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Errors Introduced by Finite Space and Time Increments 
In Dynamic Response Computation 

Samuel Levy and W ilhelmina D. Kroll 

An ilwestigation is made of t he accuracy and stab ili ty of numerica l in teg rat ion method~ 
when applied to the computation of the dynamic response of st ru ctures to impac t loads. 
The effect of finit e t im e increments is s tudied both b.v obtaining analytical solu t ions for a 
single-degree-of-freedom s.vstem and by carry ing ou t nume rical integrat ions for many
degree-of-freedom systems ; t he effect of finite space increments is studied by replacing a 
continuous beam by a discrete number of elasticall y connected po int masses. It is found t hat: 
(1) Of t he methods invest iga ted , only Houbolt's is stable when t he time increments are large 
compared \\' it h the nat ural pe riods of t he sys tem. Errors are in t roduced by H oubolt 's 
method , in t his case, which result in the damping ou t of t he responses in t he higher modes 
of vibra tion. All of t he methods give good resul t s when the t im e increment is less t han about 
1/30 of t he period in t he highes t frequency mode. (2) The di st ribu ted mass of a beam can 
be conside red to be co nce ntrated at relatively few mass points for com pu tat ional purposes; 
us ing a fi ve mass ideali zat ion , t he bending mome nt at t he cente r of a uniform beam is deter
min ed with good accuracy. 

1. Introduction 

With larger aircraft, higher landing speeds, and the 
necessity of flying in bad weather, the transien t 
vibrations caused by seve re gusts, landing impacts, 
and similar shock loads are becoming increasingly 
important in the stress analysis of airplanes. The 
usual method of compu ting these transien ts is to 
superpose the response in a small number of the im
portant modes [1 , 2] .1 Such computations are 
lengthy and in some cases give r esults that are of 
qu estionable accuracy [3]. 

Houbolt [4] presents a numerical integration 
method in which the d erivatives in the equations of 
motion are replaced by finite differences to permit a 
step-by-step calculation of the dynamic response of 
an elastic aircraft entering a gust. Houbolt's 
method is adaptable to the problem of the dynamic 
response of an airplane to landing impact and was 
used [5] to determine the deflections of the wing for 
an unsymmetrical two-point landing of a model air
plane. From these deflections, the bending mo
m ents on each wing at stations 17 .5 inches from the 
wing root were computed. The computed results 
were compared with experimental results . The 
agreement was good, indicating that the difference 
eq uation approach holds promise as a means of 
determining the dynamic response of airplanes to 
shock loads. 

The purpose of the present paper is to determine 
thc effect of (,he use of finite time increments and of 
the replacement of the continuous s tructure by a dis
crete number of elastically connected point masses 
on the accuracy and convergence of numerical inte
gra tion methods. The errors due (,0 using too 
coarse a time increment to adequately describe the 
fine detail in the force-time history and due to 
approximating the initial conditions by various finite 
difference approximations arc not considered in this 

1 Figures in brackets indicate the literature references at the end of this paper. 

57 

report . A general stud)' of errors in llumerical inte
gration procedures, using techniques similar to those 
in this report, is given in references [6] and [7] . 

2 . Error Due to Finite Time Increment 

In order (,0 determine the errors introduced by 
f-inite time increments in numerical integration meth
ods, a study is made of a single-degree-of-freedom 
s)'stem having simple loading conditIOns. The mo
tion of more complicated systems can be considered 
as being made up of the motion in several normal 
modes, each mode acting as a single-degree-of-free
dom s)'stem. The results of this study can be used, 
therefore, in judging the adequacy of the various 
numerical integration method s for complicated sys
tems as well as for simple systems. The resul ts are 
determined in analytical form, using the calculus of 
f-ini te difference, for co nvenience in judging the 
accurac~' of the methods and the peculiar nature 
of the errors introduced by using them. 

2 .1. Basic Problem Considered 

The basic problem considered in this section is 
shown in figure 1. The mass, if initially dis t,urbed , 
should vibrate without clamping or amplitude build-
up at a natural frequ ency w= ,lk/m (rad/sec). For 
such a system, the equation of mo tion is 

d2x 
m dt2+kx = 0. (1) 

In applying numerical integration methods to the 
solution of this equation, the following notation is 
used : 

~t= time increment between successive steps in 
the numerical integration process. 

n = Ilumber of steps taken from t= O to t= n~t; 
as subscript , indicates value when I =n~t . 

x,, = clisplacement wh en t=n~t. 



FIG l-RE 1. Basic p)'oblem considered in comparing numerical 
integmtion methods. 

2.2. Method Replacing Second Derivative by 
Equivalent Central Differences 

Substituting in to eq (1) 

gIves 

whi ch reduces to 

(2) 

(3) 

(4) 

To solve eq (4) by th e calculus of finit e differences, 
we make the subst itution, 

(5) 

where A is the arbitrary constan t to be determined 
fro m ini tial condi tions, and fJ is the number to be so 
chosen that eq (4) is satisfied . Substituting from 
eq (5) into eq (4) gives 

(6) 

Dividing through by AfJ'H, eq (6) reduces to 

fJ2 + [k ~/? - 2 ] fJ + 1 = O. (7) 

Seyera] cases are of interest: 
Case 2.2.1 : 0< t::..t< 2 .. /m /k; we ,,-ill first consider 

t::..t = , 2 , 'm/k; that is, t::..t = 0.225 (27rh m/k, ,,-here 

(27r ).[mfk is the natural period of the system. In this 
case, eq (7) reduces to 

from whi ch , 
i7r 

,- ±-
fJ =±, - l =±i = e 2 . (9) 

Substituting this valu e of 13 into eq (5), 

hrn hrl1 "n .".n 

where A B A' B' are arbitrary constants deter
mined fr~m the initial conditions. Since 
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11, = t/ (t::..t ) = t, ;k/m f./2, (11 ) 

eq (10) can be wri tten 

x= A ' sin 1.Ilt-vkfTn + B' cos 1.llt.!k/m. (12 ) 

In this case, th e effect of the numerical integration 
m ethod is to increase the effective natural frequency 
from '!k/m to 1. l1.!k/m without introducing damping 
or buildup of the r esponse. 

As the value of the fini te time increment t::..t is 
varied from 0 to 2,/m/k , the factor 1.11 in eq (12 ) 
varies from 1 to 7r/2, but otherwise the form of eq 
(12 ) does not change. 

Case 2.2.2 : 2,!m/lc< t::..t ; we will first consider 
t::..t = 3.!m/k. Although such a large value of t::..t 
would not ordinarily be used on a single-degree-of
freedom system , i t is usually impossible to avo id such 
a large value in a many-degree-of-freedom system 
having high frequency mod es. With t::..t = 3.!m/k, 
eq (7) becom es 

(13) 

glvmg 

13 = - .1459 = _e-1.925 ; 13 = - 6.8541 = _e 1. 925. (14) 

Substituting th ese values of 13 into eq (5), 

xn= A( _ l)ne- 1.925n + B ( _ l) nel. 925n 

= A' cos 11,7r sinh 1.92511,+ B' cos n 7r cosh 1.92 511,. 

(15) 

Substituting n = t/t::..t = (t, kim) /3 into eq (15) glves 

x= [A' sinh 0.642t,lk/m + B' cosh 0.642t,ik/m] 

cos 1.047hfk/m. (16) 

In this case, th e primary effect of the numerical 
integration m ethod is to introduce hyperbolic 
functions of time in th e answer. B ecause th ese 
functions increase indefini tely with time, the solu tion 
is lln::;table. 

_I 



For all values o f t he time increm ent t::.t> 2 ~m/le , 
unstable so lu tions of the type shown by eq (16) re
sult. The larger the value of t::.t , the greater will be 
the in tabili ty. It i this fact that makes the m ethod 
considered in this section (2.2) inappropriate for usc 
on m any-d egree-of-freedom systems wher e it is diffi
cult to avoid large values of t::.t relative to the higher 
frequ ency modes. 

2 .3 . Houbolt's Method 

If, in eq (1), HOllbolt's substitution 

is mad e. \\"e obtain 

Aft er t rnnsposing (erms, eq (IS) can be written as 

~1nking usc of the sub t itu tion given in eq (5), eq 
(l 9) becomes 

[ 2+ le~t)] A/J"-5AiJ,, -1+ 4AiJ ,, -2- A/J,, -3= 0. 
(20) 

Dividing throu gh by AiJ"-3 gives 

Several cases arc of in terest. 
Case 2 .3 .1: W e will again cons ider t.t= , 2 .,/m/k, 

a was don e in case 2.2.1. Equation (21) then 
reduces to 

(22) 

gi ving the roots , 

/J= 0 .371O=e-0 991 } 

/J= 0.439 + 0 . 694i=e(-0 19;+ 1 007, ) 

iJ= 0.4:19 - 0.694i=e ( -0 197-1 007 l). 

(23) 

ubst itution of these valu es of iJ into eq (5) glves 

• .en = Ae - 0.99 In + B e (-0.197,, + 1.007in ) + Ce (-0.197n - 1.007in) 

= Ae-°.99In + e-0 .197n(B' sin 1.007n + C' cos 1.007n) 

(24) 

.e= A e-O.70lt , klm-te-O.,39t..j<lm (B' s in 0.712t -J! + 

c' cos O. 712t -J 1~) (25) 
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In this case, the efr ects of the num eri cal in tegra ti on 
method used are (1 ) to in trodu ce a decayin g ex
ponen tial, the first term; (2 ) to lower t be natural 
frequency, 0.712 inst,ead of 1 ; and (3) to in trodu ce a 
damping term on the response, e - 0.139' ..jkl,". 

Case 2.3 .2. The errors in the case wh ere t. is 
small can be judged b est by a numerical example. 
With t.t = .jo.1 , Im/le , a solution similar to that for 
case 2. 3.1 gives 

x= A e- 2.32t ";klm+e-00095, ";klm (B' sin 0.96lt -J! + 

c' cos 0.96lt -J ! ) (26) 

In this case, t he errors are a small drop in natural 
frequ ency, 0.961 in place of 1 ; and t he presence of 
decaying exponentials . In the limi t when t.t 0, 
the coefftcient 2. 32~ 0); t he coeffi cient 0.0095 0; 
and the coeffi cien t 0.961 1. Th.e so lu t ion ap
proaches th e exitCt solu tiOl'!. as t.t approaches zero . 

Case 2.3.3. To judge the e1'rors fo1' large values of 
t.t , we will consider the numerical case where t.t= 
.J98 .,lm/le . In this case, the solutionis given by 

X= A e- o. 1B05tv'kf,;;+e-O. 1424' ' iklm( B' s in 0.IS3t -J ~.+ 

C' cos 0.I S3t-J !} (27) 

The errors a re a large drop in natural frequ ency, 
0.l S3 in place of 1, and th e presence of decaying ex
ponen tials. In the limit when t.t 0), the coeffi
c ien ts 0.IS05, 0.1424, and 0.I S3 all approach zero . 
It is thus seen that large erro rs m a)T r esult for la rge 
valu es of t. t, bu t that they will al ways be of a stable 
type ; rounding-off errors will no t bllild up . 

3. Error Due to Replacing Continuous Struc
ture by a Discrete Number of Elastically 
Connected Masses 

An airplane wing is, essentially, a beam and, like 
a beam , has an infini te n umber of degrees of freedom . 
Since an analys is of such a stru ctlll'e without simplifi
cation be difficult, if no t impos ibIe, it is customary 
to r eplace th e distributeri. mass of the a irplane by 
lumped masses connected by massless springs cho sen , 
appendix II of reference [S], to approximately r epre
sent the large-scale motions of the a irplane. It is 
also customary to approximate t be distribu ted mass 
by generalized masses [1], corresponding to the lower 
modes of vibration. Such lumped or generalized 
masses are n ever equivalent in their behavior to the 
distribu ted mass of the airplane, since they can only 
represent a finite number of degrees of freedom . 

A general investigation of errors r esulting from the 
use of a finit e number of masses is beyond the scope 
of this r eport; however , since the Houbolt m ethod 
has advantages insofar as numeri cal integration is 
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concerned , a study is made of the error resultina 
when thi~ method of numerical integration is used 
a~d .a fim te number o.f lumped masses replace the 
d lstnbu ted mass. ThIs is done by comparina the 
computed responses with 3, 5, and 7 lumped mbasses 
for an undamped , uniform , free-free beam of mass 
m, l engt~l 2l and bending s.tiffn~ss, El , figure 2, USiI~g 
Houbolt s method as modIfied m reference [5]. I t IS 
as~umed that the beam is subj ected to suddenly ap
plIed transvers~ loads ?f th~ typ.e shown i? figure 3. 
As n:t0re comphca ted t ime ius tones of loachng can be 
consId ered to be m ade up of stepwise chanaes of the 
type shown in figure 3, the results will be significant 
for any type of transverse loading. All displace
m ents are taken in a ver tical direc tion. Translation 
and rotation of the beam are considered in addit ion 
to bending. 

3.1. Uniform Beam With Load Applied at Center 

. A uniform beam is considered to be suddenly sub
Jected to a constan t normal force P at i ts cen tf'r. 
The beam is idealized by considering the mass of 
the actual beam , figure 4 (a), to be concen trated at 
3-, 5-, and 7:mass points, figures 4 (b ), 4 (c), and 
4 Cd ), respectl\Tely. 

T o evaluate the combined errors due to the use 
of fini te numbers of mass poin ts and fini te t ime in
cremen ts, three time incremen ts are used in the 
numerical analysis for each mass dis tribution. 
These t ime increm en ts are 

At=~ml3/ 12El, 

I--- 1 --j 
m, Ef 

(a) Actual beam 

m/4 m/2 m/4 

~ 
(b) Three mass system 

m/a m/4 m/4 m/4 m/a 

(c) Five mass system 

m/12 m/6 m/6 m/6 m/6 m/6 m/12 

(d) Seven mass system 

F I GU R E 4. Distribtltions of mass considered for bea lli subjected 
to unpact at center . 

The compu tations a rc carried ou t as described in 
referen~e [5] and .as shown for a typical case in the 
appendIx . In tins procedure, the ini t ial condi t ions 
are taken into account .by considering th~ displace
~n~~ts .zero for th.ree tune mcrements pnor to the 
ImtJalmstan t of tIme. The flexibiii t ," is taken in to 
account by the use of influence coefficien ts. ~latrix 
algebra is used to simul taneously compute the d is
placements at all t he mass points a t a par ticular in
c!'emen t of time from the given forces acting at that 
tlm~ and from .the known ~isplil:cements at the pre
cedmg three mcremen ts m time. The bending 
:l1omen t at the cen ter is then computed from the 
mverse of the influence coefficien t matrix, the dis
placements at the various mass points and the lever 
a rms from these m ass point.s to the' center of the 
beam . The bending moment Ai at the center of 
the beam, posit.ive when c~nca~e ~way from the side 
of the beam bemg stl'Uck , IS plo t ted on a dimension
less basi~ in .figm:es 5, 6, and.7 for the 3-,5-, and 7-
mass approxlmatLOns, respectivel v. I t is no ted that 
as t~e t.ime in t~rvil:l used in tile step-by-step nu~ 
men cal m tegratlOn IS shor tened , the maximum abso
~ute value of the b ending moment is increased . As 
IS to be expected from the analysis of a single de
gree-of-freedom system , the errors of the numerical 
m ethod cause a damping ou t of the oscillatory re
sponse and, as t he t ime incremen t is decreased a 
decrease in the per'ioel of the oscillatory res ponse. ' 
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For each of figures 5 to 7, the m ass distribu t ion is 
kep t constan t, and the incremen t of time used in 
the numerical integrat ion is varieCl to show the effect 
o.f tin:e increme~t . In each of figures 8 to 10, the 
~ Llne mcr~men t IS kep t constan t, and the responses 
fo~' the differen t mass distribu tions arc plotted to 
brmg out more clearly the effect of increasing the 
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F I GUR E 5. , Bending mom ent TUtio at the center of the beam 
caused by impact at center, three-mass ideali za.tion. 
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F I GUR E 6. Bending moment TUtio at the cenl.er or I.he lieam 
caused by impact at center, five-mass ideo/izaiion. 
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FIG U RE 7. Bending moment ratio at th f center oj the beam 
caused by impact o.t center , seven-mass idenlization. 
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I' I("; URE R. Bending mom ent ratios for different mass 
ideo/i zat1:ons with impact at center ma ss, time increment 
D.t = -V1lli3/ 12E I. 
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FIG U H E 9. Bending mom ent TUti os for different moss 
idealizations with impact at cenler mass, lim e increment 
D.l = 1/3-Vm.l3/ 12EI. 
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Di mensionless l ime, t~ 

FIGUftF. 10. Bending mom ent ratios for dijJerent mass 
idealizations with i mpact at cenler mass, ti1)" e increment 
D.t = 1/5 1II.l3j12El. 

number of masses . The maximum absolute value 
of the bending moment at the cen ter differs by no t 
more than 4 percen t for the 5- and 7-mass :systems, 
regardless of time increment. There is some differ
ence in the p eriod of the response for the shorter 
time increments for the 5- and 7-mass systems. 

3.2. Beam With Impact at One Tip 

Because i t was believed that an impact at a tip 
mass might result in a more severe loading condition, 
an investigation is made for the case of a load P 
applied at the tip of the beam shown in figure 4 (a ), 
using the idealizat ions shown in figures 4 (b) and 
4 (c). The bending moments at the center for the 
3- and 5-mass idealizations are shown in figures 11 
and 12, resp ectively. It is no ted again, as in case 
3. 1, that as the time interval used in the step-by
step numerical integration is shortened , the maximum 
absolute value of the bending momen t at the center 
is increased . As is to b e expected from the analysis 
of a single-degree-of-freedom system , the errors of 
the numerical method cause a damping out of the 
oscillations, which is parti cularly evident for the 
longest time increment, and a decrease in the period 
of the oscillatory response as the time increment 
is decreased. 

In figures 13 to 15, the time incr ement is k ept 
constant, and the responses for idealization of the 
beam by 3 and 5 masses are plotted to bring out 
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l"IGUHE 11 . Bending moment ratio at the center' of the beam 
cavsed by impact at a ti p, three-mass idealization. 
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FIGURE: 12. Bending moment ratio at the center of the beam 
cal.sed by impact at a ti p, five-mass l:dealization. 
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FIGURE 13. Bending moment ratios for dijJerent mass ideali
zations with impact at tip , time incl'ement t;.t= , lml3/12EI . 

,6 

c e 
~ c;: 
~ , .4 

] ::; 

f ~ 

.2 g "0 
.~ 

E 
Ci 

r),.'-" , Number of 

I " \ '\ mosses , ,/ '\ 

/ / ~ \~ (\/' \, / '"'\ ./I; .... />~, 
j :' \ " / ,/\ I 

I,:' \ \ / " \:' / " :\/\ /'--'" \ \/ , ........ \,-,/ ,,-/1, / ' .. _ .... " ' ... _ / 

°0 4 6 10 12 

Dime nsion le ss ti me , t ~ 

FIGURE 14, Bending moment ratios f01' dijJerent mass ideali
zations with i'npact at tip, time increment t;.t = 1 /3~ml3/ 12EI. 
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FIGURE: 15. Bending moment ratios for different mass ideali
zations with impact at tip, time increment t;.t = 1/5, lml3/12E f , 
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(b) Idealized beams 

111 ass distribution considered 1'01' two bea inS nor mal 
to each other subjected to tip ~mpact. 
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FIGURE 17. Bending moment at wing root for pair of beams 
TepTesenting airplane, each beam idealized by five masses . 
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FIG U Rl, 18. Bending moment at f1lse lage Toot fOT pail" of beams 
representing airplane, each beam ideali zed by five masses . 

th e effect of increasing the number of masses. It 
can be seen that the p eriod of the initial v ibratory 
response decreases with an increase in the number 
of masses and that the damping increases. The 
maximum bending moment at the center is relatively 
unaffected. 

3.3. Pair of Beams Representing a Fuselage and 
Wing With Impact at Both Wing Tips 

An airplane can be approximated by two uniform 
beams at right angles to each other, one beam rcpre
sen t ing the wing, the other the fuselage. Such a 
system , figure 16 (a), is investigated . Each beam 
is idealized as 5 masses, as shown in figurc 16 (b). 
The suddenly applied constant loads, P , are consid
er cd to act at each wing tip . Th e bending moments 
at the center of both the" fuselage" and "wing" beams 
are computed by using the same three t ime incre
ments in the numerical integration as were previ
ously used. The bending moment at the center of 
the struck beam (wing) is shown in figure 17 and 
that for the other beam (fuselage) is shown in figure 
18. Th e agreement between the bending moment 
ratios for the three values of time incr ement is only 
fair even for the two shortest time increments. As 
might have been expected from the analysis giv en 
of the single-degree-of -freedom system, the error 
due to using the longest time increment is evident 
in the marked damping of the oscillatory response. 

3.4. Discussion 

It is estimated that a time increment of about 1/30 
of the period in the fundamental mode is n ecessary 
for good accuracy in numerical-integration methods. 
Thi s value is based on several factors. 

(1) The solu tion given in eq (26) corresponds to 
about 20 time increments per fundamental period . 
In this case the frequency coeffi cient , 0.961 , is in 
error by about 4 percent. 

(2) The convergence indicated in the figures is 
not qui te compJete for the shortest time increment, 
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which corresponds to 1/ 13.74 of Lhe fund amental 
symmetri cal mod e period and onl~' ] /5.00 of the 
lowest ant is~ 'mmetrical mode period . A shorter 
t ime increment than this is certainh' needed to gi ve 
the response of the higher modes. 

(3) The recommended t ime increment is likel." to 
be used for computing responses with slower con
vergence than the bending mom.en t at the center of 
the beam and for structures with slower con vergence 
than that of a uniform beam. 

(4) It is likel.\· that compu tat ions b~' numeri cal 
methods will be carried out by automatic computing 
machines where the advantage of additional accuracy 
from a smaller time increment can be had wi th less 
penalt.\'" than when hand computing is used. 

It is no ted from figures 8, 9, and 10 t hat, for each 
time increment considered, the response to an impact 
at the center is essen tially the same for the 5- and 
7 -mass ideali zations of tite beam bu t considerably 
higher f O L" the 3-mass s~rstem. F or impacts at on'e 
end of the beam , flgures 13, 14, and 15, the response 
shows less change in going from the 3- to the 5-mass 
ideali zations than is the case for impact at the cen ter . 
It would appear that a uniform beam should be 
approximated by a 5-mass id eali zation if errors in 
the bending momen t at th e cen ter are to be small . 

In table 1, t he maximum absolu te valu es of 
bending moment ra t ios a re given. For the beam 
with the impact at th e center , tbe absolu te value of 
the bending moment increased as the t ime in ter
val for integration was decreased, bu t decreased 
as the number of masses used for the ideali zation of 
the distribu ted mass of the beam was increased. 
From this , it may well be tha t the errors caused b.v 
using a r easonable value of time in terval for the 
numerical in tegration will be offset to some exten t 
by the errors caused. b)' using a fini te number of 
masses. For the impact at a tip mass, the incl"rase 
in bending momen t with decrease in t ime in terval is 
appreciable, but the decrease in bending momen t with 
in crease in number of masses is mu ch less than for the 
case of impact at the center. 

TABLlc l. ~f(lximtll'! absollb!c value of bending moment at 
renter of nnifol"lu bea'ln st1"urk with .roTce P 

1.lf/ P /I 
Time inten·al 

1m pact at cen t{'l' 

.,;mI3f12EI .. __________ _ 0.355 O. :305 0.295 

1/3"; .",13/12 E 1_. _ . _. ___ .. __________ .• _____ _ .450 .383 . 368 

1/5"; rnI3f1 2EI _______ . ____ . ____ _______ . __ _ . 480 .4W .400 

Impact at tip 

.,; ",13/12Ef. __ ____________ __ __ .. ____ ___ • _. 0 .355 

1/3"; rnl'/12EI . ___________________________ _ .450 . 448 

1/5"; ",/3/12EI _. ______________________ __ __ _ . 480 .48.) 



It is evident from figure 5 that the period of the 
response approaches the value for the exact solution 
for a beam idealized by 3 masses as the time interval 
in the integration is shortened. This same decrease 
in period with time increment is noted in figures 6 
and 7 for the 5- and 7- mass idealization of the beam. 
The period of the response also decreases as the num
ber of masses is increased, figures 7, 8, and 9. This 
latter result, at least qualitatively, verifies that ob
tained by Duncan [9]. He has obtained an exact 
solution showing that the periods of the computed 
modes of vibration of a uniform beam decrease as 
the number of masses chosen to represent the beam 
is increased, and that the magnitudes of the errors 
in the computed periods vary inversely as the square 
of the number of masses. 

4. Conclusions 

From the analyses of the responses of single-degree
of-freedom and many-degree-of-freedom systems to 
a suddenly applied force, it may be concluded that: 

a) Numerical integration methods give results 
that closely approximate the exact solu tion only if 
the increment of time between successive steps in 
the integration is small compared to all the natural 
periods of v ibration of the system. In cases similar 
to those investigated where bending moment, near 
the center is desired, a t ime increment of about ~o 
of the fundamental period of the system will give 
good results. 

h) Of the methods investigated, the Houbolt 
method is the only one that gives convergent results 
for large time increments. In this method, errors 
introduced by large time increments result in the 
damping out of oscillatory response. 

c) The distributed mass of the beam can be con
sidered to be concentrated at relatively few mass 
points for computational purposes. In cases similar 
to those investigated, approximating a uniform beam 
by a 5-mass idealization gives good results. 

5. Appendix 

The detailed method of determining the response 
of a uniform beam to an impact load by numerical 
integration is given in this appendix for t,he case of 
a beam subjected to an impact at its tip. The case 
considered is that where the time increment is 
~t= .Jm13J1 2EI. The responses for all the other 
cases presented in this report are obtained in a 
similar manner. 

Slalion I 
Mass m/B 

2 

m/4 
3 

m/4 
4 

m/4 
5 

m/B 

p 

FIGURE 19. JI / ass disll'iblllion fol' example considered m 
appendix. 
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The mass of the uniform beam is considered to be 
distributed at five stations along its length, figure 19. 
The force, P , is applied at the tip, station 5. As 
used in this report, an infl uence coefficient, Or,. is the 
displacement at station r due to a unit load at sta,tion 
8 with the center of the beam, station 3, fixed. The 
influence coefficients are given in table 2. Denoting 
the displacement positive upward at station r by dr, 
the force at station r by Fr , and the rotation at station 
3 by a, the displacements of the beam at stations 1, 
2,4, and.5 are 

(A1) 

Substituting the valu es of the influence coefficients 
from table '2 into eq (AI ), and solving for the fOfces 

TABLE 2. Influence coeffirients OT •• for 5-mass idealized beom 
shown in figure 19 

"-
~ I 2 3 4 5 

"- - - ---------
1 l'/3EI 5l3/48EI 0 0 0 
2 5l3/48El /3/24ET 0 0 0 
3 0 0 0 0 0 
4 0 0 0 /3/24ET 513/48EI 
5 0 0 0 5l'/48EJ l'/3El 

I 

in terms of the displacements at each station and of 
the l'otatior} at station 3. 

(A2) 

From the condition that the sum of the forces equal 
zero , 

(A3) 

and substituting from eq (A2 ), the value of F3 is 

J 



From the requirement t hat t ile net moment equal 
zero, 

and using eq (A2) and (A4 ), 

= 095 d'_l 5 d 2+ 1 5 d 4 _ 0 2- do. 
D' .~ l . I . l . b l (A6) 

Subst ituting tbe value of a from eq (A6 ) into eq (A2 ), 
and rewriting eq (A4): 

Fl = 4~fsI (1.87 .5d, - 4 . 25cl2+3.00d3 - O. 7 .5d4+ 0.125cl5) , 

F 2 = 4~~L (- 4.25d, + 11.50dz- ll.OOd3 + 4.50d, - 0. 7 5d 5), 

48EI 
F3=~ (3 .00d 1- 11.00dz+ 16.00d3 - 11.OOd4 + 3.00clo), (A7) 

F4= 4~~I (-0. 7 5d, + 4.50dz- l1.00d3+ 11.50d4 - 4. 25d 5), 

The forces are the su m of the inertia loads due to 
the acceleration of the mass of the beam and th e 
applied forces, 

(A8) 

where m is mass of uniform beam; dr , acceleration of 
beam at station 1'(1'= 1,2, . .. 5) ; and P , applied 
constant force at stat ion 5. 

Using the difference eq (J 7), acceleration at stat ion 
r can be expressed as 

Equating the first. of eq (A7) and (AS) and suhsti
Luting for (dr)t from eq (A9), we obtain 

-S:lZ [2 (d')t - 5(d1)t- At + 4(d,)t-2At - (d,)t-3AI] = 

4 7~I [l.875d, - 4.25dz+ 3.00d3- O.75cl .+ O.125ci 51t . 

(AIO) 

65 

Similar relations are obtained by using the remain
ing eq (A7) and (AR). 

\-'[ultiplying eq (AI 0) and the corresponding eq ua
tions for the other stat ions t.hrough by 3EI/Pl3 to 
express tbe deflections as a dimensionless rat io , and 
transposing terms, the eq uations can he written in a 
form which , for station 1, reads 

( 187-+ 7ml3 )(3d'EI) -4 95 (3d2EI) + 
. b 192~lz Pl3 t .~ Pl3 t 

(All ) 

where 

4 (3cl'~I) +(3dl~I) J. (AI2) 
Pl t- ZAt Pl / -3 ..1/ 

Equal ion (All) and the eq uations similar to it can be 
ex pressell in matrix form as 

where the matrix [A] is given in table 3. Solving eq 
(A13 ) for the deflections gives, 



TABLE 3. Matrix [A] oj deflection coeffi cients for 'use i n equation (Ai3') 

I 
I 
I 

7mIl 
l.875+ 192Elat' - 4. 25 3. 00 - 0.75 O. 125 

- 4. 25 
7m/l 

11.50 + 96E1,w - 11.00 4.50 -. 75 

3. 00 - 11.00 
7mll 

16 + 00E1at, - 11.00 3. 00 

- 0. 75 4.50 - 11.00 7ml' 
1l.5 + 96EIM' - 4.25 

. 125 - 0. 75 3. 00 - 4. 25 
7mIl 

1.875+ 192Eldt2 

where [A) -I is obtained as the inverse of [A) with where 
llt= .Jmf3/12EI. The matrix [A) - I is given in table 4. 5 

m=~mr (A18) The first of this set of equations in conventional form 
IS 

C~:I), = 1.344937(JI ), + 0.589567(J z), + 

0.113294(J 3),-0.1l3732(J4)t - 0.237485(J 5)" (A15) 

where, from eq (A12 ), 

_" (3d I EI) _ (3d I EI) (J1)t= 1.093ID ~Pl3 -0.8/500 ~Pl3 
,- a, ,-zar 

+ 0.21875 (3dl~~) . (A16) 
Pl '-3ar 

Similar equations can be obtained for J at the other 
stations . 

TABLE 4. i nverted matrix [A] - J of table.'J with t.l =.,j1l1/3/ 12El 

I. 344937 

I 
0.589567 O. 11 3294 - 0. 11 3732 - 0.237485 I 0.589567 . 519302 .305894 . 079741 -. 113732 

. 113294 .305894 . 41 ii73 .305894 . 11 3294 

I 

-. 113732 

i 
. 079741 ,305894 , 519302 . 589567 

-. 237485 -, 113732 . 113294 .589567 1. 344937 

It is assumed that, prior to the application of the 
force P , the displacements at all stations are zero. 
The ~omputations are tabulated as shown in tables 
5 and 6. The J 's are computed for time t, table 6, 
using eq (A16 ) for (J 1), and similar equations for 
the other J's. The d's a re computed for time t, 
table 5, using eq (A15) for (3d IEI/Pf3 ), and similar 
equations for the other d's. From the d's at time t, 
the J's at time t+ llt are computed and, from these, 
the d's at time t+ llt. Thus a time history of the 
displacement ratios of the uniform beam due to the 
suddenly applied constant force is .obtained. . 

Since the step-by-step numerIcal procedure IS 

dependent on previously computed values, it is 
desirable to have a check column which will indicate 
errors made in the computation. The deflections at 
each station were checked by computing the dis
placement, D , of the center of gravity of the beam 
from two differen t formulas . If these two values 
of D agreed, the computation of the deflections was 
assumed correct. The first equation for D , is: 

3EI 1 5 ( 3drEI) 
PP Dt= m~ mr~,' (A17) 

----.----
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T= I 

~:/ D t= 0.125 C~:'I),+0.250 (3~:I),+ 

0.250 C~:1),+0.250 C~:l),+ 

(A19) 

The other equation is obtained by substituting for 
[(3d I EI) /Pl3]t, [(3dzEI) /PZS]". [(3d5EI) /Pl3], 
in eq (A19) , their equivalents in terms of the J's eq 
(A14). This gave 

~:,} D t= 0.285713 7 5(J 1)t+ 0.28571362(Jz)t+ 

0 .2857137 5(J 3)t + O. 285 71362 (J 4)t + 

0.28571375 (J 5)t . (A20 ) 

The small differences in the coefficients in eq (A20 ) 
result from rounding-off error. For a good errol' 
indication, the coefficients, as given, are needed . 
The values of D from eq (A19) and (A20) are given 
in columns (7) and (8) of table 5. 

The J 's are checked by comparing their sums as 
determined from two different formulas. The firs t 
formula is 

The second formula is obtained by substituting in eel 
(A21) the value of (J 1 ) , in eq (A16) and correspond
ing values for the other J's . Then, making use of eq 
(A19 ), 

(~ J r),= 8.75 (Dk at- 7.OO (D)t_ za t+ 

l. 7 5(D)t-3at+ 0.43 7 5. (A22) 

The values computed from eq (A21) and (A22) are 
given in columns (7) and (8), respectively, of table 
6. The good agreement between the check columns 
in tables 5 and 6 indicate that the computation is 
free of numerical error. 



TABr~E 5. Dis placement mtios at stations along a umJonn beam subjected to an ill/port at its tip 

1 2 I 3 I 4 I 5 I 6 7 I 8 9 
I --- ------

1'ime Displaceme nt rat io 3d,EI/Pl' at stations-· 3EID/PI' Rendi ng 
ratio -- - - moment 

t~0£~ ratio at 
ml3 I 2 3 1 5 Eq (AI9) Eq (A20) ccnter. AI/Pi 

---- ------------------ --_._------

-3 0 0 0 0 0 0 0 0 
-2 0 0 0 0 0 0 0 0 
-1 0 0 0 0 0 0 0 0 

0 -0.103900 -0. 049758 0.049566 0.257936 0.588410 O. 125000 O. 125000 . 153(;54 
1 -.52M3i -.1683 15 .294203 . 967785 1. 83828 . 437499 . 4374~9 .309800 

2 - I. 40216 -.348058 .820339 2.20772 3.79212 .968745 . 9fi8745 .322636 
3 -2.72217 -.596 199 I. 61553 4.00162 6.55516 1. 73436 J.73'136 .253868 

I 4 -4.42824 -.927607 2.64076 6.35719 10.2248 2.742 16 2. 74216 . 213:J25 
5 -6.50884 - I. 34718 3.88&14 9.28142 14.8320 3.99603 3.99603 .227965 
6 -8.99357 - I. 85109 5.37772 12.7830 20.3579 5.49794 5.49794 . 257022 

I 

7 - I I. 9070 -2.43.181 7. J25 14 16.8678 2fi.7835 7.24885 7.24885 . 2651J0 
8 - 15.2485 -3. 10178 9. 130 13 21. 5368 34. 11 21 9.24923 9.24923 .254424 

I 9 - 19.0059 -3.8[, 121 11. 3845 26.7885 42.3569 II. 4993 II. 4993 . 244509 
10 -23. 1735 - 4.68514 13.884:1 32.6223 51. .1247 13.9993 13.9993 . 244722 
11 -27.7547 -".60308 J6.6319 39.0387 61. 6123 J6.749J Hi. 7491 . 249966 

12 -32.7.\45 -6.60427 19.6304 46.0388 72.6149 19.7488 19.7488 . 252659 
J3 -38.17311 - 7.68860 22.8806 5a.6226 84.5319 22.9984 22.9984 . 251377 
14 - 44 .0 108 -8. 85645 26.38 10 61. 7899 97.3652 26.4979 26. '1979 .249285 
15 -50.2"39 - 10. 1081 30. J306 70 . .1404 Ill. J 17 30.2473 30.2473 . 24881(i 
16 -56.9335 - J I. 4436 34. J 295 79.8742 J25.786 34.2465 34.2465 .249636 

17 -6~ . 0204 -12.8628 38.3783 89.79 15 141. 372 38.4957 38. 4057 . 250307 
18 -7 1. 5252 - 14.3657 42.8773 100.292 157.874 42. 994fj 42.9946 . 25022S 

i J9 - ;9. 4478 - J5.9524 47.6262 li 1. 377 175.294 47. 7434 47.7434 .249824 
20 -87.7877 - 17. (i230 52.6249 123.044 193.63 1 52. 7420 ,52.7420 .249r';H 

I 

TABLE 6. \ 'alues of J at stations on beam 

I 2 
I 3 I 4 I 5 I 6 7 8 

---- ------ ----_. -
Time Values of J at stations- 5 
ra.Lio, :Z=J 'i:.J 
I~J2El I I 2 I 3 4 --5-- 1 eq (A22) 

rnl3 

------- ----------------------------- ------

-3 I 0 0 0 0 0 0 0 

I 
- 2 0 0 

I 

0 0 0 0 0 
- I 0 0 0 0 0 0 0 

0 0 0 0 0 O. 137500 0. 4:37500 O. 4:17500 
1 -0. 113640 -0. 108845 0. 108126 0.564234 1. 08107 1. .53125 I. 53 125 

2 -. 484003 -. 28lJI4 .556827 I. 66564 l. 93326 3.3906 1 3.3906 1 

I 
3 - 1. 0964 1 -.488595 I. 30132 3.24861 3. 10.135 6.07028 6.07028 
4 - 1. 8054 7 -. 768722 2. 22709 5.31345 4. 69122 9.59757 9. 59757 

I 5 -2.7682 1 I - I. 13807 3.30839 7.869:39 6. 71464 13.9861 13. 986J 
6 - 3.83981 - I. 58449 4.59119 10.9287 9. 14720 19.2428 J 9. 2428 

I 

I 7 - 5.110 17 -2.09753 6. J 1451 14.5016 II. 9626 25.37 10 2.5. 3710 
8 - 6.57770 - 2.67831 7.87638 18. 5887 15. 1633 32.3724 32. 3724 

I 9 -8 22675 -3.33234 9.85591 23. 1857 J8.7653 40.2478 40.2478 
1 IO -10. 0499 -4. 06206 12.0431 28.2902 22. 7763 48.9975 48.9975 

11 - 12.0515 - 4. 866J6 J4 . 4435 33.9036 27. 1923 58. 62J9 58.6219 

I 
12 - 14.2374 -5.74265 17.0654 40.0282 32.0074 (i9. 1209 69. J209 
13 -16.6091 -6.69120 19.9 102 46.6643 37.2204 80.4946 80. 494(i 

I 
14 -19. JG38 -7.71269 22.9745 53.811 0 42.8339 92. 7428 92.7'128 
15 -21. 8998 -8.80780 26.2557 61. 4678 48.8498 105.866 105.866 
16 -24.8172 -9.97647 29. 7542 69.6347 55.2680 11 9.863 119. 863 

17 -27.9174 -11. 2184 33.4714 78.3122 62.0872 J34. 735 134.735 
18 -31. 2008 - 12.5334 37.4081 87.5005 69.307J 1.50.481 150. 48 1 
19 -34.6671 -13.9217 41. 5637 97. 1993 76.9279 167. 102 1(;7.102 
20 

I 
-38.3159 -15.3834 45.9376 107. 409 84.9502 184.597 184.597 
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The forces are determined from the displacements 
of the masses at the five stations on the beam by use 
of eq (A7). The forces , multiplied by thier distances 
from the center of the beam determine the bending 
moment at the center of the beam. Designating the 
bending moment at the center by M , 

I 
M = F 11+ F 2 2" 

48EI 
M = 7r(-0.25d l + 1.50dz-2 .50d3+ 

(An) 

l.PiOd4-O.25d 5) (A24) 

~i= -0..'i714286 3~:1 +3.428.5714 3~:I_ 

5.7142857 3~:I +3.4285714 3~:I_ 

0.5714286 3~:I. (A25) 

Values of the bending moment ratio computed 
from eq (A25) are given in column 9, table 5. They 
are plotted in figure 12 for I::..t=-Jm/3 /12EI. 

The authors thank ~Irs. L. vV. Roberson for com
puting the responses of the uniform beams to impact 
loads. 

o 
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