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Viscosity of Dilute and Moderately Concentrated 
Polymer Solutions 1 

S. G . Weissberg, Robert Simha, and S. Rothman 

The viscosit ies of solut ions of t hree polystyrene fractions in t hree solvents of varying 
solvent power were measured at t wo temperat ures. The relat ive vi scosit ies of the systems 
investigated ranged from 1.03 to 43. 

The appli cabili ty of two empirical expressions for the concen tration dependence, namely 
t he Martin equation and t he Baker relation, is examined . In addit ion, t he results are 
represented by m eans of polynomials of suitable degree. The numerical procedures for t he 
evaluation of t he coefficients are discussed in detail. In t he concent ration r ange investigated , 
t he in troduction of a reduced concen t rat ion scale S = ['1] c, places t he viscosity-con cent ration 
curves for different molecular weights in t he same solvent on a more nearly common scale. 
This scale, S, is simply rela ted t o another reduced scale c/co. H ere Co represen ts t he concen­
tration a t which t he equivalent spheres of t he coiling m olec ul es, as defined at infinite dilu tion, 
would just begin to overlap . At c/co « 1, t he con cent ration dependence can be described 
in terms of hydrodynamic in teract ion. This interaction involves single molecules and can 
also involve t he int rinsic viscosity and interactions of aggregates of low order . An a ttempt 
is made t o deduce from t he viscosi ty data and on t he basis of cer tain hydrody namic results, 
t he equilibrium constant s and relat ive populations of s uch aggregates. R easonable values 
are obtained . On approaching Co, t he a verage volume a vailable t o a chain molecule in a 
good solvent is redu ced because of t he cage formed by its nearest neighbors. The effective 
pressure is just t he internal osmotic pressure. This leads to an expression for t he concent ra­
t ion dependence of t he viscosi ty, in terms of t he vi rial coeffi cie nts of osmotic pressure, 
luolec ular weight, and size. These equat ions are shown to be in satis factory agreement wi t h 
t he experimental data. In part icul ar , in t he neighborhood of Co one obtains r easo nabl e 
values for t he molecular extension factors of t he chain . 

1. Introduction 

A knowledge of the viscosity of a polymer solution 
and its dependence on such variables as temperature, 
nature of solven t, concen tra tion, and molecular 
weigh t of solu te is of technical and scientific impor­
tance. A large amount of effort has been devoted to 
theoretical studies of the in trinsic viscosities of bo th 
compact and flexible macromolecules. This work 
h as b een successful in that it is possible to deduce 
from th ese th eories, in conjunction with the proper 
measurements, the dimensions of the solute mole­
cules. Furth ermore, the dependence of the in trinsic 
viscosity on thermodynamic condi tions and on mo­
lecular weigh t has been examined for a variety of 
polymer-solven t systems. Thus we have a rather 
adequate picture of the behavior of th e isolated 
molecule in solution. 

The relation between viscosity and concentra tion 
becomes much more complicated when , wi th increas­
ing concen tration, the molecules begin to interact 
with each other, first through hydrodynamic inter­
action, that is a long range effect, and th en by form­
ing actual contacts, aggrega tes, and networks. Again 
there are available some theoretical t reatmen ts and 
a number of e}.'Perimental investigations of the con­
cen tration dependence of the viscosity toge th er with 
empirical expressions to describ e this dependence. 
However , in few of th e e).'P erimental studies have th e 
effects of molecular weigh t or solven t power on th e 
behavior in th e modera tely or highly concentrated 
range been cri tically examined. Although represen-

1 Presented at the Twelfth Internat ional Congress 01 Pure and Applied 
Chemistry, ' ow Yo rk , N . Y. (Sept. 9 to 13, 195J ). 

tation by eq ua tions of a prescribed type wi th two or 
three available parameters may be useful as an over­
all interpola tion formula , such r epresen tations are 
not always readily amenable to physical interpre­
tations. 

In this paper, the resul ts of precise measuremen ts 
of modera tely concentrated solu tions (up to 9 g/dl) 
of three polys tyrene frac tions in three differen t sol­
vents are described. The data are expressed ana­
lytically by means of customary empirical expres­
sions, as well as by power series developmen ts in the 
concen tration, in order to seek theoretical conclu­
sions. In section 2, the experimen tal procedures and 
the materials used are reviewed. In section 3, the 
experimen tal r esul ts are tabula ted, and in section 4 
they are described in terms of various concentration 
functions. The numerical procedures for evaluating 
the power series expansions are discussed in detail in 
section 5 and the results given. In the last section a 'l 

discussion of the physical aspects, together wi th 
cer tain theoretical rela tions is presen ted. 

2 . Experimental Procedure 

M aterials; purification. Three fractions of poly­
styrene were selected from a set of fractions that had {;; 
been prepared from styrene polymerized in bull< 
without catalyst at 120 0 C. The polymerization was 
nearly complete in 48 hours. We are indebted to 
A. N . Roche, of the Dow Chemical Co. , for preparing 
this sample of polystyrene. The unf1"actionated 
polymer was purified and made homogeneous before 
its use by twice precipitating it in a large volume of 
methanol from a benzene solution. The precipita te 
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was redissolved in benzene and placed under reduced 
pressure « 1 mm Hg) at approximately _ 10 0 O. 
After practically all the volatile materials were 
removed, the polymer was raised to room tempera­
ture and kept under reduced pressure until there was 
no further loss of volatiles. The remaining material 
was a white, foamy, homogeneous mass. 

The solvents employed were once distilled labora­
tory stock . The mixed solvent, gO-percent methyl 
ethyl k etone (2-butanone) and lO-peJ'cent isopropyl 
alcohol, was prepared volumetrically at 27.2° O. The 
physical constants of the solvents are given in table 1. 

T A BLE 1. Physical constants of solvents 

Density K iJl ematic viscosity I 
Solvent 

--;~-1-48.20C 30°C 48.2°C 
-------_.- --- - ----------

rroluenc _____________ _ 
Butanonc ___________ _ 
Mixed solvenL ..... . 

ulml 
0.857 
. 194 
. 792 

vlmZ 
0.839 
. 776 
. 773 

Centi· 
stokes 
0. 60 
. 450 
.484 

Centi· 
stokes 
0.5 10 
.391 
. 412 

Fractionation. A predetermined quantity of iso­
propyl alcohol was added drop wise at 300 0 to a I-per­
cent solution in butanone of the unfractionated poly­
mer. The slightly cloudy system was then h eated to 
approximately 60°0, 01' until complete solu tion 
occurred. It was then cooled slowly to 300 0 and 
h eld at this temperature ± 0.02°0 until th e precipi­
tate had settled . Th e precipitate was redis olved in 
a small quantity of bu tanone and the solu tion centri­
fuged to remove all insolubles. The polymer was 
l'eprecipitated by adding th e clear solu tion in a thin 
stream to a large quantity of isopropyl alcohol. 
Material that l'cmained suspended in the liquid was 
separated with a Sharples sup ercen trifuge. The 
fraction was dried under reduced pressure at room 
temperature. It was redissolved in bu tanone to 
form a I-percen t solu tion. Th e entire fractionation 
procedure was th en repeated, using this fir t broad 
fraction. Five narrower fractions resulted from this 
second fractionation. The highest molecular weight 
of these five subfractions (1.1 ) was used for these 
measuremen ts. In addition, two singly precipi ta ted 
fractions, 3.0 and 5.0, were used . The molecular 
weights of these fractions as given in table 2 were 
estimated by linear extrapolation of a differentiated 
curve of osmo tic pressure versus concen tration. 
The measuremen ts of osmotic pressure were made 
by G. A. Hanks, of this laboratory, using a small 
static equilibrium osmometer. The descrip tion of this 
instrumen t designed by G. A. Hanles and one of the 
authors (S . G. Weissberg) will be given elsewhere. 

T ABLE 2. Molecular weights 

Fraction ~M n 

1.1. •...••.•...•.. 600, 000 
3.0 ............... 146, 000 
5.0 ........ _...... 58,000 

Viscosity measu.rements. The viscosity m easure­
ments were made III calibrated Ubbelohde susp ended 
level viscometers, similar to those used previously 
in our labora tory [1 , 2].2 The reservoirs of these h ad 
been enlarged to hold approximately 100 ml of 
liquid without disturbing the suspendecl level. This 
modification makes possible dilutions within the vis­
cometer. The constants of the instruments used are 
summarized in table 3. The solutions of highest 
polymer concentration were prepared volumetrically, 
but the dilutions were performed in th e viscometers. 
When the capacity of the instrumen t was reached, 
an aliquot of solu tion was transferred to another 
viscometer and the m easurements were continued. 
At each transfer point, viscosity measurements were 
made in both instruments to ascertain that there had 
been no concentration ch ange in th e transfer . In 
this manner it was possible to cover an entire con­
centration range with a single master solu tion. 

For measuremen ts of very dilu te sol ll tions, b elow 
relative viscosities of 1.2, a special "Ubbelohde sus­
pended level viscometer was made for which all cor­
r ections, including those for kinetic energy, were 
negligible. The small bore capillary of this viscom­
eter , however, wa easily clogged and therefore 
weighed amounts of fil tered liquid were transferred 
to the instrument [3] . Most m easurements of the 
toluene system at 30°0 were made so as to have data 
from more than one viscometer in any given concen­
tration range. This overlapping served as an in ter­
nal ch eck on the precision of the measurements, and 
a a m easure of the exten t of deviation from N ew­
tonian flow, since the sh earing stres e at the wall 
of the several capillaries varied by a factor of three. 
The fact that the overlapping portion were all con­
tinuous may b e regarded as evidence tha t the devia­
tions from Newtonian flow for the solu tions studied 
are so small that they can b e neglected. Some 
measurements made with a Bingh am viscometer , in 
which the pressure could be varied over a r ange of an 
atmosph ere, showed the deviation from Newtonian 
beh avior to be less than 1 percent for a 3.5-percent 
solu tion in toluene in a viscom eter in which the 
shearing st ress at th e capillary wall was 25 dynes! 
cm2, corresponding to a velocity gradien t of 140 sec- I. 

The viscometers were adap ted to operate in a 
closed system [2]. The temperature of the thermo­
stated water bath was kept constan t to ± 0.02°0. 
Flow times were measured with a manually switched 
electric stopclock graduated to 0.01 sec. 

3 . Experimental Results 

The data obtained are shown in tables 4 to 10. 
The quantities listed are defined as follows: 

c=polymer concentration in grams per 100 ml 
of solution. 

77 r=relative viseositY = 77 /77 0' where 77 is the vis­
cosity of the solution and 77 0 that of the 
solvent. 

2 Figures iu brackets indicate the literature references at the end of this paper. 
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17 sv= reduccd specific viscositY = (17 r- 1)/C. 
C 

A(17SV)=(17 SV) _(17 SV) 'Where(17 SV) = 2,:: A i Ci . 
C C calc . C exp C calc . I 

The details of the calculation are discussed m 
section 5. 

S = Aoc = l111 c, 

where l111 is the intrinsic viscosity defined as lim 17 sv/C, 
c->O 

Co is a particular concentration, the physical 
significance of which is discussed in sec'~ion 6. 

Constants for the viscometers used for the con­
centrations indicated are given in table 3. 

TABLE 3. Characteristics of viscometers 
-

Length Radius Flow 

I Vis· time, 
cometer ofcapil· of capi!- t:.P rt:.P121 toluene A · B ' 

lary lary (30° 0) 
------_._-----------------

Cenli· 
Dynesl stoJces 

em em em' sec sec- 1 
R _____ 8.8 0.030 1.02X10-' 17. 4 70.82 8.897XlOl 2.02 
(1 ---- - 9.0 . 032 1. 05 18. 7 56.59 11. 31 1. 79 
S _____ 8.8 . 031 1.04 18. 3 64.53 10.07 2. 69 
U, ____ 10.5 . 035 1. 08 18.0 (b) 19.77 0. 435 
U, ____ 10.5 . 050 1. 08 25.7 (b) 71. 70 5.37 
J , __ ___ 35.0 . 020 3. 12 8. 9 469.38 (e) (e) 
J , ___ __ 35.0 . 021 3. 12 9.4 370.76 (e) (,) 

a ~/p=At-BIt. 
b Flow time too short to get precision IDcasurcmcn ts. Viscom eters used only 

for concentrated solutions. 
c Kinetic energy correction negligible. 

TABLE 4. Toluene viscosity data for molecular weight: 600,000 

Temperature, 30°0 Temperature, 48.2° 0 

e ~, p Ie t:.(~. P Ie) S ..<:..- Viscom-
~,p I e t:.(~.p lc) 

s ..<:..- I Viscom-
~r [~le Co eter e ~r [~lc Co eter 

------ --- ------
Oldl dllo dllg nidi dllg dll{J 

0. 0175 1. 0358 2. 0457 0. 0216 0.0357 0.039 J , 0. 1414 1. 3065 2.1676 - 0.0030 0. 2783 0.310 S 
. 0238 1. 0503 2.1134 -. 0363 . 0486 . 053 J 2 . 1962 1. 4376 2.2304 . 0102 .3862 . 430 S 
. 0375 1. 0783 2.0880 . 0105 . 0766 .084 J 2 . 3199 1. 7750 2.4226 -. 0098 .6297 .701 S 
. 0910 1.1991 2.1879 -. 0062 . 1858 . 204 J , .4674 2.2236 2.6180 . 0017 .9200 1. 02 R , S 
.3384 1.8717 2. 5759 -. 0098 . 6908 . 759 R . 5978 2. 6714 2. 7959 . 0093 1. 177 1. 31 R 
.3618 1.9537 2.6360 -. 0334 .7386 . 811 S . 8291 3.5919 3. 1262 . 0173 1. 632 1. 82 R 
. 4230 2.1445 2. 70.17 - . 0075 .8635 .948 R 1. 0280 4. 5266 3. 4305 .0165 2.023 2.25 R 
. 4380 2. 1771 2. 6874 . 0344 .8942 .982 R 1. 3524 6.3789 3.9773 -. 0011 2.662 2.97 R 
. 4824 2.3596 2.8184 -. 0270 .9848 1.08 S 1. 9759 11. 2265 5. 1756 -. 0148 3.889 4.33 R. U, 
. 5602 2.6157 2.8841 . 0303 1.144 1. 26 R 2.5991 18.4112 6.6989 -.0481 5.116 5.70 U, 
.5640 2.6488 2.9234 -.0030 1. 151 1. 26 R 3.0859 26.0056 8.10.12 -. 0091 6. 074 6. 77 V, 
. 6367 2.9216 3.0181 . 0181 1. 299 1. 43 G 3.7971 41. 6402 10. 7030 . 0502 7.474 8.33 U, 
.7236 3.3361 3. 2284 -. 0521 1. 477 1. 62 S 
. 7769 3.48il 3.2013 .0619 1. 586 1. 74 R 
. 8460 3. 8716 3.3943 -. 0173 1. 727 1. 90 R 
. 9196 4. 2048 3.4850 . 0148 1.877 2. 06 G 

1.1824 5.6533 3.9355 . 0193 2.414 2.65 G 
1. 2671 6.1429 4.0588 . 0493 2.587 2.84 R 
1. 3795 6.9543 4. 3163 . 0008 2.816 3.09 G 
1.6554 9.0648 4.8718 -. 0099 3.379 3.71 G 
1. 8512 10.7467 5. 2650 . 0149 3.779 4.15 R , V, 
2.0692 13.0331 5.8153 -. 0343 4.224 4.64 G 
2. 2626 15.2059 6.2786 -. 0179 4.619 5.07 U, 
2.5454 19. 0082 7. 0748 -. 0457 5.196 5. 71 U, 
2.9090 24. 7480 8.1636 -. 0144 5.939 6.52 U, 
3.3939 34. 7996 9. 9589 - . 0479 6. 929 7. 61 U2 

I 

TABLE 5. Methyl ethyl ketone viscosity data for molecular weight: 600,000 

'l'emperature, 30°0 Temperature, 48.2° 0 

c 7l,p Ie t:. (~.v Ic) s ..<:..- Viscom- c ~8 . I c t:.(~8 P Ic) S ..<:..- Viscom-
~r [~lc Co eter ~r [~lc Co ete!' 

--------- ------
Oldl dllg dl/g Oldl dllg dllo 

0.0541 1. 0558 1. 0314 0. 0167 0. 0552 0. 043 G 0.2493 1. 2760 1.1069 0. 0045 0. 244 0. 187 R , S 
. 0600 1.0735 1.0560 -.0050 . 0710 . 055 G .3188 1. 3678 1.1537 -.0042 . 311 . 240 R 
. 0975 1. 1032 1. 0586 . 0123 . 0994 . 077 G . 4421 1. 5321 1. 2035 .0146 . 432 .332 R 
. 1219 1. 1339 1.0984 -. 0147 .124 . 000 G . 5482 1. 6958 1.2692 . 0091 . 536 .412 R 
. 1625 1.1828 1.1249 -.0243 . 16& . 128 G .7211 1.9855 1. 3667 . 0127 . 704 . 542 R 
.2437 1. 2795 1.1471 . 0016 .249 . 192 G 1.0535 2. 7008 1.6145 -.0281 1. 029 . 792 R. U, 
.3380 J. 4032 1. 1929 . 0069 . 345 . 266· G 1. 3694 3.4906 1.8187 -.0154 1. 338 1. 03 V, 
.4191 1. 5173 1. 2343 . 0102 . 427 . 330 G 1. 9560 5. 4472 2. 2736 . 0016 1.911 1. 47 U, 
.5514 1. 7191 1. 3041 . 0153 . 562 . 434 G 2. 4890 7. 9723 2.8012 . 0039 2. 432 1. 87 V, 
. 8055 2. 2024 1. 4927 -.0224 .822 .634 G, U, 3.4214 14. 8777 4.0561 -. 0178 3.343 2. 57 V, 
. 9913 2. 6085 1. 6226 -. 0347 1. OIl .780 V, 4.2099 24.0100 5.4680 . 0008 4. 11 3 3. 16 U,. V, 

1. 2886 3.3230 1. 8027 -. 01l3 1. 314 1.01 U, 5.2624 43. 3556 8.0487 .0199 5. 141 3.00 U, 
1. 8405 5.0797 2. 2166 . 0148 1. 877 1. 45 V, 
2.3420 7. 3137 2.6959 . 0231 2.389 1. 84 V, 
3.2193 13. 2714 3.8118 . 0199 3. 284 2. 53 V, 
3. 9~13 21.1484 5.0860 . 0081 4. 040 3. 12 UI, U2 
4. 9516 37. 4.158 7. 3624 -.0117 5.051 3.90 V , 

I 
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T ABLE 6. 90-percent methyl ethyl kclone-l0-p prcent isopropyl alcohol v'iscosity data/or molecu/m' weight : 600,000 

Tom perature, 30°C 'I'empcrature, 48.2°0 

C ~8p / e t;.(~8P / e) S -"-- Viscom· e ~8. /e t;.(~8P /e) S -"-- Viscom· 
~r [~lc eo cLer ~r hlc Co eter 

------ ------
g/dl dl /y dl/O y/dl dl/y dl /y 
0. 1081 1.0913 0. 8446 - 0. 0391 0. 0833 0. 049 R 0. 2247 1. 2108 0. 938 1 - 0.0054 0. 196'1 O. 11 5 G 
. 2433 1. 2162 . 8886 -. 0155 . 1876 . 111 R . 4494 1.4466 . 9924 . 0115 .3928 .232 ,G 
. 4866 1. 4792 .9846 -. 0017 .3752 . 221 R, S .5951 1. 6357 1. Of82 - . 0112 . 520 1 .307 S 
. 643G I. 6765 1. 0511 . 0067 . 4962 .292 S .8805 2.0233 1.1621 . 0 140 . 7696 . 454 S 
. 9501 2. 1332 1. 1927 . 0205 .7325 .432 S 1. 1584 2.509;' 1. 3030 . 0083 1.012 . 597 

1. 2470 2. 6952 1. 3594 . 0160 .9614 .567 S 1. 3753 2.9867 1. 4445 -. 0137 1. 202 .709 S 
1. 4779 3.2109 1. 4960 -.0045 1.139 . 672 S 1. 692.3 3. 7580 1. 6297 -. 0034 1. 479 .872 S 
I. 8138 4. 1019 1. 7102 . 01l5 1. 398 . 824 S 2. 0308 4.7703 1. 8566 . 0061 1. 775 1. 05 R 
1. 9952 4. 6569 1.8328 . 0019 1. 538 . 907 S 

T ABLE 7. Toluene viscosity data f or molecular weight.: 146,000 

'r emperatul'C, 30°C 
I 

rJ'empcrature, 48.2°0 

S c Viscom- I S .E. Viscom-e ~r ~8 p l e !!. (~8P /e) [~]C Co etcr e ~r ~, p / e !!. (~,p / c) 
[~lc Co etcr 

--------- ------ ------
yldl dl/y lIl /(1 y/lit lIt/y dl /y 

0. 0433 1,0309 0.7135 - 0. 0005 0. 0305 0.034 J I 0. 1360 1.0868 0.6382 -0. 0022 0.0842 0. 093 J I 
. 0477 1. 0338 . 7083 -. 0045 . 0336 . 037 J , . 2042 1, 1322 . 6474 -. 0029 . 12(;4 . 140 J I 
. 0631 1, 0451 . 7143 .0023 . 0445 . 049 J I . 2856 1.1873 .6560 -. 001 3 . 17n8 . 19b G, J I 
.07 19 1. 05 17 . 719'1 -. 0012 . 0507 . 056 J , .3491 1. 2300 . 6588 . 0040 .2161 . 240 G 
. 1013 1.0726 . 7167 . 0069 . 0714 . 079 J I . 4488 1. 3050 . 6796 -. 0042 . 2778 .309 (I 
. 1155 1.0838 . 7255 . 0007 . 0814 . 090 J , .5236 1. 3593 .6862 -. 0014 . 32'11 .360 (I 
. 1755 1.130 I . 7413 -. 0040 . 1237 . 137 J , . 628.3 1.4390 . 6987 -. 0006 . 3889 . 432 G 
. 1777 1.1309 . 7366 . 001 1 . 1253 . 138 J I . 7854 1. 5615 . 7149 . 0034 . 4862 . 540 G,S 
. 2378 1.1786 . 75 10 -. 0023 . 1676 . 185 J I . 9479 I. 6960 . 7342 . 0050 .5867 . 652 S 
. 3042 1. 232J . 763 1 -. 0023 .2145 . 237 S, J I , J , 1, 1951 1. 9124 . 7634 .0079 . 7389 . 822 S 
.3891 1.303G . 7803 -.0040 . 2743 .303 S 1. 6167 2.32'13 . 8191 .0079 1. 001 1.11 S 
.5396 J. 4370 . 8098 -.0059 . 3804 . 421 S 1. 9629 2. 7126 .8725 .0014 1. 215 1. 35 S 
.6690 J. 5564 . 8317 . 004 1 . 471(; . 521 S 2.4979 3. 3781 .9520 - .0034 1. 546 1.72 S 
. 8801 1.7641 . 8682 -.0017 . 6205 . 686 S 2.8919 3.9190 1.0094 - .0037 1. 790 l. 99 S 

1. 0450 1. 9368 . 89G4 . 0004 . 7367 .814 S 3.4336 4. 7633 1.0960 - .004 2. 125 2.36 S 
1. 2858 2. 2046 . 9368 . ()()46 . 9065 1.00 R.S 4.2249 6. 1884 1. 2280 -. 0128 2. 615 2. 91 R , S 
1. 4730 2.4339 .9734 . 0029 1. 038 1. 15 R 4.8710 7.4984 I. 334 1 -. 0066 3. 01 5 3.35 R 
1. 7239 2. 7653 1. 02'10 -. 0004 1. 21 5 I. 34 R 5. 7504 9. 7138 1. 515J -. 0214 3. 559 3. 95 R 
2.0779 3.2630 L0891 . 0014 1. 465 1. 62 R 6. 1980 10. 8846 I. 5948 -. 0096 3.836 4.26 R 
2. Cj<J9 4. 1321 1.1978 . 0002 1. 8'13 2. 04 R 6.7212 12.4 04 1. 7081 -. 0098 4. 160 4. 62 R 
3.0030 4.8283 1. 2748 . 0034 2. 117 2.34 R 7.3408 14. 5544 1.8464 -. 0047 4. 544 5. 05 R , UI 
3.5262 5. 9146 1. 3937 -. 0022 2.486 2.75 R 7. 9791 16.9546 I. 9995 . 0015 4. 939 5. 49 UI 
4. 2703 7. 7051 1.5702 - .005 1 3. 011 3. 33 R 8. 3418 18. 4444 2. 09 12 . 0059 5. 164 5. 74 U I 

4. 6640 8. 7200 1.6552 . 008 3.288 3.63 R, U, 8. 7390 20.2009 2. 197 1 . 0lDl 5.409 6.01 UI 
5.3303 10. 7928 1. 8372 . 0070 3. 758 4. 15 U, 9. 1760 22.3435 2.3260 . 0085 5.680 6.31 UI 
". 2187 14. 2602 2. ]323 -. 0190 4.384 4.85 U, 
7. 4624 20. 1412 2. 5650 -. 0090 5.26 1 5.82 U, 
8. 1113 24.0575 2. 426 -. 0202 5. 718 6.32 U, 
8. 8838 29.1725 3. l7J 2 . 0039 6. 263 6. 92 U, 
9. 3280 32.4664 3. 3733 . 0236 6. 576 7. 27 U, 

T ABLE 8. M ethyl ethyl ketone viscosity data for molecular weight: 146,000 

T emperature. 30° C 'rcmpcratlll'C, 48.20 C 

I 
~,p/e tJ.(~, p / e) S .E. Viscom-

~,p / e !!. (~8 " / e) S I .E. Viscom~ 
e ~r [~le Co eter e ~r [~le Co eLer 

------------- ------
y/dl dl /y dl /y y/dl dl /U ,Il/y 

0. 0969 1. 0442 0.4562 - 0. 0033 0.0432 0.033 J , 0.2.505 1.1008 0.4024 - 0. 0023 0. 0969 0. 075 J , 
. 1423 1. 0656 .4610 -. 0044 . 0634 . 049 J I . 3032 1. 1228 . 4050 -. 0019 . 1173 . 090 J , 
. 1751 1. 0801 . 4574 . 0018 . 0780 . 060 J I .3763 1.1533 . 4074 -. 0002 . 1456 . 112 J , 
. 2276 1. 1041 . 4574 . 0060 . 1014 .078 JI .4817 1.1986 . 4123 . 0009 . 1864 . 143 J, 
. 3251 1.1536 . 4725 - . 0012 . 1448 . 111 J I . 6826 1.2903 . 4253 . 0000 . 2642 . 203 J , 
. 4137 1.1988 . 4805 -. 0022 . 1843 . 142 J I . 9554 1.4261 .. 4460 -. 0033 . 3697 . 284 J , 
. 5686 1. 2797 . 4920 -. 0014 . 2532 . 195 S , J I 1. 4932 1. 7120 . 4768 . 0036 .5779 .444 R 
. 6997 1.3526 .5040 -. 0029 . 3116 . 240 R'RS 1. 5398 1. 7300 .4741 . 0097 . 5959 . 458 J , 
. 8711 1. 4500 .5166 -. 0018 .3880 . 298 1. 7821 1. 8939 . 5016 . 0008 . 6897 .530 R 

1. 1534 1. 6191 . 5368 . 0009 . 5137 .395 R 2.2095 2. 1888 .5380 -. 0006 . 8551 . 658 R 
1. 3766 1. 7673 .5574 -. 0009 . 6131 . 471 R 2.5105 2. 4231 . 5669 - .0031 .9716 . 747 R 
1. 7067 2. 0042 . 5884 . 0030 . 7602 .584 R 2. 9066 2.7564 . 6043 -. 0038 1.125 . 865 R 
1. 9393 2.1875 . 6123 -. 00il4 .8629 . 664 R 3. 4510 3.2.559 . 6537 . 0009 1. 336 1.03 R 
2. 2452 2.4511 . 0463 -. 0.095 1. 0000 . 769 R 4. 2463 4.1612 . 7444 -.0032 1. 643 1. 26 R , UI 
2.6657 2.8409 . 6906 -. 0088 1. 187 .913 R 4.6156 4. 6242 . 7852 -. 0009 1. 786 1.37 UI 
3. 2801 3. 5212 . 7686 - .0128 1. 461 1. 12 R'u~1 5.0551 5.2608 . 8429 - . 0048 1. 956 1. 50 UI 
3. 6259 3. 9555 . 8152 -. 0487 1. 615 1.24 5.5873 6.0344 . 9010 . 0054 2. 162 1. 66 UI 
4. 0519 4. 5422 . 8742 -. 0090 1.805 1. 39 U I 6.2446 7. 2137 . 9950 . 0007 2.4 17 1. 86 U I 
4.5922 5.4093 . 9602 - .0073 2.045 1. 5i UI 6.6349 7.9739 1. 0511 . 0001 2.568 1. 97 U I 
5.2986 6.7122 1. 0780 . 0036 2. 360 1. 81 UI 7. 0772 8. 9146 1.1183 -. 0020 2. 739 2.11 UI 
5.6461 7.4664 1.1453 . 0049 2.515 1. 93 UI 
6. 0423 8.3562 I. 2174 . 0149 2. 691 2.07 UI 
6. 4983 9.5238 1. 3117 . 0196 2.894 2.22 UI 
7. 0288 11.0369 1. 4280 . 0231 3. 131 2. 41 U I 
7.6536 13.0931 1. 5800 . 0159 3. 409 2.62 UI 
8. 4003 15,9911 1. 7846 -.0143 3. 741 2.88 UI 
8.8312 17.7351 1. 8950 . 0287 3.933 3. 02 U I 
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TABLE 9. 90-pel'cent methyl ethyl ketone-l0-percent isopropyl alcohol viscosity datafo1' molecula1' weight: 146,000 

Temperature, 30°0 Temperature, 48.2°0 

C n8p l c I A(~,p l c) 
S !'... Viscom- c ~r ~8 p lc A(~.p lc) 

S !'... Viscom-
~r [~lc Co cter [~l c Co etcr 

- -- - -- --- ------ ---
Uldl dllg dllg Uldl dllu dllu 

0.0555 1. 0183 0.3291 - 0.0028 0. 0179 0. 011 J, 0.2501 1.0909 0. 3634 0.0019 0. 0878 0. 0.>2 J , 
. 0938 1. 0305 . 3251 .0035 . 0303 . 018 J , . 4355 1.1649 . 3786 -.0029 . 1529 . 090 J , 
.1848 J. 0615 . 3328 . 0010 . 0597 . 035 .I, . 6083 J. 2343 . 3852 . 0005 . 2135 . 126 J , 
. 2408 1. 0814 . 3380 - . 0009 . 0778 . 046 J, . 9349 1. 3787 . 4051 - . 0008 . 3281 . 193 R , J , 
. 3509 1.1211 . 3451 -. 0018 . 1133 . 067 J , 1. 2575 1. 5304 . 4218 . 0011 . 4414 . 260 R 
. 4969 1. 1758 . 3538 - .0021 . 1605 . 095 J , 1. 5196 1. 6661 . 4383 . 0001 . 5334 . 314 R 
. 7282 1. 2662 . 3655 - . 0008 . 2352 . 138 J , 1. 9198 1. 8914 . 4643 -. 0016 . 6i38 . 397 R 

1. 0013 1.3826 . 3821 -. 0023 .3234 . 190 J , 2.2110 2.0672 . 4827 -. 0016 . 7761 . 457 R 
1. 3191 1. 5270 . 3995 - . 0016 . 4261 . 251 R,J, 2.6063 2.3234 .5078 -.0006 . 9148 . 538 R 
1. 5438 I.m88 . 4138 - . 0027 . 4986 . 293 R 3. 1737 2.7474 . 5506 .0168 I. 114 . 656 R 
1. 8609 I. 8101 .4353 -.005 1 . 6011 . 354 R 3.4764 2.9744 . 5679 . 0027 1.220 . 718 R 
2.0738 1. 9300 . 4484 -.0044 . 6698 . 394 R 3.6505 3. 1135 . 5790 . 0055 1. 281 . 754 R 
2. 34 18 2.0979 . 4688 -.0070 . 7564 . 445 R 3. 7908 3. 2282 . 5878 . 0081 1.331 . 783 R 
2.6893 2.3089 . 4867 -. 0044 .8686 . 511 R 3.8430 3. 2766 . 5924 . 0079 1. 349 . 794 R 
3.1579 2. 6778 . 5313 - . 0077 1. 020 . 600 R 4.1402 3. 5561 . 6185 . 0074 1. 453 . 855 R, U, 
3. 8242 3. 2651 . 5923 - .0093 1. 235 . 727 R 4.9365 4. 4778 . 7045 - . 0020 1. 733 1. 02 U, 
4. 1768 3. 5933 . (208 -. 0028 I. 349 . 794 R , U, 5.3479 5. 0362 . 7547 . 0076 1.877 1.10 U, 
4.7569 4. 2363 . 6803 . 0008 I. 536 . 904 U, 5.8340 5. 7518 . 8145 - . 0098 2.048 1.20 U, 
5. 0367 4. 5734 . 7095 . 0042 J. 627 . 957 U, 6.4175 6. 7425 . 8948 - . 0131 2. 252 1.33 U, 
5. 3515 4. 9931 . 7462 . 0060 1. 728 1. 02 U, 6.7552 7. 3701 . 9430 - . 0125 2.371 1.40 U , 
5.7083 5. 4850 . 7857 . 0119 I. 844 1.08 U, 7. 1305 8. 1035 . 9962 . 0075 2.503 1. 47 U, 
6.1160 6. 11 67 . 8366 . 0149 1. 975 1.16 U, 7. 3996 8. 6413 1. 0327 - . 0012 2.597 1.53 U, 
6.5865 6.9181 . 8985 . 0176 2.127 1. 25 U, 7. 4754 8. 8280 1. 0472 . 0005 2.624 1.54 U, 
7. 1353 7.9931 . 9S01 . 0128 2.305 1.36 U, 7. 8620 9.711 1 1.1080 .oor,g 2. 760 1. 62 U, 
7. 7840 9.3862 1. 0774 . 0061 2.514 1. 48 U, 8. 3860 11. 0392 1.1971 . 0193 2.943 1. 73 U, 
8. 1547 10. 3064 1. 1412 - .0075 2.634 I. 55 U, 
8. 5624 II. 3101 1. 2041 - . 0177 2. 746 1.63 U, I 

TABLE 10. Toluene viscosity dala for molecular weight : 58,000 

,!"'cm perature, 30° C 

A (n8p l c) S c Viscom· c ~r ~'P I c [nlc Co eter 
---- -------------

Uldl dlly dllu 
0. 0778 1.0290 0. 3723 - 0. 0002 0. 0287 0. 032 J , 
. 1172 1. 0437 . 3733 . 0006 . 0432 . 048 J , 
. 1900 1. 0720 . 3789 - . 0018 . 0701 . 078 J , 
. 2664 1.1012 . 3799 . 0007 . 0982 . 109 J , 
. 3652 1.1400 . 3833 . 0018 . 1347 . 150 J , 
. 4866 1.1900 . 3905 . 0001 . 1795 . 199 J , 
. 6067 1. 2399 . 3954 . 0007 . 2237 . 249 J , 
. 8170 I. 3314 . 4056 . 0003 . 3013 . 335 J, 

1.0409 1. 4305 . 4136 . 0029 . 3839 . 427 S, J , 
1.1699 1.4934 . 4217 . 0009 . 4315 . 479 S 
1. 3354 1. 5691 . 4262 . 0044 . 4925 . 547 S 
1. 5554 ' 1. 6821 . 4385 . 0029 . 5736 . 637 S 
1.6950 1. 7553 . 4456 . 0027 . 6251 . 695 S 
I. 8622 1. 8460 . 4543 . 0024 . 6868 . 763 S 
2. 0659 1. 9668 . 4680 -. 0010 . 7619 . 847 S 
2. 3198 2. 1242 . 4846 - .0045 . 8555 . 951 S 
2.6447 2. 3140 . 4968 . 0002 . 9754. 1.08 S 
3. 0755 2.5929 . 5179 .0021 1.134 1. 26 S 
3. 6740 3.0317 . 5530 - .0004 1. 355 1. 51 S 
3. 9841 3.2773 . 5716 - .0018 1. 469 1. 63 S 
4.3514 3.5751 .5918 . 0013 1. 605 1. 78 R , S 
4.7187 3.8886 . 6122 - . 0007 1. 740 1. 93 R 
5. 1537 4.2928 . 6389 . 0043 1. 901 2. 11 R , U, 
5. 6446 4.7715 . 6682 . 0030 2. 082 2.31 U, 
5. 9268 5.0714 . 6869 . 0050 2. 186 2. 43 V, 

4 . Visco!;lity Concentration Functions 

Although one must be on guard not to attach 
undue significance to the form of closed analytical 
expressions that appear to be valid over a more or 
less wide range, some viscosity-concentration func­
tions are quite useful for certain purposes. Two such 
are the Martin equation [4]: 

17 SP= h] exp (k 1[17]C) , 
C 

and the Baker equation [5]: 

17 7= ( 1 + [:;C)n. 

(1) 

(2) 

T emperature, 48.2° C 

S .!'... Viscorn· c ~r ~. p l c A(~. p l c) l~l c Co eter 
------

Uldl dllu dllu 
0. 1978 1.0663 0. 3352 - 0. 0032 0. 0639 0.071 J , 

.2683 1. 0898 . 3347 . 0005 . 0867 . 096 J , 

.4407 1.1511 . 3429 . 0002 . 1424 . 158 J , 

.9261 1. 3397 . 3668 -. 0016 . 2992 . 332 J , 
l. 0823 1.4060 . 3751 - . 0028 . 3497 . 388 R 
1. 2547 1. 4784 .3813 - . 0011 . 4054 . 450 J , 
1. 4067 1.5416 . 3850 . 0021 . 4545 . ·>04 R 
1. 6548 1. 6558 . 3963 . 0022 . 5347 . 593 R 
2. 0092 I. 8291 . 4126 . 0020 . 6492 . 720 R 
2. 2501 1. 9537 . 4238 . 0018 . 7270 . 806 R 
2. 5567 2. 1159 . 4365 . 0031 . 8261 . 916 R 
2.9601 2. 3557 . 4580 . 0000 . 9564 . 106 R 
3. 5145 2.7010 . 4840 -. 0007 1.135 1. 26 R 
3. 7991 2. 8849 . 4961 . 0001 1. 227 1. 36 R 
4.1339 3.1155 . 5117 -. 0002 1. 336 I. 48 R 
4. 3245 3.2555 . 5215 - . 0013 I. 397 1. 55 R .U, 
4. 7364 3. 5660 . 5418 - . 0028 1. 530 1. 70 U, 
4. 9732 3.7305 . 5490 . 0008 1. 607 I. 78 U, 

Besides [17], the parameters nand kl depend on the 
polymer-solvent system. 

The Martin equation has been applied to a large 
number of systems. In particular, Spencer and 
Williams [6] have shown it to represent the viscosities 
of solution of polystyrene in toluene from 3 to 20 
percent of polymer. Streeter and Boyer [7] have 
found the Martin equation to be reasonably good for 
polystYTeue in a number of solvents from 1 to 12 
percent polymer concentration. 

The viscosity data, for fraction 1.1 in toluene at 
30°C previously exhibited [1] as a plot of 17 sv/C versus C 
are shown in figure 1 as a Martin plot. Only above a 
concentration of about 1.25 g/dl is the Martin repre­
sentation satisfactory. The solid curve in the inset 

302 



of figure 1 to the left of the arrow has been drawn on 
the basis of a least squares straight line obtained from 
the plot of 'l] sp/c versus c for concentrations between 
c= O.l and 1.0 g/dl. The arrow points to the abscissa 
at which the slopes are the same as in the Martin 
plot. Figure 2 shows a similar deviation in butanone. 

This example points to the uncertainty arising 
from extension to low concentrations of a representa­
tion like Martin's, which is found adequate in a 
particular concentration range (here 1 to 5 g/dl) . The 
values of ['I] 1 and kl derived from a Martin plot may 
thus be only mathematical fictions and not represent 
at all the intercept and initial slope of the viscosity­
concentration function, ['1]1 being overestimated and 
kl underestimated (d. [7]) . 

Where a system is adequately represented by a 
Martin equation down to low concentrations, the 
corresponding 'l] sp/c versus c plot is, of course, nowhere 
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linear. For example, the data for fraction 1.1 in 
methyl ethyl ketone at 30°0 and in the mixed solvent 
at 30°0 (figs. 3 and 4) are well represented by a 
:Martin equation over the entire range examined. 

In fitting the Baker function to viscosity data, one 
need not be restricted to integral value of the param­
eter n for an optimum fit . In any event, only a 
compromise fit is achieved, and the labor of selecting 
a representative n may become prohibitive. If, as i 
here the case, it is of interest to fmd the variation of 
n with temperature and with the nature of the 
polymer-solvent system, the following convenient 
graphical method for a rapid estimate of n has been 
found quite useful. 

The Baker equation is written in the "reduced" 
form: 
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where S = ['Y) ]e. A value of [1)] is taken from a graph of 
'Y) sp/e versus e, and the experimental data plotted as 
'Y) sp/S versus S. Over the set of plotted points is 
placed a transparent sheet on which are drawn to the 
same scale a family of curves of th e function (2a) for 
integral or any other desired values of n . The best 
value of n in the concentration range of interest is 
then easily obtained by interpolation. The data for 
our systems are included in the reduced Baker 
networks in figures 5 to 9. 

This representation shows strikingly the relatively 
sligh t dependence of n on temperature and on molecu­
lar weight in the good solven t and the greater 
dependence of n on temperature and molecular 
weight in the mixed (very poor) solvent (figs. 5, 6, 
7, 9). In addition, the dependence of n on the nature 
of the solvent is brought out in figures 5 and 6. 
The relative constancy of n over a range of con­
centrations for any one polymer-solven t system 
shows the utility of the Baker represen tation. 

5 . Polynomial Representation 

F or the purpose of characterizing and comparing 
systems, the viscosity data were fi tted to polynomials 
as : 

1) sp/ C = ~ A ici, 
i 

(3) 

AO = [1)] being the intrinsic viscosity. In the con~ 
centration range below 1.0 g/dl, most of the plots of 
1) sp/c versus e (figs. 10 to 15) showed practically no 
curvature. A polynomial of a reasonable degree 
found by straightforward application of least squares 
methods to a range of data that includes a long linear 
portion must result in a poor fit everywhere. Had 
the purpose been only to find interpolation formulas, 
it would have sufficed to use two functions, one for 
the linear portion, the other for the curved portion. 
However, it was desired to obtain, as nearly as 
possible, a representation by means of a single 
function, at least in a restricted range. The fol~ 
lowing procedure was therefore adop ted as a work­
able compromise, to bring the labor of calculation 
within reasonable limits.3 

A least squares straight line was fitted to the data 
(as 'Y) sp/c versus e) with zero error assumed in e, over a 
concentration range limited to values of c less than 
el (see table 11). Where the deviations of the 
experimental points from this straight line were 
random in sign , the r egion was r egarded as linear ; 
where the deviation showed systematic changes in 
sign, the r egion was regarded as nonlinear, and the 
calculation r epeated for a smaller range. In 11 
of the 14 sys tems a linear region was found. For the 
linear cases, the intercept and slope were then used 
as the first two polynomial coefficients, those of the 
higher powers being obtained by the method of 

3 We wish to ackn owledge at this poin t helpful discussions with John M andel. 
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TABLE ] 1. Coe.fficients of polynomials: equation 3 

MOlecu - 1 
la r 

weight 

Temperature, 30° C rr cm perature, 48.2° C 

Solvent 
Co" CI b C, b A 3X 103 

--_._-------------------------------------------
gl dl gl dl gldl gldl 

f:::;:;;;;;;;~;; ·· •. 0. 45 0. 92 { e 2. 04 1. 56 - 42. 4 78. 4 0. 46 0. 8 e I. 97 1. 389 - 25. 8 70. 8 
e 2. 04 1. 59 

1. 27 .8 { e 1.02 0.519 
600, 000 e 1. 02 . 519 

90-percen t m ethyl ethyl ke-
}2. 20 { ' O. 771 . 404 tone- lO-pm'cent isoprOI)yl al- (, ) 

' . 771 . 404 cohol _____________ ___ ______ ___ 

{ e. 705 . 184 

f::~:;;;;;;·~;; ··· • 1. 28 1.05 e.704 . 188 

2.92 0.9 { e. 445 . 0821 

146, 000 ' .445 . 0821 
90-percen t methyl eth yl ke-

}5.26 { e. 323 . 0597 ton e-lO-per'cent isopropyl al- 1.0 '. 323 . 0597 cohoL _______ ____ __ ______ _____ 

58, 000 T oluene ____ _____ _______________ 2. 44 1.4 { e. 369 . 0438 
e. 369 . 0438 

• For de finition of co, see eq 5. 
b Ct is the maximum measured value of conce ntrat ion below w bich tbe reduced 

specific \7jscosity is lillear. 
C A o and A t a re based on tho ini tial 1incal' portion . T he higher coe ffi cients 

A e , were obtained by a least s quares calcula tion , us ing all t he da ta bu t hold ing 
A D ancl A I fixed . 

d The column en t ries left bla nk s ign ify tha t the best fit was obta ined by using 
only t be coetftcients ind icated . 

least square, treating the expression ('1 sp!c- A o- A 1c) 
as dependent variable, and assuming no error in c. 
For .the nonlinear cases, all coefficients in the poly­
nOlmal were calculated directly by least squares, 
treating '1 sp/c as the dependent variable. The upper 
limit Cl of the linear range is shown in table 11. 

In the fitting of polynomials there i frequently a 
question as to the degree of polynomial required to 
give optimum representation of the data_ In the 
present work tbe degree was chosen by the Gauss 
criterion [8] according to which the variance 

22 dl 
Q=-'-' - , 

n- m 
is minimized. H ere n is the number of ob ervations, 
(m- l ) the degree of th () polynomial, and di are 
the deviations of experimental from calculated values. 

In some instance the Gau s criterion was not 
decisive in that for two consecutive degrees very 
nearly the same value of Q was indicated. In such 
instances, the polynomial degree was cho en for 
which the algebraic sum of the deviations had the 
smallest absolute value. In a least squares calcula­
t ion in which no restrictions (such as fL~ing the 
intercept and initial slope) are made, th e algebraic 
urn of deviations is, of course, zero . 

The values of the coeffi cients of the polynomials 
are listed in table 11. The coefficients giving the 
best fit over the entire range are shown , as well as 
coefficients calculated from a range of data for con­
centrations less than the limit C= Co indicated in th e 
table. The physical significance of this limitation 
is discussed in section 6. 

6 . Discussion 

In comparing the specific viscosities of the same 
solute under different conditions or differ ent solutes 
in identical environments, it is desirable to introduce 
a redu ced concentration scal e. This has already 

(d) • 1. 95 1. 45 
29.6 25.0 1. 33 . 8 e O. 977 0.534 14 . 1 26. 7 
2.55 62. 9 e. 977 .534 -36. 4 75. 8 

64. 7 1. 94 '.874 . 233 125 
64.7 '. 874 . 233 125 

- 1.94 1. 41 1. 45 1. 20 e. 619 . 125 l. 31 0.593 
e. 623 . 11 8 

-5.13 3. 42 - 0.207 3.36 '.387 . 0504 8. 28 -. 119 
- 2.22 2. 18 '. 392 . 0404 11. 4 

-5. 36 2. 60 - . 165 4. 84 1. 6 e. 351 . 0572 -0. 956 . 768 
- 2. 96 1. 38 e.351 . 0572 -. 783 .672 

1. 97 - 0.0763 2.79 !?;5. 0 e.323 . 0456 
- 2. 02 1. 88 e.325 . 0437 

e A o and A t arc based on tbe ini t ial linear portion, but higher coe iTlcients were 
obtained by a least squares calculation us ing only t be d ata for conceotra tions 
less than the concentration co. 

r No obscr\7cd linear portion withi n tho limi ts or measurement. 'l:' hc coeffi ­
cients a re based on a least sq uares calculation of a ll t he da ta to t he degree ind i­
cated . 

been done in discussing the Baker expres ion (section 
4), the quantity S = ['1]c = A oc being such a dimen-
ionless variable. The power series r epresentation 

of '1sp/S in t erm of S , corresponding to (3) , has the 
coefficients ki= A d (A o) H l_ Since Sis dimen ionless, 
it obviously represents a ratio of two concentrations. 
One i the weight of solute molecules per unit volume 
and the other is related to the mass of solute per 
(mean) unit volume encompassed by the coiling 
molecule. Thu , if we discard orne multiplicative 
factors (see below), S = 1 would indicate equality of 
the two concentrations, that is, the onset of over­
lapping of the average sphere of action, as deter­
mined at infinite dilution_ A more accurate esti­
mate for thi particular concentration Co (see table 
11) i arrived at in the following manner [9]. Assum­
ing on the average hexagonal packing of the mean 
molecular spheres, the average distance R'2 between 
two molecule centers at a concentration c and for a 
molecular weight Mis: 

M )1 /3 
R12= CN {2 , (4) 

whereNis Avogadro's number . For C= Co , R I2= 2R, 
where R is th() radius of the molecule, hence: 

(5) 

To es timate the radius R we have applied to the 
intrinsic viscosities of our fractions the theory of 
Debye-Bueche [10] and of Brinkman [11] . Accord­
ingly: 

<I> (x) is a slowly varying function of the argument. 
Its r epresentative value lor a particular range of 
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molecular weights is found by comparison with the 
equation : 

Thus from (5): 

S = c[1J ]= 0.741iJ>(x) .£. 
Co 

(6) 

The values of a used were for the three solvents 
respectively : 0.70, 0.60, and 0.52 [12], leading to 
iJ> (x) = 1.22, 1.76, and 2.33 [10]. The exponents, a, 
were assumed to be temperature independent in our 
range. It should not be inferred that the concentra­
tion Co represents a "critical" point. However, on 
approaching it, n ew molecular mechanisms should 
become important. According to (6), S and th e 
ratio clco are in good approximation proportional to 
each other in a given solvent. E stimates of Co based 
on light scattering values of R are in agreement with 
our values of Co obtained from the intrinsic viscosities. 

In the majority of cases our measurem ents extend 
to a lower limit of clco= 0.03 to 0.04 . That is, 2R/R12 
is of the order of 0.31 to 0.34. This is the region in 
which th e hydrodynamic interaction between isolated 
molecules is still important and can be treated by 
perturbation m ethods . It r epresents a long-range 
effect in contrast to the interactions that determine 
the concentration dependen ce of osmotic pressure. 
At large distances r from a given particle, the flow 
disturbances decrease as 1/r3 . It is essentially the 
summation of this "interaction potential ," to use a 
familiar physical analogy, which has been con­
sidered in hydrodynamic treatments of the con cen­
tration dependence [13, 16, 17] . However , even at 
low concentrations, som e of the (flexible) molecules 
have larger than average dimensions and some pairs 
are closer together than the assumption of a 1/r3-

in teraction admits . For these pairs the summation 
ought to be carried out in a more accurate manner . 
The problem becomes qui te analogous to the calcula­
tion of the interaction po tential between rigid dipoles 
in close proximity. Other molecules m ay come so 
close together that they entangle, or, for hydro­
dynamic purposes, may be considered as a single 
unit. As an approximation w e have previously 
lumped all these effects into one, namely, what we 
may call " quasi-aggregates" . Thus, in this ap­
proximation it is necessary to consider the formation 
of doublets and triplets tha t act and interact with 

each other hydrodynamically [13, 14, 15]. 
Sin ce th e r elative popula tions of the several species 

depend on higher powers of th e concen tration than 
the first , th eir presence must contribu te to th e AI, 
A 2, etc. terms. This has b een shown previously as 
far as th e Al coefficient [13]. These populations 
m ay be formally expressed in terms of "equilibrium 
constants". The analysis is now extend ed up to 
the A2-term , which requires the consideration of 
triplets. Consider th e equilibria: 

(7) 

They lead to th e following expressions for the relative 
molar concentrations of th e three species: 

ndn = 1 - 2Krn+(8K~- 2KrK 2- 3K3)n2 } 

n2In = Krn[l - (4KI - K 2)n] 

n31n = K 3n2 

(8) 

with n = nl+ 2n2+3n3' T erms higher than n3 h ave 
b een discarded . The K i are functions of the rate 
constants k ; and k ij. In particular, K I= ku lkl de­
scribes the equilibrium b etween single and double 
molecules, while no analogous simple relation holds 
for K 2 and K 3 • 

We can now write: 

1Jsp= AJl)cr + AP)ci+ AJl)c~+ A J2)C2+ A j(!,2) crC2+ 

A J3)C3+ 0 (C 4), 

where the C; r efer to weight concen trations and the 
upper indices in the A's to the type of molecule in­
volved. The second and third terms represent the 
hydrodynamic interactions among pairs and triplets 
of single molecules. A J2) and A J3 ) are th e intrinsic 
viscosities of double and triple molecules r espec­
tively. AP,2) refers to the first in teraction coeffi­
cient between a singlet and doublet. From (8) we 
find , since n = cIM , 

1J splc= A (J) +[ A(l' + 2!1 (Acg>- A (~» J c+ [ A (~) - ~1 (4K1- K 2) (Acg) -A(~» ) } 

+ 2!1 (A (1.2) - 2A (P)+t~3 (A <g) -A<~» J c2+ O(c3) 
(9) 

The first two terms have b een given previously [1 3]. 
This expression will be valid when th e average inter­
molecular dis tances are still large in comparison 
with th e molecular dimensions of the isolated mole­
cules and when th e number of aggregates is still 
comparatively sm all [1 3, 15] . It is seen that gen­
erally th e various contributions can b e of opposite 

sign , and partially cancel eaeh other. End-to-end 
aggregation of rods or spheres makes A<g)-A(~) posi­
tive. Thus in a poor solven t an increase in slope 
will result . In good solven ts, however, the situation 
may b e reversed . 

A glance at (9) r eveals the difficulty of obtaining 
estim ates of the pertinen t parameters. W e must 
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know the intrinsic viscosities and first inter action 
coefficients of the aggregates, be ides having the 
information for the single molecule, in order to 
arrive at estimates for the kinetic constants K i • This 
requires rather stringent assumptions abou t the 
geometry of the aggregates. 

Without wishing to take the valu es given b elow 
too literally, we make the following assumptions in 
the evaluation of (9) with the aid of our experimental 
data. First, the second step in the equilibrium (7) 
will b e disregarded, since it should b e less important 
in triplet formation than the third; that is K 2= 0. 
Second, the hy drodynamic inter action coefficient 
A (1) is determined from th e th eory of one of the 
authors [13 , 14], that is, A (~ ) = k ( l ) (A (n2; k (l ) = 0 .77. 
This value has since been confirmed independently 
b~r other author [16]. It should also be mentioned 
that, using a different m ethod of attack, a differen t 
value of k (~) , namely, OA, h as b een derived [18, 19] . 
It has b een indicated that kl hould vary with the 
shape of th e molecule [13, ] 4, 15). W e shall never­
th eless assume Ie (l) = le (l' 2) • Furthermore we set 
A(~) = OA1 (A(~ » ) 3 [17), although tllis value holds only 
for a spherical suspension . Third, th e h ydrod ynamic 
coefficien ts for the doublets and triplets are calcu­
lated from th e equations of Zimm and tockmayer 
[20] for branched molecules. This procedure assumes 
that the aggregate can still be treated as a random 
coil. Accordingl we have: 

A (~)- A (~)= A (6) (gl-a. 2a_l) } 

A (g) - A (~) = A (6) (gl - a. 3a- 1) 
(10) 

g2 r epresen ts th e ratio between ihe mean sq u are 
radius of the molecule with on e branch poin t and 
th e linear chain of equal molecular weigh t, hence 
th e factor 2. 93 i th e corresponding ratio for th e 
molecule wi th two branch points. a has been pre­
viously defined . Now O. 00 ~g2 ~ 0.625 [20], where 
the two limi ts refer to a random di tribu tion of chain 
lengths and fixed equal ch a in lengtlls of branches, 
respectively. Since, in a long coiled chain, the 
extremities will no t b e available, aggregation or 
en tanglem ent will occm primarily through the 
central portions of the chain . H ence 92<0.8. W e 
shall assume g2~ 0.625. While the results are sensi­
tive to the choi ce made, i t should be noted that at 
~h = 0.689 , A (~) -A (~)= O , for a= 0 .7 . Similarly 
0 .690 ~ g3= 0.525. H ere th e "branches" should b e 
more n early distributed at random. The value of 
K 3 is again sensitive to the choice of g3' For 
g3= 0.555 , A (g) - A(~) vanishes. We shall for our 
estimate use 93 ~ 0.525, the value corresponding to 
fixed equal chain lengths. Because of these choices 
of g2 and 93, the number of "aggregates" estimated 
below represents a minimum value. From (J 0) there 
furthermore follows with the assump tions made about 
th e coeffieien t lei: 

(ll) 

With these assumptions, and equating the coeffi­
cients experimentally determined for c< co with those 

in equation (9), we obtain for the three fr ftct ions in 
tolu ene at 30° C , in descending order of molecular 
weight respectively: 2KJ/l\;[= 6.64, 2.32, 1.55, dl/g 
a nd 3K 3/]Y[3 = 7.59 , 1.09, 1.62 (dl /g)2. One finds 
therefrom that approximatel~r 5 to 6 perce nt of all 
molecules are combin ed into doublet at a con cen­
tration c= co/ l0. This is redu ced to 2 to 3 percent 
for con centrations such tha t two molecule can be 
accommodated in the empty space betwec n particles. 
While the absolute magnitudes of K, and K 3 aI'(' 
sensitive to a change from 0.77 to 0.70, which IR 

Brinkman 's value for lei' ) [17], the equilibrium con cen­
trations of doubl e molecules are illsignifican tly 
altered by this variation. Of course, more profound 
changes in k?) affect the equilibrium con cen trations 
considerably. Since we expect le i!) to increase in a 
poor solvent [1 3, 14, 15], we canno t cxtend the e 
calculations to the two other solvents without 
additional and arbit.rary assump tions. 

Ao-ain it must be recalled that only a fraction of 
th e con cen tration n2 so estimated accounts for actual 
aggregates that m ake a negative (pro b3 bly n egligi­
ble) contribution to th e seco nd vil'ial coefficien t of 
osmotic pressu re. K eeping this in mind , we may 
make a n estimate of th e tandal'd fr ee encrgy ch anges 
involved, r ealizing that they will be too high as far 
as true aggregates are concerned . Flory's r esults [21), 
originally derived for th e ca e in which the fr ee energy 
change 6.F° on forming a n ew bond in an association 
equilibrium is independcnt of ch ain lerwth, can be 
extended to our particular case if we con ici er only 
the form ation of double molecule. Thll [2 1) 

InI·C -6~iM)+ln [('Y - 1)crVI]. 

'Yi the coordination number of the lattice , a quantity 
characteristic for the type of theory from which 
this r esult is derived, cr is a symmetry number equal 
to two in our case and 1'1 Lhe molal' volume of a chai ll 
segment. Thus, depending in the values used for 1', 
1'1, and on th e molecular weight , we find value for 
t:..Fo ranglllg b etween 2 to 5 lecal/mole. The latter 
value is somewhat high. We can make ftl1 independ­
en t estimate of th e ontt'opy change. If both th e two 
separated chains and the doublet can be considered 
as random coils, as we have done above, then the 
entropy corresponding to an end to end distance, r, in 
an isola ted chain of n links each of length b, equals: 

3 r2 
S(r) -S(O)= -"2 k n b2' 

or (- 3/2) k in th e average configuration . Thus we 
obtain a n enLropy increa c for the aggregate of 
(2-g2)3 /21e , corre pondin g to a free energy of the 
orclpr of ] kcal/mole. 

Equation (9) is based on successive approxima­
tions by taking into account the appearance of 
successively more complex aggregates,whi.ch in turn 
in teract hydrodynamicftlly in a f! uceessively more 
complex way, that is by pair, triplet, and higher 
interactions. This picture should rapidly b ecome 
untenable as the concentration Co is approached and 
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one should expect a marked increase of the influence 
of concentration. A glance at figures 10 to 15 indi­
cates, at most, a moderate upswing beyond C=Co' 
For proteins or solutions of phenolic resins, on the 
other hand, the concentration dependence, if ex­
pressed in a reduced scale, is more pronounced. The 
coefficien t kl is generally higher than for polymer 
solutions and of the order of 0.7 to 1.0. This is 
consistent with the negative values of n indicated on 
the Baker plot, figure 16. The data on proteins are 
due to Oncley, Scatchard, and Brown [22], while those 
for the other polymers were taken from a summary 
by Bredee and de Booys [23] . It will also be noted 
from the graphs, that the polystyrene samples of very 
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low molecular weight (below 20',000) yield consider­
abJy higher, or even negative, exponents n than those 
of large degrees of polymerization. This compara­
tive reduction of interaction effects should in part be 
due to a change in shape with increasing concentra­
tion, which large flexible molecules are capable of 
undergoing. On close approach of two or more such 
molecules in a good solvent, each of them will assume 
configurations that correspond to a smaller average 
radius than at infinite dilution. In other words, the 
coils shrink. The magnitude of this effect varies 
with concentratiOl', and it will tend to counteract the 
viscosity increment produced by interaction effects. 
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or effective intrinsic viscosity lrI]c at finite con centra­
tions 4 na.mely, 

lrI] c=~ dr) r =! dr) . 
r) r dc r) dc 

(12) 

For c= O, this coincides with the customary defini­
tion of the intrinsic viscosi ty. The quantity [r)]c is a 
m easure of the relative incremen t in viscosity pro­
duced on adding a solu te molecule to a solution of 
concen tration c. This quantity will depend on th e 
volume encompassed by the coiling molecule at this 
concen tration and on its interactions wi th other 
molecules. 

The con cen tration dependence of [r)] c may be 
illustrated on the basis of the Bakel' equa tion (2). 
I t yield s 

(13) 

Thus with in creasing c, for n> O, as is th e case in all 
solutions of large polymers investigated, as far as 
we know, [r)] c decreases, bu t to a lesser degree in a 
pOOl' solven t in which n is large, as was shown in 
section 4. We may recall also that for cellulose 
deriv~tives n is larger than for polystyrene, at 
least m a good solvent [24]. 

To tr eat the concentration dependence in this 
region, two intcraction effects must be evaluated. 
First , is the hydrodynamic interaction between 
th e chains in close contact. It is only approxi­
mately taken care of b y assuming that for each 
molecule added the solu tion can be regarded as 
"solvent" with a viscosity equal to that of th e 
medium. This is inherent in th e designation of 
[r)]c, eq 12, as an "intrinsic" v iscosity. At high 
dilu tion, such an assump tion leads to an overestimate 
of th o concentration dependence. 

The second effect involves th e mutual influence 
of the ch ains on their internal configurations and 
average dimeneions. Pair interaction produces an 

, The amhors acknowlcdge at 1 his point d iscussiollS with H . l\L Spurlin 

anisotropy in the previously spherically symmetrical 
distribution of internal configurations. Since it 
is difficult to tr eat in detail th e interaction of more 
than two coils, we shall for our purposes simplify 
the analysis. At sufficiently high concentrations, 
we have a liquid or quasi-crystalline structure. 
Each solute molecule is surrounded by a "cage" 
formed by its n eighbors, the effect of which will 
be approximated h ere by a uniform pressure, 1), 
on the central molecule. It is furthermore assumed 
that the molecule can still b e represented by a sphere 
with a given en compassed average volume. 

Under th e influence of su ch a pressure, th e most 
probable volume Yo, will be reduced to a value V , 
depending on th e "compressibility" of the chain . 
In tb e appendix i t is shown tha t for a Gaussian coil , 
and if p Vo/lcT« l: 

V = V [ l -Q pVo+ 1S9 (p V O)2 ] 
o 4 kT 32 kT ... (14) 

Thus at vanishing pressure the compressibili ty 
(1' - 1, 70) /p 1'0 is proport ional to T.70/k T in complete 
analogy to an ideal gas. The volume effect due to 
the mutual repulsion of the cham segmen ts in the 
isolated mol ecules modifies the result (14) so that 
for th e simple model of a van · der Waals gas of 
segmen ts confined to t he volume encompassed by 
th e coil, the following result is derived: (see appen­
dix) 

[ 9 pVc 2 1 ] 
V =Vo 1 -4" kT' "3 5 2 + . ... (14a) 

.- a - I 
3 

a is the extension factor To/rJOl, where 1'0 is the most 
probable end-t.o-end distance at zero pressure, and 
rJO) = (% n b2)1 / 2 is the w rresponding qua nti ty in th e 
absence of the volume effect. For a = 1, (14a) 
reduces to (14). 

The pressure, p, is th e in ternal osmotic pressure of 
th e solu tion, that is th e excess II - ITo of osmotic 
pressure over the van 't Hoff term ITo. Thus we 
make th e id entification: 

P B 2 ' B 3+ RT= 2C "l 3C ••• , (15) 

where the Hi represent the second and higher vieial 
coefficien ts of osmotic pressure. In the present 
theory it would serve no purpose to in troduce 
explicit statistical m echanical expressions for these 
coeffi cien ts; th ey are tr eated as experimentally 
known quantities. Combin ation of (14a), (15), 
and (5) leads to the following expression lor th e 
relative change in volume: 

Since H2 b as b een shown to decrease slowly with 
increasing molecular weight [12], while a is either 
constant or increases wIth ]M., tbe compression factor 
will elepen d only slightly on molecular weight, if 
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the concentration is expressed in reduced units. 
Furthermore, since the second virial coefficient 
d~pends on. the ?ovolume, th e fourth and higher 
vlnal coefficten ts III the expanSLOn (15) will COD tain 
negati.ve contributions. Consequently the osmoti c 
pressure in a given solvent "nIl rise less rapidly with 
c than for an un deformable solute. 

The connection must now be made between the 
viscosity and these results . Consistent with the 
assumption made about the hydrodynamic inter­
action, the ratio V IVo is equated to (1)] c/ [1)]. The 
fact that the proportionality factor between viscosity 
and volume also changes is no t important for the 
moderate compressions in question. Accordingly 
for a poor solvent, (1)] c is more nearly independent 
o~ concentr!1tion than for a good one, in agreement 
\~lt~l experience. Actually, the expansion (16) is 
sImIlar to an el--'})ansion of the Baker formula or to 
extensions of it which have been proposed [23]. 
Thus we can write: 

[~] d ~~ 1) = l - const. (~)2 +const.' (~r .. , (16a) 

in the neighborhood of Lhe concentration co. 
We have calcula ted the q uan tities 1- ([1)] clhD by 

means of our power series representations usinO" the 
coefficients for the complete range. The 'results for 
the lower temperature are sho\\rn in figure 17 . As 
an ticipated from our previous considerations the 
values of the ordina tes are smallest in the pdorest 
olvent. The circles on the curves indicate the 
valu~s at co. It is seen on comparing the three 
fractlOns 111 .toluene, that the ordil1ate~ corresponding 
to the abscIssae co, are very nearly mdependent of 
molecular weight. Using these experimen tal values, 
we obtain the results for a shown in table 12. The 
va.lues for B2 and 1 70 were interpolated from the 
r esults in reference [12]. One et of coefficients 
Bz appli es to dichloroethane rather than toluene. 
Howeve r , the molecular dimensions are shown to be 
practically identical in these two solvents.5 The 
a's so derived are reasonable. As is to be expected 
Lhey are smaller in butanone than in toluene. Th~ 
absolute magnitude of a should not be taken too 
literally, since the hydrodynamic interaction may 
have been overestimated, making the present values 
of a to? large. The inclusion of higher terms in the 
expanSiOns (14a) and (15) would have the same con-
equence. 
TllU~ the picture developed ~eems satisfactory in 

th e nClghborhood of co. At hIgher concentrations 
furth~r t~rms in the exp::nsion (16a) are important: 
At still higher co~cen tratIOns, th e und erlying picture 
~ust c.hange agalll. Actually whe~ the mutual par­
tICle dIstances become very small III comparison to 
th e radius obtaining at infinite dilution, the coils will 
~ave the tendency to blow up again. When attempt­
m g a theoretical aI?proa~h to. the viscosity of highly 
concentrated solutIOns, It WIll be more feasible to 

• ;tfter tbe preparation of this lUatlllseript , osmotic da ta for toluene became 
ayarlable, ef C . E. H . Bawn, R . F . J . Freeman, and A. R. Kamaliddi n Trans 
Faraday Soc. fG. 862 (1950). 'I'h " B,'s deri ved by these authors are smaller t lla~ 
t~ose used here and lead to ,,·values t hat arc sma ller· by about 10% tban those 
gl\'en III table 12. 

T A B LE 12. Characteristic constants of systems: equation 16 

lVfX IQ-' B ,X IO' l'oX IOI8 

1----------------------
c1n3q-2 em3 

'f oluene a ¥_-------- 6. 00 3.5 133 
D o ' 1. 46 4.8 15 
Do a _ ~~~:: ::= ==: , 0.58 5. 9 3. 6 

2.Butano[tC b ........ 6. 00 0.88 68 
Do b ............ 1. 46 1. 42 9.8 

• B , interpolated from data of [12] fo r dichloroet hane. 
b B , mterpola ted from data off 12] for bntanoue. 

0. 24 I. 95 
. 24 I. 72 
.24 I. .>9 
. ]9 1. 62 
. 23 1. 30 

start froIl: the otl~~.r e~d, .nam~ly tl:w pure pol.\Tmer , 
and conSIder an mtnnsIC" VISCOSlty of the small 
molecule. . 
. We have presented a first attempt at a quanLita­

tlve theory ?f the vi~cosity of moderately co ncen­
trated solutIOns, whICh shows that as at infinite 
dilution, there exists a parallelism between the ther­
modynamic and rate propertie . A more rigorou s 
theory for . the range clco of the order of unity and 
beyond will have to overcome considerable diffi­
culties, the nature of ",·hich has been made clear in 
the course of this discussion. ,Ve have also shown 
that one should not expect, even for a N ewLonian 
solution, a si!l~le functiol1wiLh two or three param­
eters to proVlcle a r easonable physical basis for the 
description of th e solution over a wid e ranae of con­
centrations, even though such empirical e~pressions 
areo~wactical u e. ~rh es~age ~s,.so tospeak,occupied 
by dIfferent mechamsms III dIfferent concen tration 
ranges which , of course, cannot be strictly separated 
from each o~her. The long linear portion of Lhe 1) S!, /c 
curves, for mstance, observed in several cases , is Lhe 
re nIt of a compensation of several factors. 

7. Conclusions 

Our .viscosi ty data can be satisfactorily repre­
sented m poor solvents by an equation of the Martin 
tYI?e. The Baker equation i applicable over re­
strIcted ranges of concentration if fractional expo­
nents are admitted. rrhese increase in going from a 
good to a, poor solvent and are more sensitive to 
changes in. molecular weight and temperature in a 
poor than ll~ a good solvent. In fitting polynomials 
to the experunental curves of 1) sp/c one finds , as one 
would expect, some dependence of the coefficients of 
the quadr3;tic and higher term on the concentration 
range admItted for the calculation. 

On the basis of the coefficient derived from the 
data below C= Co, one can estimate the number of 
" agg:regates" formed by entanglements or due to close 
proXl~llty of t.wo sol':lte ~olec.ul~s, which effectively 
constItute a smgle kmetic umt III the field of flow . 
In toluene we find that 5 to 6 percent of all molecules 
are doublets at c= co/ lO. The corresponding standard 
free-energy: changes depend on molecular weight and 
can be es tImated to be of the order of a few kilo­
calories per mole. From the quantity dIn 1) Tldc at 
C= Co, we cl;educe values for the "compressibility" and 
the extenslOn factor of the coil as a function of molec­
ular weight. 
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It is a pleasure to acknowled~e the assistance of 3. Effect of Pressure and Excluded Volume 
Ruth C. MacKay and Edith L . ,\IIalin in the nu-
merical calculations. Combination of equations (17) and (20) lead s to 

8. Appendix 

1. Effect of External Pressure on the Dimensions 
of a Gaussian Coil 

The di stribut ion W (r) dr of end-to-end distances r in a 
chain composed of n elements will have the form: 

3 ,2 (- PV) W (1') = const. r2e -2 nb2 exp kT . ( 17) 

The volume, V , is determined by the radiu s, R, of t he coil. 
Although this holds strictly only for a Gaussian coil [25], we 
shall assume proportionality between r and R. The most 
probable value of r is then determined by t he equation: 

kT 2 kT 
r3 + ---'-----b' - -3 ----,- = 0, P n . P 

where p' is proportional t o p. For small values of pVo/kT 
we expand the solution around r2= r~= 2/3nb2 and obtain: 

r2=r~ [1 -~ 1'3 :;+GY C:~Y -i G), e1~Y + .. -] 
(18) 

This leads to equation (14) in the text . 

2. Volume Effect 

Several methods of attack have been developed recent ly 
with very divergent results . In the following we give a 
simple derivation , which lead s essentially t o the result given 
by Flory [26] . Consider each of the segments to have a 
covolume v,,,,bo2 and to constitute a gas in a container of 
volume ",R2. That is, we assume that all links between 
segments have been cut. The total number of configurations 
originally available is then reduced by a factor: 

n-l ( ib3) bg n. _~: 1& 
II 1-- 3 =1--3 ~ 2=e 2 R' · 
i= l R R i=l 

(19) 

Aga.in we assume proportionality between rand R, and set 

as in a Gaussian coil. Consequently: 

(20) 

Differentiating (20) and defining 

a2 (~nb2) = r2, 

we obtain for the most probable value of r : 

(21) 

This is id entical with the resul t of reference 1261. 

3 ,2 

W (r) "'r2e 2 nb2 e-fJ,fr'e- fhr3 , (22) 

where i31"'n2bg, i32"'p/kT. 

The most probable value of r obeys the equation: 

Again we restr ict the solution t o small valu es 0(i32 and find : 

(23) 

Introducing a, thi s leads to equation (14a), where now 
Vo"' rg represents the volume of t he coil with volume effect, 
at p = O, as given by equation (21). 
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