)>B(0) >0.
Summarizing, we see that B(z) >0 for |z|<1, provided d>+2n—1. But this means that
P’(x)<0in [z|<1. From (17) it is seen that P(1)=0 if n>m, so that P(z) >0 in |z|<1, and
therefore ¢(6) >0 for all 6, so that condition (i) is proved.

We next consider the case d<42n—1. We write

B(x):[<2”_d12)2—1:|7 {wz_%;%}_
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If we denote by ,
, [@n—1)
Y —[ P '—1] v>0

{2_(2n;1)2:a2>0y

and by

then we have
Bx)=~"@*—¢*) and P'@)=—vy"(1—2)"2(@*—?).
Therefore,

Pa)=v f ey,

Condition (i1) and the corollary to statement 3 follow then immediately from lemma 3; a brief
table of the z, is contained [3].

We proceed to discuss a more complicated case by assuming that the rational function
¢(t) has two zeros (i. e., m=2) and that it has the first 7 consecutive odd integers as poles, so

that b,=27—1 for j=1,2, . . . n.
We obtain then from (18)
P’ (x)=—y(1 —2)"3[A+Ca?+ D', (23)
where

y=2""%2n—1)A,

D=16X\,
(23a)
C=4[2n—9)N,— (2n— 1)\, _{]
A=(2n*—13n+22)\,— 2n—1) 2n—")N 1+ n—1) 2n—1)N,_2
We write °
0 1'1 ¢
so that
P’ (2) = —4y\, (1 —2®) "2 (4xt+ax®—0b). (25)
For n>m=2 we have P(1)=0, and therefore °
1
P(x):zly)\nf (1—)"3(4t* +at?*—b)dt for n.>3. (26)

The nonnegativity of the polynomial P (z) depends on the nature of the roots of the polynomial
B(z)=4z'4+az*—b. This introduces the need to distinguish a number of cases, for this purpose
we write h(7)=4r*+ar—b=4(r—1,) (r—,), where

n=(—a—+/a?+16b)/8
ro=(—a++/a*+16b)/8 - (27)
B(x)=h(z?)
In the following we denote by
I?i(z):fl (1—) 320D (12— 23 dt for 1=1,2.
We are now in a position to formulate statement 4.

5 We assume here A\»7#0. We need not consider the case A,=0, since this reduces by lemma 4 to the case covered by statement 3.
6 If n=1m, lemma 2 is not valid, and moreover, P(1)>>0. The case n=m=2 would therefore require a separate discussion.
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STATEMENT 4. If the b; are the first n consecutive odd integers, that is, if b;=2j—1 for
j=1,2,. .., n, and if n>m=2, then the trigonometric polynomial g(8) is nonnegative if, and
only if, one of the following nine, mutually exclusive, conditions is satisfied

1) A, >0, a>0, and b<0
(i1) A >0, a<0, and a*+16b<0
(iii) A>0, >0, 0<b<a+4, and Ry(yr) — iR (y712) >0

(iv) >0, 0>a>—4, 44+a>b>—a?/16, and Ry(Yrs) — i Ri(Vr) 20; if b<0, we have the
additional condition Ry(—~/1,) — 72l (—+/71) >0

(v) A >0>a+8>a+4>b>—a?(16

(vi) N0, —4>a>—8, 0>a+4>b>—a?/16, and also Ry(y7.) —1 R (7)) >0; if b0,
we have the additional condition Ro(—7,) — 7R (—+/11) >0

(vii) X.<0,a>0, and b>a-+4
(viii) X.<0, a<0, and b> max [0, a+4]
(lX) )‘n<0; a—{—4§b<0, G/nd Rz(\/TI)—TgR1<~/T1) SO

The proof of this statement is rather tedious. It is, however, similar to the proof of state-
ment 3 of the present paper and of statement (F) of [3] and is therefore omitted.

We conclude this section by using lemma 4 to show that the earlier results may be obtained
as particular cases of the statements of the present paper. We consider as an example
statement 1 and write n=s+1 and put d,=Fk, where k is an integer. From lemma 4 we see
that g(8|1, . . . ,s+1;k) and g(8)1, . . . k—1, k41, . . . s+1) are simultaneously non-
negative so that statement 1 reduces to statement C of [3].
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