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Glass Spheres for the Measurement of the Effective 
Opening of Testing Sieves1: 

Frank G. Carpenter 2 and Victor R. Deitz 

It is shown t hat t l:e "effective" opening of. testin g sieves is generally somewhat la rge r 
than. t he average opel1ln g. or the n?nunal opellin g. A method of measuri ng t he effective 
opemng by means of a calIbrated mIx t ure of glass spheres is described. Glass beads of the 
t ype used for highway markin gs were a s ui table source of glass sp}l eres for s izes from 80 to 
1,000 mIcron s (U. S. Sieves No. 170 through 18) . Details are give n for the se lection of the 
spheres , t he preparati<?n of t he desired mixture of spheres, subdi vision of the sa mples, t he 
measurement of t he cllameters, and the calcula tion of t he weight-size dist ri bution. :From 
a stati stical allal ysi ~ of t he calibration data, both t he reproducibility and accuracy of the 
method were found In general to be abo ut 1 percent. 

1. Introduction 

The specifications for prac tically every powdered 
or granular material of commcrce prescribe maximum 
and/or minimum limits of the particle sizes. In addi­
tion , a knowledge of the distribution of particle sizes 
is often requircd , both for con trol purposes and in 
research. In order to test materials for conformi tv 
wi t il specifi cations, or to mcasure the particle size 
di::;tribu tion, testing sieves ar e used by many indus­
tn es. Sieve analy es obtaincd by different la bora­
tories (for example, those of the buyer and seller) 
often show considerable disagreement. The dis­
crepancy in some cases is due to inadequate sampling 
procedures, but wIlen good represen tat iv e samples, 
0 1' even the same sample are used, differences fre­
quently occur. 

The sieving operation consisls of agitat ing the 
material on a sieve of known opening until substan­
t ially all the particles that are small enou gh to pass 
the openings have passed . The sb aki ng process can 
be carried out in a sa tisfactorily reproducible manner 
so that the errOl" from this source can be made sa tis­
tactori1y 1o"w [1].3 Th e weights of the fractions re­
tained by th e various sieves can be determined wiLh­
out appreciable rrrors. On. the oLher ImnCi , the 
evaluation of the size of the openings of testing sieves 
may be one of the largest sources of error in sieve 
analysis. Consideration of this elTor is the Sl1 bject of 
this paper. 

Specifications [2] for testing sieves allow a manufac­
tming tolerance in the average size of th e opening 
from ± 2 to ± 7 percent, depending upon the size of 
the opening. These tolerances are rather wiele but 
are satisfactory if only a rough idea of the particle 
size is desired or if i t is desired that a certain material 
be finer or coarser than some s tated size. If an accu­
rate particle size distribution is r equired, espec ially 
with material with a narrow range of particle sizes, 
then these tolerances are so large as to )"ende]" the 
sieves almost useless without an individual calibra­
Lion to determine the effeetive opening of each sieve. 

1 Th is investigatio n is sponsored as a jOi nt research project undertaken hy the 
Bono Char Rosearch Project, In c., and the XULio nal Bureau of Standard s. 

, Research Associate at the Natio nal Durcau of Standard s representin g the 
Done Char R esearch Project, Inc. ' 

3 Figures in brackets indicate the literature references at til e end of this paper. 

1.1. Effective Sieve O pening 

The difficulties encountered in the evaluation of 
sieve openings arise from three souJ"ces, none of which 
appear to have r eceived sufficien t attention. First 
all the openings of a sieve are rarely of the same size: 
Rathel" , the sizes of openings are distributed accord­
ing to SO 'lle probability law. The ovel"-s ized particl es 
can pa:,ss the larger holes and, thus, the openIngs that 
are effect1ve are somewhat 13:rger t~an the average 
?pel1lng. Second, th? separatIOn achIeved by a sieve 
1S not complete, but ll1stead S0111 e under-sized parti­
cles always rema in on the top of th e sieve. The sieve 
opening is thus effectively somewhat smaller than the 
averag~ open.ing. Third, the opening is effec tive in 
three dImenSIOn s, and the plane defined by the sieve 
cloth may not co incide wi th the plane defined by the 
effective opening. The effe ctive opening will thus be 
larger tha n the average opening, which is measured 
by the proj ect ion on the plane of the sieve cloth . 
. The fil:st a~d se~oIld of these pheIlomena are acting 
1n OppOSIte chrectloIls, and t he effects of one mio·ht 
n ullify the d rects of the other. However , t he m~n­
ner and speed of shaking afl' ect both · therefore the 
eA·ective opening is not a constant fo~· a given ~ieve 
bu t depends a.lso upon the way the sieve is used. 
The gene.ral del? ende~ce o.f t~le eft'ective. sieve open­
mg on t1me of. sh ak~ng 1S Illustrated m figure l. 
1\ssllm.e th at a SIeve w~th an opening size distribution 
glven m figure 1, A, lS to be used to separate into 
two fractions a material with the particle size dis­
tribution given in figure 1, B . After a very short 
time of shaking, t he particle size distributions in the 
fractions passing an d retained are as illustrated in 
figure 1, C . The separation is very incomplete with 
large amounts of under-sized particles retained. After 
a longer sh aking ti.me the distributions given in figure 
1, D , may be acllleved, and the effective size of the 
sieve may be defined as the point at which the eurves 
cross, which is also the point at which the curves are 
the steepest. F igure 1, E , illustrates the effect of 
an infinitely long shaking time. As the shakiuO" 
progresses it is seen tbat the effective opening be~ 
comes larger . It becomes evident that the effective 
opeI?-i!lg depends upon t~ e time of shaking. In 
add1twn, the type of shakmg motion would have a 
similar effect. Any method of calibration for effec-

139 

-_~ ____ I 



\ 

'" o 
~ ... 
ZN :W; 
o 

l!I~ 
.,=> ... 

A 

I~ 
~~~--------------~--4---~----------~ 

B 

~1-----------------__ ...l..-__ -4--__________ -I 

EFFECTIVE SI~ 
~ M ~En I 
~ -----" 

PASSING 
a: 
w 

c 

~I-----------~----~~.~~~----~--~ 

(/) 

W 
--' o 
j:: 
a: 
<I: 
~ 

EFFECTIVE SIZE 

--PASSING 

Of SIEVE n , 

-I o 

~1-------------------4-~~, -----------1 
o EfFECTIVE SIZE I 

~ .:: ~El---, __ I 
~ - PASSING I 

RETAINED 

E 

OPENING SIZE OR PARTICLE SIZE 

FIGURE 1. Ej)'ect oj time of shaking on the effective sieve 
opening. 

A,. Op~ning:siz~ di~tribution; B, particlc:size distribution before sieving; C. 
partICle-sIZe dIstnbuLlOn after very short tIme of shaking; D, particle-size dis­
trIb utIOn after long t,ille of sha king; E, particle-size distr ibution aftcr infinite 
time of shaking. 

tive opening must necessarily take these two effects 
into account. 

If all the openings of the sieve were exactly the 
same size, the shaking time required to reach a con­
dition similar t? figure 1, D, would be considerably 
shortened. It IS to be noted , however, that even in 
perfectly uniform sieves the effective opening is not 
equal to the average opening unless the shaking is 
continued for an infinite time. 

The usual method of calibrating sieve openings 
[3] consists in making mcaSUTements on a magnified 
projection of the sieve cloth. Observations by this 
method arc rapid, and the openings may be inspected 
for uniformity during these measuremen ts. This 
method, however, has t.,,>,o serio us disadvantages. 
First, the average opening is measured, taking no 
account of the difference between average and effec­
tive opening. Second, the calibration requires 
special equipment and skilled operators. IVeber 
and1,loran [4] suggested that th e projection method 
be used to measure a large number of openings] and 
the effective opening be determined by use of an 
empirical rC'lation between the statistical parameters 
and the effective opening. This method requires 

the same special equipment and even more skilled 
operators. 

Fagerholt [5] showed that the effective size of the 
sieve after a shaking period of time, t] is equal to the 
average diameter of particles tha,t passed by con­
tinued shaking under the same conditions during 
the interval of time t to 3t. This conclusion is based 
on assumptions that are not strictly true. For 
practical purposes this method is much too involved, 
because it requires an independent particle-size 
determination for each sieve for each sieve analysis. 
It offers a way, however, for determining the effective 
size of the sieve for very irregularly shaped particles. 

2. New Method of Calibrating Testing Sieves 

The authors in a previous paper [1] pointed out 
that the effective opening can be determined directly 
and simply by measuring the sizes of spheres that 
will just pass. In that paper exploratory work was 
described on the use of a calibrated sample of glass 
spheres for measuring the effective opening of testing 
SIeves. 

2.1. Particle Shapes 

It is recognized that the sieve openings are square 
or slightly rectangular in shape and that irregularly 
shaped particles can pass through even though one 
of the dimensions of the particle, or "an a vel'age" 
of all dimensions, is considerably larger than the 
diame tel' of the opening. This is especially true for 
needle-like shapes. The average diameter of irreg­
ular particles that pass a sieve cannot be considered 
equal to the diameter of spheres that pass the sieve. 
The glass spheres used in this work were only in­
tended to measure the opening of the sieve. The 
calculation of some "average" diameter of particles, 
which deviate from a spherical shape, is a separate 
problem that introduces factors not directly related 
to the methods for evaluating effective sieve openings. 

2.2 . Rectangular Openings 

If the openings are rectangular rather than square, 
then the" effective" size for irregularly shaped par­
ticles will be increased , but the effective size for 
spheres will be the same as for a square with the 
same dimension as the minimum side. For this rea­
son, sieves that are to be used with needle-like par­
ticles must be examined independently for squareness 
of holes. Fortunatel~-, the openings of most testing 
sieves made in recent years are essentially square in 
shape. 

2.3. Uniformity of Openings 

The method of calibrating testing sieves by use of 
glass spheres takes into account the effect of non­
uniformity, bu t it does not measure directly the uni­
formit~- of the openings. If there is reason to suspect 
that the sieve openings are not sufficientl~- uniform, 
the~T should be checked independently either b~T the 
usual projection method or by the method proposed 
by the authors in a previous paper [1] . The latter 
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is based on the effect of uniformity of openings on 
the sieving rate. The amount of nonuniforf!1ity th~t 
can be tolerated in testing sieves was considered lD 

[1]. Sieves that do not appear obviously deformed , 
are usually sufficientlr un~form. so that the glass 
sphere method of cah~rat1(~n WIll correct Jor the 
small amount of nonuruformIty that does eXIst. 

3. Selection of Glass Spheres 

The spherical shape was chosen primarily to elim­
inate any doubt or question abou~ "aYeI'age': diam­
eter or the orientation of the partIcle m passmg the 
opening. The spheres were not intended to be ~epre­
sentative of the particles to be used on the SIeves, 
nor is their diameter to be considered equal to the 
average diameter of irregular particles that might be 
sieved on the same sieve. 

Glass was chosen because i ts hardness minimizes 
abrasion and beca use spheres of glass are rea~ily 
available. Glass beads of the type used for proJec­
tion screens were used by Gooden and Updike [7] as 
a source for spheres of 100-,u diamet~r. Glass bea~s 
of the type used for highway f!1arlnngs 4 are a smt­
able source of glass spheres for SIzes from 80 to 1,000,u 
(sieves No. 170 thro ugh 1~). Larger and smaller 
sizes of o-lass spheres are bemg made for other pur­
poses, a~d a wider range of sieve sizes could be 
covered if desired. 

3 .1. Separation of Spherical Particles 

The glass beads for high'way markil!gs as pUl:chascd 
arc not all spherical, nor are the sizes contllluous. 
It was necessary to separate the spherical pa:-ticlcs 
from the ellip t ical, tear drop, clumbell, and Jagged 
pieces. Thc spherical shapes were. effectively .sep­
ar'ated from the other shapes by rolllllg the partlcles 
down an incline. The spheres roll true, whereas 
nonspheres either roll in circles or not at all. ~he 
apparatus used is sbmvn in fi~ure 2. It co.ns ls.ts 
essentially of a smooth Aat dlsk abo.u t 20.m . 111 

diameter, turnin g at abou t 3 rpm and tIlted shg~tly . 
Only one sieve fraction can be separated .at :;t t l1!l.e. 
For the laroer sizes (about 1,000 ,u) the mclmatlOn 
of the disl; is only a few degrees from the hori­
zontal but for the finer sizes (100,u) inclinations up 
to 30o 'from the hor izon tal are required. It is desir­
able that the particles roll over as many times as 
possible; therefore, a disk 30 or 40 in. in diameter 
would be desirable for particles larger than 1,000 J.l . 
For tho Im'o'er" spheres, a disk made of ordinary 
window glaE~ is an acceptable I~,-aterial . for th~ seI?­
aration. No difficulty IS expenenced III cuttlllg It 
to the desired shape, as it need no t be perfectly 
ro und. It can be fastened to the (,lIl'ntable by m.eans 
of a very viscous stopco.ck gre.ase. For th.e smaller 
part icles, glass has a ~enous ~lsaclvantage III tl~at It 
rapidly builds up s tatIC elcctnc charges. A pohshed 
copper plate is gcneJ:ally more sat.isfactory, however , 
and in these expcnments a polIshed copper plate 

'Su itable beads haw been obta ined from: Cala phole Corp .. T oledo, Ohio: 
·Potters Bros., In c .. Olon e Par K, 1'J. Y.; M.inncsota M ining & ~IIanlifacturin g 
Co., SL Paul , M inn . 

FIGURE 2. Apparatus employed to separate spheres f rom the 
original mixtw·e. 

one-sixteenth in. thick was used on particles smaller 
than about 500 ,u. . . . 

The particles were fed onto the roLa t lllg (hsk Jll a 
thin stream. For the finest sizes the number rate 
of feed was quite large, and a 2-mm glass.stopcock 
made a sui table gate. For the larger slze~ only 
three or four pieces at a Lime co ~ld be ~ed w l thOL~t 
undue interference. A stopcock IS unslll ted a t t}lIS 
low rate and instead a cardboard tube with a notch 
in one side ,vas suppor ted to just to uch the surface 
of the plate . The m.otion of the plate beneath tl~ e 
tube caused the particles to roll out of the 1I0 tch. III 
the t ube one layer high and three or four \vlde 
(depending on the.width ~l)(l height of the 11oLeh) . 
A gen tle blast o~ au' wa~ clIreeteclmto the stream of 
particles immedlately after they were fec~ onto the 
plate. This dislodged any tha t stuck behJ~d a non ­
spherical piece and started all pa!'Llcles rol lmg .. 

The spherical particles immed~ate ly rolled off Lhe 
plate in to a suitable hopper , whtle the nonsphencal 
par ticles either did not roll at all or r?lled more 
slowly or in curved paths and were ea rn ed by the 
turning disk and fell in to the . ~:ltscard hopper.. A 
strono' blast of air was used to clt slodge the partleles 
that ~lid not roll. Figure 3 shows the spherical 
particles, and figure 4 the discarded particles. ~bout 
10 lb of 74 to ]49 J.l (No . 100 to No. 200 slOves) 
material was separated in 20 hours on ~he apPfl:ratus 
described. Abou t 5 percent of tIllS partlcular 
material was discarded. In some lo ts, partlcularly 
in the la rger sizes, 50 percent was discarded. The 
larger sizes separated more qUickly .. 

~![easurements of the sphere diameters showed 
that on the averaO'e the major and minor axes of the 
proj ections of the bspheres differed by more than 2 01' 

3 pel'cent only in 4 percent of the beads. Only one 
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FIGURE 3. Spherical particles sepamted from mixture. 

b ead in 14 000 was observed whose major axis was 
more than ' 1.5 times the minor axis. At least 90 
percent of the beads co uld be considered spherical 
within the accuracy of the measurements. 

3.2. Continuous Size Distribution 

In order to obtain sphercs of a continuous size 
distribu tion the material selected as spheres was 
carefully sieved in to the closest sieve frac tions 
('fi series), .and then equal .weights ~! each fraction 
were used III the final mixture. Ihls procedure 
produces a logarithmic particle size distribution. 
This distribution was chosen because the preCISIOn 
of the measurement of the sieve openings is the 
same for all sizes. 

The details of the manufacturing process for these 
glass beads were not known . Various lo ts as r~­
ceived from the manufacturers were found to con tam 
a discon tinuous clistribu tion of particle sizes. It 
is not known whether this resulted from the manu­
facturing process or from a subsequent particle 
size scparation. For example, one lo t of sph.eres 
was examined in which the 350- to 500-,u Sieve 
fraction (No. 45 to No . 35) consisted en t irely of 
spheres ranging from 350 to 400 ,u and from 440. to 
500,u . There were no spheres at all 111 the ~ I ze 
ranO'e 400 to 440 J.L. The No. 40 Sieve has a nommal 
ope~ing of 420 ,u, and this lo t c.onsisted of equal 
weio'hts of No . 35 to No. 40 fractIOn and No. 40 to 
No.'" 45 fraction . The sieves indicated a smooth 
con tinuous particle size distribution, bu t clos~r 
m easurem en t r evealed the discontinuity. For thIS 
reason it was necessary to obtain spheres fro~n 
several manufacturers in chfferent lots and to mLX 
them so as to obtain a fairly continuous particle 

(. 
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FIGURE 4 . Discard particles separated from mixtl1re. 

size distrib ution. The continuity was checked by 
withdrawing a sample and applying a condensed 
version of the calibration procedure to be explamed 
in a later paragraph . The use of a mi?,ture. of many 
different lo ts of spheres produces a cahbratIOn curve 
with many minor fluc tuations. 

4. Preparation of Samples 

A convenient total weight of spheres in the final 
calibrated sample is a~out 100 g. The total numb~r 
of samples prepared In lo t 3 was 256 Ceq ual to 2) 
which required about 56 lb of glass spheres havl.ng a 
continuous range of sizes in . the proper prop.or~lOns. 
After lo t 3 had been assembled and the prehmmary 
check calibration indicated that the pa~-tic! e size 
distribu t ion would be satisfactory, the mchvldual 
samples were prepared : The '~Boerner ~ampl.er" 
[6] was used as the sample redu ctIOn deVice." . It IS a 
riffle-type apparatus wIth a funnel, gate~ and chu te 
attached above the compartments, which are ar­
ranged circ nl.ar~y. T~lC combination of gate ~md 
chute makes It ImpossIble to feed too fast OJ' t? feed 
at the wrong angle. IL lI as been found to gIVe. at 
least a.s good resul ts as any known sample-reclucmg 
device or techniq ue. As an acld ltl.onal precautIOn 
to neutrali ze any elTors of the samplmg deVICe, care­
ful atten tion was p aid to the side the sampler from 
which the sample emerged. Although 256 samples 
were desired, 512 samples were first made; these were 
recombined in pairs so that the final sample rep­
resen ted equal quanti~ies of . material from each 
side of the sampler . FIgure 5 Illustrates the process 
for only four samples. 

5 AcknowlcdgJPrnt is grateft:lly Ina~o to La \v rence Zelen y , Gra in ~ranch: Pro­
duction and Mark et ing Admll1 1st ra tlon, U . S. D epartmen t of Agfl clllLlll e, for 
tbe loan of these samplcrs. 

142 

~----------------------------------------------

,. 



, \. 

> 

MASTER SAMPLE 

SIDE I SIDE 2 - -

2 3 4 5 6 7 8 

SAMPLE NO. TIMES FROM 
SIDE I SIDE 2 

I 3 0 
2 2 I 
3 2 I 
4 I 2 
5 2 I 
6 I 2 
7 I 2 
8 0 3 

I PLUS 8 3 3 
2 PLUS 7 3 3 
3 PLUS 6 3 3 
4 PLUS 5 3 3 

FICURE 5. Method employed to subd'ivide mixture oj spheres 
into individ1wl calibmtion sam1Jles. 

4.1. Selection of Samples for Calibration 

It was r ecognized that the essential problem in 
calibration was adequate sampling. T he sph cres 
were divided into 256 samp les by th e best means 
available but it must b e admitted that all 256 sam­
ples may not be identical. Every twenty-~fth 
sample in th e orderly anangement of numbers gnTen 
to the samples was chosen as a sample of the 25?, 
making lO in all. Each of th ese 10 samples contam 
approximately 10 million sph cr~s, thercf~)l'e, they 
must be further sampled to obtam a practtcal num­
ber small enough to meas ure. Bccause sph eres of 
approximately Lh e same sizc do no t tend to scgregaLe 
and presen t an easier probl em of ~eas urem~nL, 
each of the 10 samples was separated mto 14 Sleve 
fractions. 

The sph eres for the actual measurement were 
mounted on a gelatine-coated microscope slide. In 
order to make sure that an adequate sample was 
obtained from each sieve fraction, fOllr difl'erent slides 
were prepared, each slid e representin~ particles from 
a different portion of the sample contall1er. '.l'wenty­
five particles chosen at random f~'om each shde were 
measured. A total of 1,400 partlCles m each sample 
was measured ; altogether 14,000 particles were 
measured for the 10 samples. 

4 .2 . Measurement of Diameters 

The appftratus for the ~ll.ea~urement consi.sted ?f a 
projection m.icroscope wILh lts accompan~-mg hgh t 
source and screen. The measurem.cnts were made 
on the projection o~ the ,imftge of the. pft~·ticle~ on Lhc 
scr cen . The m agmfiCfttlOns a!1d prO]CctlOn chsta~l(,es 
were arrano'ed so that the pro] ectlOns of the partIcles 
were betw~en 6 and 30 cm in diameter . Two 

different microscope objectives were used, 16 ftnd 
32 mm, according to the magnification desired. The 
ocular was 7 .5 power with a scale mounted inside. 
The m easurements were made in air . A car'hon arc 
and condenser lens system were used for ill um.ination. 
The magnifications were checked at freq uent inter­
vals throughout the measuremen ts by the use of two 
different stage micrometers. Both of t hese stage, 
micrometers have b een calibrated at this Bureau 
and the observations obtained are accurate to within 
1 /1. 

In order to speed the measurement , a scale was 
drawn on a separate piece of paper thaL co uld b e 
moved about the screen. T he distance b etween the 
microscope and th e im.age was adjusted so t~at. the 
graduations on the hand scale exactly eOlJlCldecl 
with the projected s ale in the e~Te picce . The hand 
scale could then be moved about , and several beads 
ncar the center of Lhe screen could be m easured very 
rapidly. Two people \\T.orking togethey measl~red 
25 particles in a bout 2 mmutes. Countmg Lhe tIme 
required for ch anging slides, preparing sam.plcs, .and 
relaxation to prevent eyestram , 300 or 400 partideg 
were m eas ured pc)' h our. ' iVhen nonsphcrieal parti­
cles were encountered, the rninimum diameter 
was meas ured. This was done because it was 
desired to know the size of Lhe hole Lh)'o ugh which 
a particle passes raLher Lhan the average size of the 
particle. 

T he individual diameters were JP,eas ured to the 
nearest 2 to 5 pOl'cent , depending upon t he part of 
the scale in usc . :Vlore precise 1Tl.eas urements could 
have bcen made. HOWe Vl'l' , since sampling rather 
t han m ea uremc nt is th e factor t hat limits the 
ac('urae.v, greaLcr precision was unnecessnry ftnd 
would have greatly lengt hened Lhe subseq uent work 
of eomputaLion. As it was, 88 poinLs were obtai.ncd 
in U}C range 60 to 1200 /1 , ftveragmg about five pomts 
wit hin Lhe range between eaeh pair of sieves of the 
4·./2 series. 

5. Computation 

The m eas urem en ts of lhe diameter of each sphere 
wore recorded in terms of the pro jected scale reading. 
Since it was desired to calculate Lhe weight fr action 
finer than each size, th e first sLep was to determine 
the diameter fr equency distribution within the 100 
sph eres r epresenting one sieve fraction of on e sam ple. 
The actual diameter for ench size was evaluated by 
multiplying the scale rea~ling b~- the magnificati.on 
factor. These com.putatlOns gtve a number-SIze 
distribution. On the assumpLion that all the parti­
cles were of the same density and sam.e shape, the 
weight is propor tional to the numbel~ of particl~s and 
to their diameter cubed. The weIght fractlOl1 of 
spheres of diameter, d, ~n the sieve fraction ~hus 
becomes nd3J'Lnda If W IS the weIght of the SlOVe 
fraction and 'Lw the total weight of the sam.ple, then 
wJ'L wis the weight fraction of the sieve fraction in the 
total sample. The weight fraction (j) of spheres of 
diameter d in th e total sample is 

nd3 w 
j = 'Lnd3X 'Lw· 

143 



0.4 

~ 0.3 

~ 
I- 0.2 
:J: 
!2 
I.U 
~ O. I 

o 
o 

f 
~ \ 

I ~ 

200 

1/\ 
1/ \..J 

400 

r'\ 
V " 600 
SIZE, ~ 

~ V' r-- ../' r--
800 1000 1200 

FIG URE 6. Differential particle-size distribution curve of mix­
ture of lip heres. 

Calibrated glass spheres, lot 3. 

5.1. Sample Computation 

Typical data are given in table 1 for one sieve 
fraction of one sample. Each diameter recorded in 
table 1 is the mean of the size range; for example, 
measurements between 1.875 and 1.925 are recorded 
as 1.90. The frequency distribution, diameters, and 
the computations leading to the weight fractions are 
given in table 2. 

The differential type of particle size distribution 
(expressed by weight fraction pel' unit size range as 
a function of size) is obtained by dividing eachj by 
its corresponding size range. The integral type of 
particle size distribution (expressed by weight frac­
tion finer as a function of size) is obtained by sum­
ming the j 's. The particle size associated with the 
sum of the fractions finer is the smaller limiting 
diameter of the size range. This is in contrast to 
the mean of the size range used in the above expres­
sion for j and in the differential type of particle size 
clistribution. 

These computations were repeated for each fraction 
of the ten samples, and the values were averaged to 
obtain the final calibration. The calibration is given 
graphically in figures 6 and 7. 

5.2. Evaluation of Sieve Opening 

In order to evaluate the sieve opening with a 
sample of the spheres, the entire sample is placed 
on the sieve or sieves in question. The sieves are 
shaken with the calibrated spher es in the same 
manner as will be used with the unknown material. 
The spheres are then carefully brushed from each 
sieve and the weight fraction finer than each sieve 
evaluated. The effective size of the sieve is then 
read directly from the calibration CUl'v e (fig. 7). 
Carr must be exercised to avoid loss of the spheres 
in order that the sample can be used again. E xpe­
ienee has sho'wn that the fines are mos t easily lost; 
Lherrfore, if the total weigh t of the sample decreases 
slightly with repeated use, it may be assumed that 
the loss is in the finest sizes. The particular oper­
ation in which there is most chance of losing par­
ticles is the transfer from the sieve to the weighing 
container . The loss of particles in this operation 
can be minim.ized by inver ting the sieve into a deep 
funnel and removing the contents with a stiff brush . 
The stem of the funnel should fit snugly into the 
reCelver . 

.. 

100 

90 

BO 

70 a:: 
'" ;:; 
"- 60 
I-
Z 

'" 0 50 a:: 
'" a. 
f-- 40 I 
\2 
w 
~ 

30 

20 

10 

0 
o 

FIGURE 7. 

TABLE 1. 

/ 

..--V 
/V 

/ 
,/ 

/ 
/' 

/ 
/ 

II 

/ 
200 400 600 800 1000 1200 

SIZE, }-t 

Integml particle-si ze di stl'ibution wrve of mixture 
oj spheres. 

C alibrated glass spheres, lot 3. 

Typical data obtained for observations of particle 
diameters 

M easured diam eters of ind ividual part icles on 
microsl'ope slide-

-
1 2 3 1 

- - ---
2.00 1. 80 1. 95 1. 90 
2. 05 1. 95 l. 85 I. 70 
1.80 l. 85 2.1 0 1. 80 
1. 00 1. 85 1. 85 l. 75 
1. 80 l. ~5 1. 75 1.80 

1. 90 1. 80 1. 75 1. 80 
1. 95 1. 80 1. 90 1. 85 
1. 75 1.80 1. 80 1. 80 
1. 90 1. 90 1. 00 1. 80 
1.85 1.80 1. 95 1. 85 

2. 1)[; 1. 80 2.00 1. 90 
1.90 1. 85 1. 80 1. 80 
2. 05 1.90 1. 90 1. 95 
1. 80 1. 85 J. (\5 2. 00 
1. 75 l. 80 l. 90 1. 80 

2. 00 2. 00 1. 75 1. 7;-
2. 00 I. 80 l. 95 1. 70 
1.80 J. 90 1. 71' 1. 85 
1.85 J. 85 1.80 1. 80 
2. 00 1. 85 1. 85 J. 95 

1. 90 1. 90 1. 95 2. 0.> 
1.80 1. 80 1. ~5 1. a.> 
1.85 1. 90 J. 80 2. 00 
1.85 1. 85 1.85 l. 75 
1. SO 1. 90 1. 90 1. 85 

l d cn tifica tion l1uml>er of sample: 100 
Sie ve fract ion : t. hrou gh 20 on 25 
Wcigh t offrClc tion: w=8.78 g 
'r o ta l wf' igh t of sam ple: 1:w= lOo.51 g 
Magn ifi cation facto r : 1 unit =419 1' 

5.3. Application to Sieve Analysis 

One of the most dis turbing features of sieve analyses 
is the inability to obtain the sam.e results with th e 
same sample using different se ts of sieves that have 
been considered identical. The sm.all variations in 
the sieve openings inherent in the manufacture of 
the sieves are the cause of this trouble. In order to 
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FIG URE 8. Corrections of sieve analysis to nominal sieve open­
ing, bone chm' 32; aTrOW indicates nominal sieve opening. 

TABLE 2. Comp1.tation of weight fraction f1"om measu1"ed 
diametel'S of 100 particles 

Measured i 
diameter, ])iam~ N umber, d ' nd ' J scale ctcr , d n 

units 
------

I' 
2. 10 879.9 1 68 12X IO ' 68 12X lO , 0. 0011 
2. 05 859.9 4 6337 25348 . 0040 
2. 00 838. 0 8 5885 47080 . 0074 
1. 95 817. 1 9 5454 96166 . 0l.1t 
1.90 796. I 17 5045 85765 . 0135 
1. 85 775. 2 20 4658 93 160 . 0 146 
1. 80 754.2 29 4290 124410 . 0195 
1. 75 733 .3 9 3942 35478 . 0056 
LiO 712.3 2 3614 7228 . 0011 
1. 65 691.4 1 3304 3304 .0005 

X= 100 2: = 524751 2:=.0824 

.!!:.= ~ . 78 = 0.0824 (see table 1) 
2:w 1 6.51 

nd' w 
? ;5d' 0,XO.0824 = 1.5709X IO-U n d' J=2:r1d,X2:W 5_4 , 1 X l 

reduce the results of any sieve analysis to that 
which would bc obtained if sieves with nominal 
sized openings were used, it is only necessary to plot 
the results as cum.ulative percentage finer (or coarser ) 
as a function of the calibrated opening of the sieve. 
Such a plot for a bone char (ehar 32) is shown in 
figure 8. From. this eurve the cumulative percent­
age finer (or coarser) than the nominal openings can 
be obtained (at points indicated by arrows); hence 
the corrected sieve analysis may be caluulated. 
In this way sieve anal.vses made at different lab­
oratories with different sets of sieves may be reported 
with reference to the same sieve openings. 

6. Evaluation of Errors 

The errors inherent in Lhe m.eLhod of measuring 
the effective size of the openings of tes ting sieves by 
means of calibrated glass spheres arise from three 
sources. First, a dividing error occurs when the 
samples are prepared. Second, a sieving error occurs 

when the samples are used. Third, a calibration 
error occurs in the sampling and measuring involved 
in the calibration process. The magnitude of each 
each of these errors has been determined and, also, 
their effect on the over-all reproducibility and ac­
curacy of the method. 

The dividing error can be considered in two parts. 
One is due to the inaccuracies of the sample-reducer, 
and the other arises from the use of only a relatively 
limited number of particles. It is possible to esti­
mate the error of the latter by the application of 
statistics. If n is the number of particles of one 
size remaining in the final sample after three or more 
separations on the sample di\' ider, then according 
to statistical theory (appendix 1), tbe standard 
deviation associated with this number is approxi­
mately -f(i. The error in the determination of size 
of particle from this cause can be readily evaluated 
(appendix 2) and is listed in table 3. 

TABLE 3. El"T01"S in the measurement of effective openings of 
testing s'ieves by means of glass sphel'es 

U . S. Standard 
Sieve No, 

18 _______ ._. ____ _ 
20 . _____________ _ 
25 __ . __ ______ _ •. _ 
30 . __________ .. __ 
35 _______ ______ _ _ 
40 ________ . _____ _ 
45 ... _, __ . _____ • __ 
[,0 ______________ _ 
60 _____________ _ 
70 ______ • ______ _ 
80 ______ _______ _ 
100 ____________ _ 

Standard dev ia tion 

Dividing f:iiev in g 

Microns 
:1. 56 
1. 40 
1. 42 
0.74 
.30 
.46 
.15 
.23 
. 10 
.04 
. 04 
.03 

ll1icTons 
2. 0 
3.5 
2.3 
1. 2 
2.4 
2. 0 
3. 1 
0. 7 
1.6 
1.2 
0. 8 
.3 

Calibra­
tion 

A1i :rons 
2.8 
2. 0 
1. 5 
1. 24 
1.14 
1. 07 
0. 08 
. 88 
.79 
• fi9 
. 66 
. 0.1 

Because of the good construction of the sampling 
device and the additional precautions that were 
observed, it is reasonable to assume that the elTor 
arising from the inaccuracies of the sampling device 
is small . Indeed, it can be shown that th is error is 
so small that it exerts no appreciable influence on 
the final sum of all errors (appendix 3) . 

The error due to sieving depends upon the PiLr­
ticular sieving method employed. In order to obtain 
some idea of the error that migh t be' enco untered, 
one sample was sieved nine times, using the particu­
lar procedure used in this laboratory 6 The standard 
deviations representing the variations among these 
nine sievings are also listed in table 3. These 
variations are due to sieving alone because the same 
sample, the same sieves, and the same calibration 
curve were used. 

The variation among the calihrations of the ten 
different. samples is a measure of the sum of the 
dividing and calibration errors. The dividing error 
has alreadv been determined and can be subtracted 7 

from the ~um to yield the calibration error alone 
(appendix 4). This elTor is also listed in table 3. 

6 The sim'os were shaken for 8 min i ll an old style (two eccentric) Ro·T ap oper­
atilH! a. t 117 taps/mill. 

7 rh w varia1lce (s tandard deviation squared ) is addith"e. 
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It is noted that each of the errors are of the same 
order of magnitude. indicating that any fidditonal 
precautions in the sample dividing or calibration 
would have been wasted effort unless some method 
of sieving with less error could have been found. 

The accuracy and reproducibility of the glass 
sphere method of calibrating testing sieves are tab­
ulated in table 4. The values listed are the maxi­
mum variations that might reasonably be expected 
and are taken as three times the standard deviations. 
The accuracy is measured by the sum 7 of the cali­
bration and dividing errors and is an indication of 
the precision wit,h which the size of the spheres is 
lmown. 

There are two types of reproducibility. The varia­
tion to be expected when the same sieve is calibrated 
several times with the same sample of glass spheres 
is that due to the sieving error . If different samples 
of glass spheres are used, then the dividing error is 
included also . 

As a general summary in regard to errors it can be 
stated that both the accuracy and reproducibility 
of a glass sphere calibration is about 1 percent of 
the size of the sieve opening. This is significantly 
better than the 2- to 7 -percent variation allowed in 
the present specifications for testing sieves. Even 
more important , however , the glass spheres measure 
the effective opening (for particles not too far from 
spherical) rather than the average opening. 

T ABLE 4. R eprod1lcibilil y and accuracy of the calibration 
process 

T he values listed a re t he maxim um varia tion to be ex pected (three times the 
standard deviat ion) 

R eproducibility 

U.S. l\Tom jnal Standard opening Using USing Accuracy 
Sieve No. same cali- different bratioll sam !,!es sam ple 
--- ----

}v[zcrons Microns Microns M icrons 
18 1. 000 7.8 13.3 13.5 
20 840 10.5 11.4 7.5 
25 710 ~. 9 8.1 6.3 
30 590 3.6 4.2 4.4 

35 500 7.2 7.3 3.5 
40 420 6. a 6. J 3.4 
45 350 9. 1 9. 1 29 
50 297 2.1 2.2 2.8 

60 250 4.8 4.8 2.4 
70 210 3.7 3.7 2. 1 
80 Ii? 2. 4 2.4 2.0 

100 149 0.9 0.9 1.9 
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8. Appendix 1 

Acknowledgment is mad e to J . i\I. Cameron and John 
Mandel of the Bureau for t he deri vation Icading to the follow­
ing res ults . 

A large numbe r of parti cles is sp li t into two groups as evenly 
as possible. Each of t hese groups is again divided into two 
groups as eve nly as possible, and so on. After k s uch split­
ting operations, 2k s ubgroups are form ed . 

If t here were N particles in the original aggregate, one 
would expect each subgl'o up to have N /2 k=n particles. 
But, due to randomn css in t he partitioning, t he actual num­
ber of particles observed " 'ill vary abo ut this expected number. 
As few as zero could be found or as many as N. 

Assumin g t hat each particle has an eq ual chance of going 
into e ither group at each partition , th e probability that a 
particle be found in a par t icular s ubgroup is 1/2 k , and th e 
numbers of particles in t he subgroups wil l be binominally 
di s tributed. Jirom the mat hematics of the binomial dis­
tribut ion , th e standard deviat ion of the number of particles 
found in t he various s ubgroups is 

0' = /N2. (1 -l..)=1./n(I-2.). -y 2 k 2 k , 2k 

It may be noted that for values of k greater than 3 the va.lue 
of the factor in parenthes is is practically one, hencc, th e 
standard deviation becom"s 

(for k > 3). 

9. Appendix 2 

In weight units the standard deviation is O'w=-/-;{psd,'J, 
where p is the particle dcns ity (2.6 g/cm 3 for g lass ), s is t he 
shape factor (s= 7f/ 6 for s plleres), a nd d is the pa rticle dia­
mete r. If w is the wcight of a fraction of par t icles a ll of t he 
same sizc then the number of p a r t icles is obtaincd by.l.\. '· :_ . . _ 

w 
n =--' 

psc/3 

The s ta ndard devia t io n in " 'eight uni ts thus becom es 

The weigh t fract ion is obtained by d ivi d in g by::"the total 
weight 0 f a ll t h e fraction s. 

Sin cc t h e erro r is small , to a fi rst approximat ion the ratio of 
eITor in \I' eight fraction uni ts to thc e rror in s ize u nits is equal 
to the slope of t h e calibrat io n cur ve at that point. 1ha.t is, 
O'r/ O's=df/ds where df/ds is the slope of in tegral typc pa l:ticle 
s ize distribu t ion cur ve (fi g. 7) a nd is eq ua l to the dIffer­
ent ial particle s ize distribution give n in figurc 6. The stand­
ard deviation in s ize units can t hus be expressed In terms of 
easily measurable quanti t ies as 

This qu antity is tabulated in table 3 for each of the s ieve 
fract ions. 
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10. Appendix 3. 

In the course of t he calibration procedul'e t he ]0 samples 
were all sieved . N ine of t hese samples we re s ieved wi t h th e 
same set of sieves and in t he same manne r. The vari a nce 
amo ng these sieve analyses is listed in table 5, co lul-r:n 5, 
and is the sum of dividing and sievin g errors. No calI bra­
t io n e rror is involved because all s ievings are referrcd to the 
same calibration curve , According to statistical t heory, 
whe n errors are indep endent, t heir variances (standard dev ia­
t ion squared ) are additive. In table 5 are lis ted the variances 
due to dividing error (col. 2), sieving error (col. 3) , a nd theil' 
s um (col. 4) . The s ums arc compared to the meas ured com­
bined errors from t he nine different samples (col. 5) by takin g 
t he ratios, and applying t he F test, (col. 6) . In no case does 
the value of F indica te a highly significant difference betwee n 
the two. On one-half the sieves column 4 is larger, a nd on 
t he other half column 5 is larger. Altogether, t his indicates 
t hat there is really no differe nce between the two columns. 

T ABL E 5. "Variance due to dividing and sieving 

U . S. 
F· Stnnd- Dividing Dividin g 

a rd Di vidin g Sievin g + sicving +sievill g Col. 5 
Sieve calculated obscrvea --c;;[T 
1 O. 

------- --.-------------
I 2 3 1 5 G 

- ---- --p.~-- -~- -- jj2 -- ---7 - - - --
18 12. 7 6. 9 19.6 :30. 8 1. 57 
20 1. \16 12. 5 1'1 .5 16.0 1.11 
2,\ 2. 02 5. 3 i . 3 10.2 1. 40 
30 0.55 1. 4 2. 0 7.8 3. 94 
35 . 09 ii.9 G.O 3.6 0. 60 
40 . 21 3.9 4. 1 2. 9 . 70 
45 .02 9.3 9. 3 2.3 . 24 
50 . 05 0. 51 0.5Co 1. 90 :1.50 
60 . 01 2. 50 2. 51 1. 00 0. 40 
70 0 1. 53 I. 53 0. 49 .32 
80 0 0. 62 0. 62 . 25 . 40 

100 0 .09 .(Y,) . 16 1. 78 

• For 8 and 8 degrees of freed olll, P a t I-pel cent le l' el = 6.03, F at 5-peroell t level = 
3.41 . 

Column 5 includes e rrOI'S due to inacc uracies in the sample 
divider , while column 4 does no t. This indi ca tes, therefore , 
t hat the error due to the sample divide l' i so s mall a s to be 
negligible. 

11. Appendix 4 

The variance among t he calibratio ns of Lhe ]0 different 
samples is a meas ure of the sum of t he dividin g a nd calibrat. in g 
e rrors. It is listed in column 2 of tablc 6 a nd is co mpo. cd of 
two parts, o ne due to dividing the samples (col. 3) and the 
other due to t he calibrat ion procedure. A s ub t ractIO n .vlOld s 
the var iance dU'e t o calibrat ion a lone (co l. 4) . This is th e 
variance among the 10 samples. The vari a nce of the mean 
from t he t rue value is one-tent h of th c vari at ion among; t he 
10 samples "and is listed in column 5. The s um o f.the div id­
ing variance and calibration variance o f t he I~ean IS lr ~ ted I.n 
column 6. This is a meas ul'e of the prCCISlOn a nd In Lhls 
case, considering t he whole procedure, i t is a meas urc of t he 
accuracy. 

TA BLE 6. "Variance due to dividing and calibmlion e1T01'S 

u. S. Div idin g+ I Dividin g 
Calibra tion Divid i ll ~+ 

Stand- Cali bra- calihratioll 
arc! Sieve cali hration tion variance or variance of 

No. measured th e m can the mean 

------------- ---------- -----
1 2 3 4 5 6 

---- -------- - -----------
I" 1" ,, ' ,, ' ,, ' 

18 90. 4 12.7 77.7 7. 77 20.5 
20 43. 6 2. 0 41.6 4. 16 6. 2 
25 20. 0 2.0 23. 0 2.30 4. 3 
30 1(;. 0 0. 6 15. 4 1. ,, 4 2. 1 
35 13. 0 . 1 12. 9 1.29 I. 39 
40 11 .6 . 2 11. 4 1.14 1. 34 

45 11.6 . 0 9. 6 0.96 1. OG 
50 7. 8 • L 7. 7 . 77 0.87 
60 6.3 0 6.3 . fl3 . 63 
70 4. 8 0 4. 8 . 48 .48 
80 4. 4 0 4. 4 . ':4 . 44 

100 4. 0 0 4. 0 . 40 . 40 

WASHING'I'ON, Novcmbcr 24, 1950. 
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