


Coefficients A , for checking and 'interpolation, based upon the points Xi 

A 

x, 

x, 

XI= l 

x,= 2 
" , =5 
x.= 10 
x,= 20 
x6= 50 

x, 

xl= l 
x,= 2 
I 3=5 

x,= 10 
:,,= 20 

x6= 50 
x;= IOO 
:r,=200 
x,=500 
.TIO= I000 

A i 
----

xl= l A,= 
x,=5 .1'12 = 
x3= 10 A 3= 
x4=50 A,= 
x,= 100 A ,= 
76=500 .11 ,= 
.• ,=1000 A,= 

X, A i 

xl= l .11 1= 
x,=2 .'1,= 
x3= 10 A 3= 
1:.= 20 A~= 

1:,=100 A ,= 
x6= 200 A 6= 
1:,= 1000 .'1,= 

A , Three-point 

A,= 4.75260 47 
A ,= -8.34781 13 
~h= 3.5952066 
.'14 = --- - --- -----

..11 5= - -- - - - - - -- ---

...-16= -- - - - - - - -----

A i Seven-point 

:F'ouJ'-point 

- 4.75260 47 
11.94301 8 

- 11. 94301 8 
4.75260 47 

---- - - -- _. - - --

- - - - - ---- -. ---

A- conti nued 

Eight-point 

Fi ve-poi n t 

3. 6529555 
- 11.943018 

19.8.3692 3 
- 15.787811 

'I. 24095 00 
------ - - - -- - - -

Nine-point 

Six-point 

- 2. 15010 00 
8. 5432979 

-19.83692 3 
22.58725 1 

- 10.657260 
1. 51373 42 

'r en-point 

A ,= 1. 07505 00 - 0. 46720 383 O. 17310 449 - 0.05770 1497 
A F -5.02851 60 2.5142580 -1. 0485075 0.38848430 
A ,= 15.2'17091 -9.51717 89 4.7585894 - 2.0680258 
A~= - 22.587251 17.361053 - 10.21857 5 5. 1092877 
.... h = 15.24709 1 - 15.247091 10. 906828 -6.4 196708 

./15 = -5.0285160 8. 35218 43 -8. 35218 4:3 6.4 196708 
A ;= 1. 07505 00 -3.57123 89 5.1092877 -5. 1092877 
A s= ---- - -------- 0.57521 751 - 1. 41548 80 2.0680258 
/1,= ----._- -- ---- -------------- 0. 11694 5<13 - 0. 38848 430 
.1110= --_.- - -- - - - - - ---- . ---.----- -------------- 0. 05770 1497 

n 

Three- point Four-point lTivc-poi nt Six-poi nt Seven-point 

I. 43067 66 -C. 84208 '!G5 0. 42104 232 -0. 15600 III O. 05200 0371 
- 4. 7526C 47 4.75260 47 - 3.65295 55 1. 82647 77 - 0. 79376 529 

3.32192 81 - 4.75260 47 4. 75260 47 -2.79734 47 1. 39867 23 

- - - - - - - -- --- 0.84208 465 - 2.79734 '17 2. 79734 47 - 2.15010 00 

.-.--------- 1.27665 32 - 1. 82G47 77 1. 82647 77 

------------ ---------- - -- O. 15600 111 - 0.5 [822 448 
--- ______ 0_- - -- - ------- -- - - - -- - -- - -- 0.18493 938 

c 

Three-point F our-point V'i ve- point Six-point Seven-poin t 

3.32192 81 -2.55330 63 1. 27665 32 - 0. &5481 ~ 1 3 O. 18493 938 
- 4.75260 47 4. 75260 47 - 2.79734 47 1. 39867 23 - C. 51822 448 

1. 43067 66 - 4.75260 47 4.75260 47 -3.65295 55 J. 82647 77 

----------- - 2.55330 63 -3. 65295 55 3.65295 55 -2.15010 00 

------ -- ---- - - - - - - - ----- 0.42104 232 - I. 39867 23 1. 39~67 23 

-- - - - - -- -- -- ----- - ---- - - -- - - - --- ----- 0.55481 813 -0.79376 529 

- ---------- - - ---- --- - -- - -- - - - --- -- --- ---------- --- O. 05200 0371 
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by the A/s for a certain n, we use a different set of 
A/s corresponding to n - ] , for interpolation. 

IV. Interpolation 

Once we havc ascertained, by use of table 1, that 
a ftmction is adequately represented by a polynomial 
of degree n-1 in log x (remembering that n-1 is 
here the n-2 of III. ), we can interpolate by use of a 
rearrangpment. of Lagrange's formula , which was 
suggested by a paper of W . J . Taylor [4]. The original 
method and notation of Taylor are not described in 
this article becausc he developed them only for the 
sprcial case of equally spaced arguments, and here 
thpy would be superfluous. The interpolation 
formula is 

(2) 

where 

ai = A dOog x - log Xi) (3) 

and A i is givpn by (1). 

V. Logarithms to Other Bases 

The coefficients A i have been computed from 
common (base 10) logarithms, according to (1). It 
would have been possible, inst.ead, to have the A /s 
calculated {or any other logarithmic base . Further
more, it is permissible when computing the a/s from 
(3)., to use logarithms to a base different from that 
underlying the A/s. To illustrate this point, natura.l 
logarithms (to the base e= 2.71828 183) have been 
used in the two examples in section VIII. Extensive 
tables of logex are givcn in [5]. 

VI. Conversion to Arguments in Geometric 
Progression 

If a large number of interpolat.ions are required 
for a function givcn for anyone set of values X i, it 
may be convenient to prepare, by the method in 
section IV, an auxiliary table giving the function at 
a new set of values Yi, where the Yi are now in geo
metric progression. Then we can use ordinary in
terpolation formulae and coefficients, as suggested 
in section II. This point was called to the \V}'iter 's 
attention by Churchill Eisenhart and Julius Lieblein, 
of the Statistical Enginepring Laboratory. 

VII. Use of Ai for Other Arguments 

If the given set of values Xi does not begin with 1, 
the table of coefficients A i may sometimes still be 
used by a suitable change of the indcpendent varia
ble x. Notice that a polynomial in log (ax) or log 
(b/x) is still a polynomial in log x. Thus, for instance, 
if a function is given at the points X = 10, 20,50 and 
100, we may consider it as a fun ction of x' = 100/x, 
given at the points x' = 1, 2,5 and 10, so that table 1,A, 
may be used. Again, if a function is given at the 
points x=20, 100, 200 and 1000, it may, instead, be 

considercd as a function of x' = 1000/x given at the 
points x'= 1, 5,10 and 50, so that table 1,B , may be 
used. Schedules A , B , and C list such transforma
tions of the independent variable, giving both the 
sets of Xi for which the change of variable to l /x is 
applicable, and the new arguments x;', which are 
proportional to l /xi' 

X i 

2 
5 

10 

Xi 

2 
10 
20 

100 

Xi 

5 
10 
50 

100 

x/ X i 

5 2 
2 5 
1 10 

20 
50 

100 

xi' 

50 
10 

5 
1 

:1' .' . , 
I 

20 
10 
2 
1 

I 

Transfol'mation se hed ules 

SCHED U LE A. 

x/ Xi x/ Xi x/ 

50 2 500 5 20 
20 5 200 10 10 
10 10 100 20 5 
5 20 50 50 2 
2 50 20 ]00 1 
1 100 10 

200 5 
500 2 

1000 1 

SCHEDULE B. 

X i x/ X i xl' 

2 500 5 10 
]0 100 10 5 
20 50 50 1 

100 10 
200 5 

1000 1 

SCHE DU LE C. 

X i x./ X i xi' 

5 200 2 10 
10 100 10 2 
50 20 20 1 

100 10 
500 2 

1000 1 

Xi 

5 
10 
20 
50 

100 
200 
500 

1000 

Xi 

5 I 
10 
50 

100 
500 

X i 

2 
10 
20 

100 
200 

VIII. Illustrations of Use of Tables 

xi' 

200 
100 

50 
20 
10 
5 
2 
1 

x/ 

100 
.,)0 
10 
5 
1 

x/ 

100 
20 
10 
2 
1 

The following t·wo illustrative examples show how 
to use the tables of A i. 
Example 1. Given 

Xi !(Xi) Xi ! (Xi) 

1 O. 52 50 6333. 56 
2 1.11 100 15752. 58 
5 50. 30 200 34648. 66 

10 343. 74 500 85417.78 
20 1447. 15 1000 155833. 72 
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To calculate j(18). In the absence of knowledge of 
an explicit formula for f (x) , we find that its seventh 
divided difference, employing the coefficients A l in 
table 1, A, for the eight points from 1 to 200, is less 
than 0.05 in absolute value. This indicates that the 
function behaves, up to the last place, like a sixth 

degree polynomial in log x (any base). H ence only 
se ven point are neecled for the interpolation. The 
work may be arranged in the following way: (Note 
thaL an extra place is carried in some columns to 
reduce the error that would arise in rounding before 
the final answer is reached .) 

Xi 10g,18 - 10geXi a.i= A;/ (log,18- 10~eXi) a.;f(Xi) 

1 2.89037 176 0.371942 O. 193 
2 2. 19722 458 - 2. 288576 - 2.540 
5 1. 28093 385 11. 903106 598.726 

10 O. 58778 667 - 38.427634 - 13209. ll5 
20 - O. 10536 051 - 144. 713527 - 209422. 181 
50 - 1. 02165 125 4. 921950 31173.466 

100 - 1. 71479 843 - 0.626925 - 9875. 686 

. 7 7 

:;Ba.i= - 168. 859664 :;Ba.;J(x.) = - 200737. 137 
i - 1 i - 1 

:;Ba.;f(Xi) I :;BCti = ll88. 78 

The answer found here, 1188.78, is correct to its 
last ignificant figure. The functionf(:c) was chosen 

To calculate j(160). To use the present tables of 
coefficients A i it is necessary Lo change the variable 
to x' = 1000/:1". (See TransformaLion schedule B.) 

to be (logex)6 + 3(10geX)5+i-

Example .~. Given 

Xi I xi' 

20 50 
100 10 
200 5 

I 
1000 1 

i 
f(~' ,J or ] (l' ;') 

15. 45981 
'10. 07 131 
54. 18217 
95. 09949 

If j(x) is caned .1(x ' ) , then j(160 ) 1 (6.25). As in 
the prev ious example, in the absence of knowledg8 of 
an explicit formula for j(x) , we fmd that the absolute 
value of its third divided difference, emp loying the 
coefficients Ai in Lable 1, B, for four points, is Ie s 
than U~ units in the fifth decimal place. This ind i
cates that the function behaves, up to the last place, 
like a second degree polynomial in log x. H ence 
only tbree points are necded for the interpolation , 
which is carried out as before: 

xi' log, 6.25 - log, x/ Ct i"'" A d(log, 6.25 - log, x/) a.J (x;') 
--

I 1. 83258 146 O. 78068 92 74. 24314 
5 O. 22314 355 - 21. 29841 84 - 1153. 99453 

10 - 0.47000 363 - 7. 06787 75 - 283.21911 

3 3 

:;Ba.i= - 27. 58560 67 :;Ba.,} (x;'; = - 1362. 97050 
i = 1 

This answer, 49.40876, is also conect to the last 
figure given, the function f(x) having been chosen 
Lo be 2.20(logex)2- 1.43 logex. 

The author expresses bis appreciaLion to Chill'chill 
Eisenhart and Julius Lieblein for Lheir thorough 
study and construct.ive criticism of this paper in its 
original form, and to John Todd and Franz L. Alt 
for their editorial review and for suggesting some 
final improvements in the presentation. 
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:;Ba.,f(X/) / :;Ba.i = 49.40876 
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